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Abstract: - In this research, we explore the separability of the non-linear tri-harmonic form operator: in the case 
of 𝐴[𝑢] = 𝛥³𝑢(𝑥) + 𝑉(𝑥, 𝑢(𝑥))𝑢(𝑥), 𝑥 ∈ ℝⁿ, in the space 𝐿₂(ℝⁿ)𝑙 with the operator potential 𝑉(𝑥, 𝑢(𝑥)) ∈

 𝐿₂(ℝⁿ)𝑙 for every 𝑥 ∈ ℝⁿ, where △= ∑
𝜕²

𝜕𝑥𝑖
2

𝑛
𝑖=1  is the Laplace operator in ℝⁿ. That is the coercive inequality 

‖𝛥³𝑢‖ + ‖𝑉𝑢‖ + ‖𝑉
1

2𝛥²𝑢‖ + ∑ ‖𝑉
1

2
𝜕2𝑢

𝜕𝑥𝑖
2 ‖𝑛

𝑖=1 ≤ 𝑁‖𝐴[𝑢]‖, holds true. 
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1  Introduction 
In [1], [2], the authors were the first to establish the 
fundamental results for the separation of differential 
expressions.  

The study of the separation property for 
Schrodinger operators on ℝⁿ was examined in [3]. 
The operator − △ +𝑉 in 𝐿𝑝(ℝⁿ) is separated if the 
following condition is satisfied: for all 𝑢 ∈ 𝐿𝑝(ℝⁿ) 
such that (△ +𝑉)𝑢 ∈ 𝐿𝑝(ℝⁿ), we have that △ 𝑢 ∈
𝐿𝑝(ℝⁿ) and 𝑉𝑢 ∈ 𝐿𝑝(ℝⁿ). 

In [4] adequate requirements for separability of 
the non-linear Schrodinger operator of the form 
𝑆𝑢(𝑥) = − △ 𝑢(𝑥) + 𝑉(𝑥, 𝑢)𝑢(𝑥), was established, 
where △ 𝑢(𝑥) = ∑

𝜕²𝑢(𝑥)

𝜕𝑥𝑖
2

𝑛
𝑖=1 , with the non-linear 

matrix potential 𝑉(𝑥, 𝑢), in the space  𝐿₂(ℝⁿ)𝑙. 
The Coercive estimates of non-linear 

Schrodinger and Dirac operators were examined in 
[5].  

In [6], [7], the author investigated non-linear 
second order differential operators with matrix 
coefficients and coercive features of a biharmonic 
operator and the separability of the non-linear 
biharmonic operator 𝐿[𝑢] = 𝛥²𝑢(𝑥) +
𝑉(𝑥, 𝑢(𝑥))𝑢(𝑥) in [8]. 

In [9] the separation for the biharmonic 
differential operator in Hilbert spaces was deduced, 
which was expanded in [8], existence and 

uniqueness are achieved and considered important 
applications of this topic. Many authors had 
introduced concepts of separation problem for 
ordinary and partial differential operators by using 
many suitable ways. See [10], [11], [12], [13], [14]. 

The following differential equation is the subject 
of this study: 

 𝛥3𝑢(𝑥) + 𝑉(𝑥, 𝑢(𝑥))𝑢(𝑥) = 𝑓(𝑥), 
   𝑢(𝑥) ∈ 𝑊2,𝑙𝑜𝑐

4 (ℝⁿ)𝑙 ,                                               (1) 
 
We imply that the function 𝑢(𝑥) ∈ 𝑊2,𝑙𝑜𝑐

4 (ℝⁿ)𝑙 
if the vector function 𝛷(𝑥)𝑢(𝑥) ∈ 𝑊₂⁴(ℝⁿ)𝑙 for 
any function 𝛷(𝑥) ∈ 𝐶0

∞(ℝⁿ). The space 𝑊2
4(ℝⁿ)𝑙 

for l is any natural number is a Hilbert space of all 
vector functions 𝑢(𝑥) = (𝑢₁(𝑥), . . . , 𝑢𝑙(𝑥)), 𝑥 ∈ ℝⁿ 
that has generalized derivatives 𝐷𝜇𝑢(𝑥), 𝜇 ≤ 4 
such that 𝑢(𝑥) and its derivatives 𝐷𝜇𝑢(𝑥) belong to 
𝐿₂(ℝⁿ)𝑙, and the inner product is defined by 
 〈𝑢, 𝑣〉 =  〈𝑢, 𝑣〉 ∣𝐿₂(ℝⁿ)𝑙+

∑ 〈𝐷𝜇𝑢, 𝐷𝜇𝑣〉 ∣𝐿₂(ℝⁿ)𝑙|𝜇|≤4  
=  ∑ ∫ 𝑢𝑖(𝑥)

ℝⁿ
𝑣𝑖(𝑥)̅̅ ̅̅ ̅̅ ̅𝑑(𝑥)𝑙

𝑖=1 +

∑ ∑ ∫ 𝐷𝜇𝑢𝑖(𝑥)𝐷𝜇𝑣𝑖(𝑥)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 𝑑(𝑥)
ℝⁿ

𝑙
𝑖=1|𝜇|≤4 , 𝑥 ∈ ℝⁿ,for 

every 𝑢, 𝑣 ∈ 𝑊2
4(ℝⁿ)𝑙. 

 
Note that we examine the separation in the 

space 𝐿₂(ℝⁿ)𝑙 for 𝑙 is any natural number is The 
Hilbert space of all vector functions 𝑢(𝑥) =
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(𝑢₁(𝑥), . . . , 𝑢𝑙(𝑥)), 𝑥 ∈ ℝⁿ, such that 𝑢𝑖(𝑥) ∈
𝐿₂(ℝⁿ),1 ≤ 𝑖 ≤ 𝑙, with the inner product defined b 
 〈𝑢, 𝑣〉 = ∑ 〈𝑢𝑖, 𝑣𝑖〉 ∣𝐿2(ℝⁿ)𝑙

𝑙
𝑖=1 +

∑ ∫ 𝑢𝑖(𝑥)
ℝⁿ

𝑣𝑖(𝑥)̅̅ ̅̅ ̅̅ ̅𝑑(𝑥),    𝑙
𝑖=1 𝑥 ∈ ℝⁿ, 

for every 𝑢, 𝑣 ∈ 𝐿₂(ℝⁿ)𝑙. 
 
 
2    Main Results 
Definition 1.  The differential operator and 
equation (1) are called separated in 𝐿₂(ℝⁿ)𝑙, if for 
all vector functions 𝑢(𝑥) ∈ 𝐿₂(ℝⁿ)𝑙 ∩ 𝑊2,𝑙𝑜𝑐

4 (ℝⁿ)𝑙 
and 𝑓(𝑥) ∈ 𝐿₂(ℝⁿ)𝑙 this implies 
𝛥³𝑢(𝑥), 𝑉(𝑥, 𝑢(𝑥))𝑢(𝑥) ∈ 𝐿₂(ℝⁿ)𝑙. 
 
We let: 

〈𝑧⁽¹⁾, 𝑧⁽²⁾〉 = ∑ 𝑧𝑗
(1)

𝑧𝑗
(2)̅̅ ̅̅ ̅𝑙

𝑗=1 , 

for given 𝑧𝑖 = (𝑧₁(𝑖), . . . , 𝑧𝑙
(𝑖)

), (𝑖 = 1,2). 
 
We denote: 

(𝑢, 𝑣) = ∫ 〈𝑢(𝑥), 𝑣(𝑥)〉𝑑(𝑥)
ℝⁿ

, 
if the integral in the right-hand side converges 
absolutely. 
 

We assume that 𝑉(𝑥, 𝑔) ∈ 𝐶²(ℝⁿ × ℂ𝑙), and 
introduce matrix functions: 

𝑆(𝑥₁, 𝑥₂, . . . , 𝑥𝑛, 𝜁₁, 𝜁₂, . . . , 𝜁𝑙, 𝜂₁, 𝜂₂, . . . , 𝜂𝑙)

=  𝑉
1

2(𝑥, 𝑔), (𝑥𝑖 ∈ ℝ, 𝜁𝑗, 𝜂𝑗 ∈ ℝ), 
 
𝑇(𝑥₁, 𝑥₂, . . . , 𝑥𝑛, 𝜁₁, 𝜁₂, . . . , 𝜁𝑙, 𝜂₁, 𝜂₂, . . . , 𝜂𝑙) =
 𝑆²(𝑥, 𝑔), (𝑥𝑖 ∈ ℝ, 𝜁𝑗, 𝜂𝑗 ∈ ℝ), 
 
where 𝑔 is defined by 𝑔 = (𝜁₁ + 𝑖𝜂₁, . . . , 𝜁𝑙 +

𝑖𝜂𝑙), 𝑉
1

2(𝑥, 𝑔) is the square root of a positive 
definite Hermitian matrix. 
 
Now we introduce our main result. 
 

Theorem 2. For all 𝑥 ∈ ℝⁿ, we assume that 𝑔 =
(𝜁₁ + 𝑖𝜂₁, . . . , 𝜁𝑙 + 𝑖𝜂𝑙), 𝜑 = (𝜆₁ + 𝑖𝜃₁, . . . , 𝜆𝑙 +
𝑖𝜃𝑙), (𝜁𝑗, 𝜂𝑗, 𝜆𝑗, 𝜃𝑗 ∈ ℝ) and 𝑢 ∈ 𝑊₂¹(ℝⁿ), the 
matrix functions 𝑆(𝑥, 𝑔) and 𝑇(𝑥, 𝑔) satisfies the 
conditions: 
 

∑ ‖𝑆−
1

2
𝜕2𝑆

𝜕𝑥𝑖
2

𝑆−
3

2; ℂ𝑙‖

2𝑛

𝑖=1

≤ 𝜌1,                                                                                 (2) 

∑ ‖𝑆−
1

2
𝜕𝑆

𝜕𝑥𝑖

𝜕𝑢

𝜕𝑥𝑖
; 𝐿2(ℝⁿ)𝑙‖

2𝑛

𝑖=1

≤ 𝜌2 ‖𝑆
3

2𝑢; 𝐿₂(ℝⁿ)𝑙‖
2

,                                                (3) 

‖∑ 𝜆𝑗𝑆−
1

2
𝜕2𝑆

𝜕𝑥𝑖𝜕𝜁𝑗
𝑔 + 𝜃𝑗𝑆−

1

2
𝜕2𝑆

𝜕𝑥𝑖𝜕𝜂𝑗
𝑔; ℂ𝑙

𝑙

𝑗=1

‖

≤ 𝜏1 ‖𝑆
1

2𝜑; ℂ𝑙‖,                                                             (4) 

‖∑ 𝜆𝑗𝑆−
1

2
𝜕𝑆

𝜕𝜁𝑗
𝑔 + 𝜃𝑗𝑆−

1

2
𝜕𝑆

𝜕𝜂𝑗
𝑔; ℂ𝑙

𝑙

𝑗=1

‖

≤ 𝜏2 ‖𝑆
1

2𝜑; ℂ𝑙‖,                                                             (5) 

∑ ‖𝑇−
1

2
𝜕2𝑇

𝜕𝑥𝑖
2

𝑇−1; ℂ𝑙‖

2𝑛

𝑖=1

≤ 𝜌3,                                                                                  (6)                           

∑ ‖𝑇−
1

2
𝜕𝑇

𝜕𝑥𝑖

𝜕𝑢

𝜕𝑥𝑖
; 𝐿₂(ℝⁿ)𝑙‖

2𝑛

𝑖=1

≤ 𝜌4‖𝑉𝑢; 𝐿₂(ℝⁿ)𝑙‖
2

,                                                      (7) 

‖∑ 𝜆𝑗𝑆−
1

2
𝜕2𝑇

𝜕𝑥𝑖𝜕𝜁𝑗
𝑔 + 𝜃𝑗𝑆−

1

2
𝜕2𝑇

𝜕𝑥𝑖𝜕𝜂𝑗
𝑔; ℂ𝑙

𝑙

𝑗=1

‖

≤ 𝜏3‖𝑆𝜑; ℂ𝑙‖,                                                                  (8) 

‖∑ 𝜆𝑗𝑆−
1

2
𝜕𝑇

𝜕𝜁𝑗
𝑔 + 𝜃𝑗𝑆−

1

2
𝜕𝑇

𝜕𝜂𝑗
𝑔; ℂ𝑙

𝑙

𝑗=1

‖

≤ 𝜏4‖𝑆𝜑; ℂ𝑙‖.                                                                  (9) 
 
where 𝜏𝑗(𝑗 = 1,4̅̅ ̅̅ ) are positive numbers and 
 𝜌1 + 2𝜌2 < 4,   𝜌3 + 2𝜌4 <
4.                                                                                         (10) 
 
Then the following coercive estimate is true: 
 ‖𝛥3𝑢(𝑥); 𝐿₂(ℝⁿ)𝑙‖ +

‖𝑉(𝑥, 𝑢(𝑥))𝑢(𝑥); 𝐿₂(ℝⁿ)𝑙‖ +

‖𝑉
1

2(𝑥, 𝑢(𝑥))𝛥2𝑢(𝑥); 𝐿₂(ℝⁿ)𝑙‖ +

∑ ‖𝑉
1

2
𝜕2𝑢(𝑥)

𝜕𝑥𝑖
2 ; 𝐿₂(ℝⁿ)𝑙‖𝑛

𝑖=1 ≤

𝑁‖𝑓(𝑥); 𝐿₂(ℝⁿ)𝑙‖.                                                    (11) 
 
Where 𝑁 is a positive number independent of 
𝑢(𝑥), 𝑓(𝑥). That is the tri-harmonic operator 𝐴 is 
separated in the space 𝐿₂(ℝⁿ)𝑙. 
 
 
3   Auxiliary Lemmas 
Lemma 3. Assume that in equation (1) the vector 
functions: 
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 𝑓(𝑥) ∈ 𝐿₂(ℝⁿ)𝑙 , 𝑢(𝑥) ∈ 𝐿₂(ℝⁿ)𝑙 ∩
𝑊2,𝑙𝑜𝑐

4 (ℝⁿ)𝑙 
 
Then the vector functions: 
 𝑉

1

2(𝑥, 𝑢(𝑥))𝑢(𝑥),
𝜕3𝑢

𝜕𝑥𝑖
3 ∈ 𝐿₂(ℝⁿ)𝑙 ,   𝑖 =

1,2, . . . , 𝑛. 
 

Proof. Let 𝛹(𝑥) ∈ 𝐶0
∞(ℝⁿ) be a fixed nonnegative 

function equalling one as |𝑥| < 1. For each positive 
number 𝜀 we let 𝛹𝜀(𝑥) = 𝛹(𝜀𝑥). In view the 
identities: 
 △ 𝑢 = ∑

𝜕2𝑢

𝜕𝑥𝑖
2

𝑛
𝑖=1    𝑎𝑛𝑑   (𝑓, 𝛹𝜀𝑢) =

(𝛥³𝑢, 𝛹𝜀𝑢) + (𝑉(𝑥, 𝑢)𝑢, 𝛹𝜀𝑢). 
 
Hence, 
 (𝛥³𝑢, 𝛹𝜀𝑢) = (𝛥𝛥²𝑢, 𝛹𝜀𝑢) =

∑ (
𝜕2

𝜕𝑥𝑖
2 𝛥²𝑢, 𝛹𝜀𝑢)𝑛

𝑖=1 = − ∑ (
𝜕

𝜕𝑥𝑖
𝛥²𝑢,

𝜕

𝜕𝑥𝑖
𝛹𝜀𝑢)𝑛

𝑖=1 . 
So we have 
 (𝑓, 𝛹𝜀𝑢)   =  (𝛥²𝑢, ∑

𝜕2𝛹𝜀

𝜕𝑥𝑖
2 𝑢)𝑛

𝑖=1 +

2(𝛥²𝑢, ∑
𝜕𝛹𝜀

𝜕𝑥𝑖

𝜕𝑢

𝜕𝑥𝑖
)𝑛

𝑖=1  + (𝛥²𝑢, ∑ 𝛹𝜀
𝜕2𝑢

𝜕𝑥𝑖
2)𝑛

𝑖=1 +

(𝑉𝑢, 𝛹𝜀𝑢),                                                                     (12) 
 
where (. , . ) denotes the scalar product in the space 
𝐿₂(ℝⁿ)𝑙. Then passing to the limit as 𝜀 → 0, we find 
 (𝑓, 𝑢) = (𝛥²𝑢, ∑

𝜕2𝑢

𝜕𝑥𝑖
2)𝑛

𝑖=1 + (𝑉𝑢, 𝑢), 

 𝑅𝑒(𝑓, 𝑢) ≥ −(𝛥²𝑢, ∑
𝜕2𝑢

𝜕𝑥𝑖
2)𝑛

𝑖=1 + (𝑉𝑢, 𝑢), 

 
We have: 
 |𝑓, 𝑢| ≥ ∑ (𝑛

𝑖,𝑗,𝑘=1
𝜕

𝜕𝑥𝑗

𝜕2𝑢

𝜕𝑥𝑘
2 ,

𝜕

𝜕𝑥𝑗

𝜕2𝑢

𝜕𝑥𝑖
2) +

(𝑉𝑢, 𝑢), 
 
which completes the proof. 
 
Lemma 4, Assume that conditions (2) − (5) hold 
and let a vector function 𝑢(𝑥) in the class 𝐿₂(ℝⁿ)𝑙 ∩
𝑊2,𝑙𝑜𝑐

4 (ℝⁿ)𝑙 solves equation (1) with the function 
𝑓(𝑥) ∈ 𝐿₂(ℝⁿ)𝑙.Then the vector functions 
𝑆

3

2(𝑥, 𝑢(𝑥))𝑢(𝑥), 𝑆
1

2(𝑥, 𝑢(𝑥))𝛥²𝑢, 𝑆
1

2(𝑥, 𝑢(𝑥))
𝜕2𝑢

𝜕𝑥𝑖
2 ,

𝑖 = 1, . . . , 𝑛 belong to the space 𝐿₂(ℝⁿ)𝑙. 
 

Proof. Let 𝛹(𝑥) be the same as in proof of lemma 
3. It is clear that 

(𝑓, 𝛹𝜀𝑆𝑢) = (𝛥³𝑢, 𝛹𝜀𝑆𝑢) + (𝑉(𝑥, 𝑢)𝑢, 𝛹𝜀𝑆𝑢). 
 
Employing the identity: 

 𝜕(𝛹𝜀𝑆𝑢)

𝜕𝑥𝑖
=

𝜕𝛹𝜀

𝜕𝑥𝑖
𝑆𝑢 + 𝛹𝜀

𝜕𝑆

𝜕𝑥𝑖
𝑢 +

∑ 𝛹𝜀
𝑙
𝑝=1 𝑅𝑒

𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕𝑆

𝜕𝜁𝑝
𝑢 + 

∑ 𝛹𝜀𝐼𝑚

𝑙

𝑝=1

𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕𝑆

𝜕𝜂𝑝
𝑢 + 𝛹𝜀𝑆

𝜕𝑢

𝜕𝑥𝑖
, 

 
hence, 
 (𝛥3𝑢, 𝛹𝜀𝑆𝑢) = (𝛥𝛥2𝑢, 𝛹𝜀𝑆𝑢) =

∑ (
𝜕2

𝜕𝑥𝑖
2 𝛥2𝑢, 𝛹𝜀𝑆𝑢)𝑛

𝑖=1 = 

− ∑(
𝜕

𝜕𝑥𝑖
𝛥²𝑢,

𝜕

𝜕𝑥𝑖
(𝛹𝜀𝑆𝑢))

𝑛

𝑖=1

, 

 
after some transformations we get: 
 (𝛥3𝑢, 𝛹𝜀𝑆𝑢)  =  (𝛥2𝑢, ∑

𝜕2𝛹𝜀

𝜕𝑥𝑖
2 𝑆𝑢𝑛

𝑖=1 ) +

2 (𝛥2𝑢, ∑
𝜕𝛹𝜀

𝜕𝑥𝑖

𝜕𝑆

𝜕𝑥𝑖

𝑛
𝑖=1 𝑢) + 2 (𝛥2𝑢, ∑

𝜕𝛹𝜀

𝜕𝑥𝑖
𝑆

𝜕𝑢

𝜕𝑥𝑖

𝑛
𝑖=1 ) +

(𝛥²𝑢, ∑ 𝛹𝜀
𝜕2𝑆

𝜕𝑥𝑖
2 𝑢𝑛

𝑖=1 ) + 2(𝛥²𝑢, ∑ 𝛹𝜀
𝜕𝑆

𝜕𝑥𝑖

𝜕𝑢

𝜕𝑥𝑖

𝑛
𝑖=1 ) +

(𝛥²𝑢, ∑ 𝛹𝜀𝑆
𝜕2𝑢

𝜕𝑥𝑖
2

𝑛
𝑖=1 ) +

2(𝛥²𝑢, ∑
𝜕𝛹𝜀

𝜕𝑥𝑖
∑ (𝑅𝑒

𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕𝑆

𝜕𝜁𝑝
+𝑙

𝑝=1
𝑛
𝑖=1

𝐼𝑚
𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕𝑆

𝜕𝜂𝑝
) 𝑢)   +

2(𝛥²𝑢, ∑ 𝛹𝜀 ∑ (𝑅𝑒
𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕2𝑆

𝜕𝑥𝑖𝜕𝜁𝑝
+𝑙

𝑝=1
𝑛
𝑖=1

𝐼𝑚
𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕2𝑆

𝜕𝑥𝑖𝜕𝜂𝑝
) 𝑢)  +

2(𝛥²𝑢, ∑ 𝛹𝜀 ∑ (𝑅𝑒
𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕𝑆

𝜕𝜁𝑝
+𝑙

𝑝=1
𝑛
𝑖=1

𝐼𝑚
𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕𝑆

𝜕𝜂𝑝
)

𝜕𝑢

𝜕𝑥𝑖
)  +

(𝛥²𝑢, ∑ 𝛹𝜀 ∑ (𝑅𝑒
𝜕2𝑢𝑝

𝜕𝑥𝑖
2

𝜕𝑆

𝜕𝜁𝑝
+ 𝐼𝑚

𝜕2𝑢𝑝

𝜕𝑥𝑖
2

𝜕𝑆

𝜕𝜂𝑝
)𝑙

𝑝=1
𝑛
𝑖=1 𝑢). 

 
We obtain: 
 (𝑓, 𝛹𝜀𝑆𝑢)  =  𝐶1

𝜀(𝑢) + 2𝐶2
𝜀(𝑢) + 2𝐶3

𝜀(𝑢) +
𝐶4

𝜀(𝑢) + 2𝐶5
𝜀(𝑢) + 𝐶6

𝜀(𝑢) + 2𝐶7
𝜀(𝑢) + 2𝐶8

𝜀(𝑢) +
2𝐶9

𝜀(𝑢) + 𝐶10
𝜀 (𝑢) +

(𝑉𝑢, 𝛹𝜀𝑆𝑢).                                                               (13)                                         (13) 
 
Where: 
𝐶1

𝜀(𝑢) = (𝛥²𝑢, ∑
𝜕2𝛹𝜀

𝜕𝑥𝑖
2 𝑆𝑢𝑛

𝑖=1 ),   𝐶2
𝜀(𝑢) =

(𝛥²𝑢, ∑
𝜕𝛹𝜀

𝜕𝑥𝑖

𝜕𝑆

𝜕𝑥𝑖

𝑛
𝑖=1 𝑢),  

 𝐶3
𝜀(𝑢) = (𝛥²𝑢, ∑

𝜕𝛹𝜀

𝜕𝑥𝑖
𝑆

𝜕𝑢

𝜕𝑥𝑖

𝑛
𝑖=1 ),   𝐶4

𝜀(𝑢) =

(𝛥²𝑢, ∑ 𝛹𝜀
𝜕2𝑆

𝜕𝑥𝑖
2 𝑢𝑛

𝑖=1 ), 

 𝐶5
𝜀(𝑢) = (𝛥²𝑢, ∑ 𝛹𝜀

𝜕𝑆

𝜕𝑥𝑖

𝜕𝑢

𝜕𝑥𝑖

𝑛
𝑖=1 ),   𝐶6

𝜀(𝑢) =

(𝛥²𝑢, ∑ 𝛹𝜀𝑆
𝜕2𝑢

𝜕𝑥𝑖
2

𝑛
𝑖=1 ), 
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 𝐶7
𝜀(𝑢) = (𝛥²𝑢, ∑

𝜕𝛹𝜀

𝜕𝑥𝑖
∑ (𝑅𝑒

𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕𝑆

𝜕𝜁𝑝
+𝑙

𝑝=1
𝑛
𝑖=1

𝐼𝑚
𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕𝑆

𝜕𝜂𝑝
) 𝑢),       

 𝐶8
𝜀(𝑢) = (𝛥²𝑢, ∑ 𝛹𝜀 ∑ (𝑅𝑒

𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕2𝑆

𝜕𝑥𝑖𝜕𝜁𝑝
+𝑙

𝑝=1
𝑛
𝑖=1

𝐼𝑚
𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕2𝑆

𝜕𝑥𝑖𝜕𝜂𝑝
) 𝑢), 

 𝐶9
𝜀(𝑢) = (𝛥²𝑢, ∑ 𝛹𝜀 ∑ (𝑅𝑒

𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕𝑆

𝜕𝜁𝑝
+𝑙

𝑝=1
𝑛
𝑖=1

𝐼𝑚
𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕𝑆

𝜕𝜂𝑝
)

𝜕𝑢

𝜕𝑥𝑖
),      

 𝐶10
𝜀 (𝑢) = (𝛥2𝑢, ∑ 𝛹𝜀 ∑ (𝑅𝑒

𝜕2𝑢𝑝

𝜕𝑥𝑖
2

𝜕𝑆

𝜕𝜁𝑝
+𝑙

𝑝=1
𝑛
𝑖=1

𝐼𝑚
𝜕2𝑢𝑝

𝜕𝑥𝑖
2

𝜕𝑆

𝜕𝜂𝑝
) 𝑢).      

 
Estimating the functionals, by lemma 3 we find that 
the functionals: 
 𝐶1

𝜀(𝑢), 𝐶2
𝜀(𝑢), 𝐶3

𝜀(𝑢), 𝐶7
𝜀(𝑢)𝑡𝑒𝑛𝑑 𝑡𝑜 𝑧𝑒𝑟𝑜 𝑎𝑠 𝜀 → 0. 

 
Hence for the other functionals: 
 |𝐶4

𝜀(𝑢)| = |𝑆
1

2𝛹𝜀

1

2𝛥²𝑢, ∑ 𝛹𝜀

1

2𝑆−
1

2
𝜕2𝑆

𝜕𝑥𝑖
2 𝑆−

3

2𝑆
1

2𝑆𝑢)𝑛
𝑖=1 |, 

for any 𝛼 > 0 and 𝑦₁, 𝑦₂ ∈ ℝ, we have 
 |𝑦₁||𝑦₂| ≤

𝛼

2
|𝑦₁|² +

1

2𝛼
|𝑦₂|². 

 
Consequently: 
 |𝐶4

𝜀(𝑢)| ≤
𝛼1

2
‖(𝑆

1

2𝛹𝜀

1

2𝛥²𝑢‖² +
𝜌₁

2𝛼1
‖𝑆

1

2𝛹𝜀

1

2𝑢‖²,        

 |𝐶5
𝜀(𝑢)|  =  |(𝑆

1

2𝛹𝜀

1

2𝛥²𝑢, ∑ 𝛹𝜀

1

2𝑆−
1

2
𝜕𝑆

𝜕𝑥𝑖

𝜕𝑢

𝜕𝑥𝑖

𝑛
𝑖=1 )| ≤

 
𝛼₂

2
‖(𝑆

1

2𝛹𝜀

1

2𝛥²𝑢‖² +
𝜌₂

2𝛼₂
‖(𝑆

3

2𝛹𝜀

1

2𝑢‖², 

 |𝐶6
𝜀(𝑢)|  =  |(𝑆

1

2𝛹𝜀

1

2𝛥²𝑢, ∑ 𝛹𝜀

1

2𝑆
1

2
𝜕2𝑢

𝜕𝑥𝑖
2

𝑛
𝑖=1 | ≤

 
𝛼₃

2
‖(𝑆

1

2𝛹𝜀

1

2𝛥²𝑢‖² +
1

2𝛼₃
∑ ‖𝛹𝜀

1

2𝑆
1

2
𝜕2𝑢

𝜕𝑥𝑖
2 ‖²𝑛

𝑖=1 , 

 |𝐶8
𝜀(𝑢)| =

 |𝑆
1

2𝛹𝜀

1

2𝛥²𝑢, ∑ 𝛹𝜀

1

2 ∑ (𝑅𝑒𝑆−
1

2
𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕2𝑆

𝜕𝑥𝑖𝜕𝜁𝑝
+𝑙

𝑝=1
𝑛
𝑖=1

𝐼𝑚𝑆−
1

2
𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕2𝑆

𝜕𝑥𝑖𝜕𝜂𝑝
) 𝑢)| ≤  𝜏₁‖𝑆

1

2𝛹𝜀

1

2𝛥²𝑢‖², 

 |𝐶9
𝜀(𝑢)|  =

 |𝑆
1

2𝛹𝜀

1

2𝛥²𝑢, ∑ 𝛹𝜀

1

2 ∑ (𝑅𝑒𝑆−
1

2
𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕𝑆

𝜕𝜁𝑝
+𝑙

𝑝=1
𝑛
𝑖=1

𝐼𝑚𝑆−
1

2
𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕𝑆

𝜕𝜂𝑝
)

𝜕𝑢

𝜕𝑥𝑖
)| ≤  𝜏₂‖𝑆

1

2𝛹𝜀

1

2𝛥²𝑢‖², 

 |𝐶10
𝜀 (𝑢)|  =

 |𝑆
1

2𝛹𝜀

1

2𝛥²𝑢, ∑ 𝛹𝜀

1

2 ∑ (𝑅𝑒𝑆−
1

2
𝜕2𝑢𝑝

𝜕𝑥𝑖
2

𝜕𝑆

𝜕𝜁𝑝
+𝑙

𝑝=1
𝑛
𝑖=1

𝐼𝑚𝑆−
1

2
𝜕2𝑢𝑝

𝜕𝑥𝑖
2

𝜕𝑆

𝜕𝜂𝑝
) 𝑢)| ≤  𝜏₂‖𝑆

1

2𝛹𝜀

1

2𝛥²𝑢‖². 

 
Then we obtain the following estimates: 

 |𝐶4
𝜀(𝑢)| ≤

𝛼1

2
(𝛥²𝑢, 𝛹𝜀𝑆𝛥²𝑢) +

𝜌₁

2𝛼1
(𝑉𝑢, 𝛹𝜀𝑆𝑢),                                          

 |𝐶5
𝜀(𝑢)|  ≤

𝛼₂

2
(𝛥²𝑢, 𝛹𝜀𝑆𝛥²𝑢) +

𝜌₂

2𝛼₂
(𝑉𝑢, 𝛹𝜀𝑆𝑢),                                                                     

 |𝐶6
𝜀(𝑢)| ≤

𝛼₃

2
(𝛥²𝑢, 𝛹𝜀𝑆𝛥²𝑢) +

1

2𝛼₃
∑ (

𝜕2𝑢

𝜕𝑥𝑖
2 , 𝛹𝜀𝑆

𝜕2𝑢

𝜕𝑥𝑖
2),𝑛

𝑖=1  
 |𝐶8

𝜀(𝑢)| ≤ 𝜏₁(𝛥²𝑢, 𝛹𝜀𝑆𝛥²𝑢),  |𝐶9
𝜀(𝑢)|  ≤

𝜏2(𝛥²𝑢, 𝛹𝜀𝑆𝛥²𝑢),  |𝐶10
𝜀 (𝑢)| ≤ 𝜏₂(𝛥²𝑢, 𝛹𝜀𝑆𝛥²𝑢). 

 
Where 𝜌₁, 𝜌₂, 𝜏₁ and 𝜏₂ are the constants in 
conditions (2)-(5) and 𝛼₁, 𝛼₂, 𝛼₃ are arbitrary positive 
numbers, we employed inequality (5) in estimating 
the functionals 𝐶9

𝜀(𝑢) and 𝐶10
𝜀 (𝑢): in the case 

 𝑔 = (𝑔₁, 𝑔₂, . . . , 𝑔𝑙) = 𝑢(𝑥) =
(𝑢₁(𝑥), 𝑢₂(𝑥), . . . , 𝑢𝑙(𝑥)), 
and 
 𝑔 = (𝑔₁, 𝑔₂, . . . , 𝑔𝑙) =

𝜕𝑢

𝜕𝑥𝑖
= (

𝜕𝑢1

𝜕𝑥𝑖
,

𝜕𝑢2

𝜕𝑥𝑖
, . . . ,

𝜕𝑢𝑙

𝜕𝑥𝑖
). 

 
Based on the obtained estimates, by identity (13) we 
get: 
 |𝑓, 𝛹𝜀𝑆𝑢| ≥  −|𝐶1

𝜀(𝑢)| − 2|𝐶2
𝜀(𝑢)| − 2|𝐶3

𝜀(𝑢)| +
𝛼1

2
(𝛥2𝑢, 𝛹𝜀𝑆𝛥2𝑢) −

𝜌₁

2𝛼1
(𝑉𝑢, 𝛹𝜀𝑆𝑢) +

𝛼₂(𝛥²𝑢, 𝛹𝜀𝑆𝛥²𝑢) −
𝜌₂

𝛼₂
(𝑉𝑢, 𝛹𝜀𝑆𝑢) +

𝛼₃

2
(𝛥²𝑢, 𝛹𝜀𝑆𝛥²𝑢) +

1

2𝛼₃
∑ (

𝜕2𝑢

𝜕𝑥𝑖
2 , 𝛹𝜀𝑆

𝜕2𝑢

𝜕𝑥𝑖
2)𝑛

𝑖=1 −

2|𝐶7
𝜀(𝑢)| + 2𝜏₁(𝛥²𝑢, 𝛹𝜀𝑆𝛥²𝑢) +

2𝜏₂(𝛥²𝑢, 𝛹𝜀𝑆𝛥²𝑢) + 𝜏₂(𝛥²𝑢, 𝛹𝜀𝑆𝛥²𝑢) + (𝑉𝑢, 𝛹𝜀𝑆𝑢). 
 
Passing to the limit as 𝜀 → 0, we have: 
 |(𝑓, 𝑆𝑢)|  ≥ [1 −

𝜌₁

2𝛼1
−

𝜌₂

𝛼₂
](𝑉𝑢, 𝑆𝑢) + [

𝛼1

2
+ 𝛼₂ +

𝛼₃

2
+ 2𝜏₁ + 3𝜏₂](𝛥²𝑢, 𝑆𝛥²𝑢)  +

1

2𝛼₃
∑ (

𝜕2𝑢

𝜕𝑥𝑖
2 , 𝑆

𝜕2𝑢

𝜕𝑥𝑖
2)𝑛

𝑖=1 . 

 
Applying Cauchy-Schwarz inequality, then we 

obtain the inequality: 
 ‖𝑓; 𝐿₂(ℝⁿ)𝑙‖‖𝑆𝑢; 𝐿₂(ℝⁿ)𝑙‖ ≥  |𝑓, 𝑆𝑢| ≥

 [1 −
𝜌₁

2𝛼1
−

𝜌₂

𝛼₂
] (𝑉𝑢, 𝑆𝑢) + [

𝛼1

2
+ 𝛼₂ +

𝛼₃

2
+ 2𝜏₁ +

3𝜏₂] (𝛥2𝑢, 𝑆𝛥2𝑢) +

1

2𝛼₃
∑ (

𝜕2𝑢

𝜕𝑥𝑖
2 , 𝑆

𝜕2𝑢

𝜕𝑥𝑖
2)𝑛

𝑖=1 .                                              (14)                                                        (14) 
 
Hence 𝑆𝑢 ∈ 𝐿₂(ℝⁿ)𝑙 by lemma 3, and choose 
𝛼₁, 𝛼₂, 𝛼₃ satisfy the conditions: 
𝜌₁

2𝛼1
+

𝜌₂

𝛼₂
< 1,   

𝛼1

2
+ 𝛼₂ +

𝛼₃

2
+ 2𝜏₁ + 3𝜏₂ >

0,   
1

2𝛼₃
> 0. 

 
From inequality (14) it follows that the vector 
functions: 
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𝑆
3

2(𝑥, 𝑢(𝑥))𝑢(𝑥), 𝑆
1

2(𝑥, 𝑢(𝑥))𝛥²𝑢, 𝑆
1

2(𝑥, 𝑢(𝑥))
𝜕2𝑢

𝜕𝑥𝑖
2

∈ 𝐿₂(ℝⁿ)𝑙 ,   𝑖 = 1, . . . , 𝑛. 
 
The proof is complete. 
 
 
4   Proof of Theorem 2 
Employing the identity: 
 (𝑓, 𝛹𝜀𝑉𝑢) = (𝛥³𝑢, 𝛹𝜀𝑉𝑢) +
(𝑉(𝑥, 𝑢)𝑢, 𝛹𝜀𝑉𝑢). 
 
And 
𝜕(𝛹𝜀𝑇𝑢)

𝜕𝑥𝑖
=

𝜕𝛹𝜀

𝜕𝑥𝑖
𝑇𝑢 + 𝛹𝜀

𝜕𝑇

𝜕𝑥𝑖
𝑢 +

∑ 𝛹𝜀
𝑙
𝑝=1 𝑅𝑒

𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕𝑇

𝜕𝜁𝑝
𝑢 + ∑ 𝛹𝜀𝐼𝑚𝑙

𝑝=1
𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕𝑇

𝜕𝜂𝑝
𝑢 +

𝛹𝜀𝑇
𝜕𝑢

𝜕𝑥𝑖
, 

 
where 𝑇(𝑥, 𝑔) = 𝑉(𝑥, 𝑔), hence after some 
transformations we have 
(𝑓, 𝛹𝜀𝑉𝑢)  
=  𝐸1

𝜀(𝑢) + 2𝐸2
𝜀(𝑢) + 2𝐸3

𝜀(𝑢) + 𝐸4
𝜀(𝑢) + 2𝐸5

𝜀(𝑢)
+ 𝐸6

𝜀(𝑢) + 2𝐸7
𝜀(𝑢) + 2𝐸8

𝜀(𝑢) + 2𝐸9
𝜀(𝑢) + 𝐸10

𝜀 (𝑢)
+ (𝑉𝑢, 𝛹𝜀𝑉𝑢).                                                           (15) 
 
Where: 
 𝐸1

𝜀(𝑢) = (𝛥²𝑢, ∑
𝜕2𝛹𝜀

𝜕𝑥𝑖
2 𝑇𝑢𝑛

𝑖=1 ),   𝐸2
𝜀(𝑢) =

(𝛥²𝑢, ∑
𝜕𝛹𝜀

𝜕𝑥𝑖

𝜕𝑇

𝜕𝑥𝑖

𝑛
𝑖=1 𝑢),  

 𝐸3
𝜀(𝑢) = (𝛥²𝑢, ∑

𝜕𝛹𝜀

𝜕𝑥𝑖
𝑇

𝜕𝑢

𝜕𝑥𝑖

𝑛
𝑖=1 ),   𝐸4

𝜀(𝑢) =

(𝛥²𝑢, ∑ 𝛹𝜀
𝜕2𝑇

𝜕𝑥𝑖
2 𝑢𝑛

𝑖=1 ), 

 𝐸5
𝜀(𝑢) = (𝛥²𝑢, ∑ 𝛹𝜀

𝜕𝑇

𝜕𝑥𝑖

𝜕𝑢

𝜕𝑥𝑖

𝑛
𝑖=1 ),   𝐸6

𝜀(𝑢) =

(𝛥²𝑢, ∑ 𝛹𝜀𝑇
𝜕2𝑢

𝜕𝑥𝑖
2

𝑛
𝑖=1 ), 

 𝐸7
𝜀(𝑢) = (𝛥²𝑢, ∑

𝜕𝛹𝜀

𝜕𝑥𝑖
∑ (𝑅𝑒

𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕𝑇

𝜕𝜁𝑝
+𝑙

𝑝=1
𝑛
𝑖=1

𝐼𝑚
𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕𝑇

𝜕𝜂𝑝
) 𝑢),       

 𝐸8
𝜀(𝑢) =

(𝛥²𝑢, ∑ 𝛹𝜀 ∑ (𝑅𝑒
𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕2𝑇

𝜕𝑥𝑖𝜕𝜁𝑝
+𝑙

𝑝=1
𝑛
𝑖=1

𝐼𝑚
𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕2𝑇

𝜕𝑥𝑖𝜕𝜂𝑝
) 𝑢), 

 𝐸9
𝜀(𝑢) = (𝛥²𝑢, ∑ 𝛹𝜀 ∑ (𝑅𝑒

𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕𝑇

𝜕𝜁𝑝
+𝑙

𝑝=1
𝑛
𝑖=1

𝐼𝑚
𝜕𝑢𝑝

𝜕𝑥𝑖

𝜕𝑇

𝜕𝜂𝑝
)

𝜕𝑢

𝜕𝑥𝑖
),      

 𝐸10
𝜀 (𝑢) = (𝛥2𝑢, ∑ 𝛹𝜀 ∑ (𝑅𝑒

𝜕2𝑢𝑝

𝜕𝑥𝑖
2

𝜕𝑇

𝜕𝜁𝑝
+𝑙

𝑝=1
𝑛
𝑖=1

𝐼𝑚
𝜕2𝑢𝑝

𝜕𝑥𝑖
2

𝜕𝑇

𝜕𝜂𝑝
) 𝑢).      

 

The functionals: 
 𝐸1

𝜀(𝑢), 𝐸2
𝜀(𝑢), 𝐸3

𝜀(𝑢), 𝐸7
𝜀(𝑢) tend to zero as 𝜀 → 0. 

 
And for the other functionals, we obtain the 
following estimates: 
|𝐸4

𝜀(𝑢)| ≤
𝛼4

2
(𝛥²𝑢, 𝛹𝜀𝑇𝛥²𝑢) +

𝜌3

2𝛼4
(𝑉𝑢, 𝛹𝜀𝑉𝑢),                                                                    

|𝐸5
𝜀(𝑢)|  ≤

𝛼5

2
(𝛥²𝑢, 𝛹𝜀𝑇𝛥²𝑢) +

𝜌4

2𝛼5
(𝑉𝑢, 𝛹𝜀𝑉𝑢),                

|𝐸6
𝜀(𝑢)| ≤

𝛼6

2
(𝛥²𝑢, 𝛹𝜀𝑇𝛥²𝑢) +

1

2𝛼6
∑ (

𝜕2𝑢

𝜕𝑥𝑖
2 , 𝛹𝜀𝑇

𝜕2𝑢

𝜕𝑥𝑖
2),𝑛

𝑖=1  
|𝐸8

𝜀(𝑢)| ≤ 𝜏3(𝛥²𝑢, 𝛹𝜀𝑇𝛥²𝑢),  |𝐸9
𝜀(𝑢)|  ≤

𝜏4(𝛥²𝑢, 𝛹𝜀𝑇𝛥²𝑢),  |𝐸10
𝜀 (𝑢)| ≤ 𝜏4(𝛥²𝑢, 𝛹𝜀𝑇𝛥²𝑢). 

 
Where 𝜌₃, 𝜌₄, 𝜏₃ and 𝜏₄ are the constants in 
conditions (6)-(10) and 𝛼₄, 𝛼₅, 𝛼₆ are arbitrary 
positive numbers, we employed inequality (9) in 
estimating the functionals 𝐸9

𝜀(𝑢) and 𝐸10
𝜀 (𝑢): in the 

case 
𝑔 = (𝑔₁, 𝑔₂, . . . , 𝑔𝑙) = 𝑢(𝑥)

= (𝑢₁(𝑥), 𝑢₂(𝑥), . . . , 𝑢𝑙(𝑥)), 
and 
 𝑔 = (𝑔₁, 𝑔₂, . . . , 𝑔𝑙) =

𝜕𝑢

𝜕𝑥𝑖
= (

𝜕𝑢1

𝜕𝑥𝑖
,

𝜕𝑢2

𝜕𝑥𝑖
, . . . ,

𝜕𝑢𝑙

𝜕𝑥𝑖
). 

 
Based on the obtained estimates, by identity (15) we 
get: 
 |𝑓, 𝛹𝜀𝑉𝑢| ≥  

𝛼4

2
(𝛥2𝑢, 𝛹𝜀𝑉𝛥2𝑢) −

𝜌3

2𝛼4
(𝑉𝑢, 𝛹𝜀𝑉𝑢) +

𝛼5(𝛥²𝑢, 𝛹𝜀𝑉𝛥²𝑢) −
𝜌4

𝛼5
(𝑉𝑢, 𝛹𝜀𝑉𝑢) +

𝛼6

2
(𝛥²𝑢, 𝛹𝜀𝑉𝛥²𝑢) +

1

2𝛼6
∑ (

𝜕2𝑢

𝜕𝑥𝑖
2 , 𝛹𝜀𝑉

𝜕2𝑢

𝜕𝑥𝑖
2)𝑛

𝑖=1 +

2𝜏3(𝛥²𝑢, 𝛹𝜀𝑉𝛥²𝑢) + 2𝜏4(𝛥²𝑢, 𝛹𝜀𝑉𝛥²𝑢) +
(𝑉𝑢, 𝛹𝜀𝑉𝑢). 
 
Passing to the limit as 𝜀 → 0, we have: 
 |(𝑓, 𝑉𝑢)|  ≥ [1 −

𝜌3

2𝛼4
−

𝜌4

𝛼5
](𝑉𝑢, 𝑉𝑢) + [

𝛼4

2
+ 𝛼5 +

𝛼6

2
+ 2𝜏3 + 3𝜏4](𝛥²𝑢, 𝑉𝛥²𝑢)  +

1

2𝛼6
∑ (

𝜕2𝑢

𝜕𝑥𝑖
2 , 𝑉

𝜕2𝑢

𝜕𝑥𝑖
2)𝑛

𝑖=1 . 

 
Applying Cauchy-Schwarz inequality, then we obtain 
the inequality: 
 ‖𝑓; 𝐿₂(ℝⁿ)𝑙‖‖𝑉𝑢; 𝐿₂(ℝⁿ)𝑙‖ ≥  |𝑓, 𝑉𝑢| ≥  [1 −
𝜌3

2𝛼4
−

𝜌4

𝛼5
](𝑉𝑢, 𝑉𝑢) + [

𝛼4

2
+ 𝛼5 +

𝛼6

2
+ 2𝜏3 +

3𝜏4](𝛥²𝑢, 𝑉𝛥²𝑢) +
1

2𝛼6
∑ (

𝜕2𝑢

𝜕𝑥𝑖
2 , 𝑉

𝜕2𝑢

𝜕𝑥𝑖
2)𝑛

𝑖=1 .                                              (16) 

 
Choose 𝛼₄, 𝛼₅, 𝛼₆ satisfy the conditions: 
                 

𝜌3

2𝛼4
+

𝜌4

𝛼5
< 1,

𝛼4

2
+ 𝛼5 +

𝛼6

2
+ 2𝜏3 + 3𝜏4 >

0,   
1

2𝛼6
> 0. 
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Equation (16) can be written as: 
[1 − (

𝜌3

2𝛼4
+

𝜌4

𝛼5
)]‖𝑉𝑢‖² + [

𝛼4

2
+ 𝛼5 +

𝛼6

2
+ 2𝜏3

+ 3𝜏4]‖𝑉
1

2𝛥²𝑢‖²

+
1

2𝛼6
∑ ‖𝑉

1

2
𝜕2𝑢

𝜕𝑥𝑖
2

‖²

𝑛

𝑖=1

≤ ‖𝑓‖‖𝑉𝑢‖. 

 
Then 
                   ‖𝑉𝑢‖ ≤ [1 − (

𝜌3

2𝛼4
+

𝜌4

𝛼5
)]⁻¹‖𝑓‖, 

‖𝑉
1

2𝛥2𝑢‖ ≤ [
𝛼4

2
+ 𝛼5 +

𝛼6

2
+ 2𝜏3 + 3𝜏4]

−
1

2
[1

− (
𝜌3

2𝛼4
+

𝜌4

𝛼5
)]

−
1

2
‖𝑓‖, 

 
and 
                  ∑ ‖𝑉

1

2
𝜕2𝑢

𝜕𝑥𝑖
2 ‖𝑛

𝑖=1 ≤ 𝑛[
1

2𝛼6
]−

1

2 [1 −

(
𝜌3

2𝛼4
+

𝜌4

𝛼5
)]

−
1

2 ‖𝑓‖, 
     
on the other hand, we have: 
 𝑓 = 𝛥³𝑢 + 𝑉𝑢 ⇒ ‖𝛥³𝑢‖ ≤ ‖𝑓‖ + ‖𝑉𝑢‖, 
 
then 

 ‖𝛥³𝑢‖ ≤ [1 + [1 − (
𝜌3

2𝛼4
+

𝜌4

𝛼5
)]

−1
]‖𝑓‖. 

 
hence 
 ‖𝛥³𝑢‖ + ‖𝑉𝑢‖ + ‖𝑉

1

2𝛥²𝑢‖ + ∑ ‖𝑉
1

2
𝜕2𝑢

𝜕𝑥𝑖
2 ‖𝑛

𝑖=1 ≤

𝑁‖𝑓‖, 
 
where 

 𝑁 = 1 + 2 [1 − (
𝜌3

2𝛼4
+

𝜌4

𝛼5
)]

−1
+

[[
𝛼4

2
+ 𝛼5 +

𝛼6

2
+ 2𝜏3 + 3𝜏4]

−
1

2 + 𝑛[
1

2𝛼6
]−

1

2] [1 −

(
𝜌3

2𝛼4
+

𝜌4

𝛼5
)]

−
1

2
, 

 
where 𝑁 is a constant independent on 𝑢(𝑥), 𝑓(𝑥). 
     

Now the coercive inequality (11) is valid. The 
proof of theorem 2 is complete. 

 
 

5   Conclusions 
The purpose of this research is to study the 
separation problem for the non-linear tri-harmonic 
operator 𝐴[𝑢] = 𝛥³𝑢(𝑥) + 𝑉(𝑥, 𝑢(𝑥))𝑢(𝑥), 𝑥 ∈ ℝⁿ, 
under certain conditions and a specific space 
𝐿₂(ℝⁿ)𝑙, also to deduce the compounds of the 

operator at the same space. We got the coercive 
inequality ‖𝛥³𝑢‖ + ‖𝑉𝑢‖ + ‖𝑉

1

2𝛥²𝑢‖ +

∑ ‖𝑉
1

2
𝜕2𝑢

𝜕𝑥𝑖
2 ‖𝑛

𝑖=1 ≤ 𝑁‖𝐴[𝑢]‖, which is rewarded the 
separable of the operator A. 
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