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Abstract: - When dealing with longitudinal data, if we directly select a specific model for modeling without any
prior information about the existence of significant random effects before utilizing the mixed model, it may result
in the misuse of the model, thereby affecting the final estimation results. This paper investigates a variable
selection method that can jointly select both fixed and random eff ects in Bayesian mixed model under order
constraints. This method can effectively prevent model misuse. A computationally feasible Gibbs algorithm is
proposed for posterior inference. The performance of our proposal is evaluated by simulated data and two real
applications related to Blood lead levels and Ramus bone heights. Results show that the proposed approaches
perform very well in various situations.
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1 Introduction to be exactly zero in linear mixed models. [5],
In many applications, researchers have prior propqsed a pested EM algorithm for variable
knowledge about the underlying parameters that S?leCtIOP of'llnear rnpced effects. [6], pfoposed a
satisfy an order restriction before the data are simple iterative penalized procedure that is capable
collected. For example, the researchers measured of simultaneously selecting and estimating both fixed

effects and random effects in linear mixed-effects
models. [7], integrated the penalized quasi-likelihood
means of ramus bone sizes (i) satisfy the simple estimation fram.ework with a pepalizgtion approach
order py < pty < pis < ps. [1], proposed a one-way that enables §1multaneoqs estlmathn Qf model
ANOVA model with order constraints for this data parameters while automatically selecting important
and find evidence that there are only two growth Variabl§s by imposing sparsity constraints on the
spurts during the 18 months. However, [2] and [3] coefﬁqents of both fixed effects aqd random effect.s.
argued that random subject effect cannot be easily [S], rev1eyved the methods for variable se'lectlon in
excluded from the model, especially when time is an linear mixed-effects models proposed in recent
explanatory variable. They developed a Bayesian literature  and ~ compared  the strengths and
hierarchical mixed model for multiple comparisons weaknesses of various approaches through extensive
of fixed eff ects with a simple order restriction using simulations. o

mixtures of an exponential distribution and a discrete However, to our knowledge, there is little

distribution. This matter raises a challenging problem literature on the model selection of fixed effects
of performing joint fixed and random effects together with the random eff ects in the mixed model

selection in mixed models under order restriction. with order restriction. [2], [3] proposed a Bayesian
Model selection in mixed models without constraints hierarchical mixed model for repeated measures data
has received substantial interest in recent years. with missing values and a simple order restriction,
Based on a penalized adaptive likelihood, [4] but they did not consider the selection of random
developed Bayesian variable selection by allowing effects in the model. This paper develops a novel

fixed effects or standard deviations of random effects Bayesian variable selection approach for two-way
ANOVA mixed model accounting for order

Ramus bone heights of 20 boys at four time points
over 18 months, a natural assumption is that the
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restrictions. Compared with existing literature, our
greatest contribution is that our method can
determine whether the fixed effects and random
effects in the mixed model are significant, and
simultaneously estimate the significant effects. In
practical data modeling, when significant prior
information is lacking, this can prevent misuse of the
model and thereby improve the estimation accuracy
of the model. A simple and efficient Gibbs sampler is
proposed for posterior inference. The paper is
organized as follows. Within Section 2, we describe
the vectorized form of the two-way ANOVA mixed
model under a simple order. We also propose
variable selection procedures for both fixed and
random effects in the model. Section 3 develops
computational strategies for posterior inference.
Section 4 conducts simulation studies to evaluate the
performance of the proposed method. An analysis of
two real applications is presented in Section 5.
Section 6 concludes the paper.

2 Model Description

Suppose there are n subjects under investigation, and
there are k treatment for each subject. Let y;; be the
observation of the response variable, the two-way
ANOV A mixed model is then expressed as follows:

Yij=ui+b+eg;i=1,.,kj=1.,n (1)
where p; is the fixed treatment eff ect (mean) for the
i-th treatment, b; is a random subject eff ect which is
N(0,07) random variable, and ¢;; is measurement
error which is N(0, 02) random variable. Suppose
that the random subject eff ects and the measurement
errors are all independent. In practical applications,
there are generally the following three types of order
constraints.

(1) The simple order p; < - - < py

(i1) The simple tree order pq = p;,i = 2, ...k

(iii) The umbrella order puy <- < pg = pgyq =
© 2= Ug.

For the simple order pu; < - - - < g, let
Ome1 =Um —Um-1(2<m<k). Thus we will
have pym =p; +6;+-+6p_1 Let a; be a
standard normal variable, the vectorized form of the
model can be written as:
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k-1
yi = Ly + Z x;6; + Lyora; + ¢,

i=1

61 > 0""'616—1 = 0,] = 1, e, n

(2)
where y; = (ylj, ...,ykj) & = (slj, ...,skj) , and
1,= (1, ..., 1) which is a k x 1 vector. If the

parameter means satisfy the simple tree order or the
umbrella-order, we can also obtain a model similar to

(2)  through transformation. The detailed
transformation method can be referred to in reference,
[1].

By introducing indicator variables, we adopt the
method proposed by [9] to select fixed and random
eff ects simultaneously and fit the model. Bayesian
variable selection received large attention in recent
years, a nice review can be found in [10]. Setting
6; = v;B; and 6; = yyw,, we can rewrite model (2)
as:

k—1
Vi = L + Z +x:yiBi + Liyowra; + €
i=1
ﬁl = O, ""ﬂk—l = O,] = 1, .. n, (3)
where Yy, ..., Vx—1 are binary indicator variables (0
or 1) signifying which predictors are active in the
model. The indicator variables are assumed
independent Bernoulli prior distributions:

y; ~ Bernoulli(n;),i =0,..,k—1. (4)

Following [11], we use a weak prior for m;, i.e.
Uniform(0,1).We further assign the following
hierarchical prior distribution for f3;,

B; ~TN(0,n;,0,+),n; ~ IGamma(a,, b;)

where aq, b, are constants, TN (u, 02, a,b) denotes
a truncated normal distribution on the interval (a,b),
IGamma(a, b) denotes an inverse-gamma
distribution with density function:

a
f(x|la,b) = @ x‘a‘lexP_g, x > 0.
To implement the Bayesian model, we further set
a conjugate norm distribution N(ug,73) for uy,
where 7 is a constant, and a noninformative joint
prior for w? and o2,

) 1
o?(kyow? + a?)

w?, o

3 Posterior
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We outline the Gibbs sampler used to obtain
posterior samples. The detailed algorithm is as
follows.
Let y = (¥4, ..., Yn) ,by integrating out b; ,the
marginal likelihood is:
m(ylu, {B:}, wz, 0%, {yl})
x (0%)” (k)/owr +o2)

1 Yow3S, )
expl——(s1 — 525
p{ 202( 1 kypwZ+a?

where

_ 2
S1 = 2oy Bher(vij — 1 — T xavi B)

and

n
S2 = Z 1[2;;1(3’1'] — = XS xaw ,31)]2
j=

3.1.1 Step 1-Sampling % and ¢?2:
For the convenience of implementation, we let 72 =
kyow? + a2.
Update o2 from its conditional distribution, an
inverse-gamma distribution:
0-2 |y! .ulik{yl}i {‘B:ll}’ TZ
n( ) (S1 52)

~IGamma( > 5 T

Update 72 from its conditional distribution, an
inverse-gamma distribution:

2 . .
T |y' /'tll{]/l}' {Bl},o- ~IGamma (2 Zk)

The variance of random subject effect g2 can be

2
after knowing 72 and o2

72—
computed by

3.1.2 Step 2-Sampling B,:
Update pB, from its conditional distribution, a
truncated norm distribution:

Setting

_ 2
S1= Nj=1 Zi":1(}’ij — i — XI5 xay Bl)

_ 2
o Z}l=1 Zi'(:p+1(yij — U~ Zf:f XY 31)
— k 2 2
- (Tl Zi=p+1xipyp)ﬁp - Z.Bp
?:1 Z{'(:p+1 XipVp \ Yij — U1 — ZE;I xiszBz)]

and
Sy, = Z, 1[2 1()’1; Uy — Z;cz_fxiz)/z ﬁz)]z
j=1[2£’€=p+1(}’i1‘ — U — Zi‘:ﬁl XiaV1 .Bz)]z
= (T Xip¥p) BE — 25,

Zn 12 =p+1 [(Zz p+1 xlpyp) (yu Hy = 2?511 xil}’lﬁl)] .
#p
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Setting

Sy = ?:1 Zi'(:p+1 [xip}’p (yij — M1 — 2?511 xiz)’z/”z)],
#p

and

Zn 1 ZI. =p+1 [(Zi'(:p+1 xipyp) (Yij — M1~ E}l(:_l1 xil]’lﬁl)}
l#p

we then have:
[Bp |3’; U1, w‘?! 0-21 ﬁ—pl {)/l}]

1
§ 2
X exp _ﬁl ' 1xipyp
i=p+

5 k
]/0(1)-,_— 2
-T2 XipVp npp
T .
i=p+1
2
Yow
— 2By (54 - T—2T55>
ﬁ%}
expy—— 5
pi-L (s)
Where ﬂ_p = (ﬁl’ e lﬁp—ll ﬁp+1' "'iﬂk—l)'

Then the full conditional posterior distributions
of B, is a truncated norm distribution,

92
.Bplyt U, (1)1—, O- .B—p' {yl} TN ( - 0; +o°)
91 91
where g1 = = [ {( p+1x1pyp OwT (Z p+1xlpyp) ]+_

of
o)

3.1.3 Step 3-Sampling p4:
Update p, from its conditional distribution, a norm
distribution:

1
al’ld g2 = ;(54 -

[y, {B:} o2, 0%, (i}
o« exp {— Tiz (sl -
exp {_ (H12—l;0)2} exp {_
=21t (5 + ) -

2 (% ﬁ)]}

= Z;'l=1 Z?ﬂ(}’ij

yOwTZSZ
ky,w? + a2
(#1—#0)2}

273

— 3kt xil}’lﬁl)-

where s;

S3

Setting and

1
,u—— v—%+

kyow?+a2
nk
kyow?+a?’

U1 is then a norm distribution:

the cond1t10nal posterior distributions of
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n 1
251 |y, {Bi}) a)?l 0—2’ {)/L} ~N <;: ;)
3.1.4 Step 4-Sampling n;:
Update 1n; from its conditional distribution, an
inverse-gamma distribution:
Ni |y' {Bi}l 0)-?, 0-2' {YLZ}' 251
Bi

1
~ IGamma <E +ay, > + b0>,

3.1.5 Step 5-Sampling y;:

Let y_; = (Yo» oo» YVie1, Yit+1r -» Yk—1) - It can be
demonstrated that the indicator variable y; follows a
Bernoulli with probability parameter:

“ e
C;+d;’

P(]/i = 1|y1 {ﬁi}' a).?,O'Z,)/_i) =
where
¢ =fOHB} wz oy =Ly )fri = Ly-y)

and
di = fOIB} wi, 0%y =0,y_)f (i = 0,¥-)

3.1.6 Step 6-Sampling m;:
Conditional posterior for ;. By the prior on 7; and
the prior on y; , the full conditional distribution of
m; is given by:
mily, (B} i, 0% {vih i
~ Beta(0.54+y;,05—y; + 1).

4 Simulation Studies

In this section, we demonstrate the performance of
our methods (BMS) and compare it with the
Bayesian procedure for order restricted mixed model
proposed by [2], [3] using a series of simulations. We
first perform simulations with independent data and
then those with dependent data.

4.1 Dependent Data
The data are generated from the model given by:
yij = Ui + b] + gij'i = 1, ...,4,] = 1, e,

where random subject effect b; and error term ¢&;
are generated independently from N(0,2). Under the
simple order and k =4 there are 8 candidate models
on the equality/inequality of fixed treatment eff ects:

Hotphy = po = 3 = Uy Hipt g = phy = Uz < Uy

Hyzpy = pp <z <pg Hizipy = pp < pz =iy

Hyipy <plp = pz < pg Hapzipy <y = Uz = Uy

Hyipy <plp <piz =pg Herpy < pip < pz < iy
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Following [12], [1] ,there are three scenarios:
* Case 1: p=(0, 0, 0, 0)', that is, there exists equal
fixed treatment eff ects,
* Case 2: ©n=1(0,0,0, 1)", that is, the last group has a
diff erent fixed treatment eff ects,
* Case 3: u= (1,2, 3,4)", that is, the fixed treatment
eff ects satisfy simple ordering.

4.2 Independent Data

The model is the same as that in dependent data,
except for random effects:b; =0,j =1..,n. We
consider three sample sizes n= 10, n = 30, n = 100
and repeat 500 times in each example. In all
simulation settings, we suppose independent flat
inverse Gamma prior distribution 1Gamma(2.2, 20)
for n;, i = 1, 2, 3 and 1, choose hyper-parameter
12 =100 for u; such that we obtain weakly
informative priors. We run our Gibbs sampler for
10000 iterations with 3000 for burn-in. For fixed
treatment eff ects, Table 1-2 list average posterior
probabilities of all the possible models and the
percentages of selecting the correct fixed parameters
from 500 data sets for dependent data and
independent data respectively. The true model is
marked as **’.The bold font is used to highlight the
posterior probabilities of the true model. Comparing
the conclusions from Table 1, when u = (0, 0, 0, 0),
[2], [3] offer larger percent- ages of selecting the
correct model than BMS, but when p = (0, 0, 0, 1)
and u = (1, 2, 3, 4), our proposed methods BMS
generally perform better than the [2], [3] method,
showing the good performance of the method. It is
also clearly seen from Table 1 that BMS tends to
provide a larger average posterior probability of the
true model than [2], and [3] in nearly all cases across
the examples. Furthermore, for independent data, we
can observe similar results from Table 2 as
independent data. Moreover, as expected, we see that
the average posterior probabilities of the correct
model and the percentages of selecting the correct
model values for both methods increase as the
sample size increases, especially in Case 3 where the
fixed treatment eff ects satisfy simple ordering.

To check the performance of the proposed
methods in identifying the correct model for random
effect, Table 3 summarizes the percentages of
selecting the correct random eff ect parameters from
500 data sets for dependent data and independent
data. Overall, Table 3 indicates that BMS yields
promising results in both cases, even for a small
sample size when 7; = 10, suggesting good
performance of our method.
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5 Real Data Example

5.1 Treatment of Lead-exposed Children
Trial

We first apply the proposed methodology to the
Treatment of Lead- exposed Children trial data
(TLC), [13]. In this study, Blood lead levels for 50 of
the children who did not receive the succimer
capsules were measured at week 0 (baseline), week
1, week 4, and week 6. We let uy, Uy, uzand py,
denote the mean blood lead levels corresponding to
week 6, week 4,week 1, and baseline, respectively.
Because the homes of these children were cleaned
using an established TLC regimen, it is reasonable to
assume that the mean blood lead levels satisfy the
simple order restriction, i.e., Uy < ty < Uz < Uy .SO
there are eight candidate models:

Hotpy = po = 3 = Ug Hipi g = pp = Uz < Uy

Hytpyg = pp <z < g Hizipy = fp < flz = iy

Hatpy <l = pz < g Hazipty < iz = Uz = Uy

Hzipy <plp <pz = pg Hpipy <ty < iz < iy

Table 1. Results of the average posterior probabilities
of all the possible models and the percentages of
selecting the correct model from 500 repetitions for

dependent data
Hypothesis n; =10 n; = 30 n; =100
BMS Shang BMS Shang BMS Shang
case 1 H; 0.560 0.328 0.703 0.335 0.779 0.356
H,; 0.019 0.062 0.009 0.063 0.004 0.060
H, 0.025 0.068 0.010 0.067 0.005 0.062
H, 0.020 0.075 0.008 0.070 0.004 0.066
H,, 0.127 0.131 0.094 0.138 0.068 0.137
Hi; 0.108 0.142 0.081 0.141 0.069 0.14
H,s 0.137 0.158 0.094 0.152 0.070 0.147
Hp 0.003 0.036 0.001 0.035 0.000 0.033
Percentages 0.820 0.998 0.924 0.994 0.962 0.994
case 2 H, 0.233 0.240 0.070 0.134 0.000 0.010
H, 0.075 0.100 0.092 0.153 0.083 0.199
H, 0.083 0.100 0.095 0.149 0.077 0.204
H, 0.025 0.068 0.008 0.040 0.000 0.003
H;, 0.370 0.187 0.644 0.297 0.831 0.475
Hi; 0.116 0.126 0.056 0.076 0.003 0.006
H,s 0.086 0.121 0.024 0.064 0.000 0.004
Hp 0.013 0.059 0.010 0.087 0.005 0.101
Percentages 0.514 0.244 0.874 0.794 0.978 0.994
case 3 H, 0.004 0.065 0.000 0.004 0.000 0.000
H, 0.179 0.152 0.141 0.205 0.009 0.107
H, 0.236 0.134 0.166 0.142 0.009 0.05
H, 0.155 0.139 0.158 0.164 0.007 0.042
H,, 0.057 0.111 0.001 0.031 0.000 0.000
Hiy; 0.139 0.162 0.043 0.141 0.000 0.005
H,s 0.056 0.093 0.001 0.022 0.000 0.000
Hf: 0.174 0.145 0.490 0.293 0.975 0.796
Percentages 0.086 0.036 0.582 0.398 0.998 0.962

Table 2. Results of the average posterior probabilities
of all the possible models and the percentages of
selecting the correct model from 500 repetitions for
independent data
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Hypothesis n; =10 n; = 30 n; =100
BMS Shang BMS Shang BMS Shang

case 1 H; 0.561 0.326 0.703 0.35 0.78 0.372
H, 0.019 0.062 0.008 0.060 0.004 0.057

H, 0.025 0.068 0.010 0.063 0.005 0.058

H; 0.020 0.072 0.008 0.063 0.004 0.06

Hi, 0.127 0.137 0.093 0.144 0.067 0.142

His 0.108 0.144 0.081 0.141 0.069 0.142

Hjs 0.137 0.159 0.095 0.149 0.070 0.144

Hp 0.003 0.032 0.001 0.028 0.000 0.025
Percentages 0.832 0.906 0.924 0.940 0.962 0.96

case 2 H, 0.232 0.190 0.071 0.071 0.000 0.001
H, 0.074 0.118 0.093 0.175 0.083 0.199

H, 0.083 0.115 0.095 0.171 0.077 0.202

H; 0.025 0.066 0.008 0.028 0.000 0.001

HY, 0.370 0.221 0.643 0.377 0.831 0.509

Hys 0.116 0.121 0.057 0.055 0.003 0.002

Hjs 0.087 0.106 0.024 0.038 0.000 0.000

Hp 0.013 0.063 0.010 0.084 0.005 0.086
Percentages 0.510 0.386 0.872 0.828 0.978 0.974

case 3 H, 0.003 0.010 0.000 0.000 0.000 0.000
H, 0.180 0.152 0.144 0.129 0.008 0.008

H, 0.235 0.183 0.169 0.163 0.009 0.008

H; 0.155 0.172 0.157 0.189 0.006 0.011

Hi, 0.057 0.052 0.001 0.002 0.000 0.000

Hy3 0.142 0.147 0.043 0.056 0.000 0.000

Hjs 0.054 0.072 0.001 0.003 0.000 0.000

Hp 0.173 0.212 0.485 0.458 0.976 0.974
Percentages 0.088 0.096 0.574 0.502 0.998 0.994

Table 3. Results of the percentages of selecting the
correct random eff ect parameters from 500

repetitions

n=10 n=30 n=100

dependent casel 0962  0.988 1.000
case2 0954  0.990 1.000

case3  0.940 0.996 1.000

independent casel  0.852  0.932 0.994
case2 0.874  0.952 0.986

case3 0.896  0.952 1.000

We consider the similar prior specifications as in
Section 4 and generate 100, 000 samples with an
initial burn-in of 20, 000 iterations. The posterior
probabilities of the indicator variable for random
subject effect is 1.0, indicating that there is a high
probability of non-negligible random subject effects
in the data. We also compare our method with [2],
[3].The posterior probabilities of all the possible
models for each method are listed in Table 4.We
observe Shang method chooses g < py < s < Uy,
whereas py = uy; < p3 <ty is more supported by
BMS. Table 5 also summarizes the posterior
estimates for the parameters. It can be seen from
Table 4 that both methods yield similar posterior
point estimates, however ,BMS tends to offer more
narrow credible intervals than Shang for most
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parameters, except ¢Z, showing an improvement
over Shang.

5.2 Ramus Bone Heights

In this section, we illustrate the proposed method to
the Ramus bone heights data (Ramus), which are
given by [14]. In this study, the Ramus bone heights
of 20 boys were measured at § years, 8 .5 years, 9
years, 9.5 year over an 18 month period. We also let
U1, Uy, Uz and p, denote the mean ramus bone
heights corresponding to the four time points,
respectively. [1] has applied a one-way ANOVA
model with no random subject eff ects to analyze this
dataset. The results of [1] show that H; has the
largest posterior probability.

Table 4. Results of the posterior probabilities of all
the possible models for blood lead level data

Model TLC Ramus

BMS Shang BMS Shang
Hy 0.0000 0.0535 0.0000 0.0176
Hy 0.3946 0.1890 0.0100 0.0870
H, 0.2624 0.1898 0.0155 0.1679
Hs 0.0021 0.0584 0.0330 0.1950
Hy 0.2012 0.1846 0.0148 0.0236
Hy3 0.0049 0.0633 0.0000 0.0709
Hys 0.000 0.0478 0.0006 0.0918
Hp 0.1349 0.2136 0.9410 0.3462

Again, we use the same prior specifications as in
Section 4 and perform MCMC to obtain 80 000
samplers after the 20000 burn-in. Tables 4 and 5 lists
the posterior probabilities of all the possible models
and the posterior estimates for the parameters
respectively. We can clearly see that both methods
select the same model, indicating that there are three
growth spurts during the 18-month period, which is
different from [1]. Actually, the posterior probability
of the indicator variable for random subject effect
offered by BMS is 1.0, suggesting that it is
inappropriate to ignore random subject effects in the
model. [1] used a one-way ANOVA model without
random effects to analyze this real data, which could be
inappropriate.

Table 5 lists the posterior estimates for the
parameters. In summary, both BMS and Shang's
methods yield similar posterior estimates and
standard deviations for the parameters. However,
generally speaking, BMS provides shorter posterior
confidence intervals. For example, for the parameter
0? in Ramus, BMS gives a 95% posterior
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confidence interval of 0.57, which is much smaller

than the 3.05 provided by Shang's method.

Table 5. Posterior means (mean), variances(SD) and
95% credible intervals (Crl) for blood lead level data

Methods

2

2

My Ot o

Mean 23.680 25.586 5.578

BMS  Var 0.610 32.285 0.433

_ Ccrl (22.132521)  (16.65,38.80)  (4.43,7.00)
Mean 23.535 25.424 6.217

Shang 1.266 32.463 1.278

Crl  (21.0125.46) (16.47,38.64)  (4.66,8.87)

BMS  Mean 48.477 6.861 0.734

Rammus Var 0.386 6.737 0.021
Crl  (47.23,49.68)  (3.46,13.30)  (0.50,1.07)

Shang  Mean 48.247 6.678 1.452

Var 1215 6.771 0.767

Crl  (49.945022) (3.235,13.09)  (0.68,3.73)

5, 5, 5

avg  Men 0.278 0.427 1.740

Var 0.173 0.242 0.253

TLC crl (0.00,1.31) (0.00,1.49)  (0.71,2.67)
Mean 0.546 0.507 1.362

Shang ., 0.836 0.654 1.289

el (0.00,3.01) (0.00,2.64) (0,3.53)

BMS  Mean 0.982 0.947 0.856

Var 0.085 0.093 0.097

Ramus Crl  (0.40,1.55) (0.32,1.54)  (0.00,1.42)
Shang  Mean 1.419 0.875 0.632

Var 1.321 0.830 0.611

Crl (0.00,3.70) (0.002.82)  (0.00,2.43)

6 Discussion and Conclusion

711

In this article, we develop a simultaneous selection
method of fixed and random effects in a Bayesian
restricted two-way ANOV A mixed model, which can
accommodate some constraints such as simple order,
tree order umbrella order, etc. Simulation studies
show that the proposed Bayesian variable selection
approach works well in the selection of fixed and
random eff ects whether in dependent or independent
data. Specifically, in both simulations of dependent
and independent data, our method not only
successfully identifies the correct fixed effects but
also effectively determines the presence of random
effects. Furthermore, the accuracy of this
identification increases with the number of samples,
demonstrating the consistency of our method.

Real data examples indicate that the proposed
method is likely to provide more narrow 95%
credible intervals than the competing method.
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Moreover, we find strong evidence that there exists
significant random subject effects in Ramus bone
heights data. However, [1] analyzed the dataset by
using an unsuitable one-way ANOV A model without
random effects and selected a diff erent model. This
shows that it is necessary to consider a simultaneous
selection of fixed and random eff ects for longitudinal
data under order constraints.
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