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1 Introduction

Common problems are distinguished by their
abundance of data and varying levels of ambiguity.
Consequently, developing new mathematical
methods to solve issues is crucial, and it is anticipated
that the perfect functions will be the most helpful
instrument in this case. Therefore, in this work,
we investigate different set operator strategies for
generating perfect functions.

Among the most significant extensions of a
topological space are perfect functions. Through the
study of general topology, we can infer that closed
sets are essential to the development of new set forms
and fundamental topological characteristics. Based
on a set .# with topology .7, consider (.#,.7) to
represent a topological space. For a subset o7 of .Z,
the closure of &7 is denoted by C/(<7), while the
interior of .o is denoted by Int(<7). The topology
on & inherited from .7 will be denoted by .7,
respectively.

Numerous mathematicians have created and
investigated several types of semi-sets in topological
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spaces, which include semi-open sets, [1],
semi-compact set, [2], semi-lindelof sets, [3],
and semi-continuity, [1]]. They have used the concept
of semi topological spaces and semi compact,
specifically, to introduce various mathematical
structures, including semi compact spaces in a
neutrosophic crisp topological space, [4], study the
structure of difference lindelof topological spaces
and their properties, [5]], semi normal-spaces, [6],
semi topological groups, [7], semi compact sets, [8]],
soft topological space via semi-open and semi-closed
soft sets, [9]], soft semi-compact spaces, [10],
semi compactness, [11], semi locally connected
sets, [12], strongly star semi compactness, [13],
generalization and application of locally semi
compact spaces, [14], semi compactness with
Respect to a Euclidean cone, [15], semi-monotone
sets, [|L6], semi generalized continuous maps, [[17],
semi continuous mapping, [18], and compact semi
topological semi-groups, [[19]].

This work explores some of the fundamental
features of emerging categories of semi functions,

Volume 24, 2025



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2025.24.33

which can be described as aspects of the semi sets on
primitive topological spaces. We looked further into
the emotional connection that exist between them and
provide instances of non-compatible relationships. A
selection of intriguing perfect function deconstruction
theorems is introduced using the new classes of
semi-perfect functions that we outline. Ultimately,
enlargement is examined through the use of cases
and substitute examples. The study covers the
computation of the cartesian product of finite
intersections and randomized unions. The article
is organized as follows: In section 2, We recall
definitions and facts because they are important
in the content of our paper. In section 3, we
study and introduce the concept of semi-perfect
functions. Furthermore, we investigate the properties
of semi-lindelof perfect functions. In section 4,
we provide additional details and perspectives on
different forms of semi-perfect functions. In section
5, we study the types of semi-perfect functions
and relationships between them. In section 6, we
investigate numerous types of applications, noting
how they might improve productivity and promote
change in multi-variable models in various of
research domains.

2 Definitions and Primary Outcomes

Definition 2.1. [1]] (i) If &7 C Ci(Int(<7)), then </
is said to be semi-open.

(ii) If Int(Cl(«/)) C </, then &/ is said to be
semi-closed.

Definition 2.2. [1] If .# and .Z are spaces and
T A — £, then the function ¢ is called
semi-continuous if the inverse image of each open set
of £ is semi-open in ./ .

Definition 2.3. [20] A function 7 : (A#,7) —
(Z,¢) is called Lindelof perfect if it satisfies the
following conditions: it is continuous, closed, and
T71(1) is a Lindeldf for every | € Z.

Definition 2.4. A topological space (.#,7) is
called :

(1) [2], semi-compact if any semi-open cover of
/ has a finite subcover.

(ii) [13[], semi-Lindelof if any semi-open cover has
a countable subcover.

Definition 2.5. [21], Consider topological spaces
M and . If and only if there is a function
T # — & that is irresolute, one-to-one, onto,
and pre-semi-open, then .# and . are considered
semi-homomorphic. We refer to such a 7 as a
semi-homeomorphism.
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Definition 2.6. [21], Given that 7 : .# — Zis
irresolute if and only if, for any semi-open subset Z
of £, 171(Z) is semi-open in ./ .

Definition 2.7. [21], Given that 7 M —
£ is pre-semi open if and only if, for all &/ €
SO(#), () e ZL.

Definition 2.8. [22], A topological space (A4 ,.7)
is semi-T5, If for any two distinct points p,q € #,
there exist semi-open sets SO(p) and SO(gq) such
that SO(p) N SO(q) = 0. Here, SO(m) denotes a
semi-open set contains the provided point m.

Definition 2.9. [6], A space (.#,.7) is semi-normal
if and only if for any pair of disjoint semi-closed sets
o/ and %, there exist disjoint semi-open sets U and
V suchthat & C Uand # C V.

Definition 2.10.  [23], A space (A#,T) is
semi-regular if and only if for any semi-closed
set &7 and m ¢ <f, there exist disjoint semi-open
sets U and V such thatm € U and &7 C V.

Definition 2.11.  [24], A space (#,7) is
semi-paracompact space if any open cover of
A has a .7 -locally finite open refinement.

Definition 2.12. [20], Given that 1 : (#,.7) —
(Z,<) is a perfect function ( resp. Lindelof perfect
function), for every compact ( resp. Lindelof ) Z C
£, 17Y(Z) is compact ( resp. Lindeldf).

3 Semi Perfect Function

This section concentrates on the study of
semi-perfect functions and introduces and explores
semi-lindelof perfect functions.

Theorem 3.1. Given that 1\ : (M, T) — (£,s) is
a semi-perfect function, then the preimage 71~ 1(Z) is
semi-compact for any semi-compact subset 7 C £.

Proof. Consider & = {P, a € A} be an
open cover of (.#, 7). Since 71 is a semi-perfect
function, for every [ € &, the preimage T1~1(I) is
semi-compact. This means there exists a finite subset
A; C A such that

M) € Qs

aEN,;

where each @, is semi-open in the topology S(.7).

Now, define O; = £ — (A — |J Qo). This set
Oy is semi-open in S(<) and contains /. Additionally,
the preimage satisfies

N0 €| Qa-
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Consider the collection & = {O; : | € Z}.
This forms a semi-open cover of .£. Since .Z is
semi-compact, there exists a finite subcover such that

s o

i=1
Finally, we observe that

i) c o),
=1

which is means 771 (.%#) is semi-compact. O

Corollary 3.1. A semi-compact space is inverse
invariant under semi-perfect function.

To validate the following theorem, we will adopt
a proof technique similar to that employed in the
preceding theorem.

Theorem 3.2. Giventhat 1 : (M, T) — (L,<)isa
semi-Lindelof perfect function, for each semi-Lindelof
L C &, the preimage T~ 1(L) is semi-Lindeldf.

Proof. Let % = {U, : o € A} be a semi-open cover
of T7Y(L) in (A, 7). Since T is a semi-Lindeldf
perfect function, the image of each point [ € £ has a
preimage 71 !(1) that is semi-compact. Thus, for any
[ € &, there exists a finite subcollection A; C A such

that
T Y Ve
acl;
where {V,, : @ € A;} consists of semi-open sets in
S(7).
Now, define

Gi=% = (a -\ Va).

which is semi-open in S(<), contains [, and satisfies
THG) C UVa. Let¥ = {G; : 1l € L} bea
semi-open cover of the subset L in (.2, ).

Since L is semi-Lindel6f, there exists a countable
subcover {G), : k =1,2,...} such that

Lcla,.
k=1
Consequently,
T < TG
k=1

which is a countable subcover of % for TT71(L).
Therefore, T71(L) is semi-Lindel&f. O
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Corollary 3.2. A semi-Lindelof space is preserved
under semi-Lindelof perfect function.

Theorem 3.3. A perfect function can be expressed as
an outcome of combining two perfect functions.

Proof. let 1 : (M,T) — (L,¢)and v : (L) —
(Z,n) be perfect functions, where (#,.7), (£,5),
and (Z, n) are topological spaces.

Since both T and -y are perfect, they are closed and
map compact sets to compact sets. For any compact
subset K C Z, since v is perfect, the preimage
7~ 1(K) is compact in .. Then, because 1 is also
perfect, the preimage 171 (v~ 1(K)) = (yo ) "1(K)
is compact in .#. Thus, v o 71 maps compact sets to
compact sets.

Since 7T and ~ are closed maps, for any closed set
F C ., the image TI(F) is closed in .Z, and then
Y((F)) = (y o T)(F) is closed in Z. Thus, y o Tis
a closed map.

Since v o T is closed and maps compact sets to
compact sets, it follows that yo Tis a perfect function.

O]

The following illustration demonstrates that the
composition of two semi-perfect functions need not
be true:

Example 3.1. Consider, 1: (#,.7) — (<£,<) and
v:(Z,s) — (Z,n), where:

M ={k,m,c}, Z=A{ae [},
with the following topologies:

T =A{,0,{k},{k,c}},

¢ ={Z,0.{a} {e},{a,e}},

Z =A{rh,i},

n= {Z,@, {T}}
Define
Tk)=a, Tm)=f, Tc)=e,
y(a)=r, ~(e)=1i, ~(f)=h.

It can be verified that both 7 and ~ are
semi-continuous;  however, ~y o 1 is not
semi-continuous. Specifically,

(vo N~ ({r,a}) = {k,c},

which is not a semi-open set in .# (since {k,c} ¢
7). This shows that the composition of two
semi-perfect functions does not necessarily yield a
semi-perfect function.

Corollary 3.3. The result of combining two
semi-perfect functions does not have to be
semi-perfect.
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Theorem 3.4. A lindeldf function can be expressed
as an outcome of combining two lindelof perfect
functions.

Proof. Since the compining of any two lindelof
spaces is lindelof, also the lindel6f function can be
expressed as an outcome of compining two lindelof
perfect functions. O

Theorem 3.5. Given that 1 : (M, T) — (Z,s)
is a semi-perfect function and v : (£,s) — (Z,n)
is a perfect function, the composition v o 1 is a
semi-perfect function.

Proof. Let &/ be any n-open set in Z. Since 7y is a
perfect function, the preimage v~!(.27) is a c-open set
in Z.

Now, since 1 is a semi-perfect function,
Ty He)) is a T-semi-open set in .
Therefore, we conclude that v o 71 is indeed a
semi-perfect function. O

Example 3.2. Consider (.#,.7) = (R, 75), where 75
is the topology generated by all semi-open intervals of
the form (¢, 2)U{c},c < 0. Andlet (L, <) = (R, 7).

Define 71 : (#,7) — (Z,s) by T(m) = m.
Since T maps semi-open sets in (.#, .7) to open sets
in (.Z,¢), is a semi-perfect function.

Now let (Z,n) = (R,74). Where v : (£,¢) —
(Z,m) by v(m) = m. Since every subset of R is open
in the discrete topology, v is a perfect function.

Finally, consider vy o 71 : (A4, T) — (Z,n),
defined by (y o T)(m) = v(71(m)) = m. For any
n-open set <7 in (Z,n), v 1 (&) = & is c-open in
(Z,s), and T (v H(/)) = o is 7 -semi-open in
(A, T). Therefore, v o T is a semi-perfect function.

Theorem 3.6. If 1 : (#,T) — (£,q) is a
semi-Lindelof perfect function and v : (£,s) —
(Z,n) is a perfect function, then the composition ~yo
is a semi-Lindelof perfect function.

Proof. consider </ to be any n-open set in Z. Since
7 is a perfect function, y~!(.7) is a g-open set in .Z.
since 71 is a semi-Lindel6f perfect function, for any
open cover {Uy }aen of 171 (y71(a7)), there exists a
countable subcover {U; };cn such that,

TN e) < U
ieN
Therefore, v o 71 retains the property of being

semi-Lindelof. Thus, we conclude that v o T is a
semi-Lindel6f perfect function. O

Proposition 3.1. If v o 71 of a semi-continuous
Sunction, 1 : (M, T) — (Z,s), and a continuous
function v : (£,s) — (Z,n) is semi-closed, then
v: (Z,s) — (Z,n) is semi-closed.
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Proof. Consider o/ to be a ¢-closed set in .2,
then T71(&/) is J-semi-closed in .#. Since 7
is a semi-continuous function, given that v o 7 is
semi-closed, y( 71171 («7)) is n-semi-closed in Z, this
implies that (/) is n-semi-closed in Z. Therefore,
«y is semi-closed in .Z. O

Theorem 3.7. If the composition v o 1 of a

onto

continuous function v : (£,s) — (Z,n) and a
semi-continuous function 1\ : (M, T) — (ZL,) isa

onto

semi-perfect function, then v : (£,s) — (Z,n) is
semi-perfect.

Proof. Forany z € 2, consider y~!(z). Since yo 7
is semi-perfect, we know that the set (y o 71)71(2) is
semi-compact. so,

77 H(2) =W(v e D72,

where (v o T)7!(z) is semi-compact. Since I
is a semi-continuous function, 1~!(y71(2)) is also
semi-compact. ~ Thus, y~!(z) is semi-compact,
consequently v is semi-perfect.

Theorem 3.8. If the composition v o 1 of the

continuous function v : (£,<) 2% (%, n) and a
semi-continuous function \: (M, T) — (£,)isa

onto

semi-Lindelof perfect function, then v : (£,s) —
(Z,n) is a semi-Lindelof perfect function.

Proof. Considery~!(z) = T((yoT)~!(z)) For every
z € Z, which is semi-Lindel6f because the function
~ o Tis semi-Lindelof perfect. Since v is semi-closed
by proposition[3.1] it follows that + is semi-Lindel6f
perfect. O

Theorem 3.9. [f 7 (M, T) — (Z,5)is a
semi-closed function, then for any subset € C £, the
restriction g : 1 1(&) — € is semi-closed.

Proof. Consider ¢ C %, and 1 : (H,T) —

(Z,5), let A be .7 -semi-closed. Then
Te(@NT7(E) =TF)NE

is ¢-semi-closed in &. Thus, Te : T7H(&) — €&is

semi-closed. O

onto

Theorem 3.10. Given that 1\ : (M, T) — (£,5)
is semi-perfect, for any € C £, the restriction T¢ :

(&) — Tis semi-perfect.

Proof. Assume ] (AM,T) — (Z,q) is
semi-perfect, then the preimage of any semi-compact
subset of .Z is semi-compact in .#. Now, consider
¢ C Z. To demonstrate that T¢ is semi-perfect, we
need to show that for any semi-compact subset GG of
¢, 7.1 (G) = T7Y(G) is semi-compact in T71(€).
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Since T is semi-perfect on (.#,.7), T7YG) is
semi-compact in .# for any semi-compact G C .Z.
Therefore, for any semi-compact G C €, T, (G)
is semi-compact in T~1(&). Moreover, by Theorem
the restriction g is semi-closed. Thus, g is
semi-perfect. O

Theorem 3.11. Given that 71: (M, T) 2% (£ ,<)
is semi-perfect, where (M , ) is semi-compact, and
(&) is semi-Hausdorff, then 7 is semi-closed.

Proof. 1If o7 is a .7 -semi-closed subset of (.#,.7),
then it is .7-semi-compact, because (.#,.7) is
semi-compact. Since 71 is semi-continuous, (<) is
a ¢-semi-compact subset of (.Z, ¢). Given that (%, <)
is semi-Hausdorf¥, it follows that every semi-compact
subset of (.Z,¢) is ¢-semi-closed. Thus, (&) is
¢-semi-closed. O

Theorem 3.12. Given that 1 : (M, T) 2% (Z,<)
is a semi-Lindelof perfect function, where (M , T) is
semi-Lindelof and (£, <) is semi-Hausdorff; then 7
is semi closed.

Proof. If o is a 7 -semi-closed subset of (.Z,.7),
it is 7 -semi-Lindelof, as (.#, 7) is semi-Lindelof.
Since 71 is semi-continuous and semi-Lindelof
perfect, 71(</) is a ¢-semi-Lindel6f subset of
(Z,<). Given that (.Z,¢) is semi-Hausdorff, every
semi-Lindelof subset of (Z,<) is ¢-semi-closed.
Thus, (&) is ¢-semi-closed. O

Theorem 3.13. Consider 1 : (M, T) — (Z,5)
as a bijective semi-continuous function. If (£,<) is
a semi-Hausdorff space, (M ,.T) is semi-compact,
then 7 is a semi-homeomorphism function.

Proof. It is sufficient to demonstrate that 1 be
a semi-closed. Consider F to be a .7-closed
proper included in .#, and hence F a proper
7 -semi-compact set, by using theorem
Consequently, 71(F) is ¢-semi-compact, but
since (.Z,s) is a semi-Hausdorff space, T1(F) is
¢-semi-closed. It means 7 is a semi-homeomorphism
function. O

Theorem 3.14. Consider 1 : (M, T) — (Z,s)
as a semi-continuous bijection function. If (£,<) is
semi-Hausdorff and (.# , T) is semi-Lindeldf, then
is a semi-homomorphism function.

Proof. To establish that 7 is a semi-homomorphism,
it’s suffices to show that 1 is semi-closed. Given
that (.#, 7) is semi-Lindelof, F is a semi-Lindelof
set with .7 closure. Since 71 is semi-continuous
and bijective, 1(F) is a ¢-semi-Lindel6f subset of
(Z,s). (Z,¢) is semi-Hausdorff, hence T(F) is
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¢-semi-closed. So, T is a semi-homeomorphism

function.
O

Theorem 3.15. The semi-Hausdorff property is
preserved under semi-perfect functions.

Proof. Consider (.#,.7) to be a semi-Hausdorff
space, and 1 (A,T) — (Z,s) to be
a semi-perfect function. Let 1 # [l in
(Z,<). Then TT71(I1) and T~1(l5) are disjoint and
semi-compact subsets of (.#, 7). Since (A, T) is
a semi-Hausdorff space, there exist .7 -semi-open sets
P, Q of .# such that

T () € P77 (l) € Qand PNQ =0

Consider the sets £ — 71(.# — P), which contains
21, and ¢ — (A — Q), which contains Iy, as
¢-semi-open sets in (.Z, ).

Then,

L — (M — P)UTN (M — Q))
=N —(PNQ))
=)

= 0.

Hence, (.Z, <) is a semi-Hausdorff space. O

We will use a similar proof technique as in the
previous theorem to establish the following.

Theorem 3.16. The semi-Hausdorff property is
preserved under semi-lindelof perfect function.

Proof. Let (£, <) be a semi-Hausdorff space and 7 :
(Z,s) — (Z,n) a semi-Lindel6f perfect function.
Assume z; # 2o in (Z,n). The preimages v~ !(z1)
and y~1(22) are disjoint semi-Lindeldf subsets of
(Z,s). Because (.Z,¢) is semi-Hausdorff, we can
find semi-open sets A and B in .Z such that

’7_1(21) - Aa ’7_1(22) c B7 and ANB= @

Next, we examine the sets Z — (£ — A) and Z —
v(Z — B). The former contains z;, while the latter
contains wy. Both of these sets are 7-semi-open in

(Z,n). Then,

Z—((Z—-A)un(Z - B))
—Z—(Z—(ANB))
=Z-7(Z)
= 0.
Thus, it follows that (Z, n) is a semi-Hausdorff space.

O]

Using the same technique, the following remarks
have been formulated.
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Remark 3.1. The semi-Hausdorff property that is
preserved by the inverse images of semi-perfect
functions.

Remark 3.2. The semi-Hausdorff property that is
preserved by the inverse images of semi-Lindelof
perfect functions.

4 More Results about Types of Semi

Perfect Functions

This section provides further details and
perspectives about various types of semi perfect
functions.

Lemma 4.1. Consider /# be a semi-regular space,
and let &/ be a T -semi-compact subset of 4. Then
for any T -semi-neighbourhood U of <7, there exists
a ﬂ-semz -open set W such that o C W C
sCIW7 c U.

Proof. Since .# is a semi-regular space, for every
point a € .# and every .7 -semi-neighborhood U of
a, there exists a .7 -semi-open set V'(a) such that:

aeV(a)CsCl(V(a)7 cU.

Now consider ¢ € &/, where &/ is a
7 -semi-compact subset of .# . Since U is given as a
7 -semi-neighborhood of &7, every a € 7 has U as
a .7 -semi-neighborhood. By the semi-regularity of
M , for each a € &7, there exists a .7 -semi-open set
V(a) such that:

ac€V(a) and sCl(V(a))” CU.

Thus,
o c| Vi) cU
k=1
SO
n n T
o c|J Vi) cscl (U V(ak)> :
k=1 k=1
Consider W = Ji_;V(ag), then W is
7 -semi-open, but
n n '7
sCIW? =sCl | JV(ar)” =sCl (U V(ak)> :
k=1 k=1
Hence,
o CWcCClwW? CU. .
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The semi-compactness of subsets within
semi-regular spaces implies the semi-Lindelof
property. Therefore, Lemma can be expanded to
include .7 -semi-Lindelof subsets.

Lemma 4.2. Consider # be a semi-regular space,
and let </ be a 7 -semi-Lindeldf subset of M. For
any 7 -semi-neighbourhood U of </, there exists a
T -semi-open set W such that o/ C W C sclW7 C
U.

Proof. Since &7 is a .7 -semi-Lindelof subset, there
exists a countable collection of .7 -semi-open sets,
{V(ai)}32,, that covers <.

By the semi-Lindeldf property, we can select a
finite {V'(a;, )}, from this cover so that

o c | V() CU.

k=1

set that includes ..

(a;, ); then W is a 7 -semi-open

Additionally,
n n T
sCIW7 =sCl UV(alk =sCl <U (ai, )
k=1 k=1
Hence,

d CWCsCIW? cU
]

Theorem 4.1. Consider 1 : (M, T) — (Z,9)
be a semi-perfect function, and suppose (M, T) is
semi-regular. Then (£, <) is semi open.

Proof. Given a ¢-semi-open set V and | € .2,

T71(1) € TYV) in 4. Since .# is semi-regular,
there exists a .7 -semi-open set U (by using Lemma
4.2)

suchthat

TN esCl( (UUk> ) TNV,

Since T is .7 -semi, 3 ¢-semi-neighbourhood W of [
such that
T et W) e
Moreover,
Wc(sClU”)cV

since TI(s C1U7) is ¢-semi-closed.
Thus,

leWcsCIW” c(sClU7)CV

Hence, .Z is semi-regular.
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By employing the same method, we obtain the
following corollaries.

Corollary 4.1. Consider 71 : (M,T) — (Z,s)
to be semi-Lindelof perfect, and suppose (M , T ) is
semi-regular. Then (# , .7 ) is semi open.

Corollary 4.2. The semi-regular property is
preserved under semi-perfect.

Corollary 4.3. The semi-regular property is
preserved under semi-lindelof perfect.

Theorem 4.2. Consider 71 : (M, T) — (£,s) to
be a semi-perfect function, and Suppose (A, T) is
semi-regular. Then (£, <) is semi open.

Proof. Let1: (M ,T) — (£,5) be a semi-perfect
function, and assume (.7, .7 ) is semi-regular.

Consider any ¢-semi-open set V' in (£, <) and an
element [ € V. Then, T71(V) is a .7-semi-open
subset of (.#, ) containing 17 1(1).

Since (., 7) is semi-regular, we know that for
any .7 -semi-neighborhood U of T171(I), there exists
a 7 -semi-open set W such that

T cwesCclw? cU.
Applying T to this containment, we obtain
TC7H) €AW € W(sCtw ) € ().

Since 1 is semi-perfect, T(sCIW7) s
¢-semi-closed, which implies that TI(W) is
¢-semi-open and forms a ¢-semi-neighborhood
of [ within V.

Therefore, for every point [ € V, there exists a
¢-semi-neighborhood contained in V', which implies
that (.2, <) is semi-open. O

Theorem 4.3. Consider (M, ) and (£,s) as
arbitrary topological spaces. Given that (M, T ) is
semi-compact, then ¢ : (M x L, T xs) = (Z,5)
is semi-closed.

Proof. Let ( (M x L,T x ) = (Z,59)
be the projection function, where (#,.7) is a
semi-compact topological space. Consider an
arbitrary semi-closed set &/ C .# x £ inthe  x ¢
topology. This implies that o/ is semi-compact in
(M x £,T x ), as it is a closed subset of a
semi-compact space. Since (., .7 ) is semi-compact
and the projection of function is closed function, so
the projection of & onto .Z, (/) = {l € £ : Im €
A such that (m,l) € </}, is also semi-compact in
(Z,5).

Given that a semi-compact subset of (%, ) is also
semi-closed, it follows that ((A) is semi-closed in
(Z,<). Hence, ( is a semi-closed function. O
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Theorem 4.4. Consider (M, ) and (£,<) as
arbitrary topological spaces. Given that (M ,T ) is
semi-compact, then ¢ : (M x L, T xs) = (ZL,5)
is semi-closed.

Proof. Let ¢ (M x £L,T x ) — (Z,5s)
be the projection function, where (.Z,.7) is a
semi-compact topological space. Consider an
arbitrary semi-closed set & C .# x £ inthe T X ¢
topology. This implies that &/ is semi-compact in
(M x £, T %), as it is a semi-closed subset of
a semi-compact space.

Since (#,7) is semi-compact, for any [ €
¢(«7), there exists at least one m € .# such that
(m,l) € <. The projection of &/ onto .£, defined
as:

(o

is the image of a semi-compact set under the
projection map (. Since projections preserve
semi-compactness, ((.<7) is semi-compact in (%, ).
Furthermore, in (.Z,<), every semi-compact
subset is semi-closed. Therefore, ((</) is
semi-closed in (&, <).
Hence, ( is a semi-closed function. O

Theorem 4.5. Consider 71 : (M, T) — (£L,<) to
be a semi-perfect function, and suppose (£ <) be a
semi-paracompact. Then, (. , T ) is semi-open.

Proof. Consider U = {U, a € A} to
be a semi-open cover of (.#,.7). Since T is a
semi-perfect function, VI € ., the preimage 1-1(1)
is semi-compact. Therefore, 3 a finite subset A; C A

such that
< Y Ua,
aEN,

) ={l €L :3m € A such that (m,l) € o/},

whﬁre U, are semi-open sets in (.7, .7) containing
TH().

Consider ¢ = {O; : | € £} to be a semi-open
cover of . since (£, <) is semi-paracompact. Then,
O has a locally finite open refinement. Let 7 =
{Hg : € € I'} where {Hg : € € I'} is ¢-locally
finite paracompact of O;.

Now, Consider G = {T 1 (He) NV, | a € A}
is a .7 -semi-open locally finite refinement of V' =

{Va : @ € A}, so G is a semi-locally semi-open
refinement of %, since

U Vac#

CXEAZ

Hence, (.# <) is a semi-paracompact space.  []

Corollary 4.4. If 7 (A, T) — (ZL,5)
is a semi-Lindelof perfect function and (£ ,s) is
semi-paracompact, then (M , T ) is semi-open.
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5 Four Types of Semi Perfect Functions

Definition 5.1. A function 71 : (A4, 7) — (Z,<)
is referred to as semi-perfect if 71 is semi-closed,
semi-continuous, and for any | € &, T7(I) is
semi-compact.

Definition 5.2. A function 71 : (#,7) — (Z,<)
is referred to as semi-Lindelof perfect if 71
is semi-closed, semi-continuous, 1'(I) is
semi-Lindel6f for any [ € .Z.

Theorem 5.1. Every semi-perfect function is perfect
function, but the converse need not to be true.

Proof. consider any semi-compact space is also a
compact space by definition, as a semi-compact
space is defined as one where every semi-open
cover has a finite subcover. Since a perfect
function requires the preimage of each compact set
to be compact, and every semi-compact subset is
compact, it follows that a semi-perfect function,
which preserves semi-compactness, will also preserve
compactness. Therefore, every semi-perfect function
is indeed a perfect function. O

However, as we will demonstrate, the opposite
does not necessarily hold.

Example 5.1. Consider an infinite set 7 and c € % .
Define the topology ¢ = {%,0,{c}} on Z. In this
topology, (% ,<) is compact because any open cover
has a finite subcover. However, it is not semi-compact
since the collection {{u,c} : u € %} forms a
semi-open cover of % without a finite subcover.

Theorem 5.2. Every perfect function is lindelof
perfect spaces, but the reverse isn t necessarily true.

Proof. Since every compact space is Lindelof, any
perfect function, which is continuous and maps
compact spaces to compact spaces, leads to a Lindelof
perfect space. Specifically, if 1: (4, 7) — (£,<)
is a perfect function, then for every [ € Z,7T71(1) is
compact and therefore Lindel6f. O

As illustrated by an upcoming example, the
opposite not necessarily true.

Example 5.2. Consider {U,}qecs to be an open
cover of R, where R represents the real line. There
exists a countable subcover. Consider the set U, =
(k,k +2),k € Z,and R = U, (k, k + 2) covers
the entire real line, demonstrating that R is Lindelof.

However, consider {(k,k + 2)}rcz as an open
cover of R. Suppose there exists a finite subcover,
say {(ki, k; +2)}7_, ki € Z. In this case, no finite
subcover can cover R, demonstrating that R is not
compact.
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Theorem 5.3. Every semi-lindelof perfect function is
lindelof but the converse is not always true.

Proof. Since every semi-Lindelof space is Lindelof,
a semi-Lindeldf perfect function must also produce
a Lindelof space. Specifically, if 7 : (#,7) —
(Z, ) is a semi-Lindeldf perfect function, it implies
T71(I) are semi-Lindeldf for every [ € .. This
further leads to that .# is Lindel6f. O

Example 5.3. Consider (R, .7;), the real line with the
standard topology. Let YU = {U,}acor, Where o
is an arbitrary index set, | J{U, : @ € &} = R,
and U, € J; VYa € of. There exists {U, : n €
N} C U such that | J{U,, : n € N} = R. Define
7:Z — Nasabijection between integers and natural
numbers. Vk € Z, take oy, € <7 such that T1(k) €
U,,. Consider V.= {U,, : k € Z} as a countable
subcover. This shows that R is Lindelof.

Now, consider € = {C),, : m € R}, where C,,, =
{m, m + 1} for all m € R. € is a semi-open cover
since 3U,,, = {m,m + 1} € T, such that U,, C
Cp, C Uy €covers R,and VI € R, [ € (.

Assume that € has a countable subcover ¥, where
T={Cp, :neN} C €and J{Cp,, : n € N} =
R. Define . = sup{m,, : n € N}.

Now, consider examining this:

Case I: Let! € Rand consider 2 = [+ 1. Vn €
N, m, <1 < 2. Thus, A ¢ [my,zp41) = Ch,,-
Therefore, 2 ¢ | J{Cy,, : n € N} = R, whichis a
contradiction.

Case 2: Let| = oo™. Consider A = 0. Vn €
N, m, > 2 (since sup{m,} = oo™), then A ¢
{mpn,mpy1} = Cp,, . Therefore, A ¢ (J{C,y,, :n €
N} = R, which is a contradiction.

Therefore, & does not have a countable
subcover. Thus, R with the standard topology is
not semi-Lindel6f.

Theorem 5.4. Every semi-perfect function is
semi-lindelof perfect function but the converse need
not to be true.

Proof. A function 7 (A,T) — (L) is
said to be semi-perfect if the preimage of every
semi-compact subset in (.Z,<) is semi-compact in
(A ,T). Since every semi-compact space is also
semi-Lindelof, it follows that the preimage under a
semi-perfect function of any semi-compact subset is
semi-Lindelof. Hence, 7 is a semi-Lindelof perfect
function.

O]

However, as the following example demonstrates,
that the opposite is not necessarily true:

Example 5.4. In (R, .7;), consider {U, }qc to be
a semi-open cover of R, where U, is semi-open in

Volume 24, 2025



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2025.24.33

R. Aset V' C R is semi-open if there exists an open
set M C Rsuchthat M C V C M. For any
U,, there exists M, such that M, C U, C M,.
Since R is Lindelof, the open cover {M,}aca has
a countable subcover {M,, };cn. The corresponding
semi-open sets {U,, }icy form a countable subcover
of R. Therefore, R is semi-Lindelof with respect to
the perfect function property.

However, consider the semi-open cover {(k, k +
1)U{k+1}}rez of R. Anyset (k,k+1)U{k+1}1is
semi-open because it can be expressed as (k, k+ 1)U
{k + 1}, where (k,k + 1) isopen and {k + 1} is a
singleton. No finite subcover of this semi-open cover
can cover all of R. Therefore, R is not semi-compact
with respect to the perfect function property.

The following figure (Figure 1) summarizes the
relationships between these perfect functions:

¥l 1

i

Fig. 1: The relationship between perfect functions

6 Potential Applications

The concept of semi- perfect defined in this study is
an innovative idea with applicability in a wide range
of scientific and technological sectors, making it a
significant starting point for potential studies across
multiple domains.

This article investigates numerous applications of
semi perfect and semi-lindeldf perfect across diverse
disciplines, showing its ability to inspire innovation
and efficiency in various sectors.

Functional Analysis: The analysis of certain
operators and functions may benefit from the use
of semi perfect areas. Their ability to provide a
balance between compact and non-compact lindel6f
and semi-lindelof areas is useful for studying the
convergence properties of functions or sequences.

Fixed Point Theory: Semi perfect spaces can be
used to generalize some fixed point theorems that
typically require compactness. This allows us to
forecast the occurrence of fixed points for specific
types of mappings over a broader range of spaces.

Resource Allocation and Economics: The concept
of semi-compactness in economics can be extended
to market analysis and resource allocation.
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Market Coverage: Inventory and supply chain
management can be improved by ensuring that a small
number of products or services can meet the needs of
the whole market.

Resource Distribution: Semi compact perfect and
semi-lindelof perfect can help identify important
areas where resource allocation will have the greatest
impact in scenarios where resources need to be
distributed efficiently.

Data science and big data analytics rely heavily
on ensuring that a finite sample of data points
accurately represents the entire dataset. Sampling
Techniques; when establishing sampling strategies,
semi compactness can help ensure that a finite subset
of samples is chosen for analysis and prediction,
implying that the data points’ distributions cover the
whole dataset.

Subsets of representative data: When dealing with
large datasets, effective predictive models can be
created by selecting a finite sample of data points that
encapsulate the data’s variability.

7 Conclusions

The associations among semi-lindelof perfect
functions, perfect spaces, lindelof perfect functions,
and semi-lindelof perfect functions in the topological
spaces from which those functions originate were
examined in this work. Employing the model of
semi-perfect functions that is offered here, the study
demonstrated the prerequisites for synchronizing
semi sets and continuous closed functions. We
evaluated the hyperlinks among these thoughts
and expressed them with various functions. The
subsequent goal of the study was to highlight specific
features of the intricate properties of semi-perfect
functions and some peculiarities in the cartesian
multiplication of these functions under specific
conditions. Additionally, the key features of these
ideas as well as a few sample scenarios were
thoroughly examined. We outlined their essential
traits collectively and clarified what was needed
to establish equal relationships between them.
The study also emphasized the features of these
functions and provided multiple illustrations of
them. These duties will act as a springboard for
further investigation into the potential futures of
all of these functions. Subsequent investigations
could potentially examine additional variations of
these functionalities include: (1) Define and study
soft semi-lindeldf perfect functions; (2) Define and
study pairwise semi perfect functions; (3) Define
and study fuzzy semi perfect function; (4) Finding a
use for our new results of semi perfect functions in
Machine Learning Optimization, Data Sampling and
Coverage, Functional Analysis, Fuzzy Set Theory,
and Generalized Continuity.
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In physics and mathematics, topology is one of
the most important fields of study. According to
1251, [26], [27], [28], [291], [30], [31], [32], [33], [34],
[35], [136], its application can be advantageous for
a variety of mathematical fields, including algebra,
matter physics, Riemann integration, quantum field
theory, operations research, physical cosmology,
game theory, fuzzy sets, and soft sets.

Use of Al tools declaration

The authors wrote, reviewed and edited the content
as needed and They have not utilised artificial
intelligence (AI) tools.  The authors take full
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