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1 Introduction

Optimization problems involving of maximizing
or minimizing real functions are ubiquitous in
the mathematical modeling of real-world systems
and encompass a very broad range of applications
across various fields, including economics, finance,
chemistry, materials science, astronomy, physics,
structural and molecular biology, engineering,
computer science, and medicine. Boundary
value problems (BVPs) play a crucial role in the
mathematical analysis of constrained physical
systems subjected to external forces. Consequently,
BVPs frequently arise in various disciplines such
as economics, finance, and engineering, covering
diverse problem domains including fluid mechanics,
electromagnetics, quantum mechanics, and elasticity.
Mixed boundary value problems in Sturm-Liouville
theory have applications in the vibrations of a

E-ISSN: 2224-2880

220

beam and strings, heat conduction in rods and
plates, electromagnetic wave propagation, quantum
mechanics and Schrodinger equation, fluid dynamics
and diffusion problems, and electrical circuits and
signal processing.

The goal of this paper is to demonstrate the existence
results for the following problem

{ - + Oé(§>2/ + 6(§)Z = ’}’h((, Z(C)),
z(a) = 2z(b) =0

S € (a,b),

(P")
where v > 0, h is an L!-Carathéodory function and
a,d € L>([a,b]) are such that

2
T

inf § = . 1

Recent mathematical research has extensively

studied Sturm-Liouville problems with mixed

Volume 24, 2025



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2025.24.21

boundary conditions, yielding important findings
Readers are encouraged to consult [[1], [2], [3], [4],
[5], [6], and the related references. For instance, [3]
utilized variational methods to establish the existence
of nontrivial solutions for a mixed boundary value
problem involving the Sturm-Liouville equation.
Additionally, []l], applied multiple critical points
theorems to demonstrate the existence of three
solutions for a Sturm-Liouville mixed boundary
value problem.

Notably, in the above references, the coefficients of
the differential equations are nonnegative. Here, in
the mixed boundary value problem for a complete

Sturm-Liouville equation ([P7]) the coefficients
can also be negative. The key observation about
nonnegative coefficients in these equations is
important because they typically ensure the system
remains physically meaningful, such as maintaining a
positive temperature or concentration of a substance.
These types of models are common in various
industrial processes, especially when dealing
with heat transfer, phase changes, or material
behavior under specific conditions. The example of
mixed boundary value problems (where boundary
conditions are specified in different ways) related
to the solidification and melting of materials
is particularly interesting because it combines
both thermal and mechanical properties. In these
processes, the material can undergo phase transitions,
such as from liquid to solid, which involve non-linear
behaviors and complex boundary conditions (see, for
instance, [[]], and the references).

It should be mentioned that differential equations are
widespread in every field of science and engineering,
varying from physics to economics. Thus, significant
research has been done on growing numerical
methods for solving differential equations. With the
unprecedented availability of computational power,
neural networks hold promise in redefining how
computational problems are solved or upgrading
existing numerical methods. An interesting question
in scientific computing whether machine learning
can be also applied to solve eigenvalue problems.
That is, to train an algorithm using spectral data and
examine its ability to predict an unknown function,
which is the coefficient of a differential operator
and is associated with the physical properties of the
problem under consideration. We refer to [8], [9],
[10], [L1], [12], [13], [14], [I15], for applications of
neural networks to solve eigenvalue problems.

In this paper, we build upon the results obtained in
[16], where, unlike in other available studies, the
coefficients « and ¢ are allowed to change sign.
The authors in [|L6] used critical point theory to
investigate the existence of infinitely many distinct
positive solutions for the equation ([P7}). Furthermore,
in [[17], the existence of multiple solutions for the
problem ([P]) was investigated using some algebraic
conditions on the nonlinear term, in particular,
requiring that the growth of the antiderivative of
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the nonlinear term exceeds quadratic growth in a
suitable interval and is less than quadratic growth
in a subsequent suitable interval.  Additionally,
some other results were presented guaranteeing the
existence of four distinct non-trivial solutions to
the problem ([P7]) under suitable conditions on the
nonlinear term at both zero and infinity.

The primary innovation of this paper lies in our
assumption that the coefficients « and § can vary in
sign, which distinguishes it from existing literature.
For instance, we can examine the well-known
Laguerre differential equation (see, [L6]):

2(6) + 2=52/() + - 2(s) = h(s, 2(6), s € (—3,-2).

S 4g
2
Indeed, equation (P) represents a complete
Sturm-Liouville differential equation with its
coefficients defined as follows: a(s) = — * and

2—g . .
—— which are negative and meet our

4(s)

established hypotheses.

As an illustration, we present the following specific
case of our findings; refer to Remark [L( for additional
details.

Theorem 1. Let h : R — R be a continuous function
such that

-

Then, there exists v* > 0 such that, for each v €
(0,~*), the following problem

{ —2" + )z 4+ §(s)z = vh(s, 2(s)),
z(a) = 2z(b) =0

= +ooand lim
[¢|—o0

lim
¢—0*

U
¢

s € (a,b),

3)
admits at least 1 nontrivial generalized solution z €

{z € W'2([a,b]) = 2(a) = 0} such that

I =0
Jim 2]

where | - || is defined in the next section, and the real
function

1 b
7o el = [ eI

is negative and strictly decreasing in (0,~").

Building on the previously mentioned works, we
show that there exists at least 1 non-zero generalized
solution for the problem (P, which is characterized
by a single parameter assuming a growth condition
and an algebraic condition on the nonlinear term
(see Theorem [J). A specific case is highlighted
in Corollary [Il. Additionally, we present a related
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result where the only condition required on the data
is sublinearity at the origin, as detailed in Theorem

We also note that when the nonlinear term
exhibits sublinearity at infinity, the corresponding
energy functional is coercive, thereby guaranteeing
the existence of at least 1 solution (which may be
zero) according to the direct methods theorem, as
mentioned in Remark §. It is important to highlight
that in our scenarios, the potential may not be
coercive, as illustrated by Example 3.1. Moreover,
even in the presence of coercivity, our results confirm
the existence of at least one nonzero generalized
solution. A key tool utilized in the proofs is a recent
critical point theorem established in [|1§, Theorem
5.1], for functionals of the form I') = © — AT,
where ¥ > 0 is a parameter (see Theorem [)).
Furthermore, we would like to note that in Corollary
lll, by adding the classical Ambrosetti and Rabinowitz
(AR) condition to the hypotheses of Theorem H, we
obtain a second generalized solution. Finally, we
provide Example B to illustrate Theorem .

2 Preliminaries

Let E be a real Banach space. We say that a
continuously Géateaux differentiable functional I" :
X — R satisfies the Palais-Smale condition
(in short (PS)-condition) if every sequence {z,}
has a convergent subsequence whenever {I'(z,)}
is bounded and nlgr;() IT(z,)llx- = 0. For

further details on the fundamental functional concepts
employed in this paper, we direct the reader to [[L9],
v[20].

Let ©,T : X — R be two continuously Gateaux
differentiable functions. Set

r=6e-r,

and fix s;,s, € [—o0,400] with s; < s,
We say that ' verifies the Palais-Smale condition
cut off lower at s; and upper at s, (in short
[s1](PS)[*2]-condition) if any sequence {z,} has a
convergent subsequence if {I'(z,)} is bounded,

lim |[IV(z,)|x- = 0and s; < O(z,) < S,
n—oo
vVn el

Clearly, if s; = —oo and s, = 400 it coincides

with the classical (PS)-condition. Additionally, if
Sy —oo and s, € R, we denote this condition
as (PS)[%2l.  Conversely, if s;, € R and s,
+o00, it is referred to as [*1/(PS).  Furthermore,
if T satisfies [*1/(PS)[s2l-condition, then it also
satisfies the [#1)(PS)!?2]-condition for every ¢, ¢, €
[—00, +00] such that s; < ¢y < ¢y < 5s.

In particular, we deduce that if I' satisfies
the classical (PS)-condition, then it satisfies
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[#1](PS)[®2]-condition for all ¢,,¢, € [—o0,+00]
with ¢; < ¢,. For every s,, 5, € Rwith s; < s,, set

sup  Y(v)—Y(z)
. vEO1(s1,8,)
= f
5(81, 82) ze(a*lll}sl,sz) 5y — @(Z) (4)
and
T(z)— sup T (v)
(Z) (8 s ) . sup vEO~1(—00,s4]
2o 2€071(s,85) @(2) — 51
(5)

The proof of the main results in this paper relies on
the following theorem, initially established by [[18],
requires Palais-Smale condition, which is derived
from the Ricceri’s variational principle, [21], Theorem
2.5], as an variant.  This theorem provides a
more accurate localization of the minimum and
does not require any assumptions about weak lower
semicontinuity.

Theorem 2. Let E be a real Banach space and let
0,7 X — R be two continuously Gdteaux
differentiable functions. Assume that there are s,
So € Rsuch that s, < sy and B(sq, SQé < Py(81, S9)s
where 3 and ¢, are given by () and () and for each

c ( 1 1 )
K Po(51,89)" B(81582) )
© ~Y

the  function T
[s:](PS)[2]-condition.
Then for any

satisfies

c ( 1 1 )
v ¢2(31732)’5(31732) ’

there exists z,, € ©7'(sy,s,) such that T_(zy,,) <
L (z)forall z € ©7 (s, s5) and T/ (%) = 0.

We direct interested readers to the papers, [22],
[23], where Theorem [ has been effectively utilized
to establish the existence of at least 1 generalized
solution for various boundary value problems.

In this section, we will introduce several essential
definitions, notations, lemmas, and propositions that
will be referenced throughout the paper. Take the
Sobolev space

E={ze W"%(a,b]) : z(a)

0}

endowed with the following norm:

I2l = ( / b|z<s>|2ds>é+ ( / b|z'<s>|2ds)é.
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Moreover, for all z € E, put

(/ab |z’(5)]2d3> : :

The following proposition holds true.

I2llo = 112"]l .2

Proposition 1. /|/6, Proposition 2.1] The norms |- |
and | - || are equivalent on E.

Here, we point out the following result.

Proposition 2. /l/6, Proposition 2.2] (Poincaré
inequalities) For all z € E, one has

(1) max g, |2(s)] < (b— a)2 o,
2(b—a), ,
(2) llzle < ——— 1"l 2

Remark 1. We observe that the Poincaré inequalities
hold true in the Sobolev space W2 ([a, b)), as given
in [24], with different constants.

Now, let us introduce another norm in the space E,
given by

b b
Izle = (/ e’é(“\z’(C)IQchr/ e¢(<)5(<)|Z(<)I2d<>

where &(¢) = [ a(£)d¢, Vs € [a,D].

1
2

Proposition 3. /l[6, Proposition 2.3] Assume ([l])
holds. Then | - |g is a norm on the space E and it
is equivalent to | - ||o. In particular, one has

ml|z] < |zle < M|z (6)
for all z € E, where m, M with M > m > 0, are
given by

1

. — 2
(mingepq e *) 7,

S)

if essinfgq,p) O(

1
" (minge[a,b] e %) (1 + essinfgq 5 6(<) (2<b; a) ) 2)) ’ ,
if essinfgq 4 6(s) <O
and
2\ \ %
max (o p € T | 1+ ess SUP_ (.5 (<) (2(12; a)> )) ,
M = if essinfgiq ) 0(s) 20,

1
—b(e)\ 2

(maxs‘e[a,b‘ € QS(SJ) )

if essinfgpq,p) 6(s) <O.

Remark 2. We observe that, since |z|, is equivalent
to ||z||, as proved in Proposition thanks to
the transitivity property, we obtain the equivalence
between | z||g and | z|.
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Remark 3. The space E is a Hilbert space with the
dot product

v / )2/ () (s)det / e 96(6)2(s)u(s)ds

that clearly induces the norm | z|g.

Remark 4. Taking into account (1) and (), the
following inequality holds:

b—a)z
max |2(¢)| < (b—a)
s€la,b]

lz|g, Vz € E.
Now we recall the definition of classical and
generalized solution for the problem (P7).

Definition 1. We say that z : [a,b] — Ris a classical
solution if z € C?([a, b)), z(a) = 2/(b) = 0,

—2" +als)z +(c)z = vh(s, 2(s)), Vs € [a,b].

Definition 2. We say that z : [a,b] — R is a
generalized solution if z € C([a,b]), 2 € C([a,b)),

z(a) = 2/(b) = 0, =2"+a()2'+4()z = Vh(s, 2(¢))
Sfor almost every < € [a, b].

Remark 5. Classical and generalized solutions
coincide when «, § and h are continuous functions.

Definition 3. A4 function z € E is called a generalized
solution of the problem (PT), if

b b
/eé(g)z/(g>v/(g)dg+/ e ?95(s)(2(s))v(s)ds—

b
7/ e Ph(s, 2(s))u(s)ds = 0

holds for any v € E.
Put

¢
H(s,(Q) :/ h(s,z)dz forany (¢,() € (a,b) x R.
0

We define the functionals IT and Y for each z € E, as
follows

0(2) = 412 ™)
and )
Y(z) = / e~ P H (s, 2(¢))ds (®)
and we put ’
L (2) = 6(2) 7 1(2)

for every z € E.
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Proposition 4. [|/6, Proposition 2.4] Function z is a
generalized solution of (PN if only if = is a critical
point of T'.,.

We need the following Proposition for existence
our main results.

Proposition 5. /I7, Proposition 2.14] Let S : E —
E* be the operator defined by

b
S(z)(v) = / e 92 ()0’ (¢)ds+

b
/ e PS)5() (2(s)u(s)ds

for every z,v € E. Then, S admits a continuous
inverse on E*.

Let h : (a,b) x R — R are continuous functions.
We say that h are of type (G, ,) if it meets the
following growth condition.

(G1,.2) There exist two positive constants a; and a, such
that

h(s,€)| < ay + ayle]
fora.e. (g,¢) € (a,b) x R.

3 Main Results

We state our main result as follows.
For given nonnegative constants § and o, with

m202 # 2M202,

. b
Ag —min g, ) e [, H(s,0)ds
2

b9(0> = m20% _ 2M2O_2 (9)

where

b—
Ay = max e 2 (al(b —a)f + %(Q)m) .
s€la,b] 2

We are now ready to present and demonstrate the
primary results of this paper.

Theorem 3. Assume that h fulfills (G, ;) and assume
that there exist three real constants 0,04 and o such
that

0<6, < V20

and M
V2—o < 6,
m
such that

(4;) h(<,9) > 0 for each (,9) € [a, %3*] x [0, 00),
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and
b, (0) < by (o). (10)
Then  for  each  parameter =~ €
1 1

, , the problem
2(b— a)b91 (o) 2(b— a)b(,2 (o)
(P admits at least 1 non-zero generalized solution

2oy € E, such that

mb, mb,
vb—a Vb—a

Proof. Our goal is to utilize Theorem [ to address
the problem described in (P™). We will consider
the functionals © and Y as given in ({]) and (§),
respectively. We will demonstrate that the functionals
© and T meet the necessary conditions outlined in
Theorem P|. It is well known (see, for instance, [24])
that is well defined, and are Gateaux differentiable,
and one has

<lzp, Il <

and

for every z,v € E. Furthermore, © and Y are
C'-functions. By utilizing the definition of ©, it
follows that

lim O(z) = +o0,

|zlg—+o0

which indicates that © is coercive, while Proposition
B gives that © admits a continuous inverse on
E*.  Therefore, we conclude that the regularity
assumptions on © and T, as specified in Theorem
B, are satisfied. Fix the eigenvalue v €

1 1
(2(1)_@)591(0)’ Q(b—a)b92(g)>' As we have

seen in [[16, Proposition 2.4], the critical points in E of
the functional I', are exactly the generalized solutions

of the considered problem (P7). We now consider
the existence of a critical point of the functional I"y
in E. In doing so, we confirm that the regularit

assumptions on © and T, as stipulated in Theorem [,
are satisfied. It is important to note that the operator
', isa C! (E,R) functional, and the critical points of
I'y correspond to generalized solutions of the problem
outlined in (). Furthermore, under condition
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(G},.2), the application of Holder’s inequality leads to

IC\2

H(s, () < a4|C] + ay—- (11)

for ae. ¢ € (a,b) and for all ( € R, considering
relation ([L1]), it can be concluded that

b
T(z) :/ e PO H (¢, 2(<))ds <

3
o a;(b—a)2 ay(b—a)? 2
max e %) (m|Z|E + WH’Z”E .

s€la,b]
Then, for each z € E such that ©(z) < s, we obtain

sup T(z) < max e 2 (12)

2€01(—00, 5] s€la,b]

(CM (25)} + 20— <2s>> .(3)

m 2m?2

Now, we define

2
m
SR
T —a)
2
__m 2
%2 = 2(b—a)02
and
20 : a+b
wa(g) :{ b—a(g_a)’ if¢ e [CL, 2 )7
o, if g € [%2b].

Clearly, w, € E. Obviously, one has

b b 2 2
20 20
2 _ / 2 _ _
Hwano—/a (<)) dc—/a () de=

Then, we have ©(0) = Y(0) = 0 and

m2o? 1
T Pl < O(w,) =
M?52

1
slwsli < M, |f = 3——

By using condition (A, ), we have
b
T(w,) = / e PO H (s, w,)ds >
/ H(s,o0)d
s€la,b]
2

mm e

Considering that

O§¢91<\/§a
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and v
V2—0 < b,,
m

by a direct computation, one has s; < O(w,) < s,.
Taking Remark J into account, for each z € E such

1
that ©(z) = 5”2’”]5 < sy, one has

(b—a)%

|2()] < 2l <

(2(1)—@)81> =0,, VzeE.

2
m
Taking into account that max , 4 |2(<)| < 6; for all

2 € E such that |z|2 < 2s;, and by same argument
as above

@_1<—OO, 82) - {Z € E7 HZHOO < 92} .
From equation ([12), it can be inferred that

sup
260 1(—00,s7)

3
o b—a)2 1 ay(b—a)?
< o) [ Qal 5.)2 2
Y(z) < nax e ( — (251)% + = =5 (251)
= gg[lgxb] e P (al(b —a)f, + 7(12“) @) 92> (14)

and

sup
26071 (—c0,s9)

(VY

—a) 1 _ )2
T(2) < . e—P(<) (aﬂbmaJ (209)2 ¢ 2202 (252)j
s€la,

2m?2
:cen[]::b} e—P(s) ( (b—a)bg + M)G%) . (15)
Conversely,
sup  Y(v)—Y(z)
. 971 b
B(s1,89) = inf veO (51,55)

2€071(s4,85) S9 — @(Z)
sip T(0) — T(w,)

vEO~1(—00,s,)
N Sg — @(wa)

: ~&
Ag, —minr, € (

b
<) Jowy H(s,0)ds
2
m? 02 M?352
2(b—a) ? b—a

<

and
Y(z) — sup T (v)
vEO™1(—00,s]
Py(s1,82) = sup
b2 2€071(s4,85) @(Z) -5
T(w,)— sup T (v)

vEO~1(—00,s,]
@<wa> — S
. _ b
mlnge[mb] e 2(s) fa?% H(§,
2 M20.2 m2

_ 2
b—a 2(()—@)91

AV

O')d§ — Agl
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Using the notation (D), it follows from () and (I3) that
B(s1582)

. ) b
A, —min_, e ) f“T‘b H(s,o)ds

< =
= m? ., M0

2(b—a) ? b—a

2(b—a)by, (o)
and
. b
min g, e 2 f%}b H(s,0)ds — Ay,
$a(51,82) > =

M?3c? m? )

b—a 2(b—a)01
2(b—a)by, (o).

Ultimately, the assumption ([10) leads to the
conclusion that

B(s1,82) < Pa(81,52)-

Now, based on [25, Lemma 2.6], the functional I‘W
fulfills the classical (PS)-condition, which implies
that it also meets the [(*1/(PS)[*2l-condition for each
s; and sy with s; < sy < +00. Therefore, by using
Theorem [, for each

c 1 1
7= 20— )by, (0) 200 — )by, (0) )’

the functional I', admits at least 1 critical point z,,
such that
s1 < O(2g,) < 59,

which is equivalent to

mb,
b—a

mb,

Vb—a

< lzo,llg <

O]

The following corollaries are derived from
Theorem [3.

Corollary 1. Assume that h fulfills (G), 5) and there
exist two positive constants 0 and o with

M
Vo—o <
m

such that (A ) holds and

. _ b
mingepq p) € 2(s) faTHz H(s,0)ds N Ay
M?g? m? 92'
b—a 2(b—a)
(16)
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Thus, for each parameter ~y that belongs to

2
M20'2 m 02
1

b—a 2(b—a)
Ay ’

. b )
min e, ) e—®(s) fa%b H(s,0)ds
the problem (PM) admits at least 1 non-zero

generalized solution z,., € E such that

mo

Z < ——.

” O'y”E \/m
Proof. We utilize Theorem B. Take 6, = 0 and 6, =
6. Using (9), we obtain

A —mingp, g e ) f; H(c,0)ds

m26% — M?cg?

. _ b
mineq ¢ f%b H(s,0)ds
M?252 )

Now the inequality (16) immediately yields 2(b —
a)by(o) < 2(b—a)by(o). O]

We will now illustrate Corollary [l| by providing the
following example.

Example 1. We consider the following problem
—z" + 7 —z= ’Yh(z(g»a CE (Oa 1)a (17)
z2(0) =2(1)=0
where
h(¢) =142¢
for each ( € [0,00). Based on the expression for h,
we can conclude that

H(¢)=¢+¢
for each ( € [0,00). Through straightforward

calculations, we derive m = /1 — % and M =

ve. Hence, (G, ,) is holds. Choose § = 10° and
o = 1072, Since

101 272(10% + 109)

22 7 (D100
therefore, if condition (L) is satisfied, all the

requirements of Corollary || are met. Consequently,
it follows that for each

c 2¢? (7% —4)10°
TS 101 272108 1+ 106) )
the problem (1) admits at least 1 non-zero
generalized solution z,., € E such that

/ 4
lzo4 e < 4/1— 7103.
v
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A direct implication of Corollary [l is the following
result which it gives some properties about the
solution, namely the solution is bounded it converges
to 0 at 0" in E.

Theorem 4. Assume that h fulfills (G, 5) such that
(A,) holds and

b
S H(s, Q)ds
Clifgh T = +00. (18)
Let 0 > 0 and set
m?2 02
2(b—a)

,y*
0 "49

Then, for each y € (0,7}), the problem (PH) admits
at least 1 non-zero generalized solution z., € E such
mo

vb—a

ngl& Iz lle = 0.

that |z, | < and

Proof. Fix v € (0,7;). From ([[§) there exists a
positive constant o with

\/5%0 <0
m
such that
M?o?
b—a
min g,y e~ #) f% H(s,0)ds

Using Corollary [l the problem ([Pf]) admits at least 1
non-zero generalized solution 2, such that

mo
< —.
HZO'yHE \/m

Then, for each v € (0,7;), there exists at least 1
non-zero generalized solution z, € 0710, s,) of

the problem ([P7]) and one has

mo
< [
HZO'yHE m

for each v € (0,v;). Therefore, from (G, 5),
considering equation (|L9), we can conclude that

(19)

b
/ e*'ﬁ(g)h(c7 Zo—y(g))zow(g)dg

< max e 2 (ay(b—a)d + ay(b—a)?6?)
s€la,b]

(20)
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for each v € (0,v5). Now, I, (2(,) = 0, for each
v € (0,75) and in particular I'/ (., )(2p,) = 0, that
is

b
O’ (20,)(70,) = / e POh(s, 20, ()) 20, (<)ds

for each v € (0,~v*). We have
0 < ml|z, |E = ©(20,)(204);
then, from (R0), it follows that
: 2 _ / _
715& ||Z07||E = ,Ylga{ 7Y (207(§))20y(§) =0
that implies lim,_,+ | 2o, g = 0. Thus, the proof is
now complete. O

We will now illustrate Theorem H with the example
below.

Example 2. We will examine the following problem

—2"+ 2 —2=7h(z(s)), <€(0,1),
{ 2(0) = 2(1) =0 @h
where
h(¢) =442C
for each ( € [0,00). By performing simple

calculations, we find that m 2 /1= % and

M = \/e. Therefore, we conclude that (G}, ) holds.
Choose § = 103. Since
1

Jy H(C)ds
(2
thus, if condition (1§) is satisfied, all the prerequisites

of Theorem W are fulfilled. As a result, it follows that
for each

lim

_= —|—OO7
¢—0*

< (o (m? —4)106
TS\ erax 103 1 108) )

the problem () admits at least 1 non-zero
generalized solution  z, € E such that

HzOVHE <4\/1-— %103 and

715& Iz ]le = 0.

Remark 6. We assert that, given the aforementioned
assumptions, the mapping v +— I (2, ) is negative
and strictly decreasing on the interval (0, y).

Proof: We show. that the mapping v Fﬂ/(.zOW) is
negative and strictly decreasing within the interval
(0,75). Indeed, the restriction of the functional I',
to ©71(0, s,), where

_ 2
Sg = 05

2(b—a)
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admits a global minimum, which is a critical point
(local minimum) of I' in E. Moreover, since w,, €

©71(0,s,) and

M?252
® _
(wa') S b ab < '.)/7
T(wa’) minge[a’b] e2() fm H(g, J>d§
we know

F’y(’ZO"/) < F'y(w(r) = @(wa) - ’YT(U)U) <0.

Next, we observe that
O(z)
I () =7 ( o T(Z))

for each z € E and fix 0 < v; < 7, < ;. Set

n, = (W - T<Zovl))

4!

inf <@<Z) - T(z))
2€071(0,s5) T
and o )
Z
m = (222 (e, ) -
Y2
inf (®<Z> —'r(z)>.
2€0-1(0,s,) Yo

Clearly, as claimed before, n, <0 (for 7 1,2),
andn, <n, thankstoy; <,. Then the mapping
v+ T (2, ) is strictly decreasing in (0, ;) owing
to

= F’Yl (ZO’Yl ) :

O]

F’YQ (ZO’YQ) = 72”72 = 72”71 < ’71”’71
This completes the proof of our assertion.

Remark 7. /16, Proposition 2.6] If h is non-negative,
then the generalized solution guaranteed by Theorem
is also non-negative.

Remark 8. We note that if the nonlinear component
h is sublinear at infinity with respect to the second
variable, then Theorem [ guarantees the existence
of at least one non-zero generalized solution to the
problem (PR for each v > 0. Moreover, in our
approach, the solution obtained is guaranteed to be
non-zero, whereas the traditional direct method only
guarantees the existence of at least one solution,
which may be zero.

Remark 9. A4 detailed analysis of the proof of
Theorem W confirms that the result holds true even if
condition (18) is replaced by a broader assumption

" H(<,¢)ds
=

lim sup +00.

¢—0*"
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In the autonomous scenario, this asymptotic condition
at zero can be expressed as follows

H(S)
<'2

Thus, based on the analysis provided above, it is
reasonable to derive the following result.

lim sup = +o0.

¢—0*

(22)

Remark 10. [t is important to note that Theorem
presented in the Introduction follows directly from
Theorem B and Remark |§. Indeed, If the following
condition holds:

h(<)

lim 25—
CL%L ¢ oo,

then the assumption [R2) is automatically fulfilled.
Furthermore, the hypothesis

h(<)

N +OO,
¢l=0+ ¢

guarantees that h exhibits subcritical growth.

In the upcoming section, we illustrate how the
preceding results can be applied to move from the
existence of at least 1 nontrivial solution to the
existence of at least two nontrivial solutions. This
goal will be achieved by exploiting the particular
nature of the first solution found, which serves
as a local minimum. This property will be
crucial in demonstrating the existence of a second
solution, characterized as a critical point of mountain
pass type. To facilitate this, we start with the
following theorem that necessitates the well-known
Ambrosetti-Rabinowitz condition. As is standard
practice, this assumption is essential for establishing
that every Palais-Smale sequence is bounded and
for confirming that the so-called “mountain pass
geometry” is satisfied.

Theorem 5. Let h : R — R are continuous functions
such that
|h(e)| < a; + asle|  for eache € R. (23)

Moreover, we assume that condition (2) is satisfied
in addition to this

(AR) there are constants p > 2 and r > 0 such that,

228

for every |C| > r, the following holds
0 < pH(C) < ¢h(Q).

Then_for each v € (0,v}), the problem described
in (B) has at least two generalized solutions.
Furthermore, if h(0) # 0, it is ensured that these
solutions are non-zero.
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Proof. Fixy € Aq. Utilizing equations (22) and (23),
Theorem [ guarantees that the problem presented in
(B) has at least one weak non-zero solution z; which
serves as a local minimum of the functional I as
outlined in the proof of Theorem . We can further
assume that 2 is a strict local minimum for I' in E.
Consequently, there exists ¢ > 0 such that
inf T (2) >T,(z).

lz=z1,,2=¢
Furthermore, by applying the (AR)-condition and
performing standard calculations, we find that I, is
unbounded from below. Consequently, there exists
a 2, such that ' (z) < T (2), indicating that
I",, exhibits mountain pass geometry. At this stage,
again utilizing the (AR) condition, we conclude that
the functional I' satisfies the (PS)-condition. As
a result, the Ambrosetti-Rabinowitz theorem ensures
the existence of a critical point Z for ", such that
[, (%) > I',(2;). Therefore, 2; and © are two distinct
generalized solutions to the problem (f). O

In conclusion, we will now provide the following
example to illustrate Theorem f§.

Example 3. Consider the problem

{ —2" 42 — ()2 = Yh(2(s)),
2(0) = 2(1) = 0.

s €(0,1),

(24)
Then for each v € (0,+00), the the problem (24)
admits at least two non-zero generalized solutions.

Proof. Let h(¢) = 2 + 2¢ for every ¢ € R. Then h
satisfies (23) and, since

lim w

o0+ C = +OO7

additionally, condition (2) is satisfied. Furthermore,
considering that

¢h(§) _

() Il 20 +C2

there exist 4 > 2 and r > 0 such that 0 < pH(¢) <
Ch(¢) for each || > r. Hence, the conclusion is
derived from Theorem . O

2¢ + 2¢? 5

i
I¢|—00
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