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Abstract: - In this research, we explore the separability of the non-linear tri-harmonic form operator: in the case
of A[u] = A3%u(x) + V(x, u(x))u(x),x € R“ 1n the space L,(R™)! with the operator potential V (x, u(x)) €
L,(R™! for every x € R”, where A= YT, pe is the Laplace operator in R". That is the coercive inequality

d 6
143 + [IVul] + [VEA2ul| + X "

[u]]], holds true.
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1 Introduction uniqueness are achieved and considered important
In [1], [2], the authors were the first to establish the gpphcatlons of this topic. Me}ny authors had
fundamental results for the separation of differential introduced concepts of separation problem  for
expressions. ordinary and partial differential operators by using
The study of the separation property for many suitable ways. See [10], [11], [12], [13], [14].
Schrodinger operators on R" was examined in [3]. The following differential equation is the subject

The operator — A +V in Lp(R"™) is separated if the ogthis study:
following condition is satisfied: for all u € Lp(R") Au(x) + V(x,u(x))u(x) = f(x),

such that (A +V)u € Lp(R™), we have that A u € u(x) € Wy (RMY, (D
Lp(R") and Vu € Lp(R"™).

In [4] adequate requirements for separability of We imply that the function u(x) € Wy, (R")"
the non-linear Schrodinger operator of the form if the vector function @ (x)u(x) € W,*(R™" for
Su(x) = — Au(x) + V(x,wu(x), was established, any function @(x) € C§°(R™). The space Wy (R™)*
where A u(x) = Y%, aau(x)’ with the non-linear for 1 is any natural number is a Hilbert space of all

vector functions u(x) = (u1(x),...,u;(x)),x € R"
that has generalized derivatives DHu(x),u <4
such that u(x) and its derivatives D*u(x) belong to
L,(R™!, and the inner product is defined by

matrix potential V (x, ), in the space L,(R™)!.
The Coercive estimates of non-linear
Schrodinger and Dirac operators were examined in

5].

- In [6], [7], the author investigated non-linear (wv) = (wv) |, eyt +

second order differential operators with matrix YjuisalDFu, DEV) 1) oyt

coefficients and coercive features of a biharmonic = 2§=1 [oati(x) v,(0)d(x) +

operator .and the separability of the nozn-lmear 3 uj=s Z£=1 [on DHu;(x)DFu,(x)d(x) , x € R for
biharmonic operator Llu] = A%*u(x) + 4 ol

V (e, u(x))u(x) in [8]. every u,v € Wy (R")".

In [9] the separation for the biharmonic
differential operator in Hilbert spaces was deduced,
which was expanded in [8], existence and

Note that we examine the separation in the
space L,(R™! for [ is any natural number is The
Hilbert space of all vector functions u(x) =
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(u1(x@),...,u;(x)),x € R", such that u;(x)€
L,(R™),1 < i < [, with the inner product defined b
<u’ v) = %=1(ui' vi) |L2(]R")l +
—1 () v, (@), x ERY,
for every u, v € L,(R™)".

2 Main Results

Definition 1.  The differential operator and
equation (1) are called separated in L,(R™)¢, if for
all vector functions u(x) € Lo(R™)" N Wy, (R
and f(x) € Ly(R™)? this implies
A%u(x),V(x,u(x))u(x) € L,(R™"

We let:

w @)y — yi D (2)
(z7,z%) = j=1% %

for given 7zl = (Zl(i),..., ll)), (i=12).
We denote:
(W v) = [ulu(x), v(x))d(x),
if the integral in the right-hand side converges
absolutely.

We assume that V(x,g) € C*(R" x C"), and
introduce matrix functions:

S(x11x21'"Ixnlzllqzll"'l(l)nlllrIZ)"'lnl)
= Vz(x,9), (x; ER,{;,nj ER),
T(xy, %2000 %0, 81,0200, N N2 oo, M) =

S*(x,9), (x; € R,{;,n; ER),

where g is defined by g= ({1 +iny,...,{ +
1

in),Vz2(x,g) is the square root of a positive
definite Hermitian matrix.

Now we introduce our main result.

Theorem 2. For all x € R", we assume that g =
Cit i, g+im), =R+ i04,..., 4 +

i01), ({],n],lj,HJ € ]R) and u € Wzl(Rn), the
matrix functions S(x,g) and T(x,g) satisfies the
conditions:

1928
S

: 0x;?
g (2)

3
Sz ¢t

,'Q':"M=
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2

65 au
z ||S i LR

2
<, [|su L2<R“)’|| . 3
zl:l _1 92§ 95t RN .
N +0,572 ;C
= J axl(i(}g J axlan]g
1
<z ||sag;c], ©)
! 1
LSz +0,S2—g;C
Z ] a( g ] anjg
j=1
1
<1, ||s2g; ¢, (5)
n ) 62
T2—T%C
Z “ox,2 H
i=1
Z 10T Ou L (R™)! 2
7
dx; 0x; 2(R")
i=1
< pa|Va; Lo(R™!%, (7
l L5k 0°T 55 0°T .
S 2 g+0:S 2 9;
= J axlaij J axlan]
< 1|[S0; €|, ®)
EZ:AS_laT +95‘1 oT cl
. z_g . 2 g;
& ] agj ] ar’j
< 7,||Se; €. 9
where 7;(j = 1,4) are positive numbers and
p1t2py; <4, p3+2p, <
4. (10)
Then the following coercive estimate is true:
[[4%u(0); LR +
|V (o, w () Ju(x); L2(R™ || +
1
| VE(x u(x))AZu(x);Lz(]R“)l” +
10%u(x) n
e [Jve T Ly <
N”f(x),Lz(Rn)l”- (11)

Where N is a positive number independent of
u(x), f(x). That is the tri-harmonic operator A is
separated in the space L,(R™)".

3 Auxiliary Lemmas
Lemma 3. Assume that in equation (1) the vector
functions:

Volume 24, 2025



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2025.24.6

f(x) € Ly(RMY, u(x) € L(R™)EN
Wzl%loc (Rn)l

Then the vector functions:
1 a3u n .
Vz(x,u(x))u(x),@ € LZ(]R )l, 1=

1,2,...,n.
Proof. Let ¥ (x) € C;°(R™) be a fixed nonnegative
function equalling one as |x| < 1. For each positive
number & we let ¥.(x) =W¥(ex). In view the
identities:

_yn 0% —
AU=Qiz153 and (f,%Y.u) =

(43w, Pou) + (V(x, Wu, Pou).
Hence,
(A u, You) = (44%u, lPu) =
1(—4‘2u Peu) = — XL 1(—4\2
So we have
(f, Peu) =

0¥; ou
2(4%, i=1 dx gax
(Vu, ¥u),

lxl’gu).

nalps

(AZ lea )+
My 4 (a2, T, v, 2

562

)+
(12)

where (.,.) denotes the scalar product in the space
L(R™:. Then passing to the 1imit as € = 0, we find

(F ) = (@, 5y 2 2)+<Vuu)
Re(f,u) = —(4%u, X[- 1a 2)+(Vu u),

We have:
o 9%u 9 0%u
> yn, —_—
|f'u| = Zl,],k 1(636 dx z'ax].axl.z
(Vu,w),

which completes the proof.

Lemma 4, Assume that conditions (2) — (5) hold
and let a vector function u(x) in the class Lo(R")! n
W0 (R solves equation (1) with the function
f (x) € L(RM Then the functions
SZ(x u(x)u(x), SZ(x u(x))4%u, SZ(x u(x))
i=1,...,

Vector

x;2’
n belong to the space L, (R™)".

Proof. Let ¥(x) be the same as in proof of lemma
3. It is clear that
(f, ¥:Su) = (43w, P.Su) + (V(x, wu, P.Su).

Employing the identity:
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d(W.Su) _ 0w, as
o ox ‘Su+‘1’£a lu+
dup as
Zp 1% Re 5= a(pu +
z
Ju
zll’glm —U+WSSW,
p=1 '

hence,
(43, ¥Y.Su) = (44%u, P,.Su) =

ma( a‘ZZAZu, W,Su) =

i g A? g v.S
' 1(axl u’axl( & u))’
i=

after some transformations we get:
92
(M3, W,5u) = (Azu,z? 1o Ye su )

(B G (o TGS+
@l e+ 260 X YD
(Azu' 27.1_ IPSF) +
2(8%, iy G Do (Re G2 52+

aaifaa,,s) w +
2080 Sy e Tpea (Re 52500

?;Z aj,a;p) w +
2(8%u, Y W, Z;;=1(Rez—1j::%+

661;7 6ansp) Z,I:l) +
(20, D1 ¥ Do (RET2 S + I T2 0 0),
We obtain:

(f, W.Su) = CE(u) + 2C5(w) + 2C5(u) +

Ci(u) +2CE(w) + CE(w) + 2C5(w) + 2C5(w) +
2C5(w) + Clo(u) +

(Vu, ¥ Su). (13)

Where:
0%y,
Ci(w) = A%, X%, axi;
n 0¥ ds
( Z‘ 1 9x; ax; u)'

n 0¥

Su), CG(w) =

C5w) = (4w L, 528 30, Ci(w) =
(820, T, W 55 0),
CS(u)—(AZuz Vo), CEw) =

0%u

(4*u, X YeS 52,
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a2 ¥ 6up a5
aup as
axl onp ) )
ou, 92s
_ 2 n l _p_-°
C8 (u) - (A u, Zizl qlé‘ szl(Re ax; axiazp
du, 9%s
dx; 6xi671p) w,
du, 0S
& _ 2 n l 14
C5 (W) = (4", Ry ¥e Xp-a(Re 3205
aup 65)6_u
ax onp ox;”’
c — (g2 n oy oyl R 0%up 8s
10(u) = ( u, Zi=1 82p=1( e 9x;2 @
6 upy 9S
ax 2 9np ) )

Estimating the functionals, by lemma 3 we find that
the functionals:
Ci(w), C5(w), C5(w), C5(w)tend to zero as € = 0.

Hence for the other functionals:

11 1_1g2g 31
|C5 )| = |S2W,2 %, T, WS T35 2 S T2S25u) |,

l
for any a > 0 and y;,y, € R, we have

1

yallyal <5 1yal® + - 1yal*
Consequently

1 1
[HOIESS II(SZ‘z"ZAZuII2 2 2 152 %ezull?,

11 1. 1osa

ICEw)| = |<Szwsm2u,2 v, 2;%“ <

a: N 2..112 P2 W 54,112
% || (S2Waull? + L2 (Sl
2

11 1 16211
ICEQI = (2% 47w B, YerS2 55 | <
© (ST + B W87 o IIZ'
ICg(u)I
11 “1ou, o2s
2 _p
|Sz¥24%u, Y szp 1(R S 2 dx; 0x;00p
“lou, a2s 2@ 3
Ims = axziJ ax;0my )u)l = 71”52!1182A2u||2,
IG5 = )
11 1 _1ouy, as
|S2W,20%u, B, W2 Th_y (ReS o 9%
__au 0S| du
Ims T 52 ) < g[S dull,
|C110(’11)| =
[t __au as
S22, T Wit S (ReS o 32,

_192 up 4S

ImS 2 —— 2 on

an) Wl = T lIS2W A %ull

Then we obtain the following estimates:
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|CE(w)| < % (4%u, ¥ .SA%u) + ;71 Vu, ¥.Su),
1

|CEW)| < %(Azu Y. SA%) + % (Vu, ¥.Su),

|CE(w)| < —(Azu ‘I/ SA*u) +

_Z 1(ax2' S ax 2)
|C8(u)| < 11(4%u, W SA%u), ICEW)| <
7, (4%, W,.SA%0), |CE(w)| < 12(4%u, P.SA%u).

Where pi,p2 71 and 1, are the constants in
conditions (2)-(5) and a4, @, a3 are arbitrary positive
numbers, we employed inequality (5) in estimating
the functionals C§(u) and C;y(w): in the case

g=0UGv92-.-,9) =ux) =
(u1(x), uz(x), ..., u; (x)),
and
ou, 0 i)
g = (gl,gZ' 'gl) 6x = (E)Lx:'aixf"a_:tf)

Based on the obtained estimates, by identity (13) we
get:
If, PeSul = —|CF (W] — 2|63 ()| — 2|C5 (W] +
o (4%, WS A%u) — % (Vu, ¥.Su) +
1

a,(A%u, Y.SA%u) — & (Vu, Y.Su) +

a u %u
( u, ¥.S4%u) +o i=1(@» lI’SSm) -
2|C7 W) + 2r1(42u, %SAZu) +

21,(4%u, Y .SA%0) + 1,(A%u, P.SA%0) + (Vu, ¥.Su).

Passing to the limit as € — 0, we have:
I(f, Sw)| = [1 —2’;11 ”2](Vu Su) + [5+ @z +

=421 + 312](A2u SAZu) +
9%u
_Z 1(6x2' ox;? o)
Applying Cauchy-Schwarz inequality, then we
obtain the inequality:
5 L2R™[||Sw L2(RMY| = If, Sul =

P1 P2 aq as
1 —271—“—2] WV, Su) + |2+ ap + 2+ 21, +
31, (4%u, S4%u) +
1 o*u L 0%u
e i1 (@,5@)- (14)
Hence Su € L,(R™! by lemma 3, and choose

a4, 0, a3 satisfy the conditions:
+2<1, Bra+ 24 20,431, >
a; 2 2

2aq

1
0, —>0.
203

From inequality (14) it follows that the vector
functions:
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3 1 ! 0%u
Sz2(x, u(x))u(x),Sz(x,u(x))A4 u,SZ(x,u(x))m

€EL,(RM, i=1,...,n

The proof is complete.

4 Proof of Theorem 2

Employing the identity:
(f, ¥.Vu) = (8%, ¥, Vu) +
V(x, Wu, ¥Vu).
And
d(WeTw) _ 0¥, aT
Tox  on Tu+ Y, axiu +
1 aﬂa_’[' 1 a'le oT
Yp=1¥Re ox; azpu + Xp=1 Pelm P pu +
ou
IIUETaa
where T(x,g) =V(x,g), hence after some

transformations we have

(f, ¥V

= Ef(uw) + 2E§(uw) + 2E5(w) + E{(w) + 2EE(u)
+ Ef(w) + 2E5(w) + 2E§(w) + 2E§ () + ESy(w)
+ (Vu, ¥.Vu). (15)

Where:
0%y,
Bf(w) = (4w 31, 52
n 0w aT
( Zl 1 9x; ox; u)
2 n alps
Es(w) = (4", iy ax; T
92T
Ea zu)
Ef(w) = (A%u, X1
CRTY l‘UsTﬁ)'

Tw), Ez(w) =

7o), Ei() =
(4%, T

OT du.

v, duy 0T
Ef (W) = (4%u, 31 5 EZI, 1(Re ax’i’@+
au,, oT
axl onp ) )
Es(w) = ) ,
2 n l Oup 9°T
(A u, Z'— lzu szl(Re aXi axia(p
oup °T
0x; 0x; 67]p) )
au aT
aup oT | Ju
axl 617p) ax;”’
0%u, 9T
Efp(w) = (L*u XL, ¥e Zé:l(R ax 564- +
6 Uup 0T
6x 2 anp ) )
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The functionals:

Ef(w), E5(w), E5(w), E% (u) tend to zero as € — 0.
And for the other functionals, we obtain the
following estimates:

EZ(w)| < & (4%, W.TA%) + 22 (vu, w.Vu),
4 2 2a
4
|EEW)] < =2 (A%, W, TA) + 22 (Vu, W Vw),
5

|EE)| < % (A%, W, TAu) +
1
2a
|E§ W) < 73(4%u, ¥, TA%), |ES(u)| <

7,(A%u, W, TA%w), |E5(w)| < 14(4%u, W, TA%W).

i=1(G5z YeT 52),

Where ps3,p4, 73 and 1, are the constants in
conditions (6)-(10) and a4, as,@¢ are arbitrary
positive numbers, we employed inequality (9) in
estimating the functionals E§(u) and Efy(u): in the
case

g=0Gug2---,91) =uX)
= (ul(x)y uZ(x)' .. lul (x))l
and
du, 9 d
g=(gl,gz,...,gl)=a—;= aixjaixf ]

ax;”

Based on the obtained estimates, by identity (15) we
get:
If, WeVul = 22 (A%, W,V 4%0)

as(4%u, W,V A%u)

P3
— E (V‘L{, q"gV‘L{) +
- Z—‘* (Vu, ¥.Vu) +
5
a 1 0%u 0%u
76 (Azu, ‘PEVAZu) + E ?’=1(§i2, SUSV?LZ) +

2753 (4%u, W,V A%u) + 21, (4%u, P,V A*u) +
(Vu, ¥ Vu).

Passing to the limit as € — 0, we have:
I(F,Vw)| = [1 -2~ p“](Vu Vu) + [+ as +

7 + 2T3 + 3‘[4,] (Azu, VAZu) +
1

20 2i=1 Gy V 5

Applying Cauchy-Schwarz inequality, then we obtain
the inequality:

If LRIV La(RY| 2 |, vl = [1 -
L3 ”4](Vu Vu) + [+ a5 + =5 + 275 +

2a,
314](A2u VAzu) +
1 2%u
; 1(6x2' 9x;2 ) (16)

Choose a4, as, ag satisfy the conditions:
L3 +p‘*<1 T @ + 2+ 213 + 374 >

2a,

0, ——>0.

2a
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Equation (16) can be written as:

2 ay 223
[1—(—+ MVl + 15+ a5 + 55+ 25
+30,JIVa%ul?
n
o z v < iy
— 2 .
72 2 Vg2 I < IVl
i=1
Then
IVull < [1 - G= + 29111,

1

V%Azu” < [% Fag 2ty 2‘r3 + 314]_E [1

2
P3P
- (2+ “)] Il
ay
and
192y 1 ,-1
Ve <l 71—

(Z+29] *ur.

on the other hand, we have:
f=20u+vu= 2% < ||l + [IVull,

then

%l < 11+ [1- (2= +2)] i
hence

l%ull + [Vall + V582 + Sy V2 s <
NIl

where

=1+2[1—(&+ﬁ)]_1+

20, as

[—+a5+ +2T3+3T4] +n| =
1
(& + &)] 2
2054_ (243

where N is a constant independent on u(x), f (x).

]

6

Now the coercive inequality (11) is valid. The
proof of theorem 2 is complete.

5 Conclusions

The purpose of this research is to study the
separation problem for the non-linear tri-harmonic
operator A[u] = A3%u(x) + V(x,u(x))u(x),x € R",
under certain conditions and a specific space
Lo(R™?!, also to deduce the compounds of the
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operator at the same space. We got the coercive
1

4%l + Vull + [[VzAu]| +

[u]|], which is rewarded the

inequality
192y

separable of the operator A.
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