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1 Introduction

This article is devoted to a new method for the proof
of existence of strong trace of entropy solution at the
boundary of  reached by L' convergence for the
degenerate parabolic-hyperbolic equation of the type:

u; +div(f(u) =Vo(u)) =0inQ  (E)

where @ = (0,7") x (2, and the domain €2 is a bounded

part of RY, ¢ > 1and £ = (0, 7)) x 9. We assume
that 02 is regular (the meaning of this regularity will
be specified later). The function ¢(u) is such that
if the unknown value u is less than a critical value
u,, 1.e., really over an interval of solution values then
the equation (H) degenerates to scalar conservation
law [1], [2], [3], [4], [5], (6], [7], [8], [0, [10],
[L1], [12]. As usual, we only deal with entropy
solutions understood in the sense that we select only
the physically relevant discontinuous solution [[13],
[14]. It should also be noted that the boundary
condition does not always provide the most natural
setting for conservation laws on bounded domains.

Let us take the following linear transport equation:
u, + au, = 01in (0,1) x (0, 1) with initial condition
u(0,7) = sin(%). Then we have that if a = 0,
u(t,z) = wu(0,z) is obviously a solution and it is
not defined on (0,1) x {0}. We need a suitable
condition on the boundary (0,7") x 9. The authors
in [|L5], have first studied this issue for the initial
boundary value problem of scalar conservation laws
with the assumption © € BV (Q) and they proposed
an appropriate entropy boundary condition.

In [16], the author has extended their result
without using the bounded variation of solutions.
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The existence of a strong trace at t = 0 does not
pose a problem. Hence, putting the initial value in the
entropy inequality is exactly equivalent to assuming
the existence of a strong trace at ¢ = 0 i.e. reached by
a strong topology (without oscillations), [[L7].

The question of strong traces arose initially in the
context of limit of hyperbolic relaxation towards a
scalar conservation law. It involves the introduction
of blow-up techniques and the use of the theory of
kinetic formulation with as pioneers, [[1§], which
allows using the so-called averaging lemmas. This
blow-up method is inherited from techniques widely
used for parabolic equations.

The authors in [[19], proved existence of strong
traces for entropy of u, + f(u), = 0 oninitial line ¢t =
0 under the condition that the flux function f(u) €
C'(R) is not affine on non-degenerate intervals.
Using compensated compactness techniques with a
slightly different hypothesis of non-degenerate flux.
Those results can be seen as a regularization effect at

the boundary induced by the non-degeneracy of flux.

Always for u, + f(u), = 0, in [[17], the authors
proved existence of strong traces for entropy solution
on the boundary 02 of a plane domain 2 C R?
without non-degeneracy restrictions but under the
regularity assumption f(u) € C?(R).

In multidimensional scalar conservation laws case,
existence of the strong traces for entropy solution
was later proved by [20], under the assumptions
that the flux f(u) € C3(R,RR") and satisfies the
non-degeneracy condition in the sense that for a R’
vector §& # 0 the function v — (&, f(u)) is not
constant on sets of positive Lebesgue measure.
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In [21]], the author proved existence of strong
traces for normal components of the entropy fluxes on
the boundary of the domain without non-degeneracy
conditions on the flux. Besides, with non-degeneracy
conditions on the flux, this strong trace is trace
of entropy solution. Hence, the author used the
technique of H— measure and induction on the spatial
dimension and defined the notion of quasi-solution
that ensures existence of strong trace of solution.
Recall that the concept of H—measure was first
initiated by [22]. The existence of weak trace for
normal component of the flux is know from result by
[23].

Classical trace results for a parabolic type equation
appear in the literature, but the difficulty in the
degenerate case lies in the mixture of the two types,
parabolic and hyperbolic: [24], [25]. Recall also
that a general result of existence of strong trace of
solution to degenerate parabolic equation has been
proved by [2€]. To define traces on the boundary, the
author used the framework of the ’regular deformable
Lipschitz boundary”. To state their main result, they
introduce a new function, y—function which comes
from the theory of kinetic formulation.

In this paper, we propose another way to obtain
the result of strong trace. We proceed as follows: first
we set 1" a regular cut-off function (in the hyperbolic
zone) and justify that T is a quasi-solution of the
hyperbolic operator v +— v, + divf(v) under non
linearity assumption on f and ¢. In [27], for example,
the authors assume that the couple (f(.),¢(.)) is
non-degenerate in the sense that the functions A

Zle &, f;(\) are not “affine” on the non-degenerate
sub intervals where ¢ is constant. After, we impose
that ¢p(uP) € L2(0,T, H' () (here u = u” on ¥
is the Dirichlet boundary condition) which guarantees
the existence of strong trace in the non degenerate
parabolic zone. By introducing a bijective function U,
we prove global existence of strong trace. Moreover,
we propose an application for general boundaries
conditions (zeroflux, Robin and Dirichlet).

The paper is organized in five parts. In section
2, we give definition and properties of strong trace.
We recall in section 3 the notion of quasi solution.
Section 4 is devoted to the proof of existence of strong
trace. In the last section, we give some applications
for boundary value problems.

2 Definition and Properties of Strong

Trace

We assume in this paper that the couple (f(.), ¢(.)) is
non-degenerate. Let us give the definition of strong
trace in the L' sense and some properties.

Definition 2.1 Ler Q C R’ with Lipschitz boundary.
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A function u € L*°(Q)) possess a strong trace yu €
L2 (0R2), at boundary OS) if for every compact set
K cc o2

ess lirré lu(0(s, %)) —yu(z)|dHL(Z) = 0. (1)
S— K

where ' is the (—dimensional Haussdorf
measure and 0 is bi-Lipschitz homomorphism such
that 6(0,.) = Id.

Remark 2.2 Some authors state the framework of C!
regular domains, but it can be generalize a Lipschitz
boundary.

Lemma 2.3 Let u € L*™(Q) (respectively v €
L°°(82)) such that the strong trace yu € L (02)
(respectively yv € L>°(00Q)) exists. Then, y(u + v)
exists. Moreover ~y(u + v) = y(u) + v(v).

Proof. This is a direct consequence of Definition
since y(u+v) = y(u)+y(v) satisfies the above limit.

Lemma 2.4 Let v € L°°(Q) such that the strong
trace yu € L*°(0N) exists. For all continuous
Sunction G : R — IR then v(G(u)) exists and

V(G () = G(yw).

Proof. Note first that this result is a direct
consequence of Definition if G is a
Lipschitz-continuous  function. Then, the

lemma holds by using a sequence (G,,) of
Lipschitz-continuous  functions that converges
uniformly to G on [—|u ., )]

Lemma 2.5 Assume that the sequence (V,);, is such
that :

||\Ijh||L2(O,T;H1(Q)) < cstand \I’h — Uin LQ(Q)

Then vV, — W in L?((0,T) x 99Q).
For the proof see, [28].

3 Notion of Quasi-solution

We denote by M (Q) the set of Radon measures on @,
i.e. the dual space of C(Q):

veMQ)ifVK CcC @, [V[(K)< oo

and by M, 5, the set of Radon measures finite up to
the boundary of 2 i.e

v E My goif  sup |v|((t,s) X w) < oo,
’ wCC

Vo<t <s<T.

Notice that for v € M, 5, sup |V|((¢,s) X w)
’ 0<t<s<T.

can be infinite.
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Now, consider a measure € M, 5o and the
hyperbolic equation:

v, +divf(v) = —pinQ =)0, T[xQ  (2)

We shall state the notion of quasi-solution for the

operator v +— v, + div 1 (v), the author proves,
for each k in some dense set of IR, the existence
of a strong trace of the normal component of
Kruzhkov’s entropy vector flux & (v, k) := sign(v—

~

k)(f(v)—f(k)).n which can be written by F (9, k) :=
sign(v — k)(f(0) — f(k)).n, for any quasi-solution
v. Moreover, in the case where f is not constant in a

non-degenerate interval, ¥ € L°°(X) is unique and it
is the strong trace of this quasi-solution v.

Definition 3.1 A bounded measurable function v €
[0, ||u|| ] is called quasi-solution of

v, + divf(v) =0 (3)

if for k € [0, [|ul| ]
Olv — k| + div (?(u, k)) = —u, in D'(Q), (4)

where i, € My, 50(Q).

Remark 3.2 lé We precise that a function

satisfying (A) is not a priori a weak solution of
©@). In fact from @) with k = 0 it follows that

v, + divf(v) = —p in D'(Q)

with ju € My, 50(Q) .

ii) The class of quasi-solutions includes entropy
solutions as well as entropy subsolutions and
entropy supersolutions. Remark that if v is an
entropy sub- and super-solution, then

O, (v—k)* +div (.9"*(11, a)) = —p in D'(Q),
()
O,(v—Fk)” +div (5’_(11, a)) = —p, in D'(Q),

(6)
with 7= = sign*(v — &)(F(v) — Fo)ut €
M (R2) not necessarily in My, 5q,.

iii) Notice that due to (B) and @), if v is

quasi-solution then for each a,b € R

T (V) + divf(T1, 4y (v)) = — 1 in D'(Q),
(7)
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where i, , € My, 50(Q) and is a cut-off function
defined as:

a ifr<a,
Ti (1) = { rofa<r<b (8
b ifr>b.

Theorem 3.3 Suppose a function u(t,z) is a quasi
solution of (B) and (f, ) non degenerate. Then there
exists a function yu € L°°(X) such that yu is the
strong trace of entropy solution u of at the boundary
>

To establish that a given function v is a quasi-solution

for the operator v — v, + div 1 (v), we will often use
the following version of the argument:

Lemma34 Let F € L*(Q) and assume that
divd = u + v, where i is a measure finite up to
the boundary and v is a positive measure. Then v is
also finite up to the boundary. In particular, F is a
divergence measure fields on Q.

Remark 3.5 Divergence-measure fields are
extended vector fields, including vector fields in
LP and vector-valued Radon measures, whose
divergences are Radon measures.

Proof of Lemma [3.4. Consider {&;} s~ & boundary

layer sequence i.e. & is a sequence of C1(Q2) N C(Q)

such that %iII(l] ¢s = 1 pointwise in 2, 0 < &5 < 1,
—

[|VE&s||L1 < cst and € = 0 on 92 Then, thanks to
Lebesgue’s theorem, we have

T
Q) = lim (.&5) ~ [ /Q F Vesdadt

0
< [ul@) + [[F Vsl 21 < C-

4 Existence of Strong Trace

Consider the following equation obtained by
approximating ¢(u) by ¢ (u¢) = ¢(u) + eld(u)
for each € > 0.

uf —div(f(u®) — Vo, (uf)) =0inQ = (0,T) x Q.
(Eo)

The main result in this paper is the following theorem:

Theorem 4.1 (Existence of strong trace for
vanishing viscosity limits) Assume that v = lim__,y u*
(in the a.e. sense) and the following estimates hold

)

ulpe < C5

IV (u)lp2q) < C (10)
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Then, u is local entropy solution and there exists a
strong trace yu € L°°(X) on the boundary ¥ =
(0,T) x 08

Proof.Consider T € C?(R) such that: T'(x) = 0
if z < 0, increasing on [0, u.] and T'(z) = u, if
x > u, and denote by v = T'(u). Taking in (E)
T (u)&(t)yp(x) as a test function, we find

/0 ug, T f(t)dt
T
/OT/Qf T’ (uf)dzxdt
/O /Q f(u £(t). Vi (x)dadt

¢(t).Vip(z)dzdt

Q
T
—i—/O/Qng&(ue)@Z)f.VT/(ue)dxdt: 0. (12)

By using chain rule [29], the first integral of ([12)
gives

T
A= / (i, T (Yo () €1t

0
T@hes) . (13)
< at D/,D
The second integral and third integral of ([[2) gives

- / 7 F () (@)E(0). VT (u) dadt
- [ Lo

T
/ F ()T () Vucededt
Q

)& Vipdzdt

-]
T/Qf(ug)T’(ue)ﬁ.V@ZJd:zdt

=[5 ([ e e ) v
To Q

/Qf(uﬁ)T’(ue)f.V@ZJda:dt (14)

T
/v( F(s)T' (s >1/1§dxdt
Q

T
— [ [ @@l nsar (15)
0JQ
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The two last integrals of (12) give

o= [ [vo
/ / Vo, (u)£ VT (u)dardt
:e/o §(t)/QV (u). Vbt

+€ /T”
0
€

/T”(ue)]Vuﬂzwfdacdt. (16)
Q

u)E NV pdzdt

V| Vu2pedadt

Now adding (13), ([14) and ([Ld), we obtain:

(7t wpves)

- divf (T (u))y(z)E(t) dadt

T

—€ AT (u V() dzdt

T
T (u€)|Vus|2pedadt = 0. (17)

|
|

:\:\b

We set v¢ = T'(u€), by density of D(0,7) ® D(£2) in
D(Q) then we have

v§ + divf(ve) = eAv® — uf in D'(Q). (18)
Where ¢ = €T (u€)|Vuc|? is an L}(Q) function
thanks (ff) we have assumed.

Take ¢ €  C*(Q) and consider n =
T’ (u)signs (T(uf) — a)§ with a € [0,u,]. Then,

there exists « in the same interval such that a = T'(«)
and for any ¢ € C(Q), (R3) yields

/ ”(ue)sz’gng(T(ue) —a)Vo, (u)Vuédrdt
Q

—f—/szgnﬁ (T(u¢) — a)|T (uf) |2V ¢, (u€) Vuédrdt

/Q/ 7o) sign (T
/Q/ szgnﬁ
_/Qvgv/aT’(a)signg(T(U

—a)do§,

(0) —a)f'(0)doV§

) —a)le+¢'(0)ldo
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ie.,since T'¢" = 0 and v¢ = T'(u®),

e/T”(ue)signzg(v6 — a)|Vue|*¢dzdt
Q

and,

+/Sign£3 (v — a)|T" (u®) |2 | Vu|2Edxdt

/Q/ o)signg (T (o) — a)doé,
" /QZ T'Wigng (T(0) — a)f'(0)doVE

— E/QVW/a T'(0)signi (T (o) — a)dodzdt

since 7" = 0 in R\ |0, u,[,

li N N €2
511)13)6/@519715 (v¢ — a)|Vve|*Edzdt

/”( )signt(v¢ — a)|Vue|*Edzdt

/@/ 0)sign’(T (o) — a)doe,

+ U T (0)sign’s (T(e) — ) (0)doVe

— e/q)VﬁV/au T’ (0)sign™ (T (c) — a)dodxdt.

Sinc

/

e a = T(«), one gets that
(&) + / sign™ (v¢ — a)uEdxdt
Q
/ signt (o — a)do&,dxdt
T
/ sign* (o —a) f' (T~ (0))doVEdxdt
T
/ V§V/ sign™ (o — a)dodzdt
Q

/szgn Ve —a/ (T (0))doVdzdt

(v¢ —a)tg, — e/ VeV (vE — a)Tdxdt
Q

where

w

€(€) =€ lim / sign;’(v6 — a)| Vv |2¢dadt.
B—0 Q
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. T~ [min(u,,t)]
Denoting by f(t) / F(0)T" (o)do,
0
forany a € [0, u,] and any non-negative { € C°(Q),
we obtain

/Qsig'rﬁ(vE — a)(f(v°) — f(a)).VEdadt

/EV( a)t.Védzdt %—/(v6 —a)t¢,dxdt
Q

//szgn a)pédzdt + ws(€). (19)

If a > wu,, then both sides of the above equation are
null.
If a < 0, then, since £ € C§°(Q) and we have

sign:éf(v6 —a)=0if 8 < —a,
[ = ayré, 4 sign* (v~ a)(Flw)  Fla)). V¢
Q
—/eV(U6 —a)".Vedadt
Q

_ / V€, + f(0°).VE — eVt Vedadt
Q

:/T/ pédxdt
/ /szgn Jpcédxdt + ws (€).

Note that o, exists, irrespective of the approximation
of si gnE, and is non negative due to the fact that the
limit of the other terms exists, and of course, it is a
non-negative measure.

Now, using the convergence of u® to u and the
continuity of the function 7', we obtain firstly that

lim J, =J

e—0t

where

~

J.=[ (v —a)t&+signT (v —a)|f fla)). Ve
/Q (v — a)* €+ sign*( >(< ) fla >)
—/eV(ve—a)+.Vfdxdt
Q
J =/ (v— a)*€, + sign*(v—a)(F(v) — F(a)).VE.
Q

Since sign™ (v¢ — a)uc is bounded in L1(Q), up to a
subsequence denoted in the same way, it converges
weakly in the sense of the bounded measures to a
bounded measure denoted by .

Volume 24, 2025



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2025.24.3

Thus, @ converges in the sense of the distribution
to a non negative distribution w,, i.e. a non negative
Radon measure. Then,

S~
(4

—a)t§, + signt(v—a) (f(v) — f(a)) NVédxdt
(1o &) + (@45 6)

and, for b > a,

(20)

~

—b)*E, + signt (v —b) (f(v) — f(b)) Védzdt

{1y, &) + (3 €)

with v = T'(u) solution of (). Here the quantities e
and p;, are two measures finite up to the boundary and
w,, w0, are non negative measure. Then by Lemma
@ we have that w,, @, are finite up to boundary.
Since (20) and (1)), we deduce

T[a,b] (U)t + divf(T[a,b] (U)) = ~Yab in D/(Q)a

where v, Then v is quasi-solution,

||&%

21

f Ya + Vo
therefore as f is non degenerate (else f' o T = cst
on an interval (a,b), then f° = cst on an interval
(T~Y(a), T~1(b)) and f is non degenerate), then by
Panov argument the strong trace exist for v = T'(u).
Moreover, ¢(u) = lim__,, ¢(u) in L2(0,T; H'(Q))
and ¢(u) — ¢(u)) strongly in L?(Q) then thanks to
Lemma 2.5, there exists a strong trace y¢(u) of ¢(u)
on ¥ in the L? sense and then in the L' sense.

Let us note ¥(z) = T(z) + ¢(x) — x~. The
function V¥ is a continuous bijection from [0, ||u||,]
onto ([0, ||ul|,]) and ¥(u) = v + ¢(u). v and
¢(u) have a strong trace, yv and y¢(u), then by
to Lemma 2.3 W(u) possess a strong trace YU =
yv + yé(u). Afterwards, ¥~! is continuous on
[0, ||ul|.], therefore by Lemma 2.4 u possesses a
strong trace

yu =¥ (y¥(u)) = U (3T
= U (YT (u) 4+ yo(u)).

5 Application for Boundary Value

Problems
Here, we apply the result of Theorem @.1 of existence
of strong trace of the solution for three kind of
boundary condition (zero-flux, Robin, Dirichlet).

(u) + @(u))y)

Corollary 5.1 (Case of zero flux boundary problem)
Consider (B) with the zero-flux boundary problem
under assumption (f(.), ¢(.)) non-degenerate. Then
If ¢ > 1, there exists an entropy solution u that has
strong trace ~yu on the boundary. In particular, if ¢ =
1, the unique entropy solution has strong boundary
trace.
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Proof. This is a consequence of Theorem f.1.

Remark 5.2 In the same case, we can extend this
corollary to the Robin boundary problem. For { > 1
there exists an entropy solution u of that has strong
trace yu on the boundary. In particular, if { = 1, the
unique entropy solution has strong boundary trace.

From now, we consider the Dirichlet boundary

problem in a bounded domain §2 C R’ with Lipschitz
boundary

u, +div(f(u) —Vo(u)) =0  inQ

{ u(0, ) = u, in Q

u(t,z) = uP(t, ) on X.
(DP)

Here u, and u” are bounded measurable functions.
We approximate ¢(u) by ¢ (u€) = ¢(u€) + eld(u)
for each ¢ > 0. We obtain the following regularized
problem:

uf +divf(u®) —Agp (u) =0 inQ
{ u (0, z) = u§(z) in €,
uf(t,z) = uP(t, z) on Y,
(DP,)
where (uf). is a sequence of smooth functions
that converges to wu, ae and respects the

minimum/maximum values of .

Theorem 5.3 There exists a function solution u® €
L2(0,T; HY(Q)) N L*=(Q) n C([0,T], L*(2)) for
the problem (DP)) such that u®(0,.) = ug, uf =
uP, u§ € L2(0,T; HY(Q)) and for all £(t,x) €
L?(0,T; Hy(Q)):

T
/0 (s € b1 (0,3 ) U

_/ /Q(f(ue)—v¢€(u5)).vgdxdt20 (22)
0

Proof. The existence (and uniqueness) of such
solution to () follows from standard arguments,
[30], [31]-

Remark 5.4 For any non-negative ¢ €
C§°(10,T[xQ), any Lipschitz-continuous function 1
and any constant o, one has that

/n’(uﬁ)que(ue)Vuﬁgodxdt /Q/ ;;E’a)dw(o

[ o
o[ e

o)doV

e+ ¢’ (0)|dodzdt. (23)
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In particular, for any parameter k, if o = k and n is | — B| < C(uP)||u — uP| | Loo(0,4:L2(02))
an approximation of sign(. — k), one gets that 1 5 5
<t Pl gy + (CP))?

(U — k)=, + sign=(u® — k)[f(u®) = f(K)] Ve Iy
/Q ' < gl —uP iy TC- @D)

- / VeV (6(u) — o(k))=drdt

Q E| = / ) Vu + / / fu D‘
—e/V|uE — k|Vdzdt 0
N < / F(us).Vue D‘
+/|ug — k[0, )dz > 0. (24) 0 Jo
Q t
< //dl / P)dr) dds| + C(uP)]| fllo
In particular, u® is a “local entropy solution” o Ja o
of (DP)) . Furthermore, set M = ¢ we
max {[[u|| o), ol i} I k= M < // r)dr| nd7ct1ds| + ©
(respectively k < — M) we can extend the inequalities 50
(24)) up to the boundaries ¥ U ({0} x Q). <C. (28)
Lemma 5.5 Assume that € L>(Q),
P e LA0TH'VP00) 0 L¥(E) ad g / / VeV (u — uP)dadt
uP € LY0,T;L*()). Then the estimates (B
are satisfied. t
+/ Vé(u).Vudrdt
Remark 5.6 Notice that in the case where Q) = (a, b) 0 Q

is a bounded interval of R and uP is constant in t, the

assumptions of Lemma [5.3 hold. Vo (u®). VuPdzdt

0

\
%D

Proof. First, take &k = M (respectively k = —M) 12 e [ 9

in the up-to-the-boundary inequality (24) (with sign™ 0 |Vus dudt — 5 W“ “dxdt
respectively sign™), we get [|u|[ () < M. In the

sequel, we take f, ¢ restricted to [—M, M]. We take

? 4 ) _ qu 2 //
(u® —uP)1y 4 as test function in (22) /o/ | ||¢/| oo Ve

@)

[\]

a
¢ = Vo (us)|* — — |VuP 2. (29)
e_ D D 2 // 2 //
/0 (=P =) s ) o “hk
. For all t < T, from (26)-(29) we have
+/ /u,{j(u6 —uP)dzds 1 t
b Jo Lt ) = WPt 2 + e// Ve 2dadt
t 2 00
—/ /f(ue).V(u6 —uP)dxds t
0 J + C’// NV (u)|>dxdt
t 0 J0
—I-/ /V¢6(u€).V(u€ —uP)dzds =0. (25) L, .
0 Jo < O gllus = uPl| 3 0,0522(02) (30)
Denote the four terms in the left-hand side of (23) by Taking the sup over ¢ in [0, T'], we obtain
A, B, F and G respectively, we calculate: T
1
1 —||uc — UDH%OO(O,T;Q) + e//|Vu6|2dajdt
A= Sllus(t, ) = uP (1, )R v 00
1 €2
_ 5”“6(07 ) —uP(0, -)H?ﬁ(g) + C/O /Q|V¢(u )|dxdt
1 1
:§||u€(t,.)—uD(t,.)H%?(Q)+C. (26) <C+ - Hu _uDH2OO()TL2(Q)
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Therefore
T T
e/\Vuededt—i—C//\V(b(ue)\dedtg C.
0 0 /0

(€2))

Corollary 5.7 (Case of Dirichlet boundary problem)
Assume that (f,¢) is non degenerate and u, €
L®(Q), uP € L2(0,T; H'/?(0Q)) N L>®(%), uP €
LY(0,T; L?(Q)). Then the strong trace yu of solution
u for the Dirichlet boundary problem exists. In
particular, for problem () considered, there exists
a subsequence u® that converges to a limit u a.e..
Moreover, the limit u is a local entropy solution and
admits a strong boundary trace.

We refer to [32], for the up-to-the-boundary entropy
formulation and uniqueness of entropy solution u to

(DB).

Remark 5.8 Analogous arguments apply for the
stationary problem associated to (DB). In particular;
the result holds for stationary problem associated to

(D).
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