
A New D-Normed Banach Bicomplex BC-Module Derived Using Matrix
of Hyperbolic Fibonacci Numbers

Abstract: In this paper, we present a new matrix F̃ =
(
F̃nm

)∞
n,m=1

consisting hyperbolic Fibonacci numbers.

Also, we construct newD-normed Banach bicomplexBC-modules lkp
(
BC,F̃

)
and lk∞

(
BC,F̃

)
using this matrix.

Moreover, we demonstrate that these new BC-modules are isometrically isomorphic to lkp (BC) and lk∞ (BC),
respectively. We further study some inclusion theorems for this new type.
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1 Introduction and Preliminaries
The bicomplex numbers are first introduced in
1892, [1]. These numbers generalize and extend
the complex numbers more firmly and specifically
to quaternions. An excellent investigation of the
bicomplex space and related context is given in [2].
The authors in [3], have developed the bicomplex
version of functional analysis with complex scalars
and it was the next significant push in subsequent
studies on theory of functions with bicomplex
variables.

Now, we introduce a basic review of bicomplex
numbers which are necessary for the understanding of
this work. Further, we refer to the books, [2], [3], [4],
for more detailed knowledge. If we give examples of
recent studies on this subject, these are [5], [6].

The set of bicomplex numbers, denoted by BC,
consists of the numbers that can be written in the
form ζ = z1 + jz2 with aid of two complex numbers
z1 = x1 + iy1 and z2 = x2 + iy2, where i and j
are commuting imaginary units, i.e. ij = ji, i2 =
−1 and j2 = −1. BC is a commutative algebraic
ring and a BC−module with respect to the operations
defined on it, as not all bicomplex numbers have a
multiplicative inverse. But a so-called idempotent
representation

ζ = (z1 − jz2) e1 + (z1 + jz2) e2 = ζ1e1 + ζ2e2

importantly gives a better way to think about the
bicomplex numbers, and associated mathematical
structures. Here e1 = 1+ij

2 and e2 = 1−ij
2 , and

ζ1, ζ2 ∈ C are called as idempotent components of

ζ ∈ BC. Obviously, the equalities e21 = e1, e22 = e2
and e1e2 = e2e1 = 0 are satisfied.

The set of hyperbolic numbers D is defined
by D = {x+ ky : x, y ∈ R, k = ij} . For
α = x + ky ∈ D, we have the equality
α = e1α1+e2α2,where α1 = x+y, α2 = x−y ∈ R.
If α1 ≥ 0 and α2 ≥ 0, then α is called a
positive hyperbolic number. Therefore, the set
of positive hyperbolic numbers D+ is denoted by
D+ = {α = e1α1 + e2α2 : α1 ≥ 0, α2 ≥ 0} .
For two hyperbolic numbers α and β; if
their difference β − α ∈ D+, then we
write α ≾ β. For α = e1α1 + e2α2,
β = β1e1+ β2e2 ∈ D with real numbers α1, α2, β1
and β2, we have that α ≾ β if and only if α1 ≤ β1
and α2 ≤ β2. In addition, this relation ≾ defines a
partial order on D.

Let X be a BC−module. A map
∥.∥D : X → D+ is said to be a hyperbolic valued
norm on X if it satisfies the following properties:

(i) ∥x∥D = 0 if and only if x = 0.
(ii) ∥µx∥D = |µ|k . ∥x∥D for all x ∈ X,

µ ∈ BC, where |.|k is a module defined as
|z|2k =

(
|z1|2 + |z2|2

)
+ k (−Im (z1.z2)) ∈ D.

(iii) ∥x+ y∥D ≾ ∥x∥D + ∥y∥D for all x, y ∈ X.
The following statements are true for any

α, β, γ ∈ D, z, w ∈ BC :
(i) BC is complete hyperbolic valued normed

space with respect to |.|k .
(ii) If z = β1e1+ β2e2 is

idempotent representation of z, then
|z|k = |β1| e1 + |β2| e2.
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(iii)
∣∣ z
w

∣∣
k
=

|z|k
|w|

k

and if α ∈ D+, then |α|k = α.

Let A ⊂ D. If A is a set D−bounded from above,
we define the notion of its D−supremum, denoted
by supDA. The least D−upper bound here means
that supDA ≾ α for any D−upper bound α even
if not all of the D−upper bounds are comparable.
Consider the sets A1 = {a1 : a1e1 + a2e2 ∈ A} and
A2 = {a2 : a1e1 + a2e2 ∈ A} . If
A is D−bounded from above, then
supDA = supA1e1 + supA2e2.

Fibonacci numbers are the terms of the integer
sequence

{1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, ..., Fn, ...}

defined by the recurrence relation Fn = Fn−1+Fn−2

for each n ∈ {3, 4, ...} with F1 = 1, F1 = 1. Also,
lim
n→∞

Fn+1

Fn
= 1+

√
5

2 .

The theory of sequence spaces has always been
of great interest in the study on summability which
has applications in many different fields such as
functional anaylsis, numerical analsis, approximation
theory, the theory of orthogonal series. Special
theorems and results in summability theory motivated
the authors to study various sequence spaces and their
geometric properties. There are also sequence spaces
constructed using some special matrices. In [7],
the author studied superposition operators on some
sequence spaces obtained with a Fibonacci matrix. In
[8], the authors introduced the sequence space lp (F )
using a regular matrix of Fibonacci numbers and the
discussed its topological and geometric properties. In
addition, [9], is a good resource of containing infinite
systems of differential equations in some Banach
spaces derived by Fibonacci numbers. It will be
a pivotal attempt to apply this work in the future
to the current article we obtained using hyperbolic
Fibonacci numbers.

On the other hand, hyperbolic Fibonacci numbers
are defined by the recurrence relation

F̃n = Fn + kFn+1

with F̃1 = 1 + k, F̃2 = 1 + 2k where k2 = 1, [10].

It is worth noting that
n∑

m=0
F̃m+1 = F̃n+3−1−2k.

Inspired by these studies, we extend the sequence
space lp (F ) , where Fibonacci numbers are used, to
the bicomplex case by defining a matrix of hyperbolic
Fibonacci numbers and examine some properties of
new type space.

2 Main Results
We will give our findings in this section.

In the first one, we define a bicomplex matrix
consisting hyperbolic Fibonacci numbers denoted by
F̃ =

(
F̃nm

)∞
n,m=1

where

F̃nm =

{
F̃m

F̃n+2−1−2k
, 1 ≤ m ≤ n

0, n > m
.

If the idempotent representation
F̃n = (Fn + Fn+1) e1 + (Fn − Fn+1) e2 =
Fn+2e1 − Fn−1e2 is used, the bicomplex matrix also
can be represented as

F̃nm =

{
Fm+2

Fn+4−3e1 −
Fm−1

Fn+1+1e2, 1 ≤ m ≤ n

0, n > m
.

In [11], the spaces lkp (BC) are established and
geometric properties of them are investigated. Now,
by using these spaces, we introduce a new space for
0 < p ≤ ∞ as follows:

lkp

(
BC,F̃

)
=
{
ϕ = (ϕn) ∈ w (BC) : F̃ ϕ ∈ lkp (BC)

}
,

where F̃ ϕ =
{
F̃n (ϕ)

}∞

n=0
is F̃ -transform of ϕ and

F̃n (ϕ) =
n∑

m=0

F̃m+1

F̃n+3−1−2k
ϕm for all n ∈ N.

Theorem 1 The set lkp
(
BC,F̃

)
is a BC−submodule

of w (BC) for 0 < p ≤ ∞.

Proof: It follows from the definition of the set
lkp

(
BC,F̃

)
and the properties of operations in it.

Theorem 2 For 0 < p < 1, the set lkp
(
BC,F̃

)
is

a pD−normed Banach bicomplex BC−module with
respect to the hyperbolic valued norm defined by

∥ϕ∥lkp(BC,F̃) =
∞∑
n=1

∣∣∣F̃n (ϕ)
∣∣∣p
k
.

Proof: The proof depends on the definitions of
the BC−module lkp

(
BC,F̃

)
and pD−norm given in

[11]. We only show the distinguishing feature of
the pD−norm for ∥.∥lkp(BC,F̃) that differs from the
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classical norm, as follows:

∥λϕ∥lkp(BC,F̃) =

∞∑
n=0

∣∣∣F̃n (λϕ)
∣∣∣p
k

=

∞∑
n=0

(∣∣∣∣∣
n∑

m=0

F̃n+1

F̃n+3 − 1− 2k
λϕm

∣∣∣∣∣
k

)p

= |λ|pk
∞∑
n=0

(∣∣∣∣∣
n∑

m=0

F̃n+1

F̃n+3 − 1− 2k
ϕm

∣∣∣∣∣
k

)p

= |λ|pk ∥ϕ∥lkp(BC,F̃) ,

for all λ ∈ BC, ϕ ∈ lkp

(
BC,F̃

)
.

Theorem 3 For 1 ≤ p < ∞, the set lkp
(
BC,F̃

)
is a D−normed Banach bicomplex BC−module with
respect to the hyperbolic valued norm defined by

∥ϕ∥lkp(BC,F̃) =

( ∞∑
n=0

∣∣∣F̃n (ϕ)
∣∣∣p
k

) 1

p

.

Proof: As a result of some needed calculations,
one can easily see that lkp

(
BC,F̃

)
is a D−normed

Banach bicomplex BC−module. We only prove the
property of triangle inequality as follows:

∥ϕ+ ψ∥lkp(BC,F̃) =
( ∞∑

n=0

∣∣∣F̃n (ϕ+ ψ)
∣∣∣p
k

) 1

p

=

( ∞∑
n=0

∣∣∣∣ n∑
m=0

F̃n+1

F̃n+3−1−2k
(ϕm + ψm)

∣∣∣∣p
k

) 1

p

=

( ∞∑
n=0

∣∣∣∣ n∑
m=0

F̃n+1

F̃n+3−1−2k
ϕm +

n∑
m=0

F̃n+1

F̃n+3−1−2k
ψm

∣∣∣∣p
k

) 1

p

≾
( ∞∑

n=0

∣∣∣F̃n (ϕ)
∣∣∣p
k

) 1

p

+

( ∞∑
n=0

∣∣∣F̃n (ψ)
∣∣∣p
k

) 1

p

= ∥ϕ∥lkp(BC,F̃) + ∥ψ∥lkp(BC,F̃) ,

for all ϕ, ψ ∈ lkp

(
BC,F̃

)
by utilizing Lemma 2.5

in [11].

Theorem 4 The set lk∞
(
BC,F̃

)
is a D−normed

Banach bicomplex BC−module with respect to the
hyperbolic valued norm defined by

∥ϕ∥lk∞(BC,F̃) = sup
D

{∣∣∣F̃n (ϕ)
∣∣∣
k
: n ∈ N

}
.

Proof: The proof is a direct application of the
definition of D−supremum.

Theorem 5 The bicomplex BC−module lkp
(
BC,F̃

)
is isometrically isomorphic to the bicomplex
BC−module lkp (BC) for 0 < p ≤ ∞.

Proof: Consider the mapping T

defined by T : lkp

(
BC,F̃

)
→ lkp (BC) ,

ϕ → Tϕ = F̃ (ϕ) . It is trivial that T is BC-linear,
injective and BC-isometry, that is,
T (ϕ+ λψ) = T (ϕ) + λT (ψ) for all

ϕ, ψ ∈ lkp

(
BC,F̃

)
, λ ∈ BC,

ϕ ̸= ψ implies T (ϕ) ̸= T (ψ) ,

∥Tϕ∥lkp(BC) =
∥∥∥F̃ ϕ∥∥∥

lkp(BC)
= ∥ϕ∥lkp(BC,F̃) for all

ϕ ∈ lkp

(
BC,F̃

)
.

So, the bicomplex BC−module lkp

(
BC,F̃

)
is isometrically isomorphic to the bicomplex
BC−module lkp (BC) for 0 < p ≤ ∞.

Lemma 1 For the hyperbolic Fibonacci sequence{
F̃n

}
we have

sup
D

{
F̃m+1

∞∑
n=m

1

F̃n+3

: m ∈ N

}
is finite.

Proof: For the proof, we will use Lemma 4.11 in
[12], which is stated below:

Let λ = (λk)
∞
k=0 is a strictly increasing sequence

of positive reals tending to∞, that is 0 < λ0 < λ1 <
... and λk → ∞ as k → ∞. If 1

λ ∈ l1, then

sup
k

(
(λk − λk−1)

∞∑
n=k

1

λn

)
<∞.

We adapt this lemma to the space lk1 (BC)
generated according to the hyperbolic valued norm in
[11], and claim the following expression:

Let w = (wm)∞m=0 is a strictly increasing
sequence of positive hyperbolic numbers tending to
∞, that is 0 ≺ w0 ≺ w1 ≺ ... and wm,1 → ∞,
wm,2 → ∞ as m → ∞ where
wm = wm,1e1 + wm,2e2. If 1

w ∈ lk1 (BC) , then

sup
D

{
(wm − wm−1)

∞∑
n=m

1

wn
: m ∈ N

}
is finite.

Indeed, if 1
w ∈ lk1 (BC) , then

∞∑
n=1

∣∣∣ 1
wn

∣∣∣
k
is convergent.

This implies that the series
∞∑
n=1

∣∣∣ 1
wn,1

∣∣∣ and ∞∑
n=1

∣∣∣ 1
wn,2

∣∣∣
are convergent. Then, we write

(
1

wn,1

)
,
(

1
wn,2

)
∈ l1

and so
sup
m

(
(wm,1 − wm−1,1)

∞∑
n=m

1
wn,1

)
<∞ and
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sup
m

(
(wm,2 − wm−1,2)

∞∑
n=m

1
wn,2

)
<∞.

Using idempotent representations of the sequence

(wm) and the series
∞∑

n=m

1
wn

and the idempotent

decomposition of D−supremum, we get

sup
D

{
(wm − wm−1)

∞∑
n=m

1
wn

: m ∈ N
}

=
[
sup
m

(
(wm,1 − wm−1,1)

∞∑
n=m

1
wn,1

)]
e1

+

[
sup
m

(
(wm,2 − wm−1,2)

∞∑
n=m

1
wn,2

)]
e2.

This equality produces the desired result.
Now let’s return to our own lemma. For the

hyperbolic Fibonacci sequence
{
F̃n

}
if we use

the idempotent representation F̃n = Fn+2e1 +
(−Fn−1) e2, it is easy to note that

∞∑
n=1

∣∣∣∣ 1
F̃n

∣∣∣∣
k

=

( ∞∑
n=1

1

Fn+2

)
e1 +

( ∞∑
n=1

1

Fn−1

)
e2.

Since lim
n→∞

Fn+1

Fn
= 1+

√
5

2 , we obtain that

lim
n→∞

1

Fn+3
1

Fn+2

= lim
n→∞

Fn+2

Fn+3
= 2

1+
√
5
< 1,

lim
n→∞

1

Fn
1

Fn−1

= lim
n→∞

Fn−1

Fn
= 2

1+
√
5
< 1,

and so the series
∞∑
n=1

1
Fn+2

and
∞∑
n=1

1
Fn−1

converge. This means that
(

1
F̃n

)
∈ lk1 (BC) .

According to the claim we proved above,

sup
D

{(
F̃m − F̃m−1

) ∞∑
n=m

1
F̃n

: m ∈ N
}

is finite.

Since{
F̃m+1

∞∑
n=m

1
F̃n+3

: m ∈ N
}

=

{(
F̃m+3 − F̃m+2

) ∞∑
n=m

1
F̃n+3

: m ∈ N
}

⊂
{(

F̃m − F̃m−1

) ∞∑
n=m

1
F̃n

: m ∈ N
}
,

sup
D

{
F̃m+1

∞∑
n=m

1
F̃n+3

: m ∈ N
}
is also finite. The

proof is completed.
We continue this section with some inclusion

relations of lkp (BC) and lkp
(
BC,F̃

)
for 1 ≤ p ≤ ∞.

Theorem 6 If 1 ≤ p ≤ ∞, then the inclusion relation
lkp (BC) ⊂ lkp

(
BC,F̃

)
holds.

Proof: Let p = ∞.Assume that (ϕn) ∈ lk∞ (BC) .

Then,M = sup
D

{|ϕn|k : n ∈ N} is finite. Hence, we

deduce that∣∣∣F̃n (ϕ)
∣∣∣
k
=

∣∣∣∣ n∑
m=0

F̃m+1

F̃n+3−1−2k
ϕm

∣∣∣∣
k

≾ sup
D

{|ϕm|k : m ∈ N}
n∑

m=0

F̃m+1

F̃n+3−1−2k

= sup
D

{|ϕm|k : m ∈ N}
n∑

m=0

F̃m+1

F̃n+3−1−2k

=sup
D

{|ϕm|k : m ∈ N} =M

for all n ∈ N and so F̃ ϕ ∈ lk∞ (BC) and
(ϕn) ∈ lk∞

(
BC,F̃

)
. This yields the inclusion

relation lk∞ (BC) ⊂ lk∞

(
BC,F̃

)
.

Let p = 1. Suppose that (ϕn) ∈ lk1 (BC) . This

means that
∞∑
n=0

|ϕn|k converges. Thus, we conclude

that
∞∑
n=0

∣∣∣F̃n (ϕ)
∣∣∣
k
=

∞∑
n=0

∣∣∣∣ n∑
m=0

F̃m+1

F̃n+3−1−2k
ϕm

∣∣∣∣
k

≾
∞∑
n=0

1
F̃n+3−1−2k

n∑
m=0

F̃m+1 |ϕm|k

=
∞∑

m=0
F̃m+1 |ϕm|k

∞∑
n=m

1
F̃n+3−1−2k

≾ supD

{
F̃m+1

∞∑
n=m

1
F̃n+3−1−2k

: m ∈ N
} ∞∑

m=0
|ϕm|k .

Since supD

{
F̃m+1

∞∑
n=m

1
F̃n+3−1−2k

: m ∈ N
}

is

finite by Lemma 1 and (ϕn) ∈ lk1 (BC) , we obtain

that
∞∑
n=0

∣∣∣F̃n (ϕ)
∣∣∣
k
is finite. So, F̃ ϕ ∈ lk1 (BC) and

(ϕn) ∈ lk1

(
BC,F̃

)
as a desired result.

Let 1 < p < ∞ and q be a real
number such that 1

p + 1
q = 1. Assuming

(ϕn) ∈ lkp (BC) we note that
∞∑
n=0

|ϕn|pk converges. By

applying Lemma 2.4 in [11], it follows∣∣∣F̃n (ϕ)
∣∣∣p
k
=

∣∣∣∣ n∑
m=0

F̃m+1

F̃n+3−1−2k
ϕm

∣∣∣∣p
k

≾
(

n∑
m=0

F̃m+1

F̃n+3−1−2k
|ϕm|k

)p

=

(
n∑

m=0

[(
F̃m+1

F̃n+3−1−2k

) 1

q

] [(
F̃m+1

F̃n+3−1−2k

) 1

p |ϕm|k

])p

≾
(

n∑
m=0

F̃m+1

F̃n+3−1−2k

) p

q
(

n∑
m=0

F̃m+1

F̃n+3−1−2k
|ϕm|pk

)
=

(
n∑

m=0

F̃m+1

F̃n+3−1−2k

)p−1
1

F̃n+3−1−2k

n∑
m=0

F̃m+1 |ϕm|pk
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= 1
F̃n+3−1−2k

n∑
m=0

F̃m+1 |ϕm|pk .

So, it becomes clear that
∞∑
n=0

∣∣∣F̃n (ϕ)
∣∣∣p
k
≾

∞∑
n=0

[
1

F̃n+3−1−2k

n∑
m=0

F̃m+1 |ϕm|pk

]
=

∞∑
m=0

F̃m+1 |ϕm|pk
∞∑

n=m

1
F̃n+3−1−2k

≾ supD

{
F̃m+1

∞∑
n=m

1
F̃n+3−1−2k

: m ∈ N
} ∞∑

m=0
|ϕm|pk .

This gives rise to the fact (ϕn) ∈ lkp

(
BC,F̃

)
, so

lkp (BC) ⊂ lkp

(
BC,F̃

)
.

Theorem 7 If 0 < p <∞, then the inclusion relation
lkp

(
BC,F̃

)
⊂ lk∞

(
BC,F̃

)
strictly holds.

Proof: Assume that (ϕn) ∈ lkp

(
BC,F̃

)
.

Then, we have F̃ ϕ ∈ lkp (BC) and so
F̃ ϕ ∈ lk∞ (BC) . This readily follows using the
inclusion lkp (BC) ⊂ lk∞ (BC) . Hence, by Theorem
6, (ϕn) ∈ lkp

(
BC,F̃

)
and hence the result.

Setting ϕn = 1+k

(1+n)
1
p

= 2e1

(1+n)
1
p
for all n ∈ N,

we have sup
D

{|ϕn|k : n ∈ N} = 2e1 is finite and so

(ϕn) ∈ lk∞ (BC) . Thus, Theorem 6 yields (ϕn) ∈
lk∞

(
BC,F̃

)
.

However, since∣∣∣F̃n (ϕ)
∣∣∣p
k
=

∣∣∣∣ n∑
m=0

F̃m+1

F̃n+3−1−2k
1+k

(1+m)
1
p

∣∣∣∣p
k

=

(
n∑

m=0

F̃m+1

F̃n+3−1−2k
1+k

(1+m)
1
p

)p

≿
(

1+k
F̃n+3−1−2k

1

(1+n)
1
p

n∑
m=0

F̃m+1

)p

= (1+k)p

1+n = 2p

1+ne1

and
∞∑
n=0

2p

1+n is divergent, we get F̃ ϕ /∈ lkp (BC)

and (ϕn) /∈ lkp

(
BC,F̃

)
. That is to say that the

inclusion lkp
(
BC,F̃

)
⊂ lk∞

(
BC,F̃

)
is strict.

Theorem 8 If 0 < p < q < ∞, then
lkp

(
BC,F̃

)
⊂ lkq

(
BC,F̃

)
strictly holds.

Proof: By assumption
(ϕn) ∈ lkp

(
BC,F̃

)
, we can write F̃ ϕ ∈ lkp (BC) .

Since lkp (BC) ⊂ lkq (BC) obviously for
0 < p < q < ∞, it follows that
F̃ ϕ ∈ lkq (BC) . Therefore, the proof of the inclusion

lkp

(
BC,F̃

)
⊂ lkq

(
BC,F̃

)
is complete from Theorem

6.
Since the inclusion lkp (BC) ⊂ lkq (BC) is strict,

there exists a bicomplex sequence (wn) ∈ lkq (BC)
such that (wn) /∈ lkp (BC) .We consider a bicomplex
sequence defined as follows:

ϕm =
wm

(
F̃n+3 − 1− 2k

)
− wm−1

(
F̃n+2 − 1− 2k

)
F̃m+1

for allm ∈ N.
We will show at this point that the bicomplex

sequence (ϕn) is in lkq

(
BC,F̃

)
but not in

lkp

(
BC,F̃

)
. Indeed, we have

F̃n (ϕ)

=
n∑

m=0

F̃m+1

F̃n+3−1−2k

wm(F̃m+3−1−2k)−wm−1(F̃m+2−1−2k)
F̃m+1

= wn

for all n ∈ N. So, F̃ ϕ /∈ lkp

(
BC,F̃

)
and F̃ ϕ ∈ lkq

(
BC,F̃

)
are valid. Equivalently,

(ϕn) ∈ lkq

(
BC,F̃

)
\lkp
(
BC,F̃

)
and the inclusion

lkp

(
BC,F̃

)
⊂ lkq

(
BC,F̃

)
is strict.

3 Conclusion
In this work, we introduce a new sequence space
lkp

(
BC,F̃

)
using hyperbolic Fibonacci numbers and

we discuss some properties of them. It is a relatively
new addition to the existing literature and generalizes
some known results.
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