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1 Introduction

The primary aim of this article is to thoroughly
examine and analyze the significant contributions
made by various authors and researchers in the field
of the Generalized Gamma (GG) family, [1].
Through the provision of a comprehensive and
detailed overview, the primary objective of this
article is to illuminate and bring forth a greater
understanding of the vast and extensive body of
work that has been generated and produced on this
subject matter. Additionally, this research also aims
to offer a comprehensive and in-depth
comprehension of the moments and cumulants
associated with the generalized standardized gamma
distribution. These mathematical expressions and
calculations serve as a vital component in
facilitating a more profound and all-encompassing
comprehension of the various properties and
characteristics exhibited by this distribution.
Moreover, they also serve as a fundamental and
indispensable foundation upon which further
analysis, exploration, and applications can be built
and conducted. The gamma distribution may be
used in place of the normal distribution as the basis
distribution in expansions of the Gram-Charlier
type. In applied work, gamma distributions give
useful representations of many physical situations.
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They have been used to make realistic adjustments
to exponential distributions in representing lifetimes
and it is very important in the theory of random
counters and other topics associated with random
processes in time, in meteorological precipitation
processes. The GG  family, encompassing
Exponential, Gamma, and Weibull as subgroups,
and Lognormal as a boundary distribution, has been
warmly embraced in the realm of economics, [2].
The authors in [3] have limited the applicability of
the GG model. The estimation of parameters for its
subgroup (two-parameter gamma distribution) using
maximum-likelihood and quasi-maximum
likelihood estimators can be found in [4]. The
authors of the manuscript [5] have introduced a
unique moment estimation method for the
parameters of the GG distribution by using its
characterization. In statistical modeling, the choice
of probability distribution plays a pivotal role in
accurately capturing the underlying characteristics
of the data.

This paper presents parameter estimation,
focusing on the versatile gamma distribution and its
generalized forms to address various modeling
challenges. It provides a more comprehensive
examination of the significant works on the GG
family. It explores the relationship between
cumulants and central moments, providing a
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comprehensive  view of the  distribution’s
characteristics. The paper is organized as follows:
section 2 introduces the gamma distribution and an
alternative parametrization along with some special
cases when different values are assigned to the
parameters. Section 3 explores the estimation of
parameters with the method of moments, and
likelihood estimation and provides an in-depth
exploration of the Moment Generating Function.
Section 4 extends our exploration to the continuous
three-parameter GG distribution, namely basic
properties, particular cases, shapes, CDF, the
method of moments, maximum likelihood
estimation, and Moment Generating Function. In
Section 4 we present the definition of location
families, scale families, and location-scale families
and we consider Generalized standardized gamma
distributions emphasizing that such models achieve
a harmony between simplicity and flexibility,
facilitating ease of estimation and interpretation,
especially in cases where the data’s specific shape is
known or expected. Section 5 presents Model
Adjustment in mixed models and how to obtain a
Generalized Least Squares Estimator, the Moments
Generating Function for GG distribution, and the
final section of this paper turns its attention to
standard cumulants and due to the existing
relationship between high order cumulants and these
cumulants. We also consider mixed Models, where
the components of the random part are characterized
by r" cumulants. We explore the orthogonality
structure of these models, providing a framework
for estimating the coefficient parameters as well as
cumulants of any order. In Section 6 we study the
case considering generalized standardized gamma
distribution but the components distribution of the
random portion of the model can belong to different

types.

2 Gamma Distribution

The gamma distribution is a two-parameter family
of continuous probability distributions. The
exponential, Erlang, and chi-squared distributions
are special cases of the gamma distribution. This
distribution can be parameterized in terms of a shape
parameter o and an inverse scale parameter = 1/6,
called the rate parameter. A random variable X that
is gamma-distributed with shape a and rate f is
denoted by X ~ I'(a, ), [6]. The corresponding PDF,
in the shape-rate parametrization, is given by

-} =B

: i G e
flz;a,8) = “Tia 't >0, a.3>0,
L0y}

(1)
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where I'(2) is the gamma function. Alternatively, the
PDF can be expressed in terms of the shape
parameter o and the scale parameter 6

ar—1 . —

fle; o, @) =

—_— =0, af=0
BT e

2)

Both parameterizations are common because
either can be more convenient depending on the
situation. Alternative parameterizations are used
when o = d/p, with d and p being shape parameters.

The CDF of the gamma distribution is the
regularized gamma function:
Fla o, 8) = / it o, Nl = Lm
N P [{ex) (3)

where y (a, pX) is the lower incomplete gamma
function. In [7], they considered the GG function:
Ly lxs o, k) —] e 4 k)T e dr,
Ju 4
where A is a non-negative integer and o, f > 0.
Sometimes it is interesting to study the following
function so-called Modified GG function, MGGF, as

oC
Iyr:ak.b)= / Yz + k) e 5 dz.b> 0,
Jo 5)
1025 s fns with 2 > 0, and [8] state that this
function can have special cases, namely

a) If b =1, (5 reduces to the exact form of
Kobayashi’s function given by (4).

S

b) Ifb=1,1=0, (5 becomes the standard
form of the gamma function:

M) = / e T dy
Jo ; (6)
¢)Ifb=0,k=1,41=a+h, (5 yields the standard
form of the beta function of the second type. The
PDF of the MGGF distribution is with X > 0, ¢ = (a,
k,b, 4, 0,8, a,k 60,8 >0,4, >0, where a, f§ are
the shape parameters, 6, b is the scale parameters, k
is the displacement parameter and 4 is the parameter
of intensity of the effect of the corresponding
displacement parameter;
d) When b = 1, A = 0, (2) reduces to the GG
distribution, given in [6] and [9] with PDF

A R 5)”
o _ 8 = (%)
Jla 3,0, ) A1 (cx) (r,r) r

(7)
with x>0, 8, a, 0> 0.

Different special cases arise when different
values are assigned to the parameters. For instance,
by selecting specific parameter values, we can
derive various distributions such as the Generalized
Beta distribution of the second kind, the Weibull
distribution, and so on.
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3 Estimation of Parameters

3.1 Method of Moments
We will use the notation X ~ I'(a, ) to denote that a
random variable X with density

. o
B rl'”l".]:' (8)
with o > 0, > 0, follows a gamma distribution with
parameters «, f. The r"™ moment for the gamma
distribution is given by:

T(a+r)

['a)

flr:a, B) e i << x.

p1 = E(X")

La>0,3>0,

)
I a positive integer. Let us consider Xi, Xz, ..., Xn~
I'(a, B), and X1, X2, ..., Xn a random sample from a
gamma distribution. If we observe a particular value
each Xi, Xo, ..., Xn, then the sample moments are

.'||.

given by .

The method moments consist of setting those
population moments equal to the sample moments.
Considering the cases r = 1,2, ... we must solve the
equations:

S Al 1)
L i) (10)
and
_}_:__:‘l 1 .{'I 1 [(1 1 2:|
T - ]'|:|'5|-;. (11)

for a and . By using the properties for the gamma
function and equations (10) and (11), we obtain the
estimators:

(12)
and

o —

T, (13)
using the notation B to denote the maximum
likelihood estimator for .

3.2 Maximum Likelihood Estimation
Maximum likelihood estimation is a method of
estimating the parameters of a distribution by
maximizing a likelihood function so that under the
assumed statistical model the observed data is most
probable. The point in the parameter space that
maximizes the likelihood function is called the
maximum likelihood estimate.

Let us consider X;, i = 1, ..., n independent GG
random variables. If X, X2, ..., Xnis a random sample
from a gamma distribution with parameters a and f,
it is possible to make inferences about the
population that is most likely to have generated the
sample, specifically the probability distribution
corresponding to the population.
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Associated with each probability distribution is
a unique vector, say 0 = [0, 05, ..., 6h]' of parameters
that index the probability distribution within a
parametric family. As 6 changes in value, different
probability  distributions are generated. The
likelihood function for the gamma distribution is
given by:

Lla. B | 31,3901 Tn) = Hfl’.r, | a,3) =
._—_l

(14)

1 _yon
— .—|:.I"|.."">......l"l-l_':“_llf i
()" 3

The maximum likelihood estimation method
involves finding the values for o and S that
minimize equation (14). By taking the natural
logarithm of both sides of (14) and applying the
properties of logarithms, we have:

J.']n:_l'[nl_: ey In (374

bloe = 1) Inixy, &2, ..., e Z (.r'; ) (13)

i=1

Taking the derivative concerning o in (15) and
setting it equal to zero gives the corresponding

equation:
ol "
== In{3) 4 z.".-l[_r'J]—[]
=1

i

il ey

[}

”].,.I:“} - ;!
™ T Ta) '%rf”(_sJ =0

1 (16)
Differentiating concerning £, we have:
34 - i T i
DY IS L
“ “ “ ‘ (17)
from which we derive:
A _ l:l_:ill | £y — &L
T e (18)

Solving for a the equation (16) is quite
complicated because of the function ['(a). There is
no closed way to solve for a in this equation, but in
[10] they show how to obtain the maximum
likelihood estimation for a.

3.3 Moment-generating Function for the
Gamma Distribution

We shall start by considering the two-parameter

gamma distribution that is frequently a probability
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model for waiting times; for instance, in life testing,
the waiting time until death is a random variable that
is frequently modeled with a gamma distribution. Its
importance is largely due to its relation to
exponential and normal distributions. The PDF is
given by:

Flaree, 3) :

Ciee) 3o

aE—1 _—

(19)
with I'(.) the gamma function, the parameter a is
referred to as the shape parameter, as it primarily
affects the distribution's kurtosis, [11], while the
parameter £ is called the scale parameter since most
of its influence is on the spread of the distribution
and 0 < X < oo, a > 0, > 0. In some applied fields,
the parametrization with shape a and rate €, which is
the inverse of S, as mentioned before, is more
common.

According to [12],
function, MGF, is given by:

A | v g
_U\.’f‘,lzf'_'l‘r“']-—‘ e — " e" Adr,
Jo :"I:::)‘v

the moment-generating

(20)
o0 < X < +o0,

Doing a change of variable y = x(1—/t) we obtain:
1

s < -
Ele ) —[l—.'ff:l"- t < 3

21

If t >1/§ then the quantity 1/6—t in the integrand
of the above equation is nonpositive and the integral
in the second part is infinite. Thus, the MGF of the
gamma distribution exists only if t < 1/f. Following
[12], if X has MGF Mx(t), then

o= E(X7) = My (0) = “T Mx (t)|t=o

. (22)

That is, the r" moment is equal to the r"
derivative of Mx(t) evaluated at t = 0. It is well
known that moments are specific measures that
allow a more detailed description of a probability
distribution. Central moments urcan be expressed in
terms of noncentral moments (raw moments) using
the following relationship, [13],

e = 3G (14 .

J=0

(23)

Putting r=0 in (23) gives 0 1, independently
of the parameters a, £ and 7. Therefore, the moment
of order zero does not provide any information
about the shape or location of the distribution. This
is because the moment of order zero is simply the
integral of the PDF over the entire domain, which is
always equal to one. In parameter estimation
problems, it is important to use informative
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moments that can help estimate the parameters of
the distribution accurately.

4 Generalized Gamma Distribution

4.1 Basic Properties of Generalized Gamma

Distribution
We will use the notation X ~ GG (a, f, 7) to denote
that a random variable has a GG distribution with
three parameters. This distribution has two shape
parameters, o and 7, and one scale parameter, f, but
no location parameter. It has a fixed lower bound
equal to zero and exhibits great flexibility in shape,
[14] allowing for various forms commonly observed
in hydrological applications, [2] and [6]. The GG (o,
p, 7) has GG distributio%with PDF e

(w:ee, 3, 7) = .

4 ) [{r)ge (24

where X, S, a > 0, and 7 can be either positive or
negative.

T —1
a r

An important property of the GG (a, S, 7)
family, [13] and [15], is that the family is closed
under power transformation, that is:

W= X* wi':(':{r...f-ﬂ_‘:), 50 25)

with S a positive integer and, if Z = #X, n > 0, then
GG (na, p, 7).

4.2 Particular Cases and Shapes

We now obtain cases and shapes from (24). We have
the well-known exponential distribution when a = 7
= 1, gamma distribution when 7z = 1, and Weibull
distribution when a« = 1. If ¢ 2, we obtain a
subfamily of GG (a, f, t) which is known as the
generalized normal distribution, that itself includes
half normal distribution. By setting a = 1/2, 7 = 2,
we get the half-normal distribution defined by:

a
glx| 3) = =)

< _—(®)°
VT , (26)

where we use the fact that T'(1/2) =V/m. In the
literature sometimes appears f =+/2 o, where o is
the standard deviation of a normal random variable.
So, equation (24) becomes:

1 f2
-V

(%) 27

agla| e

Examining the behavior of the r parameter of
the GG distribution where 7 increases, the shape of
the distribution tends to become thinner, and within
the interval [0,1], the distribution exhibits right
skewness. This skewness becomes more pronounced
as 7 approaches zero. As 7 decreases, the graphical
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representation of this distribution exhibits significant
right skewness.

4.3 The Cumulative Distribution Function
The CDF of a random variable X denoted by F(X), is
defined as F(x) = Pr(X < x). Using identity for the
probability of disjoint events, if X is a discrete
random variable, then

F(ax) =Y Pr(X =)
k=1 , (28)
where Xk gives the largest possible value of X that is
less than or equal to X. The CDF measures any value
up to and including x. If X is a continuous random
variable, then

Flx)= / fltydt, —oc < < 0.
L (29)

The CDF of GG distribution is given by:
v B/7), (xfa)
ajr , (30)
where y(.) denotes the lower incomplete gamma
function, as in Section 2. Another interesting
function is the survival function given as
Sea(t) = 1 — T(a (e ) ";02).

Filria.g.7) =

€2))

4.4 Estimation of Parameters - Generalized
Gamma Distribution

4.4.1 Method of Moments
We will use:

/‘r’!llll{l:/r : J 1
Jo Jo Tla)pe
(32)

to find the moments of the GG distribution. Doing
the change of variable- (5", we get:

grior=1g ' _.'Jl“'F le ey,
f (33)

The r'™ moment (also known as the r" moment of
the origin or raw moment) of a GG distribution is
given by

JHar—1 _f‘f)-d‘_

-
v

ice)aemr

r e AT e+ 1)
J'l",, — ‘r.-[.ullll ] - T (34)

It is well known that in the method of moments,
we find sample moments and set them equal to their
population counterparts, solving for the parameters
of the distribution. Thus, the equations are obtained
by equating population and sample moments:

BT (a+ 1) = 2T (a+2
T 2 ,‘. '_} Z_{": ( T-)
I'a) Ila)
=1 (35)
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and _
RPN
P Piey (36)
442 Maximum likelihood Estimation -

Generalized Gamma Distribution
In this section, we obtain the maximum likelihood
estimators for the GG distribution.
The likelihood function is the product of the
PDFs for each observation, so:

Lla, B.7| 21,29, ...,2p) = Hf','.r,. |a, 3,7).
=1 (37)

Now, using the PDF of the GG distribution, the
likelihood function for n iid observations Xi, X, ...,
Xn 18:

Lla,8.7|xy,x2

~T ’ -
] r—1 -‘_‘ ‘i—'llv
¢ N

= -——;——T’—T|1] .f"l. vesadim

[I"'I“" (38)
from which we calculate the log-likelihood
function:

=T (39

The first-order conditions for finding the
optimal values of parameters a, § and 7 are obtained
by differentiating the log-likelihood function to
these parameters. Differentiating for a, we obtain:

of nl(a)

INa)

=() &

o

'YZ”HIJ',I In(3))
(=1

nMw)
- +T

['(ex)

o= }:lu(:‘)
=1

(40)

(_f) _“. (41)

From this last equation, f turns out to be:

n T
I:Z.'—'I .]’f{ !

. A
[Tirk) s

Differentiating to £, we obtain:

[
‘ = () &= —pix 4 Z 1

5]

A, 7) =
(42)
depending on o and 7. Differentiating to 7
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= - '- - nain(¥) + ..\-‘; Inls; -S—‘ il.ﬁ] In vH
' e il 5] (43)
Now considering —™"(5) = 31 Inld) and

using the properties of the logarithm function we

)-31() (%))

7 - T

— == ( [ —

o 1 IZ n ( 3
t=l T (44)
Putting the value of f in (42) into (44) and
rearranging terms we get an expression for a in

terms of ¢
. ::.'l'nl,r;,l J ’
) ST

If we substitute (45) and (42) into (45) we will

have an equation in terms of 7 only. This equation is:
5 Inlr) 2
Laj=] "

% IIII-:Z.."_:-: b in{na)

pu , (46)
_-{Ct.'] =

where “ is the digamma function, the
derivative of the logarithm of the gamma function,
and a is given by (50). It is not always possible to
find a solution for M(z), [16], to estimate the
parameters for the GG distribution.

(45)

Mir) =

wlie) 4+ 1

i
L'}

45 Momentsand Cumulants Generating
Function
Moments and cumulants are the expected values of
certain functions of a random variable. They serve
to numerically describe the variable concerning
given characteristics, e.g., location, variation,
skewness, and kurtosis. The moments about zero
play a key role for all kinds of moments because the
latter can be-easily expressed by zero-moments.
Given a random variable X, the moment
generating function, if it exists, (i.e., is finite) is
given by:
ox(t) = E(e%), (47)
when E means mean value. The r" order derivative
at the origin of ¢x(t), when defined, is termed the r"
moment about zero (relative to the origin) of the
random variable X
i (X) = % (0), r=1,2,.., 48)
where r is any real number (but for the most part, r
is taken as a non-negative integer).
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Besides moments about Zero,
el XD = L2 we will have central moments
which are related to the above moments, having:

w(X)=E((X - EX))"), r=1.2,.... (49)

We point out that u»(X) is the variance, 6*(X),
and the relations between central moments and
moments about zero are:

mXj= X)
ugi\- =g, X)—3p, (X)p (X —-ui.\
3 L
pgl X =y X)—4p, (X #a X)+6p, (Xip,(X)—3p, (X

Let’s now consider the case where the
distribution Fx of a random variable X has location,
dispersion, and shape parameters, namely o, £ and ,
that will be part of moments. It is well established,
as documented in [17], that a distribution can be
expressed in terms of a standard distribution:

ol |n, }',T}:ru gl |0, 1,7)
pal o 3,7 = FPual 0.1,7)
pal e, 3,7 = #s( 0,1, 7) (51)
Additionally, we can express: _
hir) = pal | A, b, 7 :I} _ pal [0, 1,7 _:-I
pol (A8, T)E pa(]0,1,7)% (52)

and this relation only depends on z. If we know

pro( IN 6. 7)3 and u3( |4, J, 7) we also know h(T) and
we obtain 7.

In addition to the moment-generating function,
our attention is now drawn to the cumulant
generation function. Considering (47), we have
wx(1), the cumulant generation function:

wx(t) = In(ox(1)). (53)
It is known that, according to [18],
otlo, B 1)=e"p(B 10,1, 1), (54)
so we have:
w(tlo,p,7) = at + w(pt |0,1,7). (55)

The r'" cumulant is the r'" derivative of the cumulant
generation function about zero:

{ Y'(0]a,8,7)=a+3¢'(010,1.7)
¥'(0]a, 3, 7)=8"¢"(0]0,1,7), r>1 ° (56)
coming when r =2
.'J I'II}__EI:' |ex, 4, 7]
Vel

(57)

Following [7],
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x1(10.L.7)=¢'(0]0,1.7) = py ( J0.1.7)

x2(10.1.7) = &%(0]0. 1, 7) = p2( 0,1, 7) = o7( [0, 1.7) |

(00,1, 7) = pua( 0,1, 7) (58)

{

and the fourth-order cumulant is defined as
210,10 = y*010,1,2) = —3()(10,1,). (59)

x3(10.1.7)

The cumulants above enable us to obtain the

skewness and kurtosis coefficients
al [0

) vl |I'I.I:.-:|:-:

wab |0 LT 4
L A
2 T T

The skewness of a random variable is the third
’standardized” moment (about zero).

(60)

5 Model Adjustment

We will now direct our attention to mixed models
and on exploration of their relevant parameters.
Mixed models are described by:

Y=X,B+i:X,Z,+(’,

1=1

(61)
or omitting e;to lighten the model. These models are
given by the sum of Xf, with S the vector of fixed
effects and w independent random terms Z;
(Zi,1,...,zi,ci), i=1,.,w with E(Zi) =0,i=1,.,w
Matrices X and X, i = 1,...,w, are design matrices,
and we admit that the components of Z; are iid,
having r'" cumulants that now, for notation purposes,
we will call yrj, i=1,..w, r > 2.

In particular y1i= 0, i = 1,...,w, when the mean
values of the components vector are zero and oy
qi, 1= 1,...Ww. We will integrate the location
parameters in the vector of coefficients £, as in [18],
so when we estimate 5, we are estimating i, ... ,Aw.
Note that here we present an important and
substantial advancement in distribution research,
that is it can be perfectly assumed that the
components distribution of the Zi,...,Zw, belong to
different types, [18].

Let us proceed with our analysis considering the
orthogonal complement, Q-+, of the range space Q =
R(X) of matrix X. The dimension of Qtis n" =n—Kk
and

V=¥, [=1,..0

(62)
with an orthonormal basis (a; ..., an’).
Now, with
alli.-ir = QITX:‘ = (@1 i155 00861 )5
(63)
E-ISSN: 2224-2880
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=1, ..,n i=1, .. W, and, according to [17] and
[18], the cumulant vector has components

1= et yeeey w1 = LW, =23, (64)
and we will call O (Y\°), | =1, ..., n, r= 2,3, the rth
cumulant of Y\’ as

0.(Y) = Zb,..,,,-\,._,-. l=1,..0,r=23,
=1

(65)
with

b= Z(I;:i.,l.l =1, ni=1.,wr=23.

h=1

(66)

Considering r=2,3, B(r) = [by,,i],i=1, ..., w, and the
vector Oy with components:

70 X D YR
0, = (1)), On(¥)), =23, (o
we can write

Or=B(r) yr, r=2,3. (68)
For O we have the estimator:
s 70 0 -
0r = (0:(Y)),-, 0,(¥])), r=23,
what gives rise to LSE

Y. = (B(r)" B(r))TB(r)" Y[r], r =2.3,

X = (B(n)" B(r))*Br)T Y[ 70
where + stands for Moore-Penrose inverse of a
matrix. Let us consider Yir] =¥, ... Y3 ! since the
mean vector of ¥ 171 is O, and

O, = B(r)x,.- (71)

In particular y;i= 0, i=1,...,w, when the mean values
of the components are null and we have:

Xo = (07 o L (72)
considering 7 = X2i © = Loew® the  variance
components of Zj, i=1, ..., w. Taking the estimators
7 = XBsi=1.,w
1Yy A2,ir pev®r we have for Y the
estimated variance-covariance matrix, [19]
EY1=% o M,

i , (73)
for which we have the estimator:
EY1=3 6t M,

e : (74)

and, according to [19], gives the Generalized Least
Squares Estimator, GLSE, for f

B=(X"E(Y)'X)tXTE(Y)'Y (75)
If we take

X'=[X X1, ..X.1.]

A"=18" A .. A , (76)
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we have

w
Y=X"8+) Xz}, i=1u,
1=1 (77)
with the components of Z% = Z — 14 4, i=1, ..., W,
having null location parameters.

If the components of vectors Z;, i=1, ..., W, have
location, dispersion and shape parameters their r
order cumulants will be, following equation (51), we
have:

xri(10,0i,71) = di'xri( |0,1,7i), (78)
r=234,i=1, ..., w. For r=2, we have
212i(10,6i,7i) = 5i%2,i( |0,1,7), i = 1,...,w, therefore
- Il [N, di 1)

R TN

I'I'l,.g ||: |||.-'l'.l-,.'.'|':|
]l|'| il [0.1,7) 1 (79)

To estimate zj we consider gri(zi) = yri( |0,1,7i) and

’lv,' Ti) = - =

X34 |()-1~Ti) . 95 :(7i ‘

X5:(10,6,7)  x3.:(10,1,7)  g3.:(7)
: " Ram)
. ' (80)

thus

s a5 i(T)
W .‘.4"-"1': i)
4 (81)

and _
- Y
T — .'!r\- B (?;—If:-'l)
Tl f (82)
It should be noted that, after estimating 7z, the
estimator & is:

= 0.6 m) [ Raal 10,6 7)
Voxes(10.L7) | ga(7) (83)
= 1,..,w, where x2;( |0,1,7:) = go:( |72).12

.,w, is obtained replacing 7;,7 = 1,...,w, by 7;,i =
LW, in \21( 1Aiw(si~Fi)~i =1, .., with (Si e L =

~ o~

..,w. After estimating 7;,i = 1,...,w, and §;,i =
....,w we obtain the 4" cumulants estimators, and su-
perior, through

[

il 10,85, 7) = 8; xrsl [0, LF:)i=1,...ow,r > 4.

(84)

If the distribution does not have a shape parameter,
expression (79) lightens into:
[xzal |Ai 6i)
P = Ly e Yy

V (o) (85)

and the estimator is:
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- [va el | &)
;= I.'L”r”’. =1,..,m.
V xes(lo.D (86)

If the distribution has no location parameter but
has two shape parameters, pi and di, for example, we
consider Xli( |pi, 5i, Ti) = 5i2)(2,i( |1,1,Ti), i=1,...,W. The
components of Z%,i=1,...,.w, see equation (77), will
have parameters (0,0i,7) or (4;,0i), i = 1,...,w. In the
last case, we do not consider the shape parameter.

The vectors Z%i=1,..,whave the same
cumulants of order r > 1 as Zj, i=1,...,w, and we can
estimate these cumulants from equations (69) and
(70). Considering equation (76) we see that A1, ..., Aw
are estimated by estimating f°.

On the other hand, proceeding as in equation
(70), we only have to estimate the cumulants y;,
i=1,...,w, r=2,3,... to obtain the GLSE for

oy I 5 1 | 1 = 1
B=(X"2(Y) *xX)' X" (v) ‘v, (87)
as seen earlier in equation (75).

5.1 Moment-generating Function for
Generalized Gamma Distribution

In the following, we shall operate as before, in

(19), but now con§ider three parameters. Under the

assumption that #-1.1] exists, [14],ie.,a+td f > 0.
1 1

Vo g tXy < =
My(t) = B(e) = g t< 3 (88)

Using r=1 in (34), the mean 1117 of the GG (a, B,
7) is:
A (a4 1)

Ma) | (89)
and the variance of X is given by:

22 ( :) - : l 9
varp) < EEHE) (‘jl o+ ,.)) .
(90)

E[X] = p(x) =

['(e) ['(a)

6 Standard Distributions
Regarding PDFs, there are three types of groups:
location groups, scale groups, and location-scale
groups. Each group is formed by defining a single
PDF, denoted as f(x), known as the standard PDF for
that group. Other PDFs within the group are then
produced by altering the standard PDF in a specific
manner. A basic theorem regarding PDFs states
Theorem 1 [12] Let f(x) be any PDF and let u
and o > 0 be any given constants. Then the function:

1 T—p
il e, o) = f( )
[ T (91)
is a PDF.
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The location parameter u shifts the PDF f(x) and
the shape of the graph is unchanged, so the family of
PDFs f(X-u), indexed by the parameter u, © < X <
oo, is called the location family with standard PDF
f(x) and u is called the location parameter for the
family. The scale parameter effect, considering o
that parameter, is either to stretch, when ¢ > 1 or
contract, when o < 1, the graph of f(x) while still
maintaining the same basic shape of the graph. So,
we have

Definition 1 [12] Let f(X) be any PDF. Then for

any ¢ > 0, the family of the PDFs =1£) indexed
by the parameter o, is called the scale family with
standard PDF f(X) and ¢ is called the scale parameter
of the family.

Most often when scale parameters are used, f(x)
is either symmetric about 0 or positive only for X >
0. In these cases, the stretching is either symmetric
about 0 or only in the positive direction. But, in the
definition, any PDF may be used as the standard.

If we introduce both the location and scale
parameters, we shift the graph and the point that was
above 0 is now above u and we have stretching (¢ >
1) or contracting (¢ < 1). The normal and double
exponential families are examples of location-scale
families. The following theorem, which appears in
[12] relates the transformation of the PDF f(x) that
defines a location-scale family to the transformation
of a random variable Z with PDF z.

Theorem 2 Let f(X) be any PDF, x4 any real
number, and let ¢ be any positive real number. Then

X 1s a random variable with PDF ‘f |_"1 if and
only if there exists a random variable Z with PDF
f(z) and X = 0Z + u. An important fact to extract
from Theorem 2 is that the distribution of the
A e

T

random variable is a member of the
location-scale family corresponding to 4 =0, o= 1
6.1 Generalized Standardized Gamma
Distribution

We thus aim to consider the PDF of the generalized
standardized gamma distribution (GSGD) defined
by the following PDF, setting 7 =1 and =1 in (5),
we have:

fla; L 1.7) (92)

This explicit expression allows us to calculate the
PDF for any given value of X and .

It is desirable to develop models that have a
small number of parameters while maintaining a
high degree of flexibility for modeling data. In our
case the distribution having fewer parameters than
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the standard gamma distribution (only 7 as the shape
parameter), it might be easier to estimate and
interpret the distribution, particularly when the
specific shape is known or expected.

The MGF for the GSGD distribution is given
now by:

1

e(t1,1,7) = T

Mx(t) = E[e"*] = LT,

(93)

The mean of GSGD distribution is obtained by
differentiating the MGF to t and then evaluating it at
t=0, so u is given by:

d 1

(1,1, Lo
ULl = G iy

d
Il—lll='— Il =0 =

(94)

The second moment of GSGD distribution can
be calculated by taking the second derivative of the
MGF att=0

d? a2 1

——v-“'l.l.T‘ =) = —— =T1(r+1).
‘”:r(l )e=0 111"(1—1)"|’ 0 ( )

(95)

H2 =

The variance of GSGD distribution is given by:

Var(X) == o — w>=1z+ 1) —?=17.  (96)

We also have u3= 27 and ps= 37>+ 67. For the

GSGD distribution, the skewness is 27> and

kurtosis can also be expressed in terms of the shape
parameter 7 as K =3 + 6/.

The characteristic function is:

E[e"™] = (1-it)™, (97)
and the cumulant generation function is defined as
the logarithm of the MGF

w1, L) = In{Mx(t)) “’(,Ir}- (98)

Using the properties of logarithms, we can obtain
the cumulant generation function given by:
p(t]l,l,r)=——7In(1 —t), t< 1. (99)
The moments ur of a distribution can be
expressed in terms of cumulants, [2] and [21],
considering k; = '(0|1,1,), which gives us r"
cumulants:
ki=(r—Dlt,r=1,.,7=1,... (100)
Now, following subsection 4.5, to reduce the
distribution to a single shape parameter while
maintaining its essentlal propertles we consider the

power transformation 7, 7:*"that combines the

original shape parameters. We have a well-known
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relation between the cumulants of a distribution with
B '
parameters"jf' : i, T,in terms of cumulants:

{ il 16:,8i,70) = 8i + Bi xn.i( [0,1,75)

. 8, Bi, 'Y= 8" il 10:im) v=23
Xril 0i, 80y () = B] xra( [0.1,75), 7 (101)

where y1i( 0,1, 7%) = g1.i(zi°) and yri( |0,1,7°) = gri(zi®)
are known. For r=2 we obtain:

2.4 S,.."Si. A = .?2 2.4 ().1.7'".
x2.i( | ) = By x2.:( | D 102)

which means that, according to [17], we can express
standard cumulants involving three parameters as a
linear combination of cumulants involving only one
parameter. So, the estimator for fiis:

t = BT

(103)

where g2i(z"i) = 2,(0,1,z.%) is obtained substituting
7 by 7' in the expression of the second cumulant
with 6 = 1. Once we estimate fj and ! we can obtain
estimators Veil |08 7] =d0 x0 [0L1, 7 )for
Xeil 0,05, 7),7 = '1, not only for the second and

third cumulants but for cumulants of all orders as
well.

7 Conclusion

This paper has undertaken a comprehensive
exploration of the Generalized Gamma (GG) family
shedding light on significant contributions made by
various authors and researchers in this field. The GG
family, with its inherent versatility and flexibility, is
a valuable tool in various domains including
economics and meteorology. Explicit formulas for
the higher order cumulants have been derived and a
number of these findings are novel, namely, the
components of the random part of the model can
belong to different types, while others serve to
complement and augment existing results found
within the literature.

Acknowledgment:
This work is funded by national funds through the
FCT - Fundagdo para a Ciéncia e Tecnologia, L.P.,

under the scope of the projects:
UIDP/MAT/00212/2020, UIDP/00297/2020 and
UIDB/04630/2020.

E-ISSN: 2224-2880

1048

Sandra S. Ferreira, Patricia Antunes, Dario Ferreira

Declaration of Generative Al and Al-assisted
Technologies in the Writing Process

The authors wrote, reviewed and edited the content
as needed and they have not utilised artificial
intelligence (AI) tools. The author(s) take full
responsibility for the content of the publication.

References:

[1]  Allenby G. M., Leone R.P,, Jen L. (1999). A
Dynamic model of purchase timing with
application to direct marketing. Journal of
the American Statistical Association, 94,
365-74.

Antunes, P., Ferreira, S. S., Ferreira, D. et al
(2020a). Estimation in additive models and
ANOVA-like  applications.  Journal  of
Applied Statistics, 47, 1- 10.

Casella, G. and Berger, R. L. (2002)
Statistical Inference. 2nd Edition, Duxbury
Press, Pacific Grove.

Choi, S. C. and Wette, R. (1969) Maximum
Likelihood Estimation of the Parameters of
the Gamma Distribution and Their Bias.
Technometrics, 11(4) 683-690.

Craig, C. C. (1931). On A Property of the
Semi-Invariants of Thiele. Annals of
Mathematical Statistics, 2(2), 154-164.
Dadpay A., Soofi E. S., Soyer R. (2007).
Information Measures for Generalized
Gamma Family. Journal of Econometrics,
138, 568-585.

Fisher, R. A., Tippett, L. H. C. (1928).
Limiting forms of the frequency distribution
of the largest or smallest member of a
sample. Proceedings of the Cambridge
Philosophical Society, 24, 180-290.

Hager H.W., Bain L.J. (1970). Theory and
methods inferential procedures for the
Generalized Gamma distribution. Journal of
the American Statistical Association, 65,
1601-1609.

Hwang T., Huang P. (2006). On new moment
estimation of parameters of the Generalized
Gamma distribution using it’s
characterization. Taiwanese journal of
Mathematics, 10(4) 1083-1093.

Johnson, N. L., Kotz, S., Balakrishnan N.,
Continuous Univariate Distributions, 52nd
edition, Vol. 1, Wiley Series in Probability
and Mathematical Statistics (1994).

Kariya, T., Kurata, H. (2004). Generalized
Least Squares. England: John Wiley & Sons,
Ltd.

[2]

[3]

[4]

[3]

[6]

[7]

[8]

[9]

[10]

[11]

Volume 23, 2024



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2024.23.107

Kendall, M. J., Stuart, A. Ord, J. K. Kendall s
advanced theory of statistics. Vol. 1, 5th
edition, Oxford University Press, New York
(1987).

Kobayashi, K. (1991). On Generalized
Gamma functions occurring in diffraction
Theory. Journal Physical Society of Japan,
60, 1501-1512.

Leroux, D., Bobee, B., Ashkar, F. (1987).
Diagrams of the relationships between
moment functions for some laws frequently
used in hydrology. INSR-Eau, Scientific
report (Diagrammes des relations entre
fonctions de moments pour quelques lois
fréquemment utilisées en hydrologie. INSR-
Eau, Rapport scientifique), 237.

Mead, M., Nassar, M. M., Dey, S. (2018). A
Generalization of Generalized Gamma
Distributions. Pakistan Journal of Statistics
and Operation Research, 14(1), 121-138.
Nadarajah, S. (2005). A generalized normal
distribution. Journal of Applied Statistics, 32,
685-694.

Paradis, M; Bobee, B. (1983). The
Generalized Gamma Distribution and its
Application in Hydrology. (La distribution
Gamma Généralisée et son application en
hydrologie). INRS-Eau, Rapport scientifique,
156.

Smith, P. J. (2012). A Recursive Formulation
of the Old Problem of Obtaining Moments
from Cumulants and Vice-Versa. American
Statistical Association bulletin, 217-218.
Stacy, E. W. (1962). A generalization of the
gamma distribution. Annals of Mathematical
Statistics, 33, 1187-1192.

E-ISSN: 2224-2880

1049

Sandra S. Ferreira, Patricia Antunes, Dario Ferreira

Contribution of Individual Authors to the
Creation of a Scientific Article (Ghostwriting
Policy)

The authors equally contributed in the present
research, at all stages from the formulation of the
problem to the final findings and solution.

Sources of Funding for Research Presented in a
Scientific Article or Scientific Article Itself

This work is funded by national funds through the
FCT - Fundagdo para a Ciéncia e Tecnologia, L.P.,

under the scope of the projects:
UIDP/MAT/00212/2020, UIDP/00297/2020 and
UIDB/04630/2020.

Conflict of Interest
The authors have no conflicts of interest to declare.

Creative Commons Attribution License 4.0
(Attribution 4.0 International, CC BY 4.0)

This article is published under the terms of the
Creative Commons Attribution License 4.0

https://creativecommons.org/licenses/by/4.0/deed.en
US

Volume 23, 2024


https://creativecommons.org/licenses/by/4.0/deed.en_US
https://creativecommons.org/licenses/by/4.0/deed.en_US



