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Abstract: - This note is devoted to the study of a linear positive sequence of operators representing an integral 

form in Kantorovich's sense. We prove that this sequence converges to the identity operator in Lp([0,1]), p  1, 

spaces. By using the r-th order (r = 1 and r  3) modulus of smoothness measured in these spaces, we establish 

an upper bound of the approximation error. Also, we point out a connection between the smoothness of -

Hölder (0 <   1) functions and the local approximation property. 
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1  Introduction 
The interest in the study of approximation processes 

has emerged with growing evidence. In this 

direction, the investigation of the linear methods of 

approximation, which are given by sequences of 

linear and positive operators, has become a firmly 

rooted part. 

In this note, we focus on integral operators in 

Kantorovich sense. We remind that the genuine 

Kantorovich polynomials [1] are given as follows: 
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for every n  1 and f  Lp([0,1]). Knf is a modified 

version of the famous Bernstein polynomial: 
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replacing the values of the function over the net 

nknk 0)/(  by means of an integral mean. The use 

of the integral is welcome because, in practical 

situations, more information is usually known 

around a point than exactly at that point. 

The main approximation property of the 

operators defined by (1) is the following: 1)( nn fK  

converges to f in Lp([0,1]) for every f belonging to 

the Lebesgue spaces Lp([0,1]), p  1. 

Using as a reference model for this kind of 

construction, over time numerous discrete linear 

approximation processes were extended in the same 

way. For illustration, we mention only a few classic 

constructions: Szász-Mirakjan-Kantorovich 

operators [2], Baskakov-Kantorovich operators, [3], 

Stancu-Kantorovich operators [4], Chlodovsky-

Kantorovich operators [5]. 

In the last decades, various generalizations of 

Kantorovich operators have also been designed. 

They target the network of used nodes and the basis 

of functions incorporated in the construction. Their 

usefulness lies in the ability to approximate 

functions from several function spaces such as 

polynomial weighted function spaces, exponential 

spaces, BV-spaces, Lp-spaces (p  1), or Orlicz 

spaces. Among the most recent significant papers 

(years 2023-2024) we mention [6], [7], [8], the 

selection is subjective. 

The main goal of our work is to study a general 

class of Kantorovich-type operators in Lp([0,1]), 

1  p < , the space of all p-th power integrable 

functions on [0,1]. The speed of convergence to the 

identity operators is achieved. 
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2  The Operators 
Since any compact ],[ ba  is isomorphic to [0,1], in 

what follows we take into account only the interval  

]1,0[I . Let 
nIkknx )( ,  be a net on I, where In  N 

is a set of indices. We also consider that the net has 

equidistant nodes, meaning that for each n  N and 

Ixx knkn  },{ 1,, , nIk , 

  nknkn pxx  ,1, , nIn ,  (3) 

 

where 0lim n
n

p . The most encountered case is 

described by nkx kn /,  . We indicate some other 

variants used in the choice of nodes to define 

Kantorovich type operators, not necessary for 

functions defined on a compact. 

(i) For integral form of K. Balazs operators in [9] 

was considered  knx kn, , where 0 <  < 1 is 

fixed. We notice that condition (3) is fulfilled. 

(ii) In [10] Altomare and Leonessa illustrate their 

main results by using in an example the subintervals 
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ak nn , 0  k  n and 1)( nna , 1)( nnb  are real 

sequences satisfying 0  an < bn < 1. 

(iii) Since Quantum Calculus began to be widely 

used in the construction of linear positive operators, 

for q-Kantorovich-Bernstein operators in [11] the 

authors use the nodes 
nkqq nk

,0
)]1/[]([


 , q  (0,1). 

We recall 0]0[ q  and 
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For q-Kantorovich operators which generalize 

the discrete Stancu operators, in [12] the nodes 

nkqq nk
,0

))]1/([)](([


 , q  (0,1) and 

0     were used. In both cases the nodes are not 

equidistant.  

Our aim is to investigate the operators: 
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where )(, ICkn  , 0,  kn  for each (n,k)  N  In 

and )(ILf p . 

 Obviously, these integral operators are 

associated with the discrete operators defined as 

follows: 

 




nIk

knknn xfxxfL )()())(( ,, , x  I.  (5) 

 

 The reference standard of a such construction is 

given by the operators indicated at (2). 

 Regarding these operators we consider that the 

following conditions are met: 
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nIk

knkn ex 1,, , 

  




nIk

nknkn qex || 2,
2
, ,   (6) 

 

where ej, j  N0 = {0}  N, is the monomial of 

degree j and 1)( nnq  is a sequence of positive 

numbers. 

 The first two above conditions ensure that the 

operators Ln, n  N, defined by (5) reproduce the 

affine functions, a characteristic common to the 

numerous classes of linear positive operators of the 

discrete type. To become 1)( nnL  an approximation 

process, it is enough to impose 

   0lim 


n
n

q .   (7) 

 

 Thus, based on the Bohman-Korovkin theorem, 

[13], [14], the uniform convergence of the sequence 

1)( nn fL  to f is ensured for any )(ICf  . 

 In [15] two classes of Kantorovich type 

operators were investigated achieving a comparison 

of the approximation error between them in the 

particular case of Banach space )(IC . One of the 

classes is indicated at (4). In this note we study 

approximation properties of *
nL , n  1, operators for 

functions belonging to )(ILp , p  1. Based on (6), 

we easily deduce the following identities: 

1))(( 0
* xeLn ,     (8) 

 

2
))(( 1

* n
n

p
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3
))(())((

2

22
* n

nnn

p
xpxeLxeL  , x  [0,1]. (9) 

  

Considering the function:  

  xttx  )( , IIxt ),( ,  

for each n  N, the first and second-order central 

moments are respectively given by: 
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Based on relations (8), (9) and (7), the Bohman-

Korovkin criterion ensures: 
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 0||||lim )(
* 


ICn

n
ffL , )(ICf  ,             (11) 

where )(|||| IC  is the usual sup-norm,  

  |)(|sup|||| )( thh
It

IC


 , )(ICh . 

 

 

3  Results 

The operator norm of *
nL  will be denoted by |||| *

nL , 

the operator being considered from )(ILp  to )(ILp . 

The key assumption in the study of this class is the 

existence of a constant M > 0 such that 

MLn |||| * , n  N.           (12) 

 

Remark 1. For the genuine Kantorovich operator 

defined by (1), we have M = 1, see, e.g., [16] or 

[17]. 

Our first result shows that the Kantorovich 

operators are an approximation process on the space 

)(ILp  endowed with the norm )(|||| ILp
 , 1  p < , 

p

p
IL dtthh

p

/1
1

0
)( |)(||||| 








  . 

 

Theorem 1. Let *
nL , n  1, be defined by (4) such 

that (6), (7) and (12) are fulfilled. For any 

)(ILf p , 1  p < , 

0||||lim )(
* 


ILn

n p
ffL  

holds. 

 

Proof. Let f a function belonging to the space 

)(ILp . We will prove 

 0,0 n N, 0nn  ,  )(
* |||| ILn p

ffL .  (13) 

 

Let  > 0 be arbitrarily fixed. Since the space 

)(IC  is dense in )(ILp  with respect to the natural 

norm, for the function f there is )(ICg f  , such 

that: 

 )(|||| ILf p
gf . 

 

Also, relation (11) implies: 

 0n N, 0nn  ,  )(
* |||| ICffn ggL . 

 

Consequently, for any 0nn  , we can write: 

)(
**

)(
* |||||||| ILfnnILn pp

gLfLffL   

)()(
* |||||||| ILfILffn pp

fgggL   

 )(
*

)(
* ||||||)(|| ICffnILfn ggLgfL

p
 

 2|||||||| )(
*

ILfn p
gfL  )2(M . 

 

We used (12) and the inequality:  

)()( |||||||| ICIL hh
p

 , )(ICh . 

 

The proof of (13) is finished.   □ 

 

Further, set )(, IW rp , r  N, the space which 

consists of those functions defined on I for which 

the first 1r  derivatives are absolutely continuous 

on I and the r-th derivative belongs to )(ILp . 

For the evaluation of the speed of convergence, 

we recall two notions, with the aim of making the 

exposition self-explanatory. The r-th order modulus 

of smoothness of f, r  N, measured in )(ILp  

spaces, p  1, is given by: 

)(
0

||||sup),( IL
r
h

th
pr p

ftf 


, )(ILf p , 0t , 

where  

)()()( xfIExf rhr
h  , 

hE  representing the translation operator. For any 

k  r, )()()( khxfxfE kh   if x, rhx   belong to I 

and becomes zero otherwise. 

The K-functional of XILf p  :)(  for each 

t > 0 is defined by: 

),;,( YXftK  

});||||||(||||inf{|| )( Ygggtgf X
r

XX  , 

where )(: , IWY rp , [18]. Also in [19] is considered 

the modified K  -functional as follows: 

};||||||inf{||),;,( )( YggtgfYXftK X
r

X  . 

The following connections between these 

functionals and modulus of smoothness pr f ),(   

are valid [19]: 

),;,(),;,( YXftKYXftK   

),;,(2||||},1min{ YXftKft X
 ,             (14) 

 

and 

pr
r

pr tfcYXftKtfc ),(),;,(),( 21  ,         (15) 

 

0 < t  1, where ),(11 rpcc  , ),(22 rpcc   are 

positive constants. 

 

Theorem 2. Let *
nL , n  1, be defined by (4) such 

that (6), (7) and (12) are fulfilled. For any 

)(ILf p , p > 1 and n sufficiently large: 
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where C
~

 is a constant and 
3

2
n

nn

p
q  , see (10). 

 

Proof. At first step we prove 

)()(
* |||||||| ILnpILn pp

gAggL  ,        (17) 

 

for any )(1, IWg p  and p > 1, where pA  is a 

constant depending on p. To achieve this, we use the 

Hardy-Littlewood maximal operator M defined for 

any )(ILh p  and p > 1 as follows: 

|)(|
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1
sup))(( dttg

xu
xMh

u

xIu
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.          (18) 

 

For p > 1 it is bounded in )(ILp , 

)()( |||||||| ILpIL pp
hAMh  ,             (19) 

 

pA  being a constant depending only on p, see, e.g., 

[20]. By using (18) we can write: 
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Using Cauchy-Schwarz inequality for both integrals 

and sums, we get: 
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 nnILILn pqgMggL

pp
, 

see (10). The relation (19) leads us to the inequality 

(17). 

 

At the second step, by using (17) and (12) for 

any )(ILf p  and )(, IWg qp , we can write 

)(
* |||| ILn p

ffL    

)(
*

)(
* ||||||)()(|| ILnILn pp

ggLgfgfL 

 )()( |||||||| ILnpIL pp
gAgfM   

||)||||||(|| )()( ILnIL pp
ggfC  , 

where },max{ pAMC  . Taking the infimum over 

all )(1, IWg p  and using (15) for r = 1, we obtain 

 )(),(;,|||| 1,)(
* IWILfKCffL ppnILn p



  
pnfC  ,

~
1 , 

where C
~

 is a constant depending on M and p. Since 

0lim 


n
n

, for n large enough the condition 1n  

is met. 

 

The theorem is completely proved.  □ 

 

Remark 2. The approach of the above proof is not 

valid for p = 1 because the bounding of the maximal 

operator indicated in (19) fails. For the case, p = 1 

or p > 1, pr f ),(   can be used, where r  3. Our 

statement is based on the following result. 

 

Proposition 1. [21] Let }{ nL  be a uniformly 

bounded sequence of positive linear operators from 

],[ baLp  into ],[ dcLp ,  p1 , bdca  . If 

r  3 is an integer, then, for ],[ baLf p , 

)),(||(|||||| /1
,, p
r
pnrpnpppn ffCfLf  ,    (20) 

 

where the pL  norm of the left is taken over ],[ dc , 

0pC  is independent of f and n and pr f ),(   is 

the r-th order modulus of smoothness of f measured 

in ],[ baLp . 

We specify, in [12], piin
i

pn eeL ||||max
2,1,0

, 


 

and in [21] it was assumed that 0,  pn  as 

n . 

In our case, 1
* )( nnL  is a uniformly bounded 

sequence, see (12). Also, 

nnnnpn pqp 








 :
3

1
,

2

1
max 2

, , 

see (10), and according to our assumptions we have  

0lim 


n
n

. 
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Since pr tf );(  is a non-decreasing function in t 

for each f, as in (20), a similar degree of pL  

approximation )1( p  for *
nL , 1n , takes place. 

)),(||(||
~

|||| /1
)()(

*
p

r
nrnILILn ffCffL

pp
 , 

)(ILf p , where C
~

 is a positive constant 

depending on M, r, p and n is sufficiently large. 

The proof is performed via K and K   

functionals with their connections to pr f ),(   (r  3 

integer, p  1) and well as the formula [22]. 

The next objective is to investigate the relation 

between the local smoothness of function and the 

local approximation. A function )(ICf   is locally 

-Hölder continuous (0 <   1) on ]1,0[E  if it 

satisfies the condition: 
 |||)()(| yxMyfxf , EIyx ),( ,         (21) 

 

where M is a constant depending only on  and f. 

 

In what follows we denote this class of 

functions by ),;( EIH  . 

 Set }|:inf{|),( EttxExd  , the distance 

between x and E. 

 

Theorem 3. Let *
nL , 1n , be defined by (4) such 

that (6), (7) and (12) are fulfilled. For a given 

]1,0(  and IE  , 

)),(2(|)())((| 2/* ExdMxfxfL nn
  ,  

Ix , ),;( EIHf  , 

where n  is given at Theorem 2. 

 

Proof. Hölder's inequality corroborated with (8) and 

(10) imply: 
2/2/*

2,01
* )()(),|(|   nnn xxxeeL ,               (22) 

]1,0[x . 

Since )(ICf  , (21) holds for any Ix  and 

Ey , the closure of E. Let EIxx ),( 0  such 

that ||),( 0xxExd  . We get: 

|)())((| * xfxfLn   

|)()(|),|)((| 000
* xfxfxexffLn    

)||),|(|( 0001
*   xxxexeLM n . 

 

Since ]1,0( , for any It ,  

  |||||| 00 xxxtxt  

takes place. Based on the above inequalities and 

relation (22), the conclusion follows.     □ 

Remark 3. If IE  , we obtain 
2/

)(
* ||||  nILn MffL

p
, );( IHf  . 

 

 

4  Conclusion 

A class of general Kantorovich-type operators was 

examined in this paper. Due to the generality of the 

construction derived from fixing the nodes and the 

functions that compose operators, the results do not 

seem spectacular at first sight, but it could be proved 

that the sequence forms an approximation process in 

the ])1,0([pL , 1p , spaces. At the same time, the 

approximation error was established by using 

smoothness moduli of order r, pr f ),(  , 1r  and 

3r , respectively. Usually, for classical operators, 

the magnitude of error is of the order  nO /1 . 

Through our construction, the magnitude is more 

flexible, namely )( /1 r
nO  . The rate of convergence 

of operators on the class of -Hölder functions was 

also examined. 
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