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1 Introduction and Preliminaries

As is well known, the class of Bloch periodic
functions, which extends the classes of periodic
functions and anti-periodic functions plays
a fundamental role in mathematics, quantum
mechanics, and solid-state physics. For more details
about this class of functions, [[I], [2], [3] and
references cited therein.

In [4], the authors introduced the class of semi-
periodic continuous functions and showed that it is
equivalent to the class of limit periodic functions
considered in [5].

In a recent paper by [6], the class P,L(Ry : E)
of w-periodic limit functions, generalizing the space
of asymptotically periodic functions, was introduced
and studied. Let F be a complex Banach space and
w > 0. A bounded and continuous function f :
Ry — F is said to be w-periodic limit if g (t) =

lim f(t+ nw) is well defined for each ¢t € Ry,

n—-+00
where n € N.

The notion of Bloch periodicity has recently been
reconsidered by [7], who introduced a new class
P, (R : E) of (w,c)-periodic functions (see also
[8] and [9]). Let E be a complex Banach space,
w > 0and ¢ € C\{0}. Using the principal
branch of the complex Logarithm, we define ch =
exp((L)log(c)) and we use the following notations
At) == cu and |c[A(t) = [Nt = exp(L log(|c|).
A continuous function f : R — F is said to be
(w, ¢)-periodic if and only if f(t + w) = cf(t),for
allt € R.

Throughout this paper, we consider a real
separable Hilbert space (H,|-||) and a filtered
complete probability space (2, F,{Fi};~,P).
Denote by L? (P, H) the space of all strongly

E-ISSN: 2224-2880

34

measurable square integrable H-valued random
variables such that E || X||* = [ || X||* dP < oco. It is
Q

easy to check that L2 (P, H) is a Banach space when
it is equipped with its natural norm |-||, given by

X0, = (B1X1?) 7, vx € 22 (B, 1) . By £(a)
we denote the space of all bounded linear operators
on H which with the usual operator norm ||-[| 7y is
a Banach space. We recall that a stochastic process
X :R, — L? (P, H) is continuous (resp. bounded)
if for every s € R, limE || X (¢) X)) =0

(resp. supE || X (t)]|> < o0). By C (R4, L? (P, H))
teR

(resp. CB(Ry,L*(P,H))) we denote the
complex Banach space of all continuous (resp.
bounded and continuous) stochastic processes
from R, into L? (P, H), equipped with the norm

1/2
1X 00 = <p (E|rx<t>u2)> .

€R,

A new class of square mean w-periodic

limit  stochastic  processes, denoted by

P,L (R4, L*(P,H)) has recently been introduced

and investigated by [10], [LL]. In [[10], the authors

proposed the following notion: A stochastic process

X € CB (R4, L* (P, H)) is said to be square mean

w-periodic limit, if there exists w > 0 such that

~ 2

lim E HX (t+nw) — X (t)H — 0, is well defined

n—+oo

in L? (P, H) for each t > 0 and for some stochastic
process X : R, — L?(P, H). Forallt > 0, the

stochastic process X is called the w-periodic limit of
X (t+nw)in L2 (P, H).

The main purpose of this paper is to extend
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the above-mentioned research by introducing two
new classes of square mean (w,c)-periodic limit
stochastic processes and asymptotically (w,c)-
periodic stochastic processes, thereby expanding
their applications to certain differential equations
that model various phenomena in fundamental and
applied sciences. The paper establishes the main
structural characterizations and some qualitative
properties of these classes. Furthermore, we will
investigate the invariance under the operations of
infinite convolution product and the composition
principle for these classes of square mean (w,c)-
periodic limit-type stochastic process.

The paper is organized as follows: In Section
2, we introduce the space of square mean (w,c)-
periodic limit processes and the space of square mean
asymptotically (w, ¢)-periodic processes, and study
their fundamental properties, including several basic
results. In the remainder of this section, we will state
and prove the relationship between the introduced
process classes.

Section 3 analyzes the invariance under the
actions of the convolution product and examines
the composition principle for square mean (w,c)-
periodic limit stochastic processes. The final section
of the paper is reserved for the conclusion and
some perspectives on the introduced concepts and the
obtained results.

2 Square mean (w, c)-periodic Limit
Process

Let ¢ € C\{0} and w > 0. We start this section
by introducing the following space of (w, ¢)-bounded
and continuous stochastic processes:

CBue (Ry, L2 (P, H)) :=
f eC (]RJMLQ (Pv H))
: sup (Efer (=) (1)]7) < o0
teR,
Proposition 1 Ler X € C(Ry,L*(P,H)). Then
X () € CBuc(Ry, L2 (P,H)) if and only if
AN=)X () €CB (R4, L* (P, H)) .

Proof. (=) : Let X € CB,,. (Ry,L? (P, H)), by
defining Y (-) = ¢*(—) X (+), we have

IY]l3 0 = supE|e" (—) X ()]* < oo,
teR

which shows that Y (-) € CB (R4, L* (P, H)).

(=) : If AN—)X(-) € CB(Ry,L*(P,H)),
there exists ¥ € CB(Ry,L?(P,H)) such
that X (+) = ™Y (), hence X €
CBuc(Ry,L* (P, H)). m
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Theorem 1 CB,,. (Ry,L? (P, H)) equipped with
the norm

1/2
1,00 = (sup (EncA(—t)X(t)n?))

teRy
is a Banach space.

Proof.  Let (X,), be a Cauchy sequence
of CBu.(Ry, L* (P, H)). From Proposition
, we can write X, (-) = ¢ ()Y, (-) where
(Yn), is a sequence of CB(Ry,L*(P,H)).
For all m,n € Zi we have [|Y,, —Vnll,, =
[eA(=) (Yn () = Yo (Dllg00 = [1Xn = Xinllg g0
which shows that (Y;,), is also a Cauchy
sequence in the Banach space CB (R4, L* (P, H)).

Thus, there exists ¥ € CB(Ry,L*(P,H))
such that lim [|Y,-Y|,., = 0. Let
n—-+00 ’
X () = )Y (), then by Proposition [, we
getthatY € CB (R, L* (P,H)) and
, 2
nginoo HXTL - X”Q,w,c
= lim_sup (E[e(=0) (X (1) = X (1))
n%+<>oteR+
_ v —
= dim V- YL =0,

which shows that 1irj{1 Xn(t) =X () = Nt)Y (2)
n—-+0o0
inCB (Ry, L? (P, H)) with respect to [|-, , . . Thus

(CBW,C (R+7 L? (P, H)) , HHch) is complete. m
We are concerned with the following concepts:

Definition 1 4  stochastic process X €
CBu.c (Ry,L? (P, H)) is said to be square mean
(w, ¢)-periodic, if there exists w > 0 such that

E[leM—t) (X (t+w) —eX ()]? = 0.

w is called the c-period of X. The collection
of those square mean (w,c)-periodic stochastic
processes with the same c-period w will be denoted
by Pw,c (]R+a L2 (Pa H))

When ¢ = 1, we write P, (Ry,L? (P, H)) in
spite of P,1 (R4, L* (P, H)), in this case a such
process in P, (Ry, L* (P, H)) is called square mean
w-periodic stochastic.

The following proposition provides a
characterization of the square mean (w, c¢)-periodic
stochastic processes.

Proposition2 Ler X € CB..(Ry,L*(P,H)).
Then X € P,.(Ry,L*(P,H)) if and only if
X (-)=c)Y (-),whereY € P, (Ry,L* (P, H)) .
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Proof. (=) : Let X € P, (R4, L*(P,H)), then
by defining Y (t) = N(—t)X (t) for t € Ry, we
have

EY (t+w)-Y @O

= E|cN(~t—w)X (t+w) - A(—t)X(t)HQ

— Eer(—t) (' X (t+w) = X ()]

= e[ Efler(—t) (X (HW)—cX())HQ—
hence Y € P, (R, L*(P,H)) and X (1) =
Y ()

(=) : fX() = ()Y (:), where Y €

P, (Ry,L? (P, H)) then V¢ € Ry we have

E [[eN(—t) (X (t+w) — X (1))
= E|cN—t) (At +w)Y (t+w) — ccrB)Y (1)
= E||cY (t+w)—cY (0)|?
= [PE|IY (t+w)-Y @®)* =0,

which shows that X € P, . (Ry,L*(P,H)). m

Definition 2 Let ¢ € C\{0}. A4 stochastic process
X € CBuc(Ry,L? (P, H)) is said to be square
mean (w, c)-periodic limit, if there exists w > 0 such
that

cN(—t) ( X (t+ nw) >H

is well defined in L* (P, H) for each t > 0 and for
some stochastic process X : R, — L? (P, H).
For all t > 0, the stochastic process X is
called the (w,c)-periodic limit of ¢ "X (t 4+ nw)
in L? (P, H). The collection of such square mean
(w, ¢)-periodic limit stochastic processes is denoted

by Py L (Ry, L? (P, H)).
Remark 1

n—-+o0o

1. The process X (-) is measurable and not
necessarily continuous.

2. When ¢ = 1 (resp. ¢ = —1) and w >
0 arbitrary, the class P, L (Ry,L? (P, H))
reduces to the class P,,L (Ry, L? (P, H)) (resp.
P, 1L (Ry,L*(P,H))) of square mean w-
periodic (resp. w-antiperiodic) limit processes.

A characterization of square mean (w, ¢)-periodic
limit stochastic processes is given by the following.

Proposition 3 Ler X € CB,.(Ry,L? (P, H)).
Then X € P, .L(Ry L*(P,H)) if and
only if X() = )Y (), where Y €
P,L (R4, L*(P,H)).
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Proof. (=) : Let X € P,.L(Ry, L*(P,H)),

then by defining Y (¢) = N(—t)X (t) fort € Ry,
we have
2
im B (t+nw) = Y (1)
= lim B (= (4 nw))X (t+nw) — M) X ®?
“n B 2
= nEI-POOE A=) (7" X (t 4 nw) — X (1)) ]|
= 0,

thus ¥ € P,L(Ry,L*(P,H)) and X (1) =
)Y ()

(=) : fX() = )Y (), where Y €
P,L (Ry,L?(P,H)) then there exists w > 0 such
that hm EHY (t + nw) H =

deﬁned in L?(P,H) for each t > 0 and for

some stochastic process Y : Ry — L2 (P, H).
Therefore, Vt € R, we have

0, is well

lim E c/\(—)( X (t 4 nw) — )H

n——+o00

—N A
— Im E CA(—t)< Nt + nw)Y (t+ nw) >
n—-+00

—cA(t)? (t)

= lim E||Y (¢ + nw) - H

n——4o00

= 0,

hence X € P, L (Ry,L*(P,H)). m

Example 1 Consider the process
+ (1 .
X (t) = 2% (Z(t) —i—smt) , n>1,
n

where Z (t) is a sequence of independent and
identically distributed random variables such that
Z (t) ~ N (0,0?), ie., normally distributed with
mean 0 and variance 0. We will show that X is
a square mean (2w,2)-periodic limit process. To
establish this, it suﬁ“ ices, using Proposition 3, to show

that Y (t) =27 X (¢ t) is a square mean 2m-periodic
limit process. Define Y (t (t) = sint. Then we have

1
Y (t+n2m) = —Z (t + n27) + sint.
n

Therefore,
~ 2 1 )
]E"Y(t+n27r)—Y(t)" — S E||Z (t +n2m)|?.
n

Since Z (t) are independent and identically
distributed random variables, Z (t + n2w) are
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also independent and identically distributed random
variables with the same distribution. Hence

E|IZ O = E||Z (¢t +n2m)|]> = o2
Thus
~ 2 o2
lim IEHY(t+nn27r)—Y(t)H - lim = =0,
nohee n—+oon

which shows that Y is a square mean 2m-periodic
limit process.

Some properties of square mean (w, ¢)-periodic limit
stochastic processes are summarized in the following
extension of [[[L0], Theorem 2.4], which is essential
for our analysis:

Proposition 4 We have

1. P, L (Ry,L* (P, H)) is a linear subspace of
CBy.c (Ry, L? (P, H)) .

2 IfX € P, L(Ry,L*(P,H)), then X €
CBy, (Ry, L? (P, H)) and 3C > 0 such that

1], <Xl <c
,w,C

3. If X € P,.L(Ry,L*(P,H)) then X €
P, (Ry, L? (P, H)).

4. If X € P, L (Ry,L? (P, H)) , then X, (-) =
X (-+s)€PyL (R, L? (P, H)), s € Ry

Proof. The proofof1 is straightforward. We will only
prove 2, 3 and 4. For property 2, the first inequality
follows from the fact that

E cA(—t))N( (t)H2
< 9E HCA(,t) ()Z (t)—c "X (t+nw))”2
H2R || (— (t+ nw)) X (t +nw)|?,

and the second inequality is an immediate
consequence of the definition and the fact that
P,cL(Ry,L? (P,H)) C CBy.(Ry,L? (P, H)).
Let us show assertion 3, for this suppose that X &
P,.L(Ry,L*(P,H)), then Ve > 0, 3N > 0
sufficiently large, such that Vn > N we have

E cA(—t)( “n=1X (4 (n+ 1w )H
<

and . )
Bl e (GG ED)
< 4|i|2’
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where X (-) is the (w,c)-periodic limit of
¢ "X (-+nw) in L?(P,H) when n — +oo0.
Therefore

E (|~ (—¢) (JN((“FW ) —eX (¢ )H
— B[ 0% ¢ +w) - 0T 0
= E‘cc (t+w)X (t+w) — ccN(—t) X (t)HQ
= PR e~ (1 + @)X (1t 4+w) — A-DX ()]
ANM=(t+w))
< 2B (cnx (4 (4 D) - X (4 w)
saite] TR
A= (t+w))
= 2[c[’E (c—"X(t+(n+1)W)_X(t+w)>
- 2
AT (X 0 - K0
< 2]l lef? =5

C
4e)” 4e)”

which shows that X € P, (R4, L? (P, H)) .
To show property 4, let X €
P,.L (R4, L*(P,H)), then Ve > 0,3N > 0,Vn >

(1) (X (1 ) — X to)| <
where X (-) is the (w,c) perlodlc limit of

£
ler(s)*?
¢ "X (- +nw) in L2 (P, H) when n — 4o00. We
must show that for any s € R, the process X (-)
is the (w,c)-periodic limit of ¢ "X, (- + nw) in
L? (P, H) . We have

E||cN—t) (c_”X (t + nw) )H

2

2

2

— Eller(—t)e X (14 5+ nw) — er(—0)X (t+s)H2

) M= (t+5))
= [E C(S)[(CnX(t_i_s_i_nw)—)?(t—i-S))
_ gl €GN+ )X (E + 5+ nw) i
—cN=t)X (t+ s)
A= (t+9))
= |C/\(5)|2E <C—nX (t+5+nw)—)z(t+8)>
< g

hence X () € Py L (R, L*(P,H)). m

Corollary 1 Assertion 3 implies that
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E HCA(—t) ()~( (t + mw) — cX (t)) H2 =
allm e N.

0, for

We continue by stating and proving the following
result.

Theorem 2 P, L (Ry,L*(P,H)) equipped with
the norm ||- Hg,w,c is a Banach space.

Proof. From 1-Proposition M it is clear that
P,cL (Ry,L? (P, H)) is alinear space. On the other
hand, it is easy to verify that ||-|, , . defines a norm
on P, L (R+, L? (P, H)), it remains to show that
P,.L(Ry,L? (P, H)) is complete with respect to
the norm ||-[|,, .. To this end, it suffices to show
that PL, . (R4, L* (P, H)) is a closed subspace
of CB,. (Ry, L? (P, H)). Indeed, let (X, ) p>0

be a sequence of P, L (R, L* (P, H)), such that

hrf X, (t) = X (t) uniformly in ¢ € Ry, ie.,
p—
Ve > 0, ds > 0 sufficiently large, such that Vp > s

E[[er(—) (X, (1) = X ()|* < 5, vt € Ry
2.1

Since (X;) 50 € Pu,cL (Ry, L (P, H)) , then

- )N(p (t)> H2 = 07

(=) (7" X (¢ + nw)

n——+o00

for each p > 0 and each ¢t € R, and for some
stochastic process X, : Ry — L?(P,H), ie.,
Ve > 0, N > 0 sufficiently large, such that Vn > N

E

(1) (%, (1 nw) — %, ()] <

On the other hand, since

is a Cauchy sequence in LZ2(P,H), then
(M= (¢ + nw)) Xp(t + nw)) 5 18 too, i.e., Ve > 0,
Ir > 0, such that Vp,q > r

2 |c|2n

S Tg, Vn 2 0
(2.3)

), Ve > 0,3IN,r > 0

A= (t+nw))
(Xp (t+nw) — X, (t+ nw))

So, from (E22) and (223
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sufficiently large, such that Vn > N and Vp,q > r

. ~ 2
E ||c(~t) (Xp (t) = Xq (t)) H
~ 2
< oo (04w - 50|
+3IEHCA<—(t+nw)><Xp(t+nw) X (t + 1))

cAN(—t) <07"X (t + nw)

%)
%)

— X, (t+nw))|?

%)

cN—t) (can (t + nw)
+3 e Eler(—t) (X (¢ + nw)
cMN(—t) (c_"X (t + nw)

< 3(S42+5)=c
- 9 9 9/

hence ()Z'p (t)) o is a Cauchy sequence in
p>

L2 (P, H) which is complete, thus by noting X (¢)
the pointwise limit of X, (¢) we have

1) (X~ X )| =

i.e., Ve > 0,3s’ > O sufficiently large, such that Vp >

xo)| <3

p——+o00

E

AN(—t) ( (2.4)

From (E0), (22), and (E4), Ve > 0, IN,s,s >
0 sufficiently large, such that Vn > N, Vp >
max (s, "), we have

E cA(—)( X (4 nw) — )H

£) ("X (t +nw) — "X, (t+nw))H2

%)

IN

3E ||~ (—
M=) (c_”X (t + nw)

A1) (X () = X ()

€ €  E
which shows that X € P,.L(Ry,L*(P,H)).
Hence P, .L (R, L* (P, H)) is a closed subspace of
CBu.c (R+,L2 (P,H)). m

By Co (R4, L? (P, H)) we denote the space of
all stochastic processes X € CB(Ry,L* (P, H))

lim E[|X (t)|*> = 0.

t—+o00

HQ

vanishing at infinity, i.e.,

Definition 3 The space of stochastic processes
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(w, ¢)-vanishing at infinity is denoted and defined by

5

It is easy to prove the following characterization
of Cow e (R+, L? (P, H)) :

Cow,e (R+,L (P, H))
X € CB,. (Ry, L? (]P’,
Jlim E 7 (=6)X ()]

Proposition5 Ler X € CB..(Ry,L*(P,H)).
Then X € Cowe(Ry,L?* (P, H)) if and only if
X ()= )Y (), whereY € Cy (Ry,L* (P, H)).

The concept of square mean asymptotic (w, c)-
periodicity of stochastic processes is given as follows.

Definition4 Let ¢ € C\{0}. A4 process X €
CBy,c (Ry, L* (P, H)) is said to be square mean
asymptotically (w,c)-periodic if X = Y + Z,
where Y € Pu.(Ry, L*(P,H)) and Z €
Cow,e (R4, L* (P, H)) .

The space of all square mean asymptotically

(w, ¢)-periodic stochastic processes is denoted by
AP, . (Ry,L? (P, H)).

In the case ¢ = 1, the authors have proved, in
[10], that AP,, (R4, L* (P, H)) is a closed subspace
of P,L (R4, L* (P, H)). The same statement holds

in the general case ¢ € C\{0}, as the next result
shows:

Proposition 6 AP, . (Ry,L*(P,H)) is a closed
subspace of P, L (Ry,L* (P, H)).

Proof. First of all, let us show that
pr,c (R+, L2 (Pa H)) C Pw,cL (R—H L2 (P7 H))
To this end, let X € AP, . (Ry,L?(P,H)), then
Vn > 1, Vt > 0 we have

E [|eN(—t) ("X (t+nw) =Y (1))
Y (t + nw) ?
=E|cN-t) | +c"Z(t+nw)
Y (1)
AN= (t+nw))Y (t+nw) |
=E| +N—(t+nw))Z (t + nw)
—cN=t)Y (1)
<28 |orn) (57 ti”:; )H
+2E ||cM(—t) (7Y (t + nw) —
— 2 (= (¢ + nw)) ( tﬁ”ﬁw ) H

F2E [ (=t) (7Y (t + nw) —
— 2E||CA(—(t+nw))Z(t+nw)|| ;
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which implies that

lim B [[er(—t) (7 X (¢ +nw) =Y (1))
Vt >0, hence X € P, L (R4, L? (P, H)).

Now suppose that (Xp),-; is a sequence of
AP, . (R+,L2 (P, H)) such that lim X, = X.
n—-+00

We must show that X € AP, . (Ry, L? (P, H)).
Since Xpn>1 C AP, (R+, L? (P, H)) , then Vn >
1, there exist Y, € P,. (R+,L2 (P, H)) and
Iy € ngc(R+,L2 (P, H)) such that X, =
Yy + Zn. It is clear that (Y,),5, and (Z5),5
converge, otherwise (X,),~, does not converge.

Consequently, there exist Y and Z such that
Iim Y, =Y, Iim Z, = Z, and X = Y +

n——+o00 n—+oo

Z. Furthermore, Y € P, .(R4,L*(P,H)) and
Z € Cowe(Ry,L? (P, H)). Indeed, since Y, €
P,c(Ry,L* (P, H)) then

B |eM(—t) (Yo (t+w) — Yo (1) ]* = 0,
and as lim Y, = Y, then V¢ > 0, dN
n—+00

sufficiently large, such that Vn > N

E|c(—t) (Y (£) = Y (1)])* < 6‘;2
and
E (=) (Ya (t+0) = Y (t+ )’ < 5.
Hence
E [[eM(—t) (Y (t+w) — Y ()]
< BE|M—t) (Y (t+w) — Yy (t+ w))|?
+3E [|eN(—t) (Y (E+ w) — &Yy ()]
3P E (1) (Yo (8) — Y (1))
= BE[lN—t) (Y (t+w) — Y, (t+w))|?
+3[c/*E [ler(—t) (Ya (8) = Y (1))
S 67

which shows that I || (—t) (Y (t + w) — ¢Y (£))||> =

0, thus ¥ € P, (R+,L2 (P,H)). On the
other hand, as Z, € Cow.(Ry,L? (P, H)) and
lim Z, = Z ,then Ve > 0, 3T > 0, such that

n——+oo

vVt > T, E|eN=t)Z, (1) cand Ve > 0,
N > 0 sufficiently Iarge such that Yn > N;
E |eN(—t) (Za (t) = Z (¢))[|* < _§. Consequently,
Ve > 0, 3N sufficiently large, 37" > 0, such that
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VYn > N and Vt > T, we have
E|cN=t)Z (1)
< 2B | eN=t)(Z (t) — Zn ()|
+2E || (—t) Zn (1)
< g

hence Z € Cow,e (R4, L*(P,H)). This simply
completes the proof. m

Keeping in mind Theorem B, the last Proposition
and their proofs, we can simply deduce the following
result.

Theorem 3 (APw,c (R+7 L? (P, H)) ) ||'H2,w,c> is a
Banach space.

3 Invariance under the Action of the
Convolution Product and the
Composition Principle

We start this section by examining the invariance of
the square mean (w, c)-periodic limit properties under
the infinite convolution product

S(t):= /R(t— s) X (s)ds,
where (R (1)), is a strongly continuous operator

family of £ (H) satisfies certain assumptions.

Theorem 4 Let (R (1))~ C L(H) be
strongly continuous linear operator such that
[N=ORMI® < @ (t), where p € L} (Ry). If
X € PycL (Ry,L? (P, H)) , then the process

t

S(t)—/R(t—s)X(s)ds,

—00

is a well defined element of P, .L (R, L* (P, H)) .

Proof. Let us first show that S €
CBy.c (R, L? (P, H)).  Given X €
P, L (R+, L?(P,H )), by Proposition B, there
exists a process Y € P, L (R4, L? (P, H)) such that
X (t) = (t)Y (t). Substituting this into S (), we
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have
S(t) = /C/\(S)R (t—s)Y (s)ds
oo
_ /CA(t “PR()Y (t—r)dr
0
+oo
= c¢) / AN=r)R(r)Y (t —r)dr.
0

By defining Z (t) = +§OCA(—7“)R (r)Y (t—r)dr,
for t € Ry, we get S(t) = HZ(1).

According to Proposition [, to show that S €
CB.. (R+, L? (P, H)) , it suffices to prove that Z €

CB (R4, L?* (P,H)) . Applying the Cauchy-Schwarz
inequality and using the assumption ||c*(—t) R ()| <
@ (t), we get

+o0 2

/ ANr)R()Y (t— 1) dr

/ Jen(~

E|ZO* = E

IN
=

Y (t—r)|dr

2

< E /cp(r)HY(t—T)Hdr
+o0 ’ o0

< /w(T)dr/w(r)EIIY(t—T)IIZdT
0 0

2 2
< el IV llz -

Hence sup E||Z (¢)|°
teR,

< 0o, which shows that Z is

bounded in L? (P, H) .

Let s € R. Applying the Cauchy-Schwarz
inequality and the assumption [[cM—t)R(t)| <
¢ (t), we have

E|Z(t) - Z (s)| ,
+00
=E f AN=r)R(r)(Y(t—r)—=Y (s—r))dr

0

<k( [l

<u (ol

2
R(r)(Y(t—r) —Y(s—r))|dr>

2
Y (t—r)—Y (s —r)||dr>
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i i 2 oo AN—t)R (s) 2
- <£S0+(2 dr) <£¢(T)E”Y(t_” el dr}E BV (X sty —% (1)) ds]
<l [ @@ENY (=) =Y (s =r)|dr cg| | CCOR@AC ) ]
On the other hand, we have |0 (C_nX (t—s+nw) —X (t—s)) 5
- [ (= (t-5) :
/<P(7")EHY(t—T) —Y (s—7)|*dr =E| [ eG) ( c X)ét(;sgzw) ) ds
0 Applying the Cauchy—Schwarz inequality

2
< Allellz Yz -

Using the fact that Y € CB (R4, L? (P, H)) and
applying the dominated convergence theorem, we
obtain

“+o00
lim [ o(nE|Y (t-7) -
0

Y (s —r)|*dr =0.

— Z(s)|> = 0, which shows
H) . Therefore, Z €

Thus, lim E || Z (¢)
t—>s
the continuity of Z in L? (P,
CB(Ry,L* (P, H)).
Let us now show that S is square mean (w,c)-
periodic limit. Since X € P, L (R, L? (P, H)) ,

AN— )(_”X(t+nw )H

n—-+oo

is well defined in L? (P, H) for each ¢t > 0 and for
some stochastic process X : R, — L?(P,H).

Define S (¢ fR (t — s) X (s)ds. Then
E cA(f)( _"S(t+nw )H
7nt+nw “
_ c ioR(t—i—nw—s)X(s)ds
—_f R(t—s)X (s)ds
eN(—t) ?
_ C”ZOR (t—s)X (s+nw)ds

—_} R(t—s)X (s)ds

E-ISSN: 2224-2880

_ A1) I
“E) [ Lreea (TR )
. CA'(_t) [?OR (#) ( c—”i( )ét(;:L)W) >_d3]

E c/\(—)( S (t+ nw) — )H

(T <s>)2

0
oo N~ (1-5)) :
| JE (X (t=s4nw) =X (t-5)) |
oo A=(t=s) |
<llelz: [E ( "X (t-stnw) ) ds.
0 —X (t—s)

From 4-Proposition H and the dominated
convergence theorem, it follows that

A1) (8 (4 mw) — 5 (1)) H2 ~0.

Thus, S € P, L (Ry, L% (P,H)). m

n—>-4o0o

Remark 2 The above result shows that in complex
systems where operators and stochastic processes
interact, it is essential to preserve certain properties
through operations such as convolution. The
impact of a strongly continuous linear operator R
on a square mean (w,c)-periodic limit process
X can significantly influence the resulting
process. To ensure that the infinite convolution
¢

| R(t — s) X (s) ds retains the square mean (w, c)-

—o0
periodicity and limiting features of X, it is crucial to
manage the growth of R(t) with specific conditions.
This approach not only maintains the integrability,
boundedness, and periodicity of the resulting process
but also enhances our understanding of its long-term
behavior and stability.

In order to examine the composition principle
for square mean (w,c)-periodic limit stochastic
processes, we need to generalize Definition B. Let us
first introduce the following space

CBuc (Ry x L2 (P,H),L* (P, H))
feC(R+xL2(]P’H) L? (P, ))
sup B [|cN (=) f (¢, ()H2

teR
uniformly for X € L? (P, H)
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Definition 5 Let ¢ € C\{0}. 4 stochastic process
f € CBue(Ry x L2 (P,H),L* (P, H)) is said to
be square mean (w,c)-periodic limit in t € Ry
uniformly in X C K where K is a bounded subset
of L? (P, H), if there exists w > 0 such that

n—-+0o

is well defined in L? (P, H) for each t > 0 and for
some stochastic process ]? : Ry x L?(P,H) —
L? (P, H).

By P,.L (R+ x L*(P,H),L? (P, H)) we
denote the space of these square mean (w, c)-periodic
limit stochastic processes.

If f € CBu.c(Ry x L?(P,H),L*(P,H)) and
¢ € P,.L(Ry x L? (P, H)), then the Nemytskii’s
operator N (¢)(-) = f(-,¢(-)) is invariant
on P,.L(R; x L?(P,H)). More precisely, the
following result gives the composition principle
for square mean (w,c)-periodic limit stochastic
processes.

Theorem 5 Let ¢ € C\{0} such that |c| > 1 and let
f € Po.L(RyxL*(P,H),L*(P,H)). Suppose
that f is Lipschitzian in the following sense:

ALy > 0:E|f (LY (8) = f(t,Z ()|
< LE|Y (t) - Z )|,
vVt > 0,VY,Z e L?(P,H).

Then for each stochastic process ¢ €
P,.L (R+,L2 (P, H)), the stochastic process
t — F(t) = f(t,¢(t)) is square mean (w,c)-
periodic limit.

Proof. Since ¢ is a square mean (w, ¢)-periodic limit
process, there exists w > 0 such that

e )[ e (t + nw) —

n—-+0o
(3 1)
for each ¢ > 0 and some stochastic process
R, — L?*(P,H). By 2-Proposition

, we can choose a bounded subset K of
L?(P,H) such that ¢(t), ¢(t) € K for
all t € Ry. Thus t +— F(t,¢(t)) is an
clement of CB,.(Ry x L*(P,H),L* (P, H)).
On the other hand, since f €
P,.L (R4 x L? (P, H),L*(P,H)), then

(1) |

Iim E

n—-+o0o

" f (4 nw, X) ] 2 _o

_f (t7X)

E-ISSN: 2224-2880

N (1) [c’”f(t—knw,X(t)) —F (X (¢ ”) 0,
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for each t € R4 and each X € K, and for

some stochastic process f~’ Ry x L?(P,H) —
L? (P, H) . Define the process

F: Ry — L2(P,H)
t — f(t,%(t))

According to the Lipschitz condition of f, we have

E ||cN(—t) _ [ F (t +nw) — ]H
. T (t+ nw, ¢ (t+ nw)) ]| 2
R R B (10
T f (tnw, ¢ (t+nw)) 1|7
—c " f (t4nw, ¢ (t)
= E|CED ] e (w6 (1)
~ N2
< 3L/E HC’\ ) (c_"gZ) (t + nw) — ¢(t))\
+3 [ cA(—t)a(t)HQ
- 2
gl [ (f+7iw’¢(t)>
—F(t.6)
From (B) and (B2) , combined with the facts that
E cA(—t)a(t)H < ocand lim | — 1 =

when |c| > 1, we deduce that

N—t) [ F (t 4 nw) — F (1) H2 0,

n—-+o0o

which is well defined for F (t) = f (t, o (t)) . Hence

FeP, L(RyxL2(P,H),[*(P,H)). u

Remark 3 When ¢ € C\{0} and |c| 1, the
previous result holds if and only if ¢ = € where 0
is a rational multiple of w. More precisely, ¢ must be
of the form c = e , Where k and h are integers, with
h > 0,and 0 < k < h. In this case, we also have

lim |¢"— 1|2 = 0, and thus the result remains
n——+00

valid.

4 Conclusion

In connection with the recent concepts of (w,c)-
periodic functions introduced by [[7], [9], and square
mean w-periodic limit processes introduced by [[10],
[L1], we have introduced and systematically analyzed
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two new classes of (w,c)-periodic type stochastic
processes. These include square mean (w, c)-periodic
limit stochastic processes and asymptotically (w, ¢)-
periodic stochastic processes. We have clarified
various structural properties, characterizations, and
several significant results related to these introduced
classes of processes.

It is worth noting that the above theoretical results
can be applied in the qualitative analysis of square
mean asymptotically (w, ¢)-periodic solutions for the
following semilinear stochastic differential equation

dX(t) = AX@)dt + f(t,X(t)dt +
g (t7X (t)) dB (t) e R-HX (0) = X,

where A D(4A) c L[*(P,H) —
L?(P,H) is a closed linear operator, f,g : Ry x
L?>(P,H) — L?(P,H) are jointly Lipschitz
continuous and bounded functions, (B (t));cp, is
a two-sided standard one-dimensional Brownian
motion with values in H and F;-adapted and X €
L? (P, H). This is the subject of our forthcoming
research work.
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