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1 Introduction

Let H be the class of analytic functions in the open
unit disc Y = {z € C:|z| <1} and consider the
classes P, A and S defined by

P = {peH:p(0)=1R(pz)) >0 (z€U)},
A = {feHn:f0)=[f(0)—1=0},
S = {feA: fisunivalentinl{ },

respectively. It is clear that the function f € A can
be expressed as

f(z):z+Zanz” (zel). (1)
n=2

For two functions f,g € H, we say that the
function f is subordinate to g in I/, and write

f(z) <g(2)

if there exists a Schwarz function

(zel),

weR={weH : w0)=0,lwi)<1(zeld)},
such that

f(z) =g(w(2)

The study, [[I]], introduced a subclass of functions
f from the set A that meet the analytic criterion

R,
f(z) = f(
These functions are known as Sakaguchi type

functions and are starlike with respect to symmetric
points (see, [2], 3], [4])-

(zelU).

_Z))>a (zeU, 0<a<l).
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The study, [5]], later generalized the Sakaguchi
type class to include functions of the form given by

(s = b)zf'(2) >
R o zeUd, 0<ax<l

(o S fm) 7 et v=as<y
where s,b € Cwiths # b, [b] < 1,b # 1.

We shall utilize the notation and terminology from
[6]. See, [I7], [8], [9], for basic definitions and specific
ideas of the g-calculus used in this study.

The g-derivative of a function f, which is defined
on a subset of the complex plane C, is expressed as
follows: -

R (S I

1/(0) , 2=0
This is under the condition that f/(0) exists. It’s
important to note that if f is differentiable, then
f(2) = f(qz)

lim 0, (f(z)) = lim (1— )z

q—1- q—1-

= f'(2).

From this, we can derive that
94 (f(2)) =1+ Z[n}qanznila
n=2

where the notation [n], represents the number

mly=""7
n = .
q 1_q

A curve with the form of a limagon of Pascal, or
simply limagon, has polar coordinates of

r=a-+bcosl (a,beR, 0<0<2m).
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A limagon is convex if a > 2b, and has an indentation
bordered by two inflection points if 2b > a > b. The
limagon degenerates into a cardioid if b = a. The
limagon is a trisectrix when a = % and has an inner
loop if @ < b. The graphs of r a + bcosf are
depicted in Figure|[T}

a=1llandb=1
%

g /_ﬂf‘_ﬁ__—_‘“-m_h‘ -]
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%
a=1andb=2
Fig. 1: The plotsof r = a+ bcosf
The function
Le(z) = (1462)°  (-1<£<1, £4£0)

is the analytic characterization of a limagon, [10]. It
maps the unit disk &/ onto a region bounded by the
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limacon defined as

aLEZ{HJriUG(C: ((H*1)2+U2—§4>2
—4¢ ((u-1+8)"+0?)}

Inspired by the classical definition of the limacon
and the principles of g-calculus, several authors have
introduced the concept of the ¢g-limacon. For further
details, one can refer to [[I1]], [12]].

The limagon’s g-analog is known as the ¢-limagon,
and it is described as

2
o 2(1+&=
LQ,{(Z) - (2+(1—q)§z) )

where —1 < ¢£<1,£#£0,0<q .
The image depicted in Figure 2| represents the
transformation of ¢/ under the function L, ¢ (2).

Im

04r

7

=

=021k

_ =
’5_2\/2

andg =}

_ =
5_2\/2

andg — 1~

Volume 24, 2025



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2025.24.38

§:%andq—>1’

Fig. 2: The transformation of &/  under the function

Lge ().

A Vandermonde matrix, [[13]], is a matrix with
geometric progression terms in each row. Forap x p
matrix, the pth Vandermonde determinant, p > 1, and
n > 1 are defined as

2 p—1

1 an ax an .
2 p—

1 an+1 Apt1 an—l-ll
2 p—

Vp(n)=| 1 anyz appy Ant2
2 p—1

1 Anip-1 Opyp1 "0 Qpyp g

[1

n<i<j<n+p—1

(a; — a;)

where a; are the Taylor series coefficients in (1));
therefore, a; = 1. Every row or column of
a Vandermonde determinant contains a geometric
sequence, with the first element being one. The
Vandermonde determinant is also referred to as a
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discriminant. More specifically,

1
V2(1) = ‘1 Z; = a2 —ay,
1
V2(2) ‘1 Zz = a3z — a2
and
1 a a?
V(1) =11 ay a3
1 a3 a3

= (CL3 — (IQ) (CL3 — (Il) ((Ig — al) .

The Vandermonde determinant has a lot of
applications in different fields. In particular, the
Vandermonde matrix is applied in digital signal
processing to compute the Discrete Fourier transform
(DFT) and the Inverse Discrete Fourier Transform
(IDFT). Vandermonde matrices play an important
role in approximation problems.

2 Preliminary Results

In this section, we will present some lemmas utilized
in the subsequent section to derive the main results.
We remind you that a function w is termed a Schwarz
function if it takes the form

u(z) = Zunz" (zel), )
n=1

and satisfies the conditions «(0) = 0 and |u(z)| < 1.

Lemma 1 ([14]). Ifthe function u € § is of the form
,then |uy| < 1foralln=1,2,....

Lemma 2 ([15]], p. 25). Ifthe function u € ) is of the

form @), then |uz| < 1 — |ug|*.

mma 3 ([L6]). If'the function u € §2 is of the form
, then

uQ:m(l—u%)

and
ug = (1 — u%) (1 — |3:|2) t—up (1 — u%) 22,
Sfor some x, t with |z| < 1 and |t] < 1.

We are now defining the classes ST;" (L, ¢ (2))

and CVy b (Lg ¢ (2)). These classes map the unit disk,
U, onto the region bounded by a Limagon.

Definition 1. Let Sﬁs’b (Lge (2)) be the subclass
of A consisting of the function f of the form @)
satisfying the condition

(s =0)20,f(2)

F(s2) — f(bz)  ael?)

(zeU), ()
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where s,b € Cwiths #0b, |b| <1, b#1,0<¢<
%and0<q<1.

We show that 87218’1) (Lge (2)) is non empty. We
consider the function f(z) = z + 422, where a =

(1+q)¢

=4 A simple calculation shows that

(s —b) 204f(2)
f(sz) — f(b2)
Remark 1. (i) Letting ¢ — 17, we get the following

new class ST*? (¢ (2)) which consists of functions
f € Asatisfying

(s —b)2f'(2)
f(sz) = f(b2)

where s,b € Cwiths #0b, |b| <1, b# 1.
(i) For s = 1 and b = —1, we get the following new

< Lq,g(z).

< L¢(z) (zeu,0<§§%>,

class 87:11’_1 (Lg¢ (2)) which consists of functions
f € Asatisfying

2204 f(2) < )
_ 229 () (zeu, 0<e<
7 - f(z) el vz
where 0 < g < 1.
(ii1) For s = 1 and b = —1 and letting ¢ — 1~

we get the following new class STH 7 (L¢ (2)) which
consists of functions f € A satisfying

22f'(2) 1
L < 1),
f(z)—f(—z)< ¢(2) (zeu, 0<§_ﬁ>
(iv) For s = 1 and b = 0, we get the following new
class 5’7?11’0 (ILg ¢ (2)) which consists of functions f €
A satisfying
200 f(2) 1
) Lge(2) (ZGZ/I,O<§§ ﬁ)’

where 0 < q < 1.

(v) For s = 1 and b = 0 and letting ¢ — 1~ we get
the following new class ST° (¢ (2)) which consists
of functions f € A satisfying

o 7)

Definition 2. Let CV;* (L, ¢ (2)) be the subclass
of A consisting of the function f of the form (1)
satisfying the condition

(s = ) 04 (20, (2))
0y (f(s ) f(bz))

where s,b € Cwiths#b, |b|<1,b#1,0<¢(<

%and0<q<1.

< Le(2) (zeu, 0<¢<

<Lge(2), (zel), 4
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We show that the class cvgvb (Lge (2)) is non
empty. We consider the function f(z) = z + %22,

where a = m. A simple calculation shows
" oo
s — z
< Lge(2).
0,z — 10 o<l

Remark 2. (i) Letting ¢ — 17, we get the following

new class CV*° (¢ (2)) which consists of functions
f € Asatisfying

(s =) (2f'(2))
(f(s2) = f(b2))
where s,b € Cwiths #b, |b| <1, b# 1.
(13) For s = 1 and b = —1, we get the following new
class CVy (Lg,¢ (2)) which consists of functions

f € A satisfying

204 (2041 (2))
9q (f(2) = f(=2))
where 0 < g < 1.
(7i1) For s = 1 and b = —1 and letting ¢ — 1~

we get the following new class CVV~1 (¢ (2)) which
consists of functions [ € A satisfying

2(2f'(2))
(f(z) = f(=2))

(tv) For s = 1 and b = 0, we get the following new
class CV;" (Lg,¢ (2)) which consists of functions f €

<L§(z),(zeu,0<£§%),

<Log(2), (zeu0<e< L),

- < Le(2) (zeu,0<§§%>.

A satisfying
0, (28 f(z))
W Lge(2) (ZEU,0<€§ %)7

where() < q < 1. (v) For s = 1 and b = 0 and letting
q — 17 we get the following new class CV'V (LL¢ (2))
which consists of functions f € A satisfying

(2f'(2))
o <L) (reuo<e<d).

3 Main Results

Throughout this paper, unless otherwise stated we
assume that s,b € Cwiths # b, |b| < 1, b #
1,0<q<1,and0<§§%.

Theorem 1. If'the function f of the form (1)) belongs

to the class Squ’b (Lg¢ (2)) and define
UZJ) =[2lg—(s+0),
ot =[3ly— (s + sb+b%). 5)
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Then , )
(i) for og” # 0, 13

s,b
Ao ]

+4|s+b|(1+q)

#0,q # %andwhen§2

, we have

s,b
oq

13¢—1|

V2 (2)] = |az — a2

<UHa) (Be=1] Js+b6{(+9) )
s,b 4 s,b
Tq’ oq’
1+g¢q
+?§- (6)
oq
(w)fora # 0, T;b #0,q # 3andwhen£ <
Ao |

we have

[8g—1]|o5 " | +4]s+b] (14q)”

|75 |(1+a)¢
b2 — b

4‘02,1,‘ (1_<3q4 1|+|S+U|§,lb+q)>f)

+ i+f,1 &, § <Zo
V2 (2)] <

1+ 3q—1 40| (14

(140 (| ol s ‘U&f)b’q>>§2

ke £ > 5

o (7)

where Sy — —_2(2loz*1=lz")

13q—1]|o5" | +4ls+b|(1+q)
(4i7) for Ug’b #0, T;’b #0,q= % s # —b and when

s,b

30"1’
fzm,wehave
16[s+b 4
V@< e e ©)

(iv) for Jg’b #0, T;’b #0,q= % s # —b and when

3 a'i’b
E< 4|s-|3-b\ we have
Ti’blf 4
> + ga 5 <=
U‘i’b (3 51 |S+b\§> 3 Ti’b
V2 (2)] < ’ : ’
16]s+b| §2+ 4 f £> :1
, > =
9 aﬁ’b Ti’b 3loY
L ER H
)
601”’—3 ab
where =1 = 2

8|s+b|
(v) for aé’b £ 0, T;b #0,q= % and when s = —b,
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(b # 0), we have

V2 (2)] < (

Proof. Fors,b € Cwith s #0b, |b| <1, b# 1and
for 0 < ¢ < 1, let us define 0" 2] — (s + b) and
b — = (3], — (82+5b+b2).

Tq'
Nowforaq 7&0 b £, q#gandfor0<

< g letfe ST ( £ (2)) given by (1)). Then

there ex1sts an analytic functlon u(z) of the form
such that

|13 — 92|
48

12
* |13—9521>g (19)

(s = b) 20, f(2)
J(s2) = f(b2)

Lq,ﬁ( u(z))

(14 &u(2))
+ (1 —q)&u(z

)>2. (11)

From the above equation, we have

1+ Us’bazz

(s+b)agba%)22+-'-

+ (’7’8 bag —
1+ hi(q)&urz

+ (hi(q)€uz + ha()&%ud) 2% + -+, (12)

where h1(¢) =1+ g and hse(q) = w.

Equating the coefficients of 2™ on both sides, we
get

h1(q)

az = sb fulv
oq
=210, 2B
Tq
Lot B g D 2,z (13)
Oq Tq
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Using Lemma 2| and taking |u;| = ¢ we obtain

V2 (2)] = |az — az|

h
< 1()5’ 2‘_'_‘ ()|§2’u1‘2
i’ o
s+ b| (k1 (q))? h
’ S’b( 18(b)) {2’1“‘2_’_ 15(3) ‘u1’
0q | |Tq oq ‘
h1(q) |ha (q)
< M@ () 4 BelDleryy,
EINNA
s+ b|(h1(q 2 q
| S|b( 1S(b)) §2|U1|2+ 1S(b)§‘ul|
0q | |Tq’ ‘qu ‘
h1(q) lha (q)]
o E(1-¢c*) + ’ SJ)) 2
Tq Tq
+b| (h h
s+ U @) o0, 1),
02’ ’7’;’ 02’

That 1s,

Vo (2)] < (|h25(,qb)|£2 + |S+g£’hl(;]3’)2£2 _ hl(g)f) 2

+ hl(q)gc+ hl(q)g = ap (c).

5,b 5,b
Oq Tq

As |uq| < 1 by Lemmall] we observe that ¢ € [0, 1].
Hence, we get

Case 1. When & > m

(@)]og’|

@l iy @0 ()

an increasing function of ¢ in [0, 1], since

o (¢) = <h2(q |§2 + |s‘;rb| hl(q‘ € - hi(q 5) c

q

+ISZ)‘§>0 for 0<e<1.
Uq‘

Hence ay (c) attains its maximum value at ¢ = 1.
Thus,
V2 (2)] < ao (1)

h1(€1)|03’b| o (C)

lha(q)] |0 (h1(9)*’
attains its maximum value either at ¢y for some
co € (0, 1) or at ¢ = 1. Indeed, when
¢ hi(g 2|0 o ol i)

2(In2(9)l|o (q

maximum value at

Case 2. When & <

) ap (c) attains its

)

hi(a)
3]

CO g 5 (0 < C() < ].) 5
2<h1(z)| <h2(<l17>+ ls +bér|1(q)b)‘2>£>

E-ISSN: 2224-2880
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since oy (¢p) = 0 and oy (cp) < 0. Thus,

V2 (2)] < ao (co) -

On the other hand, when ¢ >
e }U i i) is an increasin
2(|h2() @) 2 ¢

function of c¢in [0, 1], since

ol (c) = 2 (rgmgz N |s‘+b| hl(q‘) e hlg«i)’€> .

a Sy
Oq ||Tq Tq

+h1§g§20 for 0<c¢<1.

Hence «q (c) attains its maximum value at ¢ = 1.
Thus,
!VQ (2)] < o (1).

Nowforaq 7&0 7é0 q—3andwhen37é —b,
the Taylor series expansmn will become,

1+ Ui’bagz
+ (beag— (s+b)afba§> 224
=1+ gﬁulz + §£u22 4+ (14)

Equating the coefficients of 2™ on both sides, we get

- 5 U,
30 j’
3
4 16(s+0
a3 = Sb§u2+ (sb sb)§2 (15)
37—17 9 1 l

Using Lemma 2] and taking |u;| = ¢ we obtain

Va2 < | Pl 4 g |2
9’051‘(’ b ST'Sl'b
313 3
+ e+ A€ =0 (¢)
301b 37’1’b
3 3
30'51b

Case 3. When & > Zﬁ=
function of ¢ in [0, 1]. Hence,

aq (c) is an increasing

V2 (2)] < a1 (1).

b
3|0

Case 4. When ¢ < 4|T§rb|’

value either at some ¢; € (0,1) or at ¢ = 1. Hence,

aq (c) attains its maximum
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603" —3|r "
when § < g V2 (2)] < a (c1), where
3 le
1 = 2 ,(0< e <)
6|0 " | —8|s+bl¢
3

l 1
On the other hand, when £ > W, a; ()
attains its maximum value at ¢ = 1. Thus,

V2 (2)] < en (1)

Now for a;;’b £ 0, T;’b £0,q= % and when s = —b,
(b # 0), the Taylor series expansion will become,

4 1
1+3agz+(;—s2>a322+---

4 4
= 1+§§U12+§§U2Z2+“' ; (16)

Equating the coefficients of 2™ on both sides, we get

12

mogetue (7

=&uy and az = 13

Using Lemma 2] and taking |u;| = ¢ we obtain

—12 12
V < —— —& = .
| 2( )‘ ’13 0s 2|§C +£C+‘13—982’£ Q2 (C)
Case 5. a9 (c) attains its maximum value at
c2 = “32758‘, (0 < cg < 1), since a4 (c2) = 0 and
af (eg) < 0. Thus, [V (2)] < a2 (c2). O

Theorem_ 2. Givenb the same conditions as in
Theorem when og” # 0, it follows that

I1+gq

Va ()] = [az —a1] <
3"

—&§+ L. (18)

Proof. By means of the proof of the Theorem [1| we
have

+q£u1—1 .

V2 (V)] = lag —aa| = |—5
Oq

Using Lemma 2] and taking |u;| = ¢ we obtain
Vo (1) < ——téc+1 = a3 (c).
e

Since o5 (¢) > 0, a3 (c) attains its maximum value at
c=1in][0,1].
Hence,

Va (D] < ez (1).
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Theorem__ 3. Givenb the same cbonditions as in
Theorem I} when og” # 0 and 75" # 0, it follows
that

(1+4) <|3q 1, |s+b(1+q>> e

T;’b O’Z b
’a3 — al\ < +1? f > E2
1+
‘T;,Z’ §+1, £<Ey
(19)
= 4log’|
where 29 = . .
[3¢—1]{o3"” | +4[s+b](14+q)
(i) if g = % and s # —b, then
3ot
16|s+b| (2 3
Y &+l &2 4|sib\
9 o%’ T%’
az — ay| <
4 3 Ji’b
Tt » E< T
T1
3
(20)
(iii) if g = 3 and s = —b, (b # 0), then
12
— < — 1. 21
|CL3 CLl’_ ’13—982‘5_‘_ ( )

Proof By means of the proof of the Theorem I} for
q # % 3 and using Lemma and taking |u1| = ¢ we
obtain

laz —a1| < (TZ(q“fQ

+ thS(g)f +1=:a4(c).

q

bl _s.b s,b
3" ||Tq Tq

st (@) g2 _ Pala) 5) 2

As |ug| < 1 by Lemmall] we observe that ¢ € [0, 1].
Hence, we get

Case 1. When & > hl(q)""?bl -
lha(q)] |03 " | +]s+bl (ha (0))

an increasing function of ¢ in [0, 1], since

o, (c) = 2 <')hi(,3)" ¢ Lol 2 rlﬁ(’?’) 5) ¢>0,

, s,b
Tq Oq ||Tq Tq

, a4 (c)is

oy

for0 <e¢<1.
Hence a4 (c) attains its maximum value at ¢ = 1.
Thus,
|a3 - a1] S (%] (1) .
hy (‘1)|U2’b|
[h2(q)l o3 | +ls+b] (k1 (9))*”
a decreasing function of ¢ in [0, 1], since

Case 2. When £ < ay (c) is

oy (c) =2 <'r "52 - 'T” ﬁl@‘) & - Tlﬁ(’(i)ﬁ) c<0,
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for0 <ec<1.
Hence a4 (c) attains its maximum value at ¢ = 0.
Thus,

las — a1] < a4 (0).

Now for ¢ = % and when s # —b, we obtain

16 b 4
a3_al‘§ |‘Z+ |b 52_ b€ 62
9 81 Tf 3 Tf’
4
+ ——~¢+1=a5(c).
3 Tf’b
3051’b

Case 3. When & >
function of ¢ in [0, 1].

25 rs) @5 (c) is an increasing
Hence |ag —a1| < a5(1).

3ot
3
On the other hand, when & < pip

decreasing function of ¢ in [0, 1]. Hence |asz — a;| <
(6% (0) .
Now for g = % and when s = —

as (c) is a

b, (b # 0), we obtain

~12 12

13- 052 T3 =952 (<)

laz —ai| < E+1 =: ag

Case 4. Since o (c) is a decreasing function of ¢ in
[0, 1], we have |ag — a1| < a6 (0). O

Theorem_4. Given the same conditions as in

Theorem when o3 # 0 and qu’b # 0, it follows
that
(1) i 4‘0" | hen

(14q)’

H@ﬂﬂs(%ﬂf lﬂﬁ>

y <<1sz> <3q 1 |s+)b| 1‘+q >§2+1>

<3q 1, |s+b|<1+q>> ey

q

(22)
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4o’
+4|s+b\(l+q)

then

(i) ifa # fand § < ——

s 1+a)€

o (1 (Ba-11 | lsthl04g)
<1< T )f)

+1t3£> (i*i’fﬂ)
Tq oq’
14q 1 =
Vs (1) < x(ﬁw&*>’ << S0
(1+;1) |3q 1] + |s+b|(1+q) 52
B "
1+¢q 1+q 1
“pe) (Fe)
x (1j§f+1), ==
7'(1Y
(23)
where = is given in Theorem!|]] l
(iti) if g = 3, s # —band £ > %‘ then
Va ()] < | Aol g2 4 e
9 Uib Ti’b 3 o"ih
313 3
% 16‘S+b| 52 + 1
9 a'sl‘b Tsl’b
313
X 4 ¢t+1 (24)
3 0"1"’
3
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s,b
3|o

() ifq = % s# —band{ < quiib‘, then

-~

TIV|€
3 4 4 f
a3’ (3 o3 |s+b\5> 3|5t
3 3 3
X 441
3|07
3
4 6 oi’h 73’7";‘
3 3
X — E+1 £E< 8]550]
3|ty
3
Vs (1)] <
16s+b] 02, 4 ¢
9|o] b ’T;’ 3 crsl’b
3| 3 3
X 441
3|o%?
3
A 6 oih 73’71
3 3
X sb 5 +1 ’ 5 > 8|s+b|
3|1y
3
(25)

(v)ifq =% and s = —b, (b # 0), then

Lo 12
113 — 952

K E(E+T) (’1;2982'&1). (26)

|13 — 957
48

Vs (1)] g(

Proof. Utilizing the results from Theorem [I]| to
Theorem 3] we obtain the desired result. O

Letting ¢ — 17
following results.

in Theorems we get the

Corollary 1. [f'the function f of the form (|1|) belongs
to the class ST*? (¢ (2)) and define

b =9 (s+1)

7_s,b:?)_ (32+8b+b2)- (27)

Then
(i) for o%° # 0, 70 £ 0 and when & >

we have
2 1
|58 \ 2

(ii) for o5 # 0, 79° £ 0 and when & <

2|0
|o® ”|+4|8+b|

2
2
> St oo

2|o=?|
FREE=EE

2]s+b|
o>

V2 (2)] <
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406

S. Baskaran, G. Saravanan, S. Bulut

we have
( [7>*1€
205‘52<1<1+2s+b>£>
2 |”5’b\2| i
9 b |
<] TFTS ST (o)

2 2|s+b| 2
|7—s,b| ( |o-s b‘ )f

¢ 200 | =]

2
Toemss &2 et

\
Corollary 2. Given the same conditions as in
Corollary when 0% # 0, it follows that

n)< 2

o 1. (30)

Corollary_3. Given the same conditions as in
Corollary when o*? # 0, it follows that

2 2|s+b| 2
a2+ Tor ) &

bl
laz —ai| < { Th ’52 eeo st (31)
2l
e L €< et

Corollary_4. Given the same conditions as in
Corollary when 0% # 0, it follows that

N e sb b 2[o*?]
(i) if 0" #0,7%° # 0and § > EagEw st

Vs (1 < (52 (3 + 28) €+ 2¢)

X <|T g ( + >§2 if)

we have

2|s+b|
o]

(1) o
Ly b b 20"
gz) if o7 # 0, 757 F 0 and § < oy, we
ave
(
[7=%¢ + ‘sz‘é‘
2|05«b\2<17<%+ﬁ>5>
2 2|0 0| =]
Vi< x(Pme+t), &< F
2 1 2|s+b| 2 2
(\T ?] ( + \‘TS’”)f * |"5’b|£>
28
X ‘U i 1)
y £+ 1) ¢ > w
‘Ts‘bl ) [os-P[+4]s+D]
(33)

Letting s = 1 and b = —1 in Theorems we
get the following results.
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Corollary 5. If the function f of the form (1)) belongs
to the class ST, (Lge (2)), then

‘S 3
IV (@) = 4*I3Q*1I£+q'

Corollary 6. Given the same conditions as in
Corollary[3} it follows that

(34)

Vo (1) <€+ 1. (35)

Corollary 7. Given the same conditions as in
Corollary[3} it follows that

§

lag —a1| < 64'1- (36)

Corollary 8. Given the same conditions as in
Corollary[3} it follows that

Hﬁﬂﬂé(£§%@+%)@+l)@+d).6ﬂ

Letting s = 1, b = —1 and ¢ — 1~ in Theorems
we get the following results.

Corollary 9. If the function f of the form (|1|) belongs
to the class STV (L¢ (2)), then

§

V@) <

3 (38)

Corollary 10. Given the same conditions as in
Corollary[9, it follows that
V2] <€+ 1. (39)

Corollary 11. Given the same conditions as in
Corollary|9, it follows that
lag —a1| <&+ 1. (40)

Corollary 12. Given the same conditions as in
Corollary[9, it follows that

S
4—2¢

Mﬂﬂs( +Q@+D? (41)

Letting s = 1 and b = 0 in Theorems [1}{4] we get
the following results.

Corollary 13. [fthe function f of the form (1)) belongs
to the class ST, (Lge (2)), then

(1) when & > we have

q
[3¢g—1]g+4(1+q)’

3¢ — 1] 1+61) 2
V2(2)] < + +
e < (Bt ) e

Ll PES
q
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The inequality is sharp for the function
. 4
(1) when & < m, we have
(1+9)%¢
4q—(13q—1]q+4(1+q))¢

13 _2q(1—q)
+q’ § < [3¢—1[q+4(1+q)

V2 (2)] <

43)
[3¢—1] | 14q
( ey 1

+ie, >

)€
2q(1—q)
[3¢—1]g+4(1+q)

Corollary 14. Given the same conditions as in
Corollary[13} it follows that

1+g¢

V2 (1)] < Tf + L (44)

Corollary 15. Given the same conditions as in
Corollary[I3] it follows that

[3¢—=1] | 14q) ¢2
( g T q2)€

4q
as—ar| < { T S Z prigranTg (45)

S _ 4q
q +1 &< [3¢—1[g+4(1+q)

Corollary 16. Given the same conditions as in
Corollary[I3] it follows that

(i) when & > 19

Fa—Tlg+a(17a) e have

)&t )

ety

[3¢=1] | 14¢
Vel < (B + 4
[3¢—1] | 1+q

(M %

X (1%;("5+1>.

g 4
(1) when & < m, we have

(46)

(1+9)%¢ €
<4q7(\3q71|q+4(1+q))£ + E)
X %f + 1)
3 2¢(1—q)
) *\q +1>’ ¢ < Brllgrairg
V2 (2) <
[3¢—1] |, 1+ 2, 1+
(( 4q + q2q)£ + Tq£>
x 1%‘1£+1>
I3 _2(1—q)
A et 1) ’ £z [3¢—1[g+4(1+q)
(47)

Letting s = 1, b = 0 and ¢ — 1~ in Theorems
we get the following results.

Corollary 17. Ifthe function f of the form (1)) belongs
to the class ST (L¢ (2)), then

V2 (2)] < 56+ 26 (48)
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The inequalily is sharp for the function fyo(z) =

Corollary 18. Given the same conditions as in
Corollary[I7) it follows that

Va(D) <26+ 1. (49)
The inequality is sharp for the function fy(z).

Corollary 19. Given the same conditions as in
Corollary[I7) it follows that

58241, ¢>

2
§<z

(S]]

lazg — a1 < (50)

&+1

The inequality is sharp for the function fi(z)
Lig 2(4+i€ 2) lff > 2 andfor f2( ) (fO(ZQ))

W=

zex
L1677 (627-4) ife < 5

Corollary 20. Given the same conditions as in
Corollary[I7] it follows that
562 +2€) (26 +1)
< (38 +1), =
V3 (1) < (51)
22 4+2¢) (26 + 1)
X (E+1), £< 2

We are now going to calculate the results for class
b
CVy” (Lgg (2))-

Theorem 5. If the function f of the form belongs

to the class CV;’b (Lye (2)) and o b s ® are defined
asin T heorem [ then

(i)foraq # 0, T, #Oq;éfandwhenfz
Aog”| , we have
[3g—1|o5"|+4|s+b|(1+q)
V2 (2)| =as — ax|
< Fa) [Ba—1]  [s+bl(1+q) ] .
B\ o’
1
+ (52)
g

(i) for aé’b # 0, T;’b #+0,q # % and when & <
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i'aéﬂ , we have
13g—1[|o5"" | +4]s+b|(1+q)
(8|51
oz’ 1+q)< <3v41l+|+b<1b)+q>>£>
[3}1+q 57 5 <=3
V2(2)] <
- b
[3321?*)5 <3q4 1 4 |s+0|;1b+q)> €2
+‘Tb§7 5 Z ES
Oq
(53)
s,b|__ T‘S’b
where E3 = 4(1+q)|crq ‘b 2[3]Q| q | .
13g— 1|(1+q) oy +4|8+b|(1+q)
(i) for og” # 0, 75" # 0, g = 3. 5 # —band when
3 ai’b
€ > gt we have
16[s+b 1
V2 (2)| o Sb& ore (69
13|oy"| |1y oy

(iv) for aé’b # 0, Tg’b #0,q= % s # —b and when

3 o"i’h
E< 4‘8_?_17', we have
113|750 ¢
3
16 O‘s%’b (3 a%b 74|s+b\§>
24| —13‘71
16 < ——Fem—
13 o ’ 32|s+b|
V2 (2)] < ’
16]54b| £2
13 Uslb b
3 3
) 24|00 | —13|75?
3 3
TS £ T
01
\ 3
(55)
(v )foro' # 0, TquyéO q= 3andwhens—fb,

(b # 0), we have

13]13—9s2| 108
V(@) < (P 4 e ) € 6)

)¢
‘b‘ <1 b#1
and for 0 < ¢ < 1, let aq and Tq * be as defined in
Theoreml Now for oy 7& 0, 7, 7& 0,q # % 3 and
for0 < £ < \%, let f € CV;b(]L% (z)) given by
(1]). Then there exists an analytic function v(z) of the

Proof. For s,b € C with s # b,
s,b
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form such that

(s = b) 9y (2041 (2))
9y (f(s2 ) f(bz))

= Lge(v(2))

- (ree)
24 (1—q)&v(z

2
)
(57)
From the above equation, we have
1+ [2]400 bagz
+ (Bla7gas = (s + b) 2205703 22 +

1+ hy () Evrz + (ha(q)€va + hz(Q)§2U1) z"+
(58)

where k1 (g) and ha(q) are as defined in Theorem |1}
Equating the coefficients of 2™ on both sides, we get

a2 :0.17b§v1
~ hi(q) hs (q)
=t
RCEDINO)s

§2U2
Blyogtrat

§2

(59)

Using Lemma[2|and taking |v1| = d we obtain
V2 (2)] = a3 — az|

hi ()
o |73
|5 + 0] (1 (9))

[3]q Ugb T;b

|h2 (q)]

—d?
o )+[3]q "

52 d2

§2d2 +

That is,

1 (2 >\_< sty

hi(q)

d2
Bla[ri” 5)

Tq

[s-+bl(h (0)* ¢2 _
[31 e

s,
Oq q

d+
T [5}

5—50()

Uq

As |v1] < 1 by Lemmall] we observe that d € [0, 1].
Hence, we get

Case 1. When & > ; hi(q)|oy?|

@l]og” |+|s+b](ha(2)
an increasing function of d in [0, 1], since

B (d) =2 ([’”jjj},'b
+15£2>0

3 ,30 (d) is

s,
Oq

|s+b](h1())> €2

[3]q U;’b Ttl;’b
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for0 <d <1.
Hence (5 (d) attains its maximum value at d = 1.
Thus,

V2(2)] < Bo(1).

hl ‘0’

Case 2. When ¢ < ,

§ il (h1 " Bo (d)
attains its maximum value elther at dp for some
dy € (0,1) or at d = 1. Indeed, when

2h1(q)|o3?|—[3]q|7 | . .
attains 1ts
¢ (|h2<q>|aq 40l (k1 (@)*) o (d)
maximum value at
do = 1

Js-+bl(h1 ()
(31|03 ||

s,
Tq'

so| [ (@) [ _lhe(9)] 2 ’
i ‘([31q\T;vb ([3}qu;J>+ )f)

(0 < do < 1), since 3 (dy) = 0 and §f (dy) < 0.
Thus,

V2 (2)] < o (do) -

On the other hand, when ¢ >
2h1(q)|aq |—13]q| 72 | . . .

is an increasin

2(|h2 ‘Jq )+\s+bl ) Bo (d) g

function of d in [0, 1] since

lha()[€2 | |s+bl(h1(g)*€* _ _ha(g)€

+ - d
o (@) = <[s1q1ﬂ:’b1 Bfor i) [3]q\ri’b(>

MR
for0 < d <1.
Hence 5 (d) attains its maximum value at d = 1.
Thus,
V2 (2)] < Bo(1).

Nowforaq 7é0 7é0 q—3andwhen37é —b,

the Taylor series expansmn will become,

4
1+3afbagz
3
13 16
+ <97'fb 3—5(5+b) Sba%> 22+:

4 4
1+ —fviz+ §£U222 4 (60)

3

Equating the coefficients of 2" on both sides, we get

1
az = s,bgv1
12 16 b
as= 2 gy 0ET 0 g
137‘;’ 130?’ f
3 3 3
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Using Lemma 2] and taking |v1| = d we obtain

1 b 12
V@) < 20t o ¢ a2
13 [o30] | 750 13 be
12
+T,b£d+7s7b£::61(d)'
ol 13|75y
3 3
3 b

Case 3. When { > m B1 (d) is an increasing

function of d in [0, 1]. Hence,

V2(2)] < B1(1).

b

3 0'1

Cased. When§ < g1, B (d) attains its maximum
value either at some d; € (0,1) or at d = 1. Hence,

24|0%"|-13|75°
when § < —gr =, Vo (2)] < Bi (da), where

13 Ti’b
diy = ——————,(0<di <1).

24|05 | —32|s+b|¢
24|07"|—13|7}"

On the other hand, when { > 32|S—+b‘3 B1 (d)

attains its maximum value at d = 1. Thus,
!V2 @) <p(1).

Nowforaq 0, 7é0 q—3andwhen3——b
(b #0), the Taylor serles expansion will become,

L 161313 ),
—az+ — | ——5"]agz"+ -+ =
9 % T 9\ 3

4 4
1+ gﬁvlz + 551}222 + (62)

Equating the coefficients of 2" on both sides, we get

3
az = 15111
108
—_——v 63
9= 133 = )5 2. (63)
Using Lemma[2]and taking \v1| = d we obtain
—108¢d> | 3¢d 108¢
V2 (2)] < @rs—osr + 5 +m P2 (d).
Case 5. [ (d) attains its maximum value at dy =
%,(0 <dg < 1), since fy(d2) = 0 and
é/ (dg) < 0. Thus, |V2 (2)| < 52 (dQ) ]

Theorem_ 6. Givenb the same conditions as in
Theorem when og” # 0, itfollows that

Va(D)] = laz —ar| < —&+ 1. (64)

@
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Proof- By means of the proof of the Theorem |5} we
have

Va ()] = lag — as| =

1
?5’01 — 1.
oq

Using Lemma[2]and taking |v;| = d we obtain

Va ()] € 7—78d+1=:B3(d).

o

Since 35 (d) > 0, B3 (d) attains its maximum value at
d=1in[0,1].

Hence,
V2 (1)] < B3 (1).
O]
Theorem_7. Given the same conditions as in
Theorem when o° # 0 and T;’b # 0, it follows
that
(I+q) [ [3¢=1] \s+bl(1+q 2
(3¢ T;‘b ( + @ ) f
az —ai| < +1, §> =
1+q =
TR A
(65)
where Zy is glven in Theorem 3]
(i) if g = § and s # —b, then
3los?
16]s+b] 2 3
vl ELl Sz
1loy7||Ty
3 3
ag —a| <
12 3 olb
1l ¢+l < g5y
(66)
(iii) if g = § and s = —b, (b # 0), then
108
—ay] < ————— €+ 1. 67
‘(13 CL1|_ 13|13_952|§+ ( )

Proof By means of the proof of the Theorem [3] for
q # L 3 and using Lemmaand taking |v1| = d we
obtain

|ha(q)l€? \s+b|(h1(q))2£2 h(@¢ ) g2
—ay| < + - d
las —aa < ([3] nf’b Bla|os®| || Bla|r® >
- +1=
[3} f : B4 (d)-

As |v1| < 1 by Lemmal(l] we observe that d € [0, 1].
Hence, we get
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hy (‘I)|‘7§’b|
(@l|oa" | +s+bl(hr ()
an increasing function of d in [0, 1], since

8 (d) = <h2<q>|52 N

(3]

Case 1. When & > m B4 (d) is

s,
Oq’

[s+bl(h1 (9))%€>
(3| || o] [31q

laz —a1| < B4 (1).

S. Baskaran, G. Saravanan, S. Bulut

i

then

that (i) if g # 5

(1+q)

<|3q 1 |s+‘b 1’+q > ey

y ( (1+9) <|3q41 | lstblg
875"

) 52“)

‘1

h h(@loz ; X <‘Uib£ + 1) . (68)
Case 2. When ¢ < e , is a
¢ [h2(g)l o5 |+|s-+b (1 () P (d)
a decreasing function of d in [0, 1], since
8 (d) = <h2(q)|£2 i |s+b|(h1b(q))‘2b§2 _ hl(Q)fb > d<0 . Py
3 Jor w8l i) ifq # 1
(3] [Bla|os | |7 [3q |7 (it) if g # 5 and § < P +4|8+b‘(1+q) en
for0 <d<1.
Hence (4 (d) attains its maximum value at d =
Thus,
laz —a1| < B4(0).
Now for ¢ =  and when s # —b, we obtain - |7 ¢
aloi*| (1+q) (1—<3“41+%T&+‘”>5>
16]s4b] (2 12 2 + 1+q 5) ( £+ 1)
az —ayi| < — d
jas —ar < 13|50 | |73t . 13|73 . [Blam i
, x ( g€+ 1) £<5s
—EE+ 1= 35 (d). Vs (1)] < [Bla |75
1+q \34 1 4 [s+bl(d+q) €2

3|03t 3], oot
Case 3. When & > 4‘;1)', B5 (d) is an increasing T ¢ i1
function of d in [0, 1]. Hence |az —ai| < G5 (1).

3 O'S b 1+ =
On the other hand, when { < g4, Bs(d) is a X 3, T;,b £+ ) , §2E3
decreasing function of d in [0, 1]. Hence |asz — a1| < ) (69)
B (0) . where 23 is given in Theoreml
Now for ¢ = % and when s = —b, (b # 0), we obtain o5
(iii)ifq—fs7é band§> 3‘ then
—108 22
a3 — 1] Sqara— 952y€
108
—_ 1= d).
+13|13—9.s2|€Jr Fs (4)

Case 4. Since [ (d) is a decreasing function of d in V3 (1)] < 165‘sb+b|5 - &+ jb § 1b §+1
[0, 1], we have |ag — a1| < B (0) . O 13le3 7y o1 o1
Theorem_8. Given the same conditions as in X Mﬁ +1 (70)
Theorem when o,° # 0 and T;’b # 0, it follows 3oy 1Ty
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s,b
g1

3

() ifq = % s# —band{ < zusi—sg—b\’ then
113|750 ¢ 126
16|0" (3 o’ —4|s+b\5> 13|75°
3 3 3
X L¢e4+1
ai’b
3
24|05P|—13|75"°
12 e
X +1], €<
13 T'i’b 32|s+b|
3
V3 (1)] <
16]s4b
13’051b T‘;’b Usl’b
3 3 3
X Le4+1
ai"b
3
24|07 —13|73°
12¢ 3 3
X +1], &>
13 Ti’b 32|s+b\
3
(71)

(v)ifq =% and s = —b, (b # 0), then

13]13—9s?| 108
Vo (D] < (B2 + i)

x € (3¢+1) (%u 1) (1)

Proof. Utilizing the results from Theorem to
Theorem|7] we obtain the desired result. O

Letting ¢ — 1~ in Theorems we get the
following results.

Corollary 21. Ifthe function f of the form (1)) belongs
to the class CV** (L¢ (2)) and 0%, 5% are defined
as in Corollary(l) then

(i) for 0% # 0, Ts’b;«éOandwhen§>

2|0
los b|+4|s+b|

we have
424 g2y
Va@) < 52 (3+ 5 €+ e (73)
.. 2 a.s,b
(i1) for o®® # 0, 750 £ 0 and when € < W,
we have
( Eladidly
_2 Aot |=3|7="|
@) <{ IS E SR (g
2 4 2stbl) g2
370 ( [0 0] )g
1 4|o=P|=3|T=?|
Tloenis & 2 alomrirsisral

E-ISSN: 2224-2880

412

S. Baskaran, G. Saravanan, S. Bulut

Corollary _22. Given the same conditions as in
Corollarjy. 21| when o5 +# 0, it follows that

(e g ———y (75)
s
Corollary_23. Given the same conditions as in
Corollarjy. 21} when o°° ;é 0, it follows that

2 2|5+b‘ 52
g (2 1 Toor]
+1 5 >»444J544L47
lag — a1| < ’ = Too?[+4]s+0]
2 2‘0.5,17‘
3‘7-3,}7‘5 + 17 § < |0’S’b|+4|8+b‘

Corollary 24. Given the same conditions as in
Corollary. when 0% # 0, it follows that

(1) if b # 0, 79° £ 0and € > 7|Usf||i4|8‘+b‘, we have
Vs (D1 < (52 (3 + 1) €+ i)

x (520 (3 + L) & +1)

x (o + 1) 77)
;lm) if ot £ 0, 75 #£ 0and € < % we

ave
3lretle + 3|725,b|5

X ‘Ug—bl + 1)

< x (3B +1), €< s

2|s+b|

o]

(1 (4 28+ o)

€
X 7o + 1)

_26 4lo=b|=3|r=b|
| x a7 “)’ £ 2 2ot
(78)

Letting s = 1 and b = —1 in Theorems [5H{8] we
get the following results.
Corollary 25. Ifthe function f of the form (1)) belongs
to the class CV;’_1 (Lge (2)), then
(i) for q # & we have

( q(1+q+¢*)¢

(14q)* (4—[3g—1[¢) ,

+ ¢ < 4+29—2q¢*—2¢>
q(1+q+¢?)’ [3¢—1](1+q)

V2 (2)] <

[3g—1|€?

4q(1+q+¢?) 420207253

q—2¢*>—2q
tog 82 et

(79)
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(i1) for ¢ = & we have
< 5353
- 2496

Corollary 26. Given the same conditions as in
Corollary 23] it follows that

V2(2) (80)

§

—— + 1.
1+4+g¢

V2 ()] < (81)

Corollary 27. Given the same conditions as in
Corollary 23] it follows that

§

-5 4.
q(1+q+q¢?

laz —ai| <

(82)

Corollary 28. Given the same conditions as in
Corollary 23} it follows that
(i) for q # 5 we have

( a(1+a+q*)¢
(1+Q) (4—[3g—1[¢)

X 1+qJrl

X q(1+q+q ) + 1)
[3¢g—1[€? €
(4q(1+q+q 7y T m)

£
i +1)

£
L *\aiFare) T+ 1) ’

S
q(1+q+q2)>

£E<
Vs (1) <

X

(83)
(i) for q = % we have
5353

el < (Graec) (Ge+1) (e1) - 6o

Lettings =1,b=—landq¢ — 1~
| we get the following results.

Corollary 29. If the function f of the form . belongs

in Theorems

to the class CVV 1 (Lg (2)), then
3
septs o £<3
nE<d (55)
T €2

Corollary 30. Given the same conditions as in
Corollary 29, it follows that

£

V(<341 (36)

Corollary 31. Given the same conditions as in
Corollary 29, it follows that

laz —ai| < g-i-l- (87)
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4+2q—2q°*—2¢>
13¢—1|(1+q)

> 44-29—2¢*—24¢>
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Corollary 32. Given the same conditions as in
Corollary |29, it follows that

Vs (D] <

Letting s = 1 and b = 0 in Theorems [5}{8] we get
the following results.
Corollary 33. Ifthe function f of the form (1)) belongs
to the class CVy™* (Lge (2)), then

(1) when § > we have

q
[3¢—1[q+4(1+q)’

3q—1 1 2
V2] < sy (B + 1) 24+ £ (89)

.. 4q
(’LZ) whenf < m, we have

( (1+q+4*)¢
q—(13¢—1]g+4(1+¢))¢ 20t 2
— s _29(1—=q—¢*)
+q(1+q+q2)’ €< [3¢—1|q+4(1+q)
V2 (2)] < -
1 3¢—1 1+q) 2
q(1+q+q¢°) ( * ) f
1 2g(1—- q q
o 82 gty
(90)
Corollary 34. Given the same conditions as in
Corollary[33] it follows that
1
V2 ()] < PRI ©n
Corollary 35. Given the same conditions as in
Corollary[33} it follows that
( 1 Bg=1] | 1+q) ¢2
q(1+q+q2)< 4 +4q>£
v, e> e T
) = [Bg—1[g+4(1+q)
a5 — a1] < R ()
g
q(1+4+4°) i
o &< gt
Corollary 36. Given the same conditions as in

Corollary[33] it follows that

. 4
(i) when & 2 g iarrey

Vs O] < (g (245 + 52) €+ 3¢)
X <q(1+é+q2) (|3q4_1| - %) 52 T 1)

X (%g + 1) . (93)

we have
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(73) when £ < j» we have

4q
[3¢—1[g+4(1+¢

( (1+q+g%)¢ I ¢ )
49—(13¢—1lg+4(1+¢)E ' q(1+q+q¢?)
I
*\ 0+ + 1)
2¢(1—q—q°
X éf + 1) ’ ¢ < \3q3(1|qf4(qllq)
V2 (2)] <
1 [3¢=1] | I14q)¢2 1
(q<x+q+qa ( I *"5*) § ‘*'af)
&
“\ e + 1)
1 2q(1-g—¢?)
X q54‘1>’ € 2 By-1la+i(1+9)
(%94)

Letting s = 1, b = 0 and ¢ — 1~ in Theorems
we get the following results.

Corollary 37. Ifthe function f of the form (1)) belongs
to the class CV'° (L¢ (2)), then

V5 (2)| < 2€ +e ©3)

Corollary 38. Given the same conditions as in

Corollary[37} it follows that
Va() <&+ 1. (96)

Corollary 39. Given the same conditions as in
Corollary[37] it follows that

B¢241 , &>

(S]]

las —ai| < 7)

S+1 €<

Corollary 40. Given the same conditions as in
Corollary[37) it follows that

[SA1\)

(3¢ +¢) (€+1)
SGery e
Vs (1) < 98
Vs (1)] < (3¢ +6) (€ +1) (98)
x(%—i—l) , §<%

It should be noted that the classes STV~ (L& (2))
and CV1 1 (L& (2)) were introduced by [[17]. Our
findings, as presented in Corollaries29]to[32] improve
upon those results.

4 Conclusion

In conclusion, this study successfully defined the
p-th Vandermonde determinant and established the
coefficient bounds for the second- and third-order
Vandermonde determinants for a Sakaguchi type
function within the ¢-Limagon domain. The
results obtained provide significant insights into

E-ISSN: 2224-2880

414

S. Baskaran, G. Saravanan, S. Bulut

the behavior and properties of these determinants,
contributing to the broader understanding of analytic
functions in complex domains. Future research could
explore higher-order Vandermonde determinants and
their applications in other mathematical contexts.
Univalent functions have numerous applications,
including quantum calculus (q-calculus), special
functions, signal processing, and image processing.
The results presented in this paper can be utilized
to further extend these applications, leading to new
advancements in our field.
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