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Abstract: - Fractional Analysis is a mathematical method based on different principles from those governing the
well-known mathematical principles of differential and integral calculus. The main difference from ordinary
differential analysis lies in its property being a non-local analysis, not a local one. This analysis is essential in
studying problems in physics, engineering, biology, biomechanics, and others that fall into the micro and nano
areas. However, the main issue in fractional analysis is the mathematical imperfections presented by fractional
derivatives. In fact, not all known fractional derivatives meet the differential topology requirements for
mathematical derivatives. Hence, A-fractional differential geometry is invented and applied in various scientific
areas, like physics, mechanics, biology, economy, and other fields. Apart from the basic mathematical theory
concerning establishing the A-fractional derivative, the corresponding differential geometry, differential
equations, variational methods, and fields theory are outlined. Proceeding to the applications, A-fractional
continuum mechanics, A-fractional viscoelasticity, A-fractional physics, A-fractional beam and plate theory are
discussed. It is pointed out that only globally stable states are allowed into the context of A-fractional analysis.
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1 Introduction In fact, Fractional Calculus is a mathematical
The need for global differential analysis in physics methgd of globql analysis, demanded in Vgriogs
and engineering has pushed the blooming of theor.les concerning  micro and nano theories in
fractional calculus, which is inherently global. In physics and engineering and not only. [2], [3] and
[1], pointing out the importance of the global [4], .and not only were hlghl.y goncerned about
analysis in micro and nanophysics, refers in the fractional integrals and derivatives. [5] have
introduction of his book, “Non-local continuum presented the historical evolution of fractional
field theories are concerned with the physics of calcu}us. Frgct.ional calculus is an indispensable
material bodies whose behavior of a material point tool in describing the non-local character of many
is influenced by the state of all points of the body. phenomena in mechanics, physics, engineering,
The non-local theory generalizes the classical field control theory, and economics, [6]. Systematic
theory in two respects i) the energy balance law is description and anal'ys1s of the fractional calculus
considered valid globally(for the entire body), and field may be found in the books [7], [8], [9], [10],
ii) the state of the body at a material point is [11] and various app-hcatlons are also 1ncludeq.

described by the response functionals”. Local mathematical calculus cannot describe an

extensive collection of phenomena in mechanics,
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physics, and other scientific fields. Since
intermolecular attractions are considerable, non-
local continuum theories are only accepted. Indeed,
singularities are generated by various fields, like
the application of concentrated loads to the fields of
stresses and strains around the crack tips and
dislocations. Further, viscoelastic problems are
described through time fractional fields. In fact,
only viscoelastic problems have been formulated
using fractional time calculus for the last 50 years.
The interest concerning fractional calculus was
turned from time to space [12], expressing the
distribution of non-homogeneous material fields,
like microcracks, composite materials, and others,
through fractional formulation. Moreover, a lot
have been done in the field on stability criteria,
[13].

Contrary to the conventional strain, [12] and
[14] proposed the fractional strain. That strain
exhibits strong non-local character. However, the
well-known fractional derivatives are
mathematically simple operators, not mathematical
derivatives satisfying the prerequisites demanded
by Differential Topology,

a. Linearity D(af(x) + bg(x)) = aDf (x) +

bDg(x) (1)
b. Leibniz rule D(f(x) -g(x)) = Df(x)-

g(x) + f(x)-Dg(x) 2)
c. Chainrule D(g(f))(x) =Dg(f(x)-

Df (x) 3)

Hence, the use of fractional derivatives was not
mathematically established. [15] proposed the L-
fractional derivative, then the fractional A-
derivative, which is mathematically correct. The
proposed non-local procedure has already been
applied to the various problems in mechanics and
not only. We propose A- fractional deformations
and define the corresponding deformation tensors
[14], [15], [16], [17], [18].

The fractional strain has been presented in [19],
[20], [21], [22], however, they do not comply with
fractional differential geometries. Further, the A-
fractional strain tensors will also be presented. Let
us point out that the strain exists only in the A-
space, having the character of a derivative.

We present the formulation of the A-space,
where geometry and physics are valid in a
conventional way. Further, the results in the A-
space are not the true results. They should be
transferred to the initial space. The problem
concerning the extension of a fractional bar under
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axial load is presented. Its solution exhibits the size
effect phenomenon. Similar phenomena have been
presented in the strain gradient theories.
A-Fractional differential analysis is formulated
in the present work. The fractional derivatives are
local and conventional in the A-fractional space.
Hence, differential geometry is generated. The
actual results should be located in the initial space
and should be found by transferring the results
found in the A-space into the initial space. The A-
fractional transformation, governing the A-
fractional space, 1is similar to Laplace’s
transformation. The results are transferred from the
A-fractional space to the initial one, the true space.

2 Summary of Fractional Calculus

One of the most active and interesting fields in
applied mathematics is Fractional Calculus due to
its broad applications in micro and nano problems.
Many applications in engineering and physics are
considered in that context. Due to the high
importance of Fractional Calculus in many
applications, the field has also been extended
theoretically. There exist many definitions of

fractional derivatives. Leibniz, looking for the
n

d'g
dx"

when

possibility of defining the derivative

n= 5 suggested fractional derivatives. There

exists a plethora of those derivatives. Nevertheless,
they are all non-local, contrary to the conventional
ones that are local. Information about fractional
analysis and its applications may be found in the
classical books of [8], [9] and [10].

Recalling the n-fold integral of a function f(x)

AT (x)=

( 11)'j(x—s)”‘1f(s)ds, x>0,neN
n-—1)!

“

Leibniz defined the y-multiple integral with 0<y<1
by,

1 X

f(s)

14 —
e fO) = 15, oo )
with 77(y) Euler’s Gamma function.
Further, the left Riemann-Liouville (R-L)
derivatives are defined by:
d _

REDYf(0) = = (olx " f(X)) =

1 d rx f(s) ( 6)

I‘(l—y)a a (x-s)Y S
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Moreover, definitions for the right fractional
integrals and derivatives have been assigned, [9].

3 The A-Fractional Derivative

The authors initially introduced The L-fractional
derivative to establish a fractional derivative
conforming to the properties of a derivative
demanded by the Differential Topology. The
objective was for the fractional derivative to
correspond to a fractional differential. As has been
mentioned, the prerequisites of differential
topology for the derivatives are [23]:

a.Linearity:

D(af+bg)(x)= aDf(x)+bDg(x) @)
b. Composition (chain rule):

D(f(9))(x)=Df (9)-D(g)(x) (8)
c. Leibniz’s (product) rule:

D(f - g)(x) = Df (x)- g(x) + f(x)- D(g(X) )

The A-fractional derivative (A-FD) has been
introduced as:

WD)
DX

(10)

DI (0=

Hence, according to the definition of the fractional
derivative, Eq. (6), the A-FD is defined by:
d 1, 7T (x)

1=y (11)
071 () =— B = al T
d,l,7x d,1,"7"x
dx
. -
Assuming X=,17x and

F(X)=,1,7f(x) the A-FD behaves like a
conventional derivative, with local behavior in the
fractional space (X, F(X)). Hence, it is possible to
generate Fractional Differential Geometry in the
A-Fractional space (X, F(X)), with the derivative,

;\D;f(x):m (12)
dx
Further the relation,
LD GLT IO = (%) (13)

pulls back to the initial space, the functions
generated in the fractional A-space. The proposed
A-Fractional analysis is similar to Laplace’s
transformation. Further, Eq.(13) is similar to the
inverse of Laplace’s transformation.

For better understanding, consider in the initial
space the function,
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(14)

Transferring that function in the A-fractional space
(X, F(X)) (with a=0),

X (15)
X = 15
F(3—y)
FOXO) =y 1y 7 F(x(X))=
Ly o 2 (3-7). (16)
F(l—y)O(X_S)V T(4-y)
Further considering from Eq. (15),
L
x=(T(3-7)X)>7 (17)
Eq. (16) yields
2[(F(377/)X)2%‘/]
P (18)

The curve in the initial plane (X, f(x)), shown in

Figure 1.

flx)

Fig. 1: The original plane (X, f(x)=x?)

is transferred to the A-fractional plane (space)
shown in Figure 2, for y=0.6.

9

Ty

Fig. 2: The curve in the Fractional Space (X, F(X))
for y=0.6
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Thus, the derivative:

3
24(5-y)r (3—y)(XI'(3-y))2~7
(2-y)r(e-y)

dF(X)

D(F(X))=— (19)

The A-fractional plane for Xo=0.6 and y=0.6
yields the  derivative D(F(X0))=1.1580.
Consequently, the equation of the tangent line Y(X)
of that curve at a point Xo is defined by Figure 3

Y (X)=F(Xo)+==(F (Xo))(X-Xo). (20)

F(x)

Fig. 3: A-Fractional Plane with the tangent space of
the curve (x,F(X))

The tangent space is transferred in the original
plane (X, f(x)) following the procedure explained
below:

The point Xc=0.81 in the initial x-axis,
corresponding to Xo=0.60 is defined, recalling Eq.
(20), Then substituting in the derivative dzgf) in
the fractional plane, the X as a function of X, the
4DYf(x) is defined. Hence, the corresponding
function in the real space (X, f(X)) may be pulled
back by the relation R5D, Y (4DY f(x) ). Indeed,
RSDI_Y(AD]/]C(X) ) —

_ \y—1ApY
5 ande = DIf()ds. (2D)
In the present case for the function f(x)=x?
RED, Y (8DXx?), o, = 141. (22)

Thus, the fractional tangent space g(x) in the
original space (X, f(x)) is defined by:

90 = (), + 03 (BDLF ) _ (i
- X0)
(23)

In the present case at Xo=0.6 for y=0.6, x0=0.81,
the tangent space is expressed by Figure 4.

1.79 x'*

04 —0.6) (24)

g(x) = (¥ =081 + 1.41(
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flx)

X

Fig. 4: The fractional tangent space g(x) of the
curve f(x) in the original plane for y=0.6 at x=0.81

4 The fractional Arc-Length
The A-Fractional plane (X, Y(X)) for a function

y=f(x) , with its A-Fractional Differential of order
0<y<1, is defined by:
dv (x) = 37 g%
(25)
with X and Y(X) defined by X=,1 /X  and

F(X)=,1,7f(X). Hence,
Plane, the arc length is expressed by:

(dF (X))
oGy

Likewise, in the original plane, the arc length s(x) is
defined by:

s(x)="5D,7 (S(X)) =

in the A-Fractional

) dX (26

)
(2-3y+77)0(1-7) 27)

108

Nevertheless, for the curves defined parametrically

by:
x=g(t). y="f(t) (28)

The differential of the arc length in the A-fractional
plane is defined by:

RN EDNED)

With the expression of the arc length,

~ ].dS(T)

(29)

(30)
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The Integral Equation below yields the arc length
s(t) in the original plane:

s(t)="2D,7(S(T))
=D (S(

7

(2—37/+7/2)F(1—7/))) G

5 The Fractional Tangent Space of a

Space Curve
Assuming that the equation r=r(s) represents a
space curve equation in the initial space, with S the
fractional length of the curve. Transferring the
space curve, defined in the initial space, into the A-
fractional space, the derivative defines the
fractional tangent space in the A-space:

_d’r _dI'7r _ dR(S)
'd’s dI'7s ds (32)

Since,
dR(s) =/os| .
the length |R1| is unity. Proceeding to the

expression of the tangent vector with variables of
the original plane:

s

R(s)=R,(S)= R(r(3 y)

(34

Further, pulling back that tangent vector into the
initial space:
Sy "

(35)
(2—37+)/2)F(1—7))

t — _
(S0 ) = RDIR (

Since, at the point r,=r(S,), the tangent space of the
curve r'=r(s) is defined considering the Fractional
Space with:

R=R(So) +kR1(So), (36)
the tangent space, in the original space,
corresponding to the tangent space in the A-
Fractional space may be defined by:

r'(s)=r(s,)+(" DVR(F( )»(( y)—soj
37)

The normal plane to the curve at Sy orthogonal to
the tangent line at Ro=R(Sy) is defined by:

(Y_R(So))'T(So)z

(Y_R(SO))'Rl(SO):O ’ (38)
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The corresponding normal space in the initial space
is defined by:

y(s) = "D Y(S(s). (39)

6 Geometry in the A-fractional Space
Considering the surface, Figure 5,

7=x%y?% 0<x<l, 0<y<l (40)
shown in Figure 5.

Fig. 5: The surface z in the initial space

Assuming the fractional order equal to vy, the A-
space (X, Y, Z) is defined by:

x?7Y

X = o 41
y=2" (42)
. . ©r3-y)
zZ= ny yalx yZ(x'y) =
1 x z(s, t) dt
(r@-y)? fb (f a (x— S)V (y—f)y ’ (43)

With a=b=0 , Eq.(43) yields,
1

2((XT[3-yD2-¥)37¥

Z=( T[a—y]

*xY) (44)

In the A- fractional space, the surface Z is defined
for y=0.6 by:
Z=0.947X* M4yt (45)

That surface in the A-fractional space is shown in
Figure 6.

Fig. 6: The surface Z in the A- fractional space
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Proceeding to the definition of the tangent space of
that surface, at the point X=Y=0.6,
— (0 947xl.714yl.714)(x Y=0.6) +

dz(xdy 0.6) (X = 06) + dZ(X Y=0.6) ¥ = 06),
(46)

simplified by,

Z=0.164+0.469(X-0.6)+0.469(Y-0.6) (47)

The tangent space of the surface in the A-fractional
space is shown in Figure 7.

y ‘} e tar?q'%nt plane
0.6

Fig. 7: The tangent plane of the surface in the A-
fractional space

The corresponding surface in the initial space
to the tangent plane in the A-fractional space is
defined by:

= xzyz(x—y—o g1y T
(’“Dy ok gy )) (X(x) - 0.6))

(RLDy 0.81 OD; 081 ( )) (Y(y) — 0.6))
(48)

The corresponding tangent surface in the initial
space is shown in Figure 8.

Fig. 8: The surface with its tangent surface at the
point (x=y=0.8106) at the initial space

7 The Fractional Field Theorems
The well-known field theorems are expressed by:
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a. Green’s theorem. Let Qx(xy), Qy(x)y), be
smooth real functions in a domain Q, with its
boundary a smooth closed curve d{2. Then,
o)
dx

Joa(Quddx +Qyay) = [, dxdy (= -
(49)

Corollary: When Qu(X,y), Qy(X,y), are derived by a
do do

potential function ®(x,y) with Q, = E’QY =

El
the RHS of Eq.(49) becomes zero. That means that
the curvilinear integral along a closed smooth

boundary is zero.

b. Stoke’s theorem:
For a smooth vector field F defined on a simple
surface ©2 with the boundary df2, Stoke’s theorem

is expressed by, [, (F,dL) = [[, (VX F,dS)

(50)
where (+,") denotes the scalar product.

c. The Gauss’ (divergence) theorem:

For a space region £ with a smooth surface
boundary 02, the volume integral of  the
divergence of a vector field F over Q is equal to the
surface integral of F over the boundary 9.2:

Joo(F,dS) = [[f, V-F d0 (51)

It is pointed out that those field theorems are
valid in the A-fractional space. However, the
results may be transferred into the initial space.

8 Fractional Variational Calculus

and Fractional Multiple Integrals
For a double integral in the fractional A-space:

I=[f, LKX,Y,W, Wy, Wy)dXdY (52)
The extremizing function is expressed by:
aL 8 [ oL a ( aL
3w~ 9% (owy) ~ av () = O (33)
along with the condition,
oL dy  dL
awyax owy O (54)

on boundary C.
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9 A-fractional Differential Equations.
Existence and Uniqueness

Theorems
The problem of the existence and uniqueness of
theorems  concerning  A-fractional ordinary
differential equations has been discussed:

dy
= =F(X,Y)

(55)
satisfying the Lipschitz condition, in the A-
fractional space:
|[F(X,Y)-FX,V)| <K, (56)
Satisfying the initial condition, Y(Xo)=Yo.
Those properties are transferred into the initial

space through the equation:
2-y

_ 14 xYGa)
YO =gy G 7
Applying Sonia Kowalewski’s theorem,

concerning the existence of a solution of a A-
fractional partial differential equation, [24], p.49, in
the A-space the following existence conditions are
derived:

With G(Y) and all its partial A-derivatives
continuous for |Y —Yy| <4, if Xo is a given
number and Zo=G(Y,0), Qo=G'(Y,), and if
F(X,Y,Z,G) in the region S defined by:

X = Xol <A,)Y =Y| <A4,|Z-2Z4l <4 (58)

then there exists a unique function @(X,Y) such
that,
a) d(X)Y) and all its partial derivatives are
continuous in the region R defined by:

|X = Xol <4y, ¥ =Yl <4, (59)
b) For all (X,Y) in R, Z=®(X,Y) is a solution of the
equation:

z _ oz
c) For all values of Y in the interval:
¥ =Yl < 4, , BXY)=G(Y)  (61)

The solution may be transferred into the initial
space through the equation:

s27V 27V
__1 # x v *Gemrey
z(x,y) = ()2 9%y fo fo st dt.
(62)
10 Linear Oscillations with

Fractional Dissipation
An elastic spring with k elastic modulus acts along
the axis x upon a body of mass m. In addition,
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friction of coefficient p is acting upon the mass.
Then, the A- space is defined with the T (time) axis
corresponding to the t-axis by:

1t s ot

=ty Jo @ S ramy 63)

Then, the Lagrangian is defined by:
L=T-V=1m@ED2 _Lrx(r)? (64)

Therefore, the A-space equation of motion is

defined by:
a?(X(1) ax(T) 2 —

Gz TH— T tw X(T)=0 (65)

with w? = % and the initial conditions, X(0)=Xo,
dx(o) _
o =X1 (66)
Solving the differential equation for T>0 gives:
uT

X(T) = X, cos <T /a)z + %) ez +(X; +
i sin(T a)2+”72> uT
EXO) ——+te 2. (67)

2
w2 +#_
4

That solution is valid in the A-fractional space. For

the parameters:
Xo=Xi=w=pu=1,

the solution is shown in Figure 9.

(68)

X(T)
12
10
s
08
04
0.2

t 3 5
o2 \/ & T

Fig. 9: The solution X(T) in the A-fractional space

The solution in the initial space (t, x(t)), is defined
with the help of the expression of T(t) with,

()~
(t)_r(3—y)

(69)

In fact, it should be substituted into the solution
X(T) in the A-space, so

X(T() = X(Fg__yy)

)- (70)

The corresponding solution, X(t) in the initial space,
is expressed by the equation:

XL
x(t) 1 4t (1"(3—7))

T T acdo (t—str

(71)
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The solution x(t) of the fractional equation for
fractional order y1=0.5 is shown in Figure 10 and
for y,=0.8 in Figure 11.

x(t)
%

-

1 1 2 0t

Fig. 10: The initial space solution X(t) for y=0.5

x(t)

T B o A O 1

Fig. 11:
y=0.8

The initial space solution X(t) for

11 The Wave Equation

Let us now discuss the wave equation:

’y(x,T) _ 1 9*Y(X,T)
ax2z ¢z 9r? (72)
in the A- space with the initial conditions:
aY(X 0)
YX.0)=n(X) , = v(X) (73)

The solution is presented in [24], page 220. In fact,
where:

n(== 0<X<a (74)
n= S g <x<2a (75)
1= 522 2a<x<3a  (76)
and o(X)=0, the solution in the A-space is
presented by
2nm 2nmX 2nmcT
Y(X,T)— Zn 1 2sm—sm ” -
(77

Assuming specific values e=1, n=2, o=1, and
c=1, the solution Y(X,T) in the A-space is shown in
Figure 12.

Fig. 12: Solution of Y(X,T) in the A-space
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The solution obtained in the A-fractional space
is transferred to the initial space, considering the
fractional orders of time, y1, of the x coordinate y.,
simulating the non-homogeneous distribution of the
media in that space direction.

Examples are porous or composite materials,
and not only.

Considering homogeneous media, i.e. media
with y,=1, the solution Y(X,T) is transferred into the
initial space, recalling that:

X=x T(t) = r(3 - (78)
Introducing (X,7) into the function of Y(X,T),
YO=YXTR)= Y(x, ——)  (79)

1"(3 Y1)

Then, the solution of the equation y(Xt) in the
initial space is defined through the transformation,

_ d it YD)
yx.= r(y)dt 0 Gopirn 4F (80)

Figure 13 shows the solution of the equation in the
initial space for y1=0.5 and Figure 14 for y;=0.8.

Fig. 14: The solution in the initial space y(x,t) for
y1=0.8

In fact, non-homogeneous media, such as

porous or composite materials, and not only are
simulated.
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It is recalled that:

x2-Y2 t2-v1
X(x) = rGa-yy)’ T@ = rG-y.)

(81)

Then, introducing these values into the function of
Y(X,T):

x2~Y2 t2-v1

Y=Y XTI sy 750 ) (582)
Then, the solution y(x,t) is given by:
_ 1 d d px gt Y(s,7)
YOO=r67 qrac o Jo o vaqrs 4748
(83)

Figure 15 shows the solution of the equation in
the initial space for fractional time order y1=0.5 and
space fractional order y,=0.5. Nevertheless, the
solution y(x,t) for time fractional order y1=0.5 and
space fractional order y.=0.8 is shown in Figure 16.
Figure 17 corresponds to the solution y(x,t) in the
initial space fory:=0.8 and y,=0.5. Figure 18
corresponds to the solution y(x,t) in the initial space
for y1=0.8 and y,=0.8

Fig. 15: The solution y(x,t) in the initial space for
11=0.5 and y,=0.5

Fig. 16: The solution y(x,t) in the initial space for
11=0.5 and y,=0.8
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Fig. 17: The solution y(x,t) in the initial space for
y1:0.8 and y2:0.5

X
Fig. 18: The solution y(x,t) in the initial space for
y1=0.8 and y2=0.8

Figure 15, Figure 16, Figure 17 amd Figure 18
clearly show the influence of the time(viscoelastic )
and space (porosity) order effects.

12 The A-fractional Diffusion
Equation
The one-dimensional A-fractional diffusion
equation is:
0%y 19y
axz = kot ° (84)
with the b.cs,
Y(X,0) = X5—¢cncos(nX + &), (85)

and Y—->0as T- .
For the solution to the diffusion equation, see [24],

Y(X,T) = 32_ocpcos(nX + &,)e ™ kT (86)

First-time fractional space is considered with

fractional order 1 only. In that case:
t2-v1

T = F(S——yl) , X=X (87)
Hence,
t2-v1 o
Y(x,T(®)) =Y (x, 1"(3_—]/1)) = Y=o Cn cOS(NX +
—n2 t2=Vv1
g,)e rG-v1) (88)
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The solution is transferred to the initial space with:

_n2 2=V1
2(x,t) = 1 d (t¥7-ocncos(nX+en)e r@-y1) .
T(y,) dt -0 (t-vt-71
(39)

A simplified solution with the initial condition:
Y(X,0) = cos(X), (90)
is considered with k=1. Hence, the solution in the
A-fractional space is defined by:
Y(X,T) = cosXe™T. 1)

Figure 19 pictures the solution of the diffusion
equation in the A-fractional space.

Fig. 19: The solution of the diffusion equation in
the A-space

Hence,
Y(x,T()) =¥ (x

2771
"T(3-y1)

G=>)
) = cosx e \IG-rv1)

(92)

Therefore, the solution in the initial space is
defined by:

2 2=Y1
_ 1 d ptcos(x)e " TGvD
Y& = sl — g4t (93)

Figure 20 represents the solution of the
diffusion equation in the initial space for fractional
order y1=0.5. However, Figure 21 shows the
solution for y,=0.8.

Fig. 20: The solution of the diffusion equation in
the initial space for fractional order y;=0.5
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Fig. 21: The solution of the diffusion equation in
the initial space for fractional order y;=0.8

Proceeding to the interaction of time y; and space

12 fractional orders:
t2-v1 x27Y2

TG’ TG ©4)
Hence,
2-Y2 t271
Y(X(x), T(t =y(’“ ,_):
( (), T( )) I(3=y2) "T(3-v1) ,
x27V2 —n2 27V
o x> rG-ry)
Yin=0 Cn COS (n TG + en) e 71
95)
Transferring the solution to the initial space:
y(x,t) =
s2=Y2 —nzkfz_—y1
1 d d rx t2§=ocncos(nr(Ty2) +sn)e rG-v1) dnd
F(n)F(Yz)EEfO fo (x=s)1"V2(t-1)1771 ras
(96)

Simplifying the algebra the solution:

Y(X,0) = cos(X), 97)
is taken into consideration with k=1. The solution
in the A-fractional space, is defined by:

Y(X,T) = cosXe™T (98)

Figure 22 shows the solution of the diffusion
equation in the A-fractional space.

Y(XT)

Fig. 22: The solution of the diffusion equation in
the A-space
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Hence,
_ x2-Y2 t2-v1 _
Y@, 1) =Y (1“(3—)/2)’1“(3—)/1)) B
272 _ t2=v1
(B-v1)
cos Gy e <F 3-71 ) 99)

Hence, in the initial space:

y(x,t) =

2=Y1

— 25, T
tCOS(‘rS(_Z-ZZZ))e "Gy

fO (x—s)17Y2(t-1)1-71

1 d d

X
T(ro)T(yy) dx dt fo drds.

(100)

The solution of the diffusion equation in the
initial space for time fractional order y,=0.5 and
space fractional order y,=0.5 is shown in Figure 23.
Nevertheless, in Figure 24 we can see the solution
for time fractional order y,=0.5 and space fractional
order y,=0.8. Figure 25 pictures the solution of the
equation for time order y;=0.8 and space order
v>=0.5. Figure 26 indicates the solution of the
equation for time order y;=0.8 and space order
Y2=0.8.

Fig. 23:  The solution of the equation for time
order y;=0.5 and space order y,=0.5

Fig. 24:  The solution of the equation for time
order y;=0.5 and space order y,=0.8
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Fig. 25: The solution of the equation for time order
v1=0.8 and space order y,=0.5

Fig. 26: The solution of the equation for time order
v1=0.8 and space order y,=0.8

13 Branching of the A-fractional

Differential Equations
Branching problems are considered into the context
of A-fractional analysis.

The beam deflection due to branching is
represented by w(x), (Figure 27), corresponding to
the buckling of a simply supported beam, where the
axial load p is applied upon the support at x=I and
with axis 0<x<l.

! p

-7-‘
w

Fig. 27: Branching curve in the initial plane

(x;w(x))

The geometry of the branching problem in the A-

fractional space is defined by:
1 d rx s

X= ray axdo sy ds, (101)
and the beam deflection W(X) ,( Figure 28)
_ 1 x w(s)
wX) = Ay fo sy 45 (102)

p

A\M’ X

Fig. 28: Branching curve in the A-space (X,W(X))
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The length | and the axial force p . correspond to L

and P in the A-fractional space, where:
_ ll_y d _ pl_y
“ren M - re-y

(103)

Further, the free energy of the beam is given by:

v == K2dS — PSL (104)
where the various characteristics of the beam in the
A-space are defined as follows: S represents the arc
length of the inextensible elastic curve of the beam
in the A-space, El stands for the stiffness of the
beam, and JL denotes the displacement of the load
P. Hence, defining the free energy of the beam,
Eq.(104):

El [ w'es)
V= 7 <—,2> as —
J JI+W'(S)

L 1
—P |} (1 - W) ds (105)

Considering small deflections, |W(S)| < 1, the
free energy function is expressed by:

V=g W (i-iwer) -

gw’(S)Z) ds=[* (s, Pds. (106)

The wvariational equation, derived through the

potential function V, yields the equilibrium
equation:

d® 90(S,P)  d 3a(SP) _

dsz aw’(s) ds aw'(s) 0. (107)

Consequently, the equilibrium equation is:
WSES) +=W'(S) = W' (2W'(S) +

W3 +4W (W' (S)W"(S), (108)
with the b.cs,
WO)=W"(0) =W(L) =W"(L) = 0. (109)

Following the principles of branching theory, [13],
[25], the homogeneous linear problem:

W) +—w'(S) =0,
with the above b.cs, is expressed by:
W(S) = &sin(AS),

with 12 = = = (E)2 .

(110)

(111)

= T (112)

Further, increasing the loading by:
== 21+k?),
the branching equation becomes:

(113)
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WM™ (S) + 22W(S)
= R(S, k)

— _7221,2 " _2 ! 2 " " 3
= —2ZIPW(S) = W (S*W(S) + W(S)

+4W' (W (HW(S)
(114)

According to Fredholm's alternative theorem, the
branching equation has a solution if:

[ R(S,K)dS = 0, (115)

Hence, the deflection of the branching curve is
defined as a function of the incremental axial force
by:

_ 126

§=22kL . (116)

Ea
Consequently, the branching elastic curve in the A-
space is defined by:

W (X) = ==kL sin(AX). (117)
Expressing the elastic line in the A-space with

variables of the initial space:
m x*7V

WXEO)=¢ sin o) .

(118)

Finally, the branching equation in the initial space
is defined by:

n s>~V
1 d x$Sin(rgs

14 The A-fractional Euler-Lagrange

Equation
We transfer the variational problem, [26] from the
initial space to the A-fractional space [27], [28].
The various functions are defined through:

1 X x _ x%v
=ramh e B rey (120
x = (XIr3 —y)VeEm, (121)

The extermination of the functional in the A-
fractional space is expressed by:

V. =[F(X,Y(X),Y'(X))dX (122)
with some corresponding boundary conditions.

The extremal equation is defined by:
iaF(X,Y(X),Y'(X)) _ IW(XY(X),Y' (X)) _ (123)
dx ay'(x) AY(X)

with the boundary conditions. Since A-fractional

analysis is a global procedure, globally stable

variational problems will be considered. In other
words, continuous solutions of the extremal

Eq.(123) are adopted with non-continuous
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derivatives; hence, the Weierstrass-Erdman corner
conditions, [13], [27], should additionally be
satisfied with:
Fp,[X=c—0]—F,[X=c+0]=0 (124)
(F-YE)X=c—-0-(F-YF)X=c+

0] =o0. (125)

With the help of the Egs. (120), we should transfer
the extremal function Y(X) into the initial space.

Indeed,
YX) =Y¢(

x27Y

r(3-y)

). (126)

Further, using Eq. (126) the problem is transferred
into the initial space as:
2=V
1 d rx Y(F(3—y))

y(x) = ——=—

r(y)dx”0 (x-s)t=v " (127)

15 The A-fractional Refraction of

Light
Two mediums I and II are sparated by the line y=0.
The light ray transverses a path from point a=(X1,y1)
of medium | with velocity vi to point b=(X2,y2) of
medium Il with velocity vz, considering the shortest
time interval.
The points A=(X1,Y1) and B=(Xz, Y2) in the A-
fractional space correspond to the points a and b in
the initial space, Figure 29.

! initial space : A-fract. space
a e
)
A\R.#
I';\b X %\\]'3 X

Fig. 29: The A-fractional light refraction problem

We define the A-fractional space by(y is the

fractional order of wvarious material non-
homogeneous distributions):
=27 =27 (128)
T ra-y)’ T rs-y)

where (x,y) are the corresponding points of the
initial space.

We formulate the A-fractional light refraction

problem in the A-fractional space. In order to solve
it, the following integral must be minimized:
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J = f;‘: “;Y’Z dx + f;iz ”*:’2 dx  (129)

V.

Both the Euler-Lagrange equation and the
corner conditions must be considered to minimize
globally the integral.

The minimum time for the light traveling from
point A to point B is defined for the zigzag straight
line AXoB, which can be given from the relation:

sing _ v (130)

—- = — = constant.
sin@ vy
From that relation, we can define the point Xo
where the light beam meets the axis X. The point xo
in the initial space, corresponding to the Xo, is
defined with the formula:
Xo = (XoT B —y)VE™M. (131)
We transfer straight lines in the A-fractional
space as straight lines in the initial space; the path
should pass through the points a, Xo, and b in the
initial space, and the zigzag curve axon defines the
fractional refraction problem.

16 Conventional Deformation vs A -

Fractional Deformation Geometry
Let us consider a material body b in its undeformed
initial placement with its boundary 0db. The
deformed configuration is & with the boundary 3é.
If @ material point X in b moves to the position y in
8, (Figure 30), the local deformation is defined by
[13],[16], [17], [29]:

ab

C Das

e

Fig. 30: The initial and deformed placements at the
initial space

5}

F(W(0) = 2 (132)

The right Cauchy-Green deformation tensor is:

C=F'F (133)
whereas the left Cauchy-Green deformation tensor
is given by:

B=F FT (134)

where ()' denotes the transpose matrix.
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We then define the Euler-Lagrange strain tensor as,

E=1/2 (C-1) (135)
and the Euler-Almansi strain tensor:
e=1/2(1-B71) (136)

Besides, the linear strain tensor is defined by:
11 1
E'=_(F+F")-1=(H+HT) (137

where H =F-1 is the displacement gradient tensor.
The configurations B and A in the A-space
correspond to the configurations of the reference
placement b and the deformed one & in the initial
space. In fact the transformation:

_xit Ve
—m, 1=1,.,3 (138)
is considered.

(The tensor contraction and the vectors €; are the
unit ones). Likewise, the transformation ¥ of the
current placement y(x) in the fractional A-space

(Figure 31) is defined by:

7, _ _E X3Xzx3 Y, (stu)dsdtdu

‘P(X) - I"(l—)/)3 fffa3a2(x1 ((Xl—s)(xz—t)(x3—u))y
(139)

where E, i=1,2,3, are the unit vectors in the

conjugate A-space.

s M

Fig. 31: The initial and the deformed placements at
the A-space

Eq.(138) defines the transformation of the
current placement in the A-space. With the help of
Eq.(138), the current placement is defined:

Y=¥(X) (140)
with the X vector defining the initial placement in
the conjugate A-fractional space.

Therefore, the A- fractional deformation tensor is
defined by:

) =22 (141)
The right Cauchy-Green deformation tensor in the
A- fractional is defined by:

AC=AFTAR (142)
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Further, expressing the left A- fractional Cauchy-
Green deformation tensor:

AB=AF AFT (143)

with ()T denoting the transpose matrix.

Then, the A- fractional FEuler-Lagrange strain
tensor is defined by:

AE=1/2 (*C-I) (144)
where | is the identity matrix. Yet the A- fractional
Euler-Almansi strain tensor:

fe=1/2(1- "B7Y) (145)
Further, the A-fractional linear strain tensor is
defined by:

Agl _ 1A ART _1ca AT

E'=_("F+ 'FT) —1=2("H+ *HT) (146)
with “H the A-fractional displacement gradient in
the A-fractional space.

At this point, we must note that strains may not
be transferred in the initial space since strains are,
in fact, derivatives. Nevertheless, if strain is needed
in the initial space, those strains will be transferred
as functions.

We transfer the various deformation tensors in
the A-fractional space back to the original space
through the transformation:

q() = "D (Q(X)) (147)

In the case of both sides transformation ¥(X)
of the displacement function y, Eq.(139) becomes:
P(x)=
P, (s,tu) ds

Ia)
a

E___d (L [ (L (
2r(1-y))3 dx; \dx, “az \dx,
by P, (stu) ds ) ) )
+ dt)du
fxl (Ge1=5)(xa =) (x3~w)"

In order to make the problem more accessible,
we will consider only the left fractional derivative
in the first chapters.

(148)

17 The Elasticity Problem
The strain energy density function is defined, [16],
[17],[30] as:

W =w(C), (149)
where C is the right Cauchy-Green deformation
tensor, Eq.(142); moreover, for isotropic materials
holds that:

w = W(11112713) (150)
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where I, 1,,1; are the principal invariants of the
tensor C or B. Then the stress tensor T is defined
by [30]:

T == XOI+XIB + X_lB_l (151)
where I is the unit 3x3 matrix, and if
ow
W; = FTR (152)
2
Xo = IW(IZWZ + I3W3) (153)
3
2
X1 = ﬂTW1 (154)
3
x-1 = —2L*w, (155)

Further, for incompressible isotropic materials with
I3=1, the stress tensor is expressed by:

T = —pl+2W,B — 2W,B?! (156)
where p is the pressure due to the constraint of
incompressibility.

Let us point out that for neo-Hookean materials:
W =2_C(—3) (157)
with
T = —pl+2(,B, (158)
Besides, for the Mooney-Rivlin incompressible
materials with:

W =C(I; —3)+ C,(I, — 3) (159)
the stress tensor is expressed by:
T = —pl+2C;B—2C,B™! . (160)

Likewise, for linear elasticity with infinitesimal
deformations, we get:

TxL = 2uEy;, + AEym k.
where,

Ex, = %(uK,L +upk)
is the linear deformation tensor.

(161)

(162)

The coefficients (4,u) are the well-known
Lame coefficients. Furthermore, we may transfer
the various results only as functions to the original
space. Moreover, the equation of the balance of
linear momentum is defined by:

div[T ]+ ppb=0 (163)
where b is the body loading and p is the material
density. The symmetry of Cauchy stress tensor
yields,

T=T (164)

All the relations concerning elasticity theory
are evidently valid in the A-Fractional space, not
the initial space. The results from the A-space are
transferred into the initial space, and those are the
final results.
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In the case of the A-space, all the functions will
be considered with the A-upper left index.

18 Application

A material point (x,y) moves from the initial to the
deformed position through the formula:
Ow)=E(x+x%y, y+y*X), with |§| « 1, in the initial
plane. Therefore, this point, in its undeformed and
deformed status, can be described in the
corresponding positions (X,Y) in the A-fractional
space, where, see Eq.(135):

x27Y

X = ) (165)
_
= s (166)

Meanwhile, in order for the algebra not to
become lengthy, the application presented will have
fractional order y=0.6.

Furthermore, the initial plane's current
displacement (u,v) corresponds to the displacement
(U, V) in the A-fractional space. According to
Eq.(135),we have:

U=0.973¢x17ly
V =0.973&xy171

(167)
(168)

The A-fractional (non-local) displacement gradient

H is defined by:
Ay _ 9WY)

= 2 (169)

The A- fractional linear strain tensor, Eq.(135), is
defined by using the computerized Mathematica
pack, [31]. In that case:

AEN(X,Y) =
1.668X 0714y
0.487 (X7 +y0714)

0.487(X0'714 + Y0.714—)

1.668XY 0714
(170)

Similarly, we may define all the necessary A-
fractional deformation and strain tensors using
similar procedures with the help of the
Mathematica computerized algebra. In order to pull
back to the initial space all the various deformation
tensors, the following method should be followed:

Through the Eqgs. (165, 166, 147), the variables
X and Y are expressed in X and y. Then the Eq.(147)
yields:

qCx,y) = BLDTVRLDTY(QX (x), Y () (171)

Expressing the fractional Riemann-Liouville
derivatives in Eq.(171), it appears:
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q(x,y) =

1 9% ry 1 x  Q(s,t)
(r(y))? oxay -0 (y—t)l‘V( 0 (x—s)t=v ds) e (172)

The corresponding matrices in the original
space (X,y) are extracted by applying Eq.(172) to
the A-fractional deformation and A-strain matrices.
Indeed, we may compute the fractional linear strain
el in the initial space through the relation:

e'(x,y) = "aD, " FED T (ME (X (), Y ()
(173)

Performing the computation with the help of

Mathematica computerized algebra, it is found:
el(x,y) = o
. 1599x%%y 0335 (55 + 253)

2 2
0335 (Z5+25)  1599xy%0

(174)

Proceeding to the definition of the stresses in the A-
space:

T u
m - E11 + _2H+A E22 (175)
2o U
g = Eyp + i Ei1 (176)
212 2u
Qu+DE ~ 2u+ TN (A77)
O'ij .
We have computed the stresses Gmne 0 the

original space for ﬁ = 0.30. (Figure 32, Figure
33 and Figure 34).

Fig. 32: The stress o1 in the initial space for y=0.5,
0.8, 1.0
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x
Fig. 33: The stress o2 in the initial space for
v=0.5,0.8,1.0

Fig. 34: The stress o2 in the initial space for
v=0.5,0.8,1.0

The high importance of the contribution of the
fractional-order vy is evident.

19 The Bar Extension

This section describes the problem of the bar
extension using the A-strain, as implemented in
deformation problems. Let's assume a bar, which is
fixed at one end, is fractionally deformed due to a
force p at its free end (Figure 35).
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undeformed placement

Xo |

| ————————
X

)

deformed placement

wixy)

)
P wix)

wil)

Fig. 35: The bar in the initial space

This initial space force p corresponds to a force
P in the fractional A-space, which is defined by the
formula:
_ p7
©re-y

_ 1 Il p
T ra-y) fo (1-s)Y (178)

Transferring into the A-space, the length | of the

bar:
127r

(Figure 36).

undeformed placement
Ii X,
i ,‘ -\'

deformed placement
"I(.\.a_)

w(X)

- j
W(L) P

Fig. 36: The fractional A-space

Likewise, the constant cross-section area is
transferred to the A-space through the formula:
1 X a ax'~Y
“ramh cy® ey (180

Hence, the linear Hook’s law in the A-space, is

defined by:
ar _ P _ pl'7¥
dX EA  Eax~V (181)
where E is Young’s modulus of Elasticity in the A-
space. Furthermore:

x = ("3 - X7

(182)
Hence, Eq.(181) yields:
1
X 1Y dx 2-y)pli—Yx2-v
Y(X) = fo p = _( V)pEa
Ea(r(3-y)x)z—v
(183)

where Y(X) signifies the displacement in the
fractional A-space.
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Likewise, the displacement Y may be defined
as a function of the initial placement X through
Eqs.(165),(166). Indeed,

1 \17Y
pxz‘y<l(x2‘y)T”>

Y(x) = Ear(1-y)

(184)

Moreover, the displacement y(x) in the initial plane

(X,y) is transferred through,
L 4 x Y06
Y0 =55 i o ey 45 (185)
The displacement in the initial space X is defined
by:

-2+ VpxV
y(x) — ( Y) pxL
Eal(1+y)r(3-y)2—v

(186)

Figure 37 shows the displacement functions for a
bar of length I=2 and y=0.6, 0.8, 1.

(Ealp)y(x)

/
-

y=1

i
Fig. 37: The bar displacement y(X) for various
values of the fractional-order y

We can conclude that the displacements
increase for smaller values of the fractional orders
7.

Since the conventional mechanics' rules are
valid in the A-space, the axial force is equal to P,
see Eq.(178). Hence, the axial stress 2(X), is
defined through the formula:

sx)=2=_Prem (187)

<

a(r@3-y)x)*v

Furthermore, the stress 2(X) in the A-space may be
expressed in the X variable of the initial space by:

20) = B2 (188)

ax1~v

Transferring the stress from the A-space to the
initial space:
o(x) =

RLp1=Y —_t drx pl7 _ plTYrxT Y
ODx Z(X(x)) T r@) dx’0 asi=Y(x—s)1-v - ar2y-1)
(189)

Let’s point out that the size effect phenomenon
is present in this analysis, precisely as the one that
appeared in gradient elasticity theories, [32].
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Diagrams of the stresses in the initial space for a
bar of initial length I=2 is shown in Figure 38.

(a/p)o(x)

Fig. 38: Stresses in the initial space for various
fractional orders y

20 The Fractal Bar Extension

A- derivative and the use of the A-fractional space
will be applied in fractals. Consider bars with
variable cross-section area a(x) defined through the
fractal function with Hausdorff dimension dy=1.5,

a(x) =14 Xp-n %"sin(n™x)  (190)
and approximated by Figure 39
a(x) =1+ 3Y5_,n %" sin(n™x) (191)

a(x)

Fig. 39: The unit length fractal cross-sectional area

a(x)

Then, the cross-sectional area in the A-space is
expressed by:

_ 1 x a(s)

Alx) = o fo sy & (192)
Moreover,

4 193
ey (193)

Solving for x from Eq. (193),

1

x= (TG -yX)>r (194)

Hausdorff dimension and fractal order are
simply connected; [33], [34], [35], [36], [37].
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The cross-sectional area function A(X) in the
A-space, for the initial cross-sectional area a(x) for
y=0.6, is shown in Figure 40.

ALX) -~

15
10

25

02 o4 08 08 1 X

Fig. 40: The cross-sectional area A(X) versus the
axial coordinate X in the A-space

Transferring all the characteristics of the bar in
the A-space, the length L and the force P
corresponding to | and p are defined by:

1 I 1 v
T r(-y) fo (1-5)Y 7 r@e-y)’ (195)
1 Il p _ pltv
T ra-y) fo (1=s)Y 7 T r@-y) (196)

in the A-space. The stress in the A-space is defined
by Figure 41:
P pl*v

2X) =35 = Fa-nam

(197)
Size effects, as seen in [31], are present.

0817
o HX)

0.0 'Jj_' o1 "-l' "-{1 l.',' x
Fig.41: The fractional stress 2(X) diagram in the A-
space for y=0.6

Moreover, the fractional strain in the A-space is
defined by (considering the elastic modulus E
constant in the initial space):

£5X) P

E(X) = =
X) =7 = EAA(X) ~ Ex-YA(X)

(198)

Furthermore, considering Eq. (198), the fractional
strain E(X) is defined by:
1-y

l
E(X) = E
E(r(2-y)X)?"YA(X)

(199)

A diagram of the fractional strain in the A-space is
presented in Figure 42.
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3
—EX)

.‘X

Fig. 42: The strain E£(X) in the A-space with y=0.6

Since the strain in the A-space:
av(x) _

o = EX) (200)
the displacement Y(X) in the A-space is defined by,
Y(x) = [ E()dX (201)

For the initial unit length fractal bar, the
displacement function in the A-space for the order
y=0.6 is shown in Figure 43.

E
ZY(X)

1.0

08

02 04 06 08 10 X

Fig.43: The fractional displacement field for the bar
of unit initial length with y=0.6 in the A-fractional
space

The axial stress is defined by:
_ 1 d x Z(s)
o(x) =—— o ) ds (202)

dx J0 (x—s)1¥

The stress function in the initial space is shown in
Figure 44.

a(x)

Fig. 44: The fractional stress field for the unit bar
with y=0.6 in the initial space
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Furthermore, the displacement in the initial space

may be found through the formula:
__Ldx Y
YO = 15w do Gmsyr 85

(203)

Figure 45 indicates the displacement function in
the initial space.

E
=% y(x)

o o T w X

Fig.45: The fractional displacement field for the bar
of unit initial length with y=0.6 in the initial space

21 Plane Linear A-fractional
Elasticity with both  Sides

Fractional Derivatives

In the current section, we present the simple
problem of homogeneous deformation in the plane
infinitesimal  elasticity due to A-fractional
deformations with fractional derivatives of both
sides. The purpose of the present paragraph is to
present the analysis, explain its various steps for a
fractional problem, and consider derivatives of both
sides.

We use the biharmonic equation to solve the
plane elastic problems in linear elasticity:
Poyp 20 (2e_y (204)

0%x 02x02y t a%y

The plane stresses are defined through the stress
function ¢ and the relations:

2%¢
xx = agz (205)
_ 9%
Oyy = ﬁz (206)
_ _09%
Oxy = — axdy (207)

Hence, the homogeneous elasticity linear A-
fractional problem in the A-fractional space is
completely defined by the biharmonic function:

O=A X+A XY+AY? . (208)

Recalling Egs. (205-207) we define the

homogeneous A-stresses by:
Yo 2A0 L, Z=-Al, Zy=2A0 (209)

Volume 23, 2024



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2024.23.108

For any constant = in the fractional A-space
(X, Y), the corresponding function £ in the initial
space (x,y) equals to:

- f AL (L(py__a_ _
<= (2ry))? dx <f0! (x=s)t7Y <dy ( n (y-orv
6 at
[ y)> ds —
B 1 d y dt .
Je oo <E( n -0t

fye (- z>1-v)> ds)

Performing the algebra, Eq.(210) is simplified and
with =1, Eq. (210) yields,

) a

(210)

Lxy)=
(B=0)""V+(=a+x) ") ((O-) "V +(=n+y) ")
4T ()2
(211)

Therefore,

Oxx = 2y ((X,y) = 24, {(x,y), (212)

0yy = 2y 0(xy) = 2A0{(x, y), (213)

Oxy = xy((xv Y) = —A4,{(x,y). (214)

We have computed the function {(x, y) with the
help of Mathematica computerized pack and for the
values, (0=n=0, B=3, 6=2, y=0.6). The function
{(x,y) has a picture of Figure 46.

Fig. 46: The function {(x,y) in the initial space for
the specific values (0=n=0, =3, 6=2, y=0.6)

Hence, if we applied the traction to a body in
the initial plane, it should be governed by Egs.
(212-214). The stresses are not constant in the
initial space but multiples of the function {(X,y).

If we want to define the displacement field, the
strain in the A-space is defined for the plane strain
problem by:

1+ 2(1+
Eyx = - [(1 Lyx VZyy] = (E 2 [((1-
VA, — VAO]—K (215)
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2(1+v)
E

Eyy = —2[(1 - [(1 -

V)A, — vAZ] =M (216)
with v denoting Poisson’s ratio and E Young’s
modulus. It is assumed that for zero x-displacement
along x=0 and y-displacement along y=0, the

displacement functions in the A-space are defined
by:

2yy V‘v'xx] =

U=KX (217)
and V=MY (218)
Since,
X2y oy
T rE-y) T ra-y) (219)

1 1
x=(I'3 —y)X)>r y=(I'(3 — y)Y)>v (220)
We define the displacements (u,v) in the initial

plane (x,y) that correspond to the displacements (U,
V), Egs. (217,218) in the A-Fractional space by:

u:
J-X s27Y 1 i(fy dt _
@ ri-y) (x-s)t=v\dy \'n (y-t)1-v

K_a
(2ry))? dx
0 dt
fy = y)1—7)> ds —

J-B s27Y 1 d ( y at

X r(3-y) (s-x)7¥\dy\"n (y-t)r~v

B ) )as)

and
V=

(221)

M ifx 1 i(ytz_y ac_
@ry)?dx\ ‘e (x-s)t=v \dy \"n r(3-y) (y-t)*7v

6 t>7v dt
N rGa-y) (t—y)l—V)> ds =
>y dt

g1 y

fx (s—x)1-Y (dy (f nrG-y) G-
6 t>7v dt

fy r@a-v) (t—y)1‘7)> ds>

If we perform the algebra with the help of the
Mathematica computerized algebra pack u
displacement in the initial space will be computed

and is equal to:
KAW

Q

(222)

(223)
with

A_<2x1+y LT axep) @epy)

Y

(—x + B) 1Y (2x2 + 2xBy + B2y (1 + y))>(224)

P=((0 —y) 1 +y71) (225)
Q=41+ +NrEB-yrE)* (226)
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The x-displacement u in the initial space for
the specific values (a=n=0, =3, 06=2, y=0.6) is
shown in Figure 47:

~x

Fig. 47: The x-displacement u in the initial space
for the specific values (0=n=0, p=3, 6=2, y=0.6)

Furthermore,
— (227)
with H—(x-”V + (—xp)~17) (228)

4y +Y 2(—y+9)"(2y+1/9)

P=2y**Y + +
(—y +0)7 147 (2% + 2370 + y(1 +)6%) (229)
The y-displacement v in the initial space for

the specific values (a=n=0, B=3, 6=2, y=0.6) is
shown in Figure 48:

Fig. 48: The y-displacement v in the initial space
for the specific values (0=n=0, p=3, 6=2, y=0.6)

Let us point out that we may not transfer strains
in the initial space since geometry and derivatives
do not exist in that space.

The present section demonstrates how a
problem with both sides of fractional derivatives
may be formulated. We introduce that
mathematical procedure in the present section, and
it may serve as a model for solving problems with
A-fractional derivatives of both sides.

E-ISSN: 2224-2880

1070

Konstantinos A. Lazopoulos,
Anastasios Lazopoulos, Dimitrios Karaoulanis

22 The  Continuum  Mechanics
Hydrocephalus Model in the A-

Fractional Space

Let's consider a point in the cylindrical tube, at the

initial placement, with Lagrangian cylindrical

coordinates (R,0,Z), which takes the current

placement (t, 6, z) with, (Figure 49)
=f(tR) , =0 ,

z=7

(230)

Skull

Fig. 49: The hydrocephalus model

Then, we define the deformation gradient F, in the
cylindrical system (r,0,z) by:
af (t,R) 0 0

OR
FGR)=| o rer of. @3
R
0 0 1

where the material strain energy density function
depends upon the left Cauchy-Green deformation
tensor B defined by:

B(t,R) = F(t,R) - F'(t,R) =

(a f(t,R))Z 0 0

OR
0 0 1

The principal invariants of B(t, R) are defined by:
6f(t R) FER\?
o il () R G cK)

6f(tR) FERN2 | Af(tR)\2 |, (FER))?
L= )(R)+(6R)+(R)’
(234)

I, = (af(t R)y2 (f(t R)) . (235)

The third invariant I3=1, since we assume
incompressibility of the brain tissue, which yields:
\_df(tR) _ R
h(T,R) R TR (236)
The solution of the Eq.( 236 ) is defined by:
f(t,R) =R+ k(t) . (237)
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Then, the left Cauchy-Green deformation tensor
B(t,R) yields,

R? I
R2+k(t) 0 0
B(t,R) = R2+k(t) . (238)
R? 0
0 0 1

Moreover, the rate of strain tensor is defined in the
present case by:

of (t,R

19f(tR) 0 ol

of
D(t,R) = 0 f(tR) ol (239)
f
0 0 0

The stress tensor &, for an incompressible Kelvin-
Voigt material, is defined by:

ow ow ow
o =—ql+2|(5 +1.5")B- 5B +
nD(t,R), (240)

As q we denote the incompressibility pressure
term, and # is a coefficient that has to do with the
visco-elastic behavior of the material.

We adapt the strain energy model, following
[21], as a Mooney-Rivlin model with strain energy
density:

W =cyo(ly —3) + co1(I; —3).  (241)

Therefore, the stresses are expressed by:

2
Z.(t,R) = —q + 2 (cm + cor (W2t R) + L5224

2
1)) h2(t, R) — 2cyh*(t, R)+nZ LR

StoR (242)

Zg(t, R) = _q + 2 <C10 + C01 (hz(t, R) +

f2(t,R) h2(t,R) h*(t,R) d (f(t,R)
Rz T 1)) R2 —2¢o1 R4 +n§( R )
(243)
2(t,R
5,(t,R) = —q + 2 <010 +cor (W2t R) + 52 +

1)) — 2¢q; -

(244)
The equilibrium equation, excluding body forces, is
expressed by:
R4 L (5 =55 =0 245
2 TzCr—2) =0, (245)
with the b.cs.
ZR (T, Rl) = _Po(T) al’ld ER (T, Rz) = 0 (246)
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Further,
_kb(r__ x
Fo(T) = 2 fl (x (x+B(T))2) dx +
n b B(T) B(T)

dx .

U} + 3
2R 1\ iy (x+B(T)) ((x+B(T))>

(247)
with B(T)=Ry?k(T).

Thus, it shows up the equation,

(-1+b)B(T) | b(1+B(T))
) _§<(1+B(1T;)(b+3(r))' n( b+B(T) )>+P0(T)
B'(T) = T P) 5
n((1+B(T))0-5 (b+B(T))0-5)
(248)
with the b.c., B(0)=0 . (249)

The deformation of the hydrocephalus cylinder
is extracted from Eq.(248, 249)

Hence, the stresses in the A-fractional space are
extracted from Eqs.(242-244). We adopt the
parameters ©=207, #=0.66, b=9, R1=2 cm. In that
case, the radial stress 2(T,R) in the A-fractional
space is shown in Figure 50.

The solution of Ir(‘l R} in A-space

):' (Pa)
L
&

R (cm) T(s)
Fig. 50: The radial stress 2i(T,R) of the ventricular
cylinder

Figure 51 shows the distribution of the stress
2y(T,R) in the A-fractional space.

The solution of L(T.R)in A-space

4

1
R (cm) T(s)
Fig. 51: The stress 24(T,R) in the A-fractional space

2 0
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These assumptions influence this fluid flow
(through the deformation of the hydrocephalus
cylindrical tube).

The stresses in the initial space

a. Fractional response with respect to time
We should recall the related equations by
transferring the stresses in the initial space. In the
present section, we only consider the fractional
behavior of time, which is related to the
viscoelastic behavior of the model, [38], [39]. In
that case, time T in the A-space and time t in the
initial space are given by:

_ 1 t s t*Y

T r-y) Js (t-s)Y ~ r@3-y)

(250)

Hence, we relate time t in the initial space to time T
in A-space by:

t= (I3 — )T, (251)

Further, the various stresses of(t,r) in the initial

space are defined by:
s27Y
2(z——71)
o(t,r) = —L ({280 g,

r@y)dc-o (t-s)-v (252)

Figure 52 shows the distribution of the radial stress
o, (t,r) in the initial space for y=0.9.

Stress in Real Space for 4 =0.9

g itr) (Pa)
o

- 2 ]
1
2 0
rom)

Fig. 52: Distribution of the radial stress o,.(t,r) in
the initial space for y=0.9

Hsas}

Further, Figure 53 shows the stress gg(t,7) in the
initial space for y=0.9.

Stress in Real Space for  =0.9

nﬁlan.\,-

2»'-‘|

—~ n
a4 > 2 \
P O
fem) Wooc)

Fig. 53: Distribution of the stress gg(t,r) in the
initial space for y=0.9
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In addition, Figure 54 shows the distribution of
the radial stress o,(t,r)in the initial space for
v=0.8.

Stress in Real Space for 4 =0.8

a (Lr){Pa)

'

2 0
riem)

Fig. 54: Distribution of the radial stress o,.(t, ) in
the initial space for y=0.8

Similarly, Figure 55. shows the distribution of
the radial stress agy(t,r)in the initial space for
v=0.8.

Stress in Real Space for | =0.8

rocm) tisec)

Fig. 55: Distribution of the stress gg(t,r) in the
initial space for y=0.8

If the fractional order is reduced to y=0.7, the
distribution of the radial stress o,.(t, r) in the initial
space is shown in Figure 56, and the distribution of
the tangential stress gy (t, ) is shown in Figure 57.

Stress in Real Space for 4 =0.7

0
L | ac
100 .
& 00
4 s ‘
2 0

rem)

allr)(Pa)

{sac)

Fig. 56: Distribution of the radial stress o,.(t,r) in
the initial space for y=0.7

Stress in Real Space for - =0.7

2 LN 1Py

/L_ I

‘. — 2 '
imec)

Fig. 57: Distribution of the stress gg(t,r) in the

initial space for y=0.8
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Finally, for the fractional order y=0.6, we show
the radial stress distribution o,.(t,r) in the initial
space in Figure 58 and the distribution of the stress

0g(t,r) In the initial space is figured in Figure 59.
Stress in Read Spoce Tor v,-o o

1} (Pa

4 v
Fig. 58: Distribution of the radial stress o,.(t,7) in
the initial space for y=0.6

Swess I Rewt Space for « w0 0

=

-

Fig. 59: Distribution of the stress gg(r,t) in the
initial space for y=0.6

The influence of the time (viscosity) fractional
order on stresses is shown in Figure 52, Figure 53,
Figure 54, Figure 55, Figure 56, Figure 57, Figure
58 and Figure 59. The less the fractional time-
fractional order, the higher the stresses.

b. Fractional response with respect to time and
space

The fractional response with respect to time
corresponds to the viscoelastic reaction of the
material; moreover, the fractional response with
respect to the special variable R corresponds to the
porosity of the material. In that case, space variable
transferring and time variable transferring should
be adopted.

Hence, let us assume that the fractional order of
time and space are represented by y. and yi,
respectively. Furthermore, let us define the
fractional space order of the radius r, corresponding
to the radius R in the A-fractional space. Then, we
may define the transformation from the A-
fractional space (T,R) to the initial space (t,r),
through the relations:

_ 1 r q _t*n

T r(1-yy) fo (r-@¥1  r3-v) (253)
1
r=T"(@B —yR)*" (254)
and

1 t T r27Y2

T r(1-yp) fo (t-1)72  I'(3-y2) (255)
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t=T@ -y (256)

Thus,
a(t,r)= "D (D" (2(r,q)) =
1 dp 1 der 30
T(7,)-T(yy) dt?(t—7)"7 ds?o (s—q)'”

(257)

dq)dr

When the stresses 2¢(T,R), 2y(T,R) are
transferred from the A-fractional space to the
initial one, we can define the radial stress oi(t,r)
and the stress oy(t,r) if Eq.(257) is applied.

Indeed, the stresses for space fractional order
11=0.9 (which indicates the material's porosity) and
the time fractional order y,=0.9, are shown in
Figure 60 and Figure 61.

Strens in Real Spaca for 1.#0.0 and 4 «0.9

‘

Fig. 60: Distribution of the radial stress o,(t,r) in
the initial space with space (porosity) fractional
order v;=0.9 and time fractional order y,=0.9

Stross in Real Spoce for o, *0.9 and 5 =09

‘: - ‘,V - n;

.
~

Fig. 61: Distribution of the stress og(t,r) in the
initial space with space (porosity) fractional order
v1=0.9 and time fractional order y,=0.9

If the space (porosity) order is decreased to
v1=0.7, while leaving the time (viscosity) fractional
order the same, v,=0.9, the stress distribution for
the radial or(t,r) and the stress o(t,r) can be seen in
Figure 62 and Figure 63.

Stross In Real Space for -,-oanms 1, *0.7

4

1 I

Fig. 62: Distribution of the radial stress o,(t,r) in
the initial space with space (porosity) fractional
order y;=0.7 and time fractional order y,=0.9
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Stress in Real Space for »,-0.! and 3 =0.7

|
|

Fig. 63: D1str1but10n of the stress og(t,r)in the
initial space with space (porosity) fractional order
v1=0.7 and time fractional order y,=0.9

If the space (porosity) order is v1=0.9, and if
we decrease the time (viscosity) fractional order to
v>=0.7, then we can show the stress distribution for
the radial ov(t,r) and the stress oy(t,r) in Figure 64
and Figure 65.

Stress in Real Space for 5,#0.7 and 1 =0.9

o fLr) (Pa

X
:

1 2 . ¢
Fig. 64: Dlstrlbutlon of the radlal stress 0,.(t,r) in
the initial space with space (porosity) fractional
order v,=0.9 and time fractional order y,=0.7

Sarons i Real Space for .,-Olu'd "9

/| - l.

21
om) fisec

Fig. 65: Dlstrlbutlon of the stress gg(t,r)in the
initial space with space (porosity) fractional order
v1=0.9 and time fractional order y,=0.7

Stress In Real Space for -,2=0.7 and -,|-0.7

200

o (Lr) (Pa)

400

1 2 I.Am
t(sec)

Fig. 66: Distribution of the radial stress o,.(t,7) in
the initial space with space (porosity) fractional
order v,=0.7 and time fractional order y,=0.7

2 0

rfcm)
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Stress in Real Space for ,2=D47 and -.‘=o 7

o (L} (Pa)

o

[
cm) tisec)

Fig. 67: Dlstrlbutlon of the stress gg(t, ) in the
initial space with space (porosity) fractional order
v1=0.7 and time fractional order y,=0.7

The influence of the fractional orders of time
and space on the stresses is shown in Figure 60,
Figure 61, Figure 62, Figure 63, Figure 64, Figure
65, Figure 66 and Figure 67. In these figures, the
less the fractional time-fractional order or the space
(porosity) fractional order, the higher the stresses.

23 A-Fractional Calculus Dendrites
and Axons Study

Potential electric signals of potential V are
transferred by dendrites and axons. It is very
common to model these minute parts of the neural
system using fractional calculus. Moreover, it is
assumed that these cables have a constant radius
Ro. Fractional derivatives are most suitable to
describe this non-local phenomenon. We use A-
fractional derivatives to model the electric current
passing through these building blocks of the neural
system while A-transform and A-space are also
participating. The voltage of the electric current
inside the cable is governed by the equation ([40]):
2
T2 = G g, (258)
In Eq.(258) do, V(x,t), Cum are the constant
diameter of the cable, the voltage of the current
passing through the cable, and the specific
membrane capacitance accordingly; at the same
time 1. denotes the longitudinal resistance, and iion
is the ionic current per unit area into and out of the
cable. In the passive cable case, that is, when ijon=
V/rm, with rv the specific membrane resistance, we
have this equation, which is processed
geometrically in [40]; Therefore, we can extract the
final cable equation'

v(st) ( a(s )aV(st))
a  remll dO\/dethaS
V(s,t)
rmMCm
(259)

In Eq.(259) s is the length of the cable; 0 is the
angle in the cross-section of the cable; a(s) is the
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cross-sectional area of the cable, and g(0,s) is the
metric of the cable. It is important to underline that
we solved this equation using the Caputo derivative
in [40].

According to Lazopoulos’ approach, we
execute the necessary transformation of the
equation to A-space with the ordinary derivatives,
resulting in the following solution for the voltage in
A-space ([40]):

T _TL'CM'SZ T
VA(T,S) = Vylo /% e 2RoT .g TLCM,
(260)
where T, S is the time and arc length in A-space.

We connect these variables with the ones in real
space with the relations for fractional order v:

t=[rG—y) TI,s =[G —y) S|
261)

The other parameters in Eq. (260)are constants and
take the values:
cy = 0.001F /cm?, 1, = 3000 - 2 - cm?, 1y,
=100-02-cmR, = 10~*cm, V,
=13x107%V,l, = 0.13cm

Initially, the case where the values of arc
lengths S in A-space are constants will be
examined. In order to find the values of the voltage
V(t,s) in the initial space, the following inverse
transformation is imposed:

V(t,s) = RED} Y (VA(t,s)) =

1 d qt VATs)
TV)E 0 t—p)17 dt. (262)

We can see the voltage V(t, s) for various
values of s and fractional order y in real space in
Figure 68, Figure 69, Figure 70 and Figure 71.
These figures show that as the value of arc length s
is increased, the voltage's maximum to higher time
values is shifted. It is believed that we expect this
delay in maximum response due to increased cable
length. Moreover, we have a decrease in the
maximum value of voltage and broadness of the
voltage curve as the arc length s increases, denoting
an inertial behavior across the cable.

Bormon (1 ool Space

Fig. 68: The voltage V(t;é) for various values of
fractional order y and corresponding values of s, in
real space. (S=0.01)
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Bedrtien b Rl Spem

Fig. 69: The voltage V(t,s) for various values of
fractional order y and corresponding values of s, in
real space. (S=0.02)

Sohuthae i ReawtSpace

Fig. 70: The voltage V(t;é) for various values of
fractional order y and corresponding values of s, in
real space. (S=0.04)

Solutizn m Rest-Space

Fig. 71: The voltage V(t;é) for various values of
fractional order y and corresponding values of s, in
real space. (S=0.08)

Finally, it must be mentioned that in all cases
of arc length values, the decrease of fractional order
Yy gives greater maximum values in voltage,
reversing the polarity of the resulting voltage (from
positive to negative ones) as time passes.

Now, we will examine the voltage V*(T,S)
(Eq.(260)) as a two-variable function in A-space. In
order to transform it to the initial space, the
following formula will be wused for inverse
transformation for both t and s, according to the A-
fractional approach:

V(t,5)= "D} (LD (VA (r,q)) =
L dp 1 dpVieg
[(r,) T(z,) dth (t=7)"7 ds o (s— )
(263)

dg)dz

where the relation gives V2 (t,q):
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/ cu-T(3-2)
VAT, q) = Volo —rZL,,CTIzQO.Tz—:; )

repmT(3=v2)-q+ 21 727Y2
e 2Ro-(F3-v1)?127Y2 . o rpcyT(3-Y2)

(264)

In this case, the fractional orders (y2,y1) for the
inverse transformation are different for time t and
arc length s. The voltage V(t,s) in real space for
various values of fractional orders is presented in
Figure 72, Figure 73, Figure 74, Figure 75, Figure
76, Figure 77 and Figure 78. The constants in
Eq.(264) take the same values as in Eq.(260).

Valtage in A-Spacs

VIT.5) (mV)

T {zoc)

Fig. 72: The voltage VA(T,S) in A-space
function of time T and arc length S

Voitage in Real Space for ~‘-o.sm¢ 1,=0.9

ViLs: (mV)

0
El
. ‘
e
)
15 '
10 - L .
~ L] 10

Fig. 73: The voltage V(t,s) in real space as a
function of time and arc length s, for fractional

orders y2=0.8 and y1=0.9

Voltage in Real Space for -v’!o.l and 7‘-0.1

ViLs) {mV)

lisec)

Fig. 74: The voltage V(t,s) in real space as a
function of time and arc length s, for fractional
orders y2=0.8 and y1=0.7
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VYoltage In Roal Space for w,le and 4 =0.9
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Fig. 75: The voltage V(t,s) in real space as a
function of time and arc length s, for fractional
orders y2=0.8 and y1=0.5

Voltage in Real Space for 72=046 and - =0.9
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lisec) sjcm)
Fig. 76: The voltage V(t,s) in real space as a
function of time and arc length s, for fractional

orders y2=0.6 and y1=0.9

Voltage in Real Space for 7,!0.8 and ?‘-0.1

ViLs) (mV)

3 "~ a26 00!
s . 0oz VT
10 < —— gy 001895

t{sec) sicm)
Fig.77. The voltage V(t,s) in real space as a
function of time and arc length s, for fractional

orders y2=0.6 and y1=0.7

Voitage in Real Space for 7,70.6 and 1,"0.5
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Fig. 78: The voltage V(t,s) in real space as a
function of time and arc length s, for fractional
orders y2=0.6 and y1=0.5
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Based on Figure 72, Figure 73, Figure 74,
Figure 75, Figure 76, Figure 77 and Figure 78, we
can conclude that as we decrease the fractional
order for time t (y2) or arc length s (yi1), the
maximum value reached by the voltage V(t,s)
increases. Also, in all cases, the voltage's polarity
(positive to negative) is changed along the cable.
Finally, we can observe that as fractional order for
time t (y2) or arc length s (y1) decreases, we have
non-zero voltage values for higher values of arc
length s (longer cable).

24 The A-fractional
Relativity Theory

Two principles govern the Special Relativity.
a. The first states that the same physical laws
govern all physical phenomena
in all inertial systems and
b. The light has constant speed C in the
vacuum in all inertial observers and equal
to ¢=2.99792458 x10%m/sec.

Special

An inertial system 2 (x,y,z,t) and another one
2'(x,y’,z, t) are considered moving along the axis
x with constant relative velocity V. Then the
special theory of relativity is characterized by two
basic properties:

pl. Dilation of time At At = (265)
172
c2
p2. Contraction of length along the x-axis, AL
V2
=AL ’1 - = (266)

Further, we express the Lorentz transformation
between the two inertial systems by:

cAt’ cAt
Ax" Ax
B A 1 (267)
Az’ Az
with 4(V) the 4x4 matrix,
y(V) —-BWMy¥) 0 0
Ay = | —BVY® vy 0 0
0 0 1 0
0 0 0 1
(268)
where,
Y -1
P =2, YN =y (269)
Further,
AWNA(-V) =1 (270)
where 1 is the unit matrix of the 4x4 matrices.
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Moreover, (Ux ,Uy ,U, ) are the components of
velocity in the 2 inertial coordinate system and (u;
, Uy, Uy) the corresponding coordinates in the 2
inertial coordinate system as we apply the Lorenz

transformation, we have:
;o ux=V

* = Tovuy/e (271)
A A

uy = 1 €2 1-Vuy/c? (272)

’ ’ v2 Uz
y Uy = 1—C—2m (273)
The corresponding components of the
acceleration in the inertial coordinate system 2 are
(ax, oy, a ), therefore the corresponding

components (ay ,ay, a;) in the X system are
defined by:

;L (1—V/c2)3/2
G = Oy oy (274)
. (1-vye2)*? v
Y = vy \ W T (axuy — ayuy)
(275)
. (1-v/e?)*? v
Z 7 (1-Vuy/c?)3 a + ) (axuz - azux)
(276)

Further, the mass of the body is not constant but it
depends upon its speed U with:

m
—ﬁ_(u‘;/cz) 277)

where Mo is the rest mass for the inertial observer.
Also, Newton’s second law is defined by:

dp d mou _d

= = el e o, @9
where f is the force, m is the current mass, mo is the
inertial observer's rest mass, p is the momentum
vector, and u is the velocity vector. Moreover, we
define the kinetic energy of a mass point with mass
m and speed U with u=|u| by the formula:

m =

_ mc? _ 2
K(u,m) =) mc* . (279)
Yet, the total energy E(u,m) of the system is
expressed by:

E(u,m) =

mc?

J1-(u?/c?)

=mc?+ K(u,m) (280)

According to A-fractional theory, a fractional
derivative that corresponds to a differential exists
only in the A-space, where only fractional
differential geometry may be established. Hence,
with its corresponding laws, physics may be
established in that space. We may simply transfer
the various results as functions in the initial space.
Consider V the constant relative speed of the
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inertial system ‘2" for the initial inertial coordinate
system ‘% in the A-space and c be the speed of
light.

Then, we express the relation between the time
intervals AT in the % and AT'in the %" inertial
systems by the basic property of dilation of time,
which we consider valid in the A-space with:

AT = AL

vz’
-z

where according to transformation,

(281)

- t27v -
T=,1 yt=r(3_y) and F(T)=,17f()
(282)
Further 4T and AT’ may be transferred in the

initial spaces.

Then, we transfer the dilation relation Eq.(281) into
the initial spaces 2 and 2" by the relation:
RLpyL=Y g _ “6D¢ AT
oD; AT = ——F—

v2
1-=
c

(283)

Hence, the dilation relation,Eq.(281) yields a
similar contraction relation in the initial spaces 2
and 2" by the relation:

, At
At =

— (284)
I-=

Eq.(284) is similar to Eq.(265), apart from that
constant speed V refers to the relative constant
speed of the 42" inertial frame concerning the 4%
inertial frame in the A-space.

Proceeding to the contraction of lengths along
the X-axis of the A-space, we get:

’ V2
aL=aL f1-%, (285)
where, AL" = 1,/ 7Al’ and AL = 1,"7Al.
(286)
Since,
Al=RD/7AL and Al’'="D7AL’,
(287)

transferring Eq. (287) into the initial spaces, we get
a similar contraction of lengths relation:

’ V2
A=Al j1-= (288)

where again V is the relative speed of the inertial
frame 42’ concerning 2.

Further, Lorentz transformation between the two
inertial systems is expressed by:
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cAT’ cAT
AX | AX
AZ' AZ
with A(V) the 4x4 matrix, Eq.(268), and Egs. (269,
270). Then,
cAt’ cAT
Ax" | _ RL -7 | AX
Ay’ AV) 5, D, % (290)
Az’ AZ
The fractional Lorenz transformation is

expressed by Eq.(290). Furthermore, the inertial
frames X and X’ correspond to the 4% and 4X’in
the corresponding fractional A-space; (2’ is
moving with speed V concerning the inertial system
45 along the axis, X ). If (Uy, Uy, U, ) are the
components of velocity in the 4% inertial
coordinate system and (Uy ,Uy, Uz)  the
corresponding coordinates in the ‘X’ inertial

coordinate system applying Lorenz transformation,
then following the Egs. (271),(272),(273):

o Ux

Ur = 1-VUy/c? (291)

r_ _v Uy
Uy=J1-= 1-VU,/c? (292)

r_ / _v Uy
U= J1-> VU (293)

Since in the fractional A-space,

dx(t .

Uy = 4DYx(t) = dTEti with (294)
X(@®) = o, x(t) (295)
and T(t) = ol "t (296)
similar expressions are valid for the speed

components Uy U, in the A-space. If we transfer
the components of the velocity from the A-space to
the initial one, the components in the X inertial
frame are given by:

1- 1-
Uy = RéDt "U, = RéDt y(ng/x(t)) =

—y dX(t)
50 Gy (297)

1- 1-
uy =D, U, = G0, 7V (5D y(©)) =

1—y ,dY(t)
60 Grey (298)
u, = R0, VU, = RED TV (DY 2(8)) =

RLp Y (29 (299)

0 dT(t)

Therefore, Egs. (297),(298),(299) are defined by:
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4l x(t)-v

u = (300)
C2
_ vz 4p/y(t)
Uy=J1"3 vt GO
1-—¢
V2 4D} z(t)
Uz \ll_c_z 1-v4DY x(t)/c? (302)

We transfer the components of the velocity
from the A-space to the initial one; then the
components in the X inertial frame are expressed
by:

wy = "Dy Uy = 54D,V (4D x(1)) =

1-y AdX(t)
60 Gre) (303)
= f§D; U, = "D, (4D y () =
Rg Dl V(‘”“) (304)

dT(t)

= f§D; U, = R§D, 7V (407 2(6)) =

dZ t)
RLpl vE2 ) (305)

Furthermore, we can transfer the speed
components in the 45" inertial coordinate system
in the initial space only as functions, not as
derivatives, by the relations:
4Dl x(t)-v

/ — RLp1-vyp T
oD "Ux V/O‘Dg’x(t)/cz)

RLDl V(

(306)

ApYy() )

' _ RLp1=Yypr _ / V2 RLpl-y
uy = "Dy Uy = 1 c2 6Dy (1 v4pYx()
o
’ _RLDl—VUI_ 1__RLD1 14
Uz = ol z= (

(307)

Following a  similar  procedure, the
corresponding components (A% ,A4;, A;) are
defined in the system and " by the corresponding
components of the acceleration (A, Ay, A;) in the

4p}z(t) )
_vgplx®

“ (308)

inertial coordinate system ‘%X, see Egs.
(274),(275),(276).
;o (1—V/c2)3/2
Ax = Ay (1-VU,/c?)¥ (309)
. (1-v/e?)?? v
Y T (1-VUy/c?)3 Ay + C_z(Any - AyUx)
(310)
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(1-v/c?)*?

Az = iy

74
(Az + ; (AxUz - AzUx))

(311)

Similar expressions to Egs. (274),(275),(276) yield

dazx(e
Ay = DY (D () =252 (1)
X(t) = oI, "x(t) and T(t) = oI, 't (313)
d?y(t
A, =40/ (4DYy®) =222, (314)
d2z(t
A, = DL(ADL2(0) =22 (319)

Therefore, Eqs. (312),(313),(314),(315) yield:
_ 213/2
Ay = 4D/ (ﬁDZ/ x(t))< Q-v/e’) )

(1-v (4! x(t))/c2)’

(316)
% = (e (01 (00)+
% (4ny (tp1x®) (40Yv(©) -
4p? (40ly®) (4p! x(t)))) (317)
4, = <(§( V/()))//)> (6DZ (4012(0)) +
L (407 (407x) (407 20) -
(4p7 (40Y=(0))) (4Df x(t))))
(318)
If we transfer the acceleration  components

from the A-space to the initial one, we have the
components in the 2 inertial frame given by,
RLD1 YA RLDl V(gDV(ADV)x(t)) —
1-y d2X(t)
RéDt y( de )

(319)

_ RLp1-VY

= 0Dg Ay

1-y A°Y(t)
RSDt ( de )

= RED,; Y (4DY (4D} )y () =

(320)

= RD; 74, = %077 (4D (4D))2(®)) =

d2z(t)
RLD1 y( dr? ) (321)

Furthermore, the acceleration components in
the ‘%’ inertial coordinate system may be
transferred in the initial space as functions, not as
derivatives, by the relations,
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a, =RplvaAL (322)
ay, = ®p, VA, (323)
a, =Rp v Al , (324)

where, Ay, A), A, are defined by Egs.

(316),(317),(318).

However, the body's mass depends upon its
velocity U, SO it is not constant, see Eq.(277), in the
conventional special relativity theory. Therefore, in
the A-space where the mass M corresponds to the
rest mass Mo is defined by:

M = Ho
j1_<((gotyx(t))2+(Aootyy<t>)2+(gngz(t))2) /Cz>

(325)

where we define Mo as the rest mass regarding the
inertial observer in the A-space. Let us point out
that,

motl_y

(326)
re-vy)
and mg is the rest mass in the inertial system 2’ of
the initial space. Therefore, we define the current
mass M in the inertial frame 2 of the initial space:

1_
m = RkD, Y M=
mott™Y \

| 2 2 2 |
\r(z —y)jl - <((’$Dg'x(t)) + (toly®) + (420)) /L‘z))
(327)

— 1-y —
MO = OIt my =

RLp1-Y
D¢

Also, Newton’s second law is defined in the
fractional A-space, by:

_dP _ d MoU

d

=& = v (29)
where F is the force in the A-space, M is the
current mass in the A-space, Mo is the rest mass in
the A-space concerning the inertial observer, P is
the momentum vector, and U the velocity vector.
Educing that, Eqs.(291),(292),(293) becomes:
U= GD{x(t)i+oD{y(t)j+ oD{z(t) k

(329)
and M is the corresponding mass in the A-space
defined by Egs. (326, 327); the force F, according
to the second Newton’s law, is defined by:
F=%_

dT

da Mo (5D{ x(¢) i+45D{ y(t) j+ 4Df z(t) k)
T 1-(oyxenz+ oY yenz+ (oY 22 )/e?)

= (MU). (330)

Hence we transfer back the force F to the initial
space by:
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f =RLD!VF (331)

Moreover, we express the kinetic energy of a
mass point with mass M and speed U with U=|U|

in the A-space with the help of the relation,
Eq.(277),
1\46‘2 2
with U= (4D} x(6))* + (§D{ y(6))* +
(4D) 2(£))? (333)

Transferring the kinetic energy into the initial space
with the inertial frame of reference:
K(u, m)= oI, YK (U, M) (334)
Also,we express the total energy E(U, M) of the
system in the A-space with the help of Eq.(278):

M 2
E(U’M)_\/TZ/CZ)_MC +K(U,M) (335)

And the total energy in the initial space is defined
by:
E(um) = o, YE(WU,M) = oI} Y (Mc? +

K(U, M)). (336)

25 Fractional Special Relativity and

Classical Electromagnetism
a. relativity and electromagnetism
We have already discussed the influence of special
relativity theory on classical electromagnetism. The
various fields are related by (outlining that
influence upon the electric field intensity E, electric
flux density D, the magnetic field strength H, and
the magnetic flux density B between two inertial
frames with primed frame moving relative to the
unprimed velocity v, and V the velocity unit
vector):
E=y(E+vxB)—(—1(E-V)V (337)
B '=y(B—vxB/c?)—(y—1)(B-V)¥

(338)
D'=y(D+vxH/?)+ A -y)D: V)V

(339)

H=yH-vxD)+ (A —-y)(H-¥)¥ (340)

when a particle of charge g moves with velocity u
concerning frame X, the Lorenz force in the inertial
frame is defined by:

F=gqE+quxB (341
Further, in the inertial frame X, the Lorenz force
is:

F ' =qE +quxB’. (342)
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Further, the equations for the charge density p and
the current density J are defined by:

V=J-ypv+(—-D(J- 0V (343)
p=vr— (344)

b. Fractional relativity and electromagnetism

The fractional analysis has already proved as a
mathematical tool for expressing relativistic
phenomena; the present paragraph introduces the
fractional A-derivative in the electromagnetism
theory under the special relativity theory. We must
remember that only the fractional A-derivative may
generate differential geometry, whereas all the
other fractional derivatives do not correspond to
differentials and are unsuitable for formulating
equations for physical problems. We also remind
that differential geometry, along with the fractional
A-derivatives, are valid only in the A-space, where
the wvarious derivatives exhibit conventional
behavior and are local. The various functions may
be transferred from the A-space to the original one
by using the equation:

f(O =D, (oI, TF(T () =

60 (olt TF(®) (345)
where F(T) is the various functions expressed in
Egs. (337)-Egs. (344) in the A-space. All those
functions depend upon the variable T, see Egs.
(266, 267). Therefore, all the equations Eq.(342-
344) should be expressed with the variable T. For
example, Eq.(341) corresponding to the Lorenz
force in the A-space may be expressed by:

F(T) = qE(T) + q u(T) x B(T). (346)
where,
u(m) = G (347)

Then, considering Eq.(345), Lorenz force f(t)
is transferred into the initial space by the
transformation:

1- 1-
f@® =D, " (ol, TF(T()) =

1_

REDL 7 (E(T) + q u(T) x B(T)) (348)

Furthermore, Eq.(342), if we express the
corresponding Lorenz force F” in the inertial
system 2", with Egs. (337, 338)

F=qy(E+vxB)—(y—-1DE-V)V+
qux(Y(E+vxB) —(y —1(E-¥)V).
(349)

Hence, according to the proposed theory, we
transfer the Lorenz force corresponding to the
inertial system 2 into the initial system by:

F©® =R (J;VF(T(®))  (350)
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Therefore, we may follow the described
procedure for the definition of any physical
quantity related to  fractional relativistic
electromagnetism.

26 The Maxwell’s Equations

a. Theory

We consider the following quantities in order to
derive the conventional Maxwell’s electromagnetic
equations of integer order:

H=magnetic field
D=dielectric displacement

E=Electric field
J=density of electric current

B=magnetic induction p=

charge density.

Those functions are the space-depended
variables x,y,z, and the time t. The conventional
Maxwell’s equations are,

Ampere’s law:

UxH=]+2 (351)
at
Faraday’s law:
0B
VXE=— Fr (352)
The continuity equation:
V-D=p (353)
And the non-existence of monopole magnetic:
V-B=0 (354)
Also, the wave equations:
22 _ 9°B _
vVB-— = 0 (355)
2v2p _ 9%E _
VVE-—5=0 (356)

where Vv is the wave velocity.

At this point, we should know that the
aforementioned Maxwell’s equations are valid in
the A-space, where differential exists and fractional
differential geometry is developed. Afterward, the
equations are transferred from the fractional A-
space to the initial one, applying the law:

f(x,y,zt)=
RSDZl_V(RéD;_V (RéD;—y (RsDtl_V(F(x, ¥, 2, t)))))
(357)
Therefore, we can transfer all the quantities

concerning Maxwell’s equations from the A-
fractional space to the initial one. The application
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that follows explains the various stages of the
proposed method.

b. Application.
Let us consider in the A-fractional space,

E = E,, sin(wT — BX)k (358)
in free space. Find D, B, H in the original space.

Sketch E and H in the original space
with w=p=1 and T=0.2.

The Maxwell equation V X E = dB/0dT yields in
the A-fractional space,

B =2 sin(oT - pX)k

with a neglected constant of integration. Then,
BH.

(359)

H= —T’"sin(a)T - BX)j . (360)
Considering f=w=1 we get

E(T,X)=E,, -sin(T-X) (361)

H(T, X)=-H,, -sin(T- X) (362)

with H=E./ Ho.

Those fields valid in the A-fractional space,
expressed in the variables of the initial space, are:

E(t,X) = E_-sin(— )y (363)

2—
X N

TG-7) TG-7)

2-7,

X2—71

TG-7,) TG-75)

H(t,x) =—H__-sin( y 64

If we transfer the various quantities into the
initial space (X,y,z,t) with the spatial fractional
order y; and time fractional order vy, the fields
E(tx) and H(tx) in the initial space may be
computed through the relations:

E(tX)= D" (5D, " (E(t,x)) =
1 de 1 dx E@9)

O —(— —(ds)dr
I'(y,) T(y) dtdo(t—7)7 dx?o (x—s)™

(365)
H(t,%) =D/ (D7 (H (t,x)) =
1 dp 1 d e H(zs) Sde
T(7,) () dtot—7)"7 dx’o (x—s)

(366)

We consider for the present application the fields
E(T,X) and H(T,X) with:

E(T,X)=E,_-sin(T—X)  (367)
H(T,X)=—H__ -sin(T— X) (368
and Em:Hm:2.
E-ISSN: 2224-2880

1082

Konstantinos A. Lazopoulos,
Anastasios Lazopoulos, Dimitrios Karaoulanis

For T=0.2, the diagram of E(X) is shown in Figure
79.

hecaie Pt b Adguce for Toa d

Fig. 79: The electric field E(X) in the A-fractional
space for time T=0.2

Further, for fractional time order y,=0.4, time
7=0.2 corresponds to t=0.45725.

If we consider Eqgs.(367,368), the electric fields
in the original space have been computed and are
shown in Figure 80 for fractional space order
v1=0.3, 0.5, 0.7 and 0.9. The same is accurate
regarding the increase of width and frequency on
space distribution of the electric field E(x,t) in the
present case.

Fig. 80: The electric field E(X) in the initial space
for time t=0.457 and y.=0.4 for various y:.

It is evident that the wave’s width of the
electric field increases when the fractional space
order decreases. Furthermore, when decreasing the
fractional space order, the width and the frequency
with respect to space of the electric field
distribution is increased.

When we increase the time fractional order
y2=0.6, the real-time t corresponding to T=0.2 in the
A- fractional space is 1=0.36983. We have
computed the diagrams of the electric field E(X) in
the true initial space for various space fractional
orders yi; they are shown in Figure 81:
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Fig. 81: The electric field E(X) in the initial space
for time t=0.37 and y,=0.6 for various yi.
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In the present case, the exact comment on the
increase of width and frequency on space
distribution of the Electric field E(x,t) in the initial
space is also valid. As we increase time-fractional
order y,=0.8, the real-time t corresponding to T=0.2
in the A- fractional space goes to t=0.28354. The
diagrams of the electric field E(X) in the true initial
space for various space fractional orders y; are
computed and are shown in Figure 82:
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Fig. 82: The electric field E(X) in the initial space
for time t=0.28 and y,=0.8 for various y:.

From Figure 80, Figure 81 and Figure 82, it is
evident that the width of the electric field E(x,t)
increases by increasing the time fractional order.
Proceeding to the corresponding magnetic field in
the A-fractional space for T=0.2 we get the
diagram, Figure 83.
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Fig. 83: The Magnetic field H(T) in the A-
fractional space for T=0.2

The magnetic field distribution has been
computed by transferring the magnetic field into
the initial space for various time fractional orders
v2 and space fractional orders yl. For the time
fractional order y>=0.4 , the time T=0.2, in the A-
fractional space corresponds to t=0.45725 in the
initial space (Figure 83). Figure 84 shows the
distribution of the magnetic field H(t) for various
space fractional orders y;.

Fig. 84: The magnetic field H(X) in the initial space
for time t=0.457 and y.=0.4 for various y1
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If we transfer the magnetic field into the initial
space for y,=0.6, the time T=0.2 in the A- fractional
space corresponds to t=0.37 in the initial space. The
distribution of the magnetic field H(t) in the initial
space for various space fractional orders vy: is
shown in Figure 85.
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Fig. 85: The magnetic field H(X) in the initial space
for time t=0.37 and y,=0.6 for various y;

If we transfer the magnetic field into the initial
space for y,=0.8, the time T=0.2, in the A-
fractional space, will correspond to t=0.28354 in
the initial space. The distribution of the magnetic
field H(t) in the initial space for various space
fractional orders y1is shown in Figure 86.
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Fig. 86: The magnetic field H(X) in the initial space
for time t=0.29 and y,=0.8 for various y;

As a general comment, it is concluded that the
width of the electric and magnetic fields are
increased with increasing fractional time orders,
while they are decreased with fractional space
orders.

27 Conclusion

A-fractional analysis is presented based upon the
introduced A-fractional derivative; the only
fractional derivative conforming with the
prerequisites of differential topology for being a
mathematical derivative is presented. Hence, it is
the only fractional derivative that generates
differential geometry. So, it is a unique fractional
analysis that describes non-local phenomena in
physics, mechanics, biology, economy, and others.
The present review paper presents the basic theory
and some critical applications in mathematics,
mechanics, and physics. An almost complete
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catalog of A-fractional applications is presented in
the references for better information.
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