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1 Introduction

Let X be a real Banach space with norm || - ||. The
topological dual of X is denoted by X*, and the
duality pair between € X and w € X* by (z,w).
We define the duality mapping J : X — P(X™*) by

J(x)

= {wex s (w,w) = al? = Jwl?}

for x € X. The operator A : D(A) C X — P(X) is
called accretive, if for each z,y € D(A), there exists
jly — z) € J(y — x) such that

(v—u,jly—=)) 20, (1)

for all w € A(x) and v € A(y). An accretive
operator A is called maximal accretive if there is
no proper accretive extension of A. If I denotes the
identity operator on X, we say that the operator A is
m-accretive if R(] +vA) = X for all v > 0. Every
m-accretive operator is maximal accretive, however
the converse is not true in general. For every accretive
operator A, and for each v > 0, we can define a
nonexpansive single-valued mapping J;“(~) : R(I +
vA) = D(A) by J2(x) = (I +~A)~!(z), which is
called the resolvent of A.

The study, []I], proved that if X is a uniformly
smooth Banach space, A : X — P(X) is an
m-accretive operator and A~1(0) # (), then for any

x € X, the strong lim,_, Jf(:p) exists and belongs

to A=1(0). The study, [2], investigated an iterative
method for finding the common zeros of two accretive
operators. Recently, [3], studied the convergence of
an inexact proximal point algorithm for finding zeros
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of maximal monotone operators in Hilbert spaces. If
A is a maximal monotone operator in X and u € X is
an arbitrary point, the authors, [4], showed the strong
convergence of the sequence generated by an inexact
proximal point method to P4-1(g)(u) where P is the

generalized projection of u onto A~1(0). For other
recent results in this direction see, [5], [6].
Motivated by the above results, we investigate
the strong convergence of the sequence generated
by an inexact proximal point method with possible
unbounded errors to find zeros of m-accretive
operators in Banach spaces. We show that the
zero set of the operator is nonempty, if and only
if the generated sequence is bounded. In this
case, the generated sequence converges strongly to
Q 4-1(0)(u), where A is an m-accretive operator, u €
X is an arbitrary point and Q) 4-1(g) is the sunny

nonexpansive retraction of X onto A~1(0).

2 Preliminaries

A Banach space X is called strictly convex if
254 < 1forall z,y € X with [|z]| = |y = 1
and x # y. X is called a uniformly convex if for
each e € (0, 2], there exists 6 > 0 such that for all
z,y € X with ||z]| = ||y|| = 1 and ||z — y| > &, it
holds that || Zf¥|| < 1 — §. Every uniformly convex
Banach space is reflexive and strictly convex. X is
called smooth if

tull —
ety ] o
t—0 t

exists forallz,y e B={ze€ X : |z| =1}. If X is
smooth, then the duality mapping .J is single valued.
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A Banach space X is called uniformly smooth if the
limit in (P]) is attained uniformly for 2,y € B. The
spaces LP (1 < p < 0o) and the Sobolev spaces W*?
(1 < p < o0) are examples of uniformly convex and
uniformly smooth Banach spaces.

We denote the strong convergence of a sequence
{z} tox € X by z;, — z, and weak convergence by
Tp — T.

Consider the Banach space ¢*° of all bounded
complex-valued sequences. A Banach limit is a
continuous linear functional ¥ : /*° — C such that
for all sequences x = {x,,} and y = {y,, } in £>°, and
complex numbers «, we have
() Y(az +y) = avh(x) + h(y),

(ii) if 2, > 0 for all n € N, then ¢)(x) > 0,

(iii) ¥ (x) = ¢ (Sz), where S is the shift operator
defined by (Sz), = Tp+1,

(iv) if z = {=z,} is a convergent sequence, then
P(x) = limy, 00 .

In fact, a Banach limit extends the usual notion of
a limit for a sequence, is linear, shift-invariant and
positive. However, it may not be unique. For more
details on Banach limits, we refer the reader to [[7].

Lemma 2.1. [8], [9] Let X be a Banach space with a
uniformly Gateaux differentiable norm, and C C X
be a nonempty, closed and convex set. Suppose that
{1} is a bounded sequence in X, LIM a Banach limit
on £%° and q € C, then

LIM 2, — g = min { LIM |z, -y |
yeC

if and only if
LIM(z — ¢, J (25 — @) < 0
forall x € C.

Lemma 2.2. [10] Suppose that A : D(A) C X —
P(X) is an accretive operator. Then forr,~y > 0 and
x € X, we have the resolvent identity

r r
Jiz = JA<—90+ 1—— JAx).
ol r ol ( ,7) 0%

Assume that C' C X is nonempty, closed and
convex and D is a nonempty subset of C. A mapping
Q@ : C — D is aretraction whenever QQx = x for all
x € D. A retraction () : C — D is nonexpansive if
@ is nonexpansive. A retraction () : C' — D is sunny
if ) satisfies the property:

forallz € C'andt > 0,

Q(Qr+i(r—Qx)) = Qu
3)

whenever Qx + t(z — Qz) € C. A retraction Q :
C — D is sunny nonexpansive if () is both sunny
and nonexpansive. It is known ([[L1]], [12]) that in a
smooth Banach space X, a retraction () : C' — D is
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a sunny nonexpansive retraction from C' to D if and
only if the following inequality holds:

(x—Qx,J(z—Qz)) <0 forzeCandze D.

“4)
In particular, this shows that () is unique, if it exists.
Lemma 2.3. [12], [13] (Browder fixed point
theorem) Let X be a uniformly convex Banach space.
If C C X is a nonempty, closed, convex and bounded
set, and T : C — C is a nonexpansive mapping, then
T has a fixed point.

3 Main results

Let X be a uniformly smooth and uniformly convex
Banach space, and A : D(A) € X — P(X) be
an m-accretive operator. Let the sequence {z} be
generated by

Tt = Jo (wp + k() + ex), (5)

where xp € X, o, € Rand 7y, € (0, 00) forall k, and
{ux} C X is an arbitrary sequence such that uy, — u,
and {ey} is a sequence of computational errors. We
provide a necessary and sufficient condition for the
zero set of A to be nonempty, and in this case, show
the strong convergence of the sequence generated by
(B) to a zero of A.

Lemma 3.1. Let A : D(A) ¢ X — P(X) be
an m-accretive operator, and the sequence {xy} be
generated by (B), where {oy,} C R and {y} C
(0,00) and v, — oo such that {oy} and {agey}
are bounded. If {xy} is bounded and r > 0, then
limy o || T2k — 2] = 0.

Proof. Without loss of generality, we assume that
v > r for all k. Suppose that zx_1 = (ug_1 +
ag—1(Tk—1 + eg—1)). Then we have

[T — el = [T 2k — T zeal
T T
= JAxk—JA< zk—1+ (1 — JA Zk_1>
I: "\ k- ( %—1) Thot |
r A
< llzk — ( Zp—1+ (1 — J 1Zk:—1>
” Ye—1 ( 'Yk:—l) T ”
T T
= oy — (S + (L= =)
Yk—1 Yk—1
T
= |2k — 2kl
Vk—1

T
< —— (Nl = w4 [ ana (| g ll + llew ) )
Vk—1

Since {ay} and {axey} are bounded, u; — w and
Y — 00 as k — oo, we get

lim ||J22), — 2] = 0.
k—o0
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Theorem 3.2. Let X be a uniformly convex Banach
space, and A : D(A) C X — P(X) be an
m-accretive operator. Suppose that the sequence
{xy} is generated by (H), where {a},} C R and
{7} C (0,00) such that v, — oo, a, — 0 and
{aker} is bounded. Also {uy} C X is an arbitrary
sequence such that uj, — u. Then A=1(0) # () if and
only if the sequence {xy} is bounded.

Proof. Assume A71(0) # () and let 2* € A71(0).
Since the resolvent operator Jfk is nonexpansive, we
have

2" = 2|l = 12" = Ty, (un + ox(ar + er))]
< Ja” = (up + ap(zr + ex))|
< 2|+ [Jurll+ | o | (el + Nlexll)
which implies that
ekl < 202"+ lurll+ [ ax [ (lzell+lexl) (©6)

By assumption, we have uy — u, ap — 0 and
{aker} is bounded. Let

L= sup {20 + e [+ | e | e .

Then we have
lzrsill <| ar | |zl + L (7

Now since o, — 0, there exists € (0,1) and kg € N
such that | ay |< r for all & > kg. Then the above
inequality implies that

el < vllekl] + L, forall k > ko.  (8)
Now we have
gl < rllagll + L

< r[erk,lﬂ + L} +L

= r?||zp_1 ]| +rL+ L

<r? [r||xk_2|| + L} +rL+ L

= r3||ap—|| + r*L+rL+ L

A

< gpkkoth g |+ PR L4 r L4+ L
1
k—ko+1

PR |+ ()L

This implies that the sequence {z} is bounded.
Conversely, let the sequence {xx} be bounded,

then there exists a subsequence {xj, } of {x} such

that z;,, — p where p is a weak cluster point of

the sequence {xr}. On the other hand, for any

A > 0, the operator J j\4 is nonexpansive, and hence

it is demiclosed. Now since zj,, — p and Jf is

demiclosed, therefore by Lemma we get p €

Fix(J{}), thatis p € A=%(0). O

IN
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Theorem 3.3. Let X be a uniformly smooth and
uniformly convex Banach space, and A : D(A) C
X — P(X) be an m-accretive operator. _Suppose
that the sequence {x},} is generated by (B), where
{ar} C R and {y} C (0,00) such that v, —
oo, ap — 0 and ager — 0. Also {ux} C X
is an arbitrary sequence such that v, — wu. If
A7) # 0, then the sequence {xy} converges
strongly to Q a-1(0)(u), where Q g-1(g) is the sunny
nonexpansive retraction of X onto A=1(0).

Proof. If A=1(0) # 0, then the sequence {x}} is
bounded by Theorem B.2. Now assume that
Yy i=tu+ (1 — t)J;L‘yt,

where » > 0 and ¢t € (0,1). Note that y, is well
defined, because the map y — tu + (1 — t)J4(y)
from X to X is a contraction and hence by the Banach
fixed point theorem, it has a unique fixed point. Let
p € A71(0). Then we have
lye = pll = Iltw + (1 — ) I ye — pl|
< thu = p| + (1= )| 2w —
< tllu—pll + (1 = )lly: — pll-

Therefore we get

lye = pll < [lu—pl,
which implies that {y; } is bounded, and subsequently
{J4:} is bounded too. Note that
lye = Tl = tlu = Ty =0 (9)

as t — 0. Now we show that {y;} is strongly
convergent to an element in A~1(0) as ¢+ — 0. Let
tm — 0 and define ¢ : X — [0, +00) by

Y(x) = LIM||y,, — :UHQ, xe X,

where LIM is a Banach limit on /°°. Since X is
reflexive, v is convex and continuous, and ¥ (x) —
+00 as ||z|| = 400, 1 has a minimum in X. Let

K = {y e X :(y) = min {LIM]ly,,, — ]} }.

It is easy to see that K is nonempty, closed, convex
and bounded. Also, K is invariant under JTA. In fact,
since ||y; — JAy:|| — 0 by (B), for any y € K, we
have

Y(Jy) = LMy, — J Y
= LIM|| /s, — Ty
< LMy, — yl?
=Y(y).
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Therefore JA has a fixed point ¢ in K by Lemma.3.
Now Lemma 2.1] implies that

LIM(z—q, J(y,, —q)) <0, forallz € X. (10)

On the other hand, we have

lye — all* = (e — q. T (ye — )
=tu—q,J(y — q)) + (1 = )Ty — q, T (ye — q))
<tlu—q,J(p—q)) + 1 —t)]ly — all*

This implies that

lye —all? < (u—aq,J(ye —q)). (11
Letting ¢ = t,,, and using ([L1]), we get
LIM||yz,, — qll* < LIM{u — g, J (g, — q)). (12)

Taking © = w in ([l0) and using (12), we have
LIM||y,, — g||> < 0 which implies that LIM||y;,, —
q||?> = 0. Therefore there is a subsequence {ut,, } of

{yt,, } such thaty;, — q.

In the sequel, we prove that y; — g ast — 0.
Let {y;,} be another subsequence of {y;} such that
yt, — z. Replacing t = ¢; in (1)) and taking the
limit, we get

Iz —q|> < (u—q,J(z = q)) (13)

By using (P, it is clear that z is a fixed point of .JA.
Therefore a similar inequality as in ([L1}) holds for ¢
replaced by z. Replacing ¢ = t,,, in that inequality
and taking the limit, we get

lg = 2I* < (u—2,J(q - 2)) (14)
Adding both sides of ([13)) and ([14)), we get
2q—zlI” < (g2 J(g—2)) = llg — 2%, (15)

which implies that ¢ = z and hence y; — gast — 0.
In the sequel, since y; = tu + (1 — t)JrAyt, we
have

1-—t
p—u=———( Iy (16)
Now, for any p € Fix(J4) = A71(0), we have

1-1¢

(yt —u, J(ye — p)) = —T«I — Iy, I (g — p))
1—1¢

= —T«I — Iy — (I = TN, J(ye — p))
<0.
Letting t — 0, we get

(g—u,J(g—p)) <0, forallpe A_l(O). (17)
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Now since A~1(0) is a nonempty, closed and convex
subset of X and u can be chosen arbitrarily in X, then
by (#), (17) implies that ¢ is the sunny nonexpansive
retraction of u onto A~!(0). From now on, we
also denote g by @ 4-1(g)(u) where Q 4-1(g) (u) is the
sunny nonexpansive retraction of u onto A~1(0).

In the sequel, we prove that the sequence {xy}
converges strongly to ¢ = Q4-1(0)(u). Let M :=
sup{|lzr — vl : t € (0,1), k > 0}. Then we have

lye — aill* = t{u — zp, J(ye — 7))

+ (1= )Ty =z, T (e — 1))

=t(u—yr + Yyt — Tk, J (Y — Tk))

+ (1= )y — Jfak + Tl — o, T (ye — o))
= t{u—yp, J(ye — x3)) + tlye — wl?

+ (L= ) (T e — Tk, T (e — )

+ (1= t)(Jfze — 2, T (g — 7))

< tu— e, J(ye — xi)) + tllye — x|

+ (1= )y — apll® + M| T 2y, — |-

This shows that

M
(i, I ex—)) < 1Tzl Ve (O,1)
(18)
Since || JAz), — x| — 0 by Lemma B.1|, we get

lim sup(u—yz, J(xp—y:)) <0,

k—o00

vt e (0,1). (19)

We note that

| (u—q,J(@k — q)) — (u—yt, J(xr — Y1) |
=|(u—q,J(xr — q) = J(x1, — yt))

+(q = yt, J (@ — y)) |

<|(u—gq,J(@r —q) = J(@xk — yt)) | +Mllq — yel-

Now since y; — q ast — 0 and J is uniformly norm
to weak® continuous on bounded subsets of X, we
have

lim | (u =g, J (@ — ) — (= o, J(ox — ) |= 0

(20)

uniformly for & > 0. Therefore ([19) and (20) imply
that

limsup(u — ¢, J(x — q)) < 0. (21)

k—o00

On the other hand, by (§) and the definition of the
resolvent operator, we have

_ Uk + ok (Tk + €r) — Thpa
Yk

Vg :

€ A(zr41) (22)
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Since ¢ € A71(0) and A is an accretive operator, we
have

(0 — v, J(g — Tk41)) > 0. (23)
Let zx, := u + ag(zk + ex), then we get
(2t — g1, J (@ — 2141)) <0, (24)
which implies that
lg = zrrall® = (¢ — w1, J(q — Ts1))
< (2 — ¢, J (k1 —q)).  (25)

On the other hand, since o, — 0, ager, — 0 and
up — uas k — oo, we have z;, — wask — oo.
Therefore (R1]) shows that

limsup(zy, — q, J(Tr41 — q))

k—o00

= limsup(u — q, J (2141 — q)) < 0.

k—o0

Now, (23) and (R6) imply that the sequence {z;}
converges strongly to ¢ = @ 4-1(0)(u).

(26)

O]

Remark 3.4. According to Theorem [.3, the limit is
unique as long as u, which is the limit of an arbitrary
sequence {ug }, is fixed.

Corollary 3.5. Let X be a uniformly smooth and
uniformly convex Banach space, and A : D(A) C
X — P(X) be an m-accretive operator. Suppose
that the sequence {x}} is generated by (§), where
{ar} C R and {y} C (0,00) such that v, — oo,
ar — 0and agep, — 0. Also {up} C X is an
arbitrary sequence such that v, — u. Then the
sequence {xy} is bounded if and only if the sequence
{wx} is strongly convergent to Qa-1()(u), where
Qa-1(0) s the sunny nonexpansive retraction of X
onto A~1(0).

Proof. This is a direct consequence of Theorems
and B.3. O

The following corollary extends a result of Reich
[, Theorem 1].

Corollary 3.6. Let X be a uniformly smooth and
uniformly convex Banach space, and A : D(A) C
X — P(X) be an m-accretive operator. Suppose
that © € X and {v} C (0,00) such that v, —
o0 as k — oo. Then the following statements are
equivalent:

(i) A=1(0) £ 0,

(ii) the sequence {Jfc (x)} is bounded,

(iii) {JWA,C (z)} converges strongly to Qa-1()(x) as
k — oo, where Q g-1(o) is the sunny nonexpansive
retraction of X onto A=1(0).

Proof. The proof follows directly from Theorems
and B.3 by taking ax = 0 and uy, = x. O
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4 Applications

In this section, we apply our main results to
approximate the solution of a variational inequality
and the fixed point of a nonexpansive operator.

Let C' be a nonempty, closed and convex subset of
a Banach space X andlet A : C' — X be an operator.
A variational inequality for A and C, abbreviated as
VI(A, C) consists of finding x* € C' such that

(Az*, J(y —2*)) >0, VyeC. (27)
We denote the set of all solutions to (27) by S(A4, C).
The associated dual variational inequality, denoted by
DVI(A, C), is expressed as finding z* € C such that
(Ay, J(z* —y)) < 0forally € C. Itis clear that
VI(A, C) has a solution if and only if the zero set of
the operator A is nonempty.

LetT : C — Cbeamap,and A(z) =z — Tx
for x € C. Then an example of the above variational
inequality problem is to find x* € C such that

(¥ =Tax*, J(y—2a¥)) >0, VyeC. (28)
If we set y = T'z*, then (R§) implies that Tz* = z*.
Therefore VI(A, C) is equivalent to the fixed point
problem for the mapping 7' : C — C.

Note that if the mapping T'
nonexpansive, then we have

C — (Cis

Tz =Ty, J(x —y)) < [Tz — Tyl ||lz -y
< |lz —yll?

=(z -y, J(x—y). (29

This implies that

(x=Tx) = (y—Ty),J(x—y)) >0.  (30)
Therefore the operator A : C — X defined by
A(z) = x — Tx is accretive. Hence the following
statements are equivalent:

(i) A=(0) # 0.

(ii) S(A,C) # 0.

(iil) Fix(7T") # 0.

Now we apply our main results to find a zero of the
accretive operator A which will be a solution to the
variational inequality problem VI(A, C'), or a fixed
point of the nonexpansive mapping 7.

Let X be a uniformly smooth and uniformly
convex Banach space, and T’ C — (Cbea
nonexpansive mapping. Let the sequence {xj} be
generated by

wper = ST (ug + (g + ep))

= (T + (I = T)) Hug + ar(zx + ex)),
(€29)
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where 9 € X, ar € R and v, € (0,00) for all
k, and {ur} C X is an arbitrary sequence such that
up — u, and {e} is a sequence of computational
errors. We first show that the sequence {z} is well
defined. Then we present the associated results. For
simplicity, denote vk ug + ak(:ck + ex). Note
that the map y —— 1+v v + 1
is a contraction and hence by the Banach fixed point
theorem, it has a unique fixed point xx11. Then we

have z;41 = 1+% v + 1+’“ Ta;kH which implies

(I + (I = T)) " (vg)-

Corollary 4.1. Let X be a uniformly smooth and
uniformly convex Banach space, and T : X — X be
a nonexpansive mapping. Suppose that the sequence
{1} is generated by ( %]) where {ag,} C R and
{7} C (0,00) such that v, — oo, a, — 0 and
ager, — 0. Also {ur} C X is an arbitrary sequence
such that uy, — wu. Then the following statements are
equivalent:

(i) Fix(T) # 0,

(ii) the sequence {xy} is bounded,

(iii) {zy } is strongly convergent to Qgix(1)(u), where
QFix(T) IS the sunny nonexpansive retraction of X
onto Fix(T).

Proof. Since T X — X is a nonexpansive
mapping, the operator I — 7' is accretive. Now we
show that I —7T" is an m-accretive operator. In fact, we
show that R(I + A\(I —T')) = X forall A > 0. Take
y € X and note that the map 2z — 5y + 1J%)\T,z
from X to X is a contraction and hence by the Banach
fixed point theorem, it has a unique fixed point x.
Therefore we have x = 14%\%' H%Tx which implies
that (I+A(I—T'))x = y. Now the proof follows from
Theorems 3.2 and O

that Tht1 =

The following corollary is a result of Corollary 4.1].

Corollary 4.2. Let X be a uniformly smooth and
uniformly convex Banach space, and T : X — X
be a nonexpansive mapping. Suppose that x € X
and {v} C (0,00) such that vy, — oo as k — oo.
Then the following statements are equivalent:

(i) Fix(T') # 0,

(ii) the sequence {JWI;T(:B)} is bounded,

(111) {J I=T(x)} converges strongly to Qrix(1) () as

Proof The proof follows directly from Corollary .
by taking o, = 0 and ug = .

Let H be a real Hilbert space, C C H be
nonempty, closed and convex,andlet f : HxH — R
be a bifunction. An equilibrium problem for f and C
consists of finding x* € C such that

f(z*,y) >0, VyeC. (32)
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We denote the set of all solutions for (B2) by
S(f,C). 1t is well known that equilibrium problems
unify many problems in nonlinear analysis and
optimization like convex optimization problems,
fixed point problems variational inequalities , Nash
equilibrium problems, etc. We introduce some
standard conditions on the bifunction f that are
generally used for the study of the convergence
analysis:

Bl: f(x,z) =0forallz € H.

B2: f(-,z) : H — Ris upper semicontinuous for all
x € H.

B3 : f(z,-) H — R is convex and lower

semicontinuous for all x € X.
B4: f(z,y) + f(y,z) < Oforall z,y € H,ie. fis
monotone.

It was shown in Theorem 4 of [[14], that when f
satisfies B1-B4, then U/ : H — P(H) defined by

U (z) = 0f (2, )(z) =

{veH: (y—=zu*)< flz,y) - flz,z),Vyec H}

(33)

is an m-accretive (maximal monotone) operator.
Moreover note that any solution of VI(U/,C)
belongs to S(f, C') when f satisfies B1-B4.

Suppose that f : H x H — R satisfies B1-B4, and
let the sequence {xy} be generated by

—Jv’

e (ug + oz + er)), (34)

where 29 € H, a;, € Rand v, € (0, 00) forall k, and
{ux} C H is an arbitrary sequence such that uy, — u,
and {ey } is a sequence of computational errors.

Tk+1

Corollary 4.3. Suppose that f : Hx H — R satisfies
BI-B4. Let the sequence {x} be generated by (B4),
where {ay} C Rand {7} C (0,00) such that vy, —
0o, ap — 0and ager, — 0. Also let {uy} C H be
an arbitrary sequence such that vy, — u. Then the
following statements are equivalent:

(i) S(f,C) #0,

(ii) the sequence {x}} is bounded,

(iii) {wy } is strongly convergent to Pg s c)(u), where
Pg(y,c is the projection of H onto S(f,C).

Proof. Since f satisfies BI-B4, then U/ : H —
P(H) is m-accretive (maximal monotone) by
Theorem 4 of [[14]. Now the proof follows from

Theorems and O

Remark 4.4. Let ¢ : H — R be a proper, convex and
lower semicontinuous function. Define f(z,y)
o(y) — ¢(x) forall z,y € H. Since ¢ is convex and
lower semicontinuous, the bifunction f : HxH — R
satisfies B1-B4. Then Corollary §.3 may be applied
to find a minimum point of ¢.
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We end this paper by providing a numerical
example where our main result can be applied.

Example 4.5. Let C = R? and define the bifunction
f:R® xR = Rby f(z,y) = ¢(y) — ¢(z) where
#(z) = zAz' + Bz' and

3 2 0
A=| -2 4 -1 | B=[4 -1 3]
0 1 5

where 2! denotes the transpose of the vector z
[ 21 22 23 ]. Notethat f(z,-) : R — Ris convex
for all z € R?, because A is positive definite. Clearly
f satisfies B1-B4. Also, S(f,C) # &. Indeed, the
untiue iolution of the equilibrium problem is x*

[ 5 § To ) because ¢(z) = 327 + 423 + 523 +
4z1 — 29 + 323.

In order to illustrate an  application
of Corollary B3, we take ay = %ﬂ’
w = K+ 1L x = [-21 3],

2 3 2
Uk = [4+mm 1+em 2457 ]

e = [2VE+5 —VEk+4 3Wk-2] 1tis

easy to see that up — wu [4 -1 2] and

Pspioy(u) = | %2 % I—g’ |. Note that the error
sequence {eg} is unbounded and the conditions of
Corollary @#.3 are satisfied. If {z}} is the sequence

generated by

f
Tyl = J,)l,{ (Uk + ak(:vk + ek))7

then Corollary §.3 ensures that {x} converges to
x*.  We performed the numerical experiment for

this example and the numerical results are displayed

in Table 1.  The table shows that the sequence
{1} is convergent to [ =2 1 23 |, which is the

solution of EP(f, C'). This problem was solved by the
Optimization Toolbox in Matlab R2020a on a Laptop
Intel(R) Core(TM) i7- 8665U CPU @ 1.90GHz RAM
8.00 GB.

Table 1. The numerical experiment for Example 4.5
k Thy1 loesr —wpll | llwpss — =7
1 ( 1.5714, 1.0556, 0.7273) 4.2336 2.6325
2 (0.5309, 0.4169, -0.0418) 1.4429 1.2594
3 (-0.1826, 0.2167, -0.1907) 0.7559 0.5047
10 (-0.6258, 0.1274, -0.2837) 0.0093 0.0440
100 | (-0.6658, 0.1249, -0.2994) 1.5803x10~° 0.0010
200 | (-0.6664, 0.1249, -0.2998) 2.7028 1078 34551104
500 | (-0.6666, 0.1250, -0.2999) 278411077 | 8.5606x10~°
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