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1 Introduction

The Nobel Prize 2016 in Physics was jointly
bestowed upon three researchers in recognition of
their work on phase transitions and topological phases
of matter. As this occurrence, people are more
aware of the necessity of gaining further topological
understanding.

General topological spaces are becoming more and
more important in several fields of use, for example
data mining, [[lf]. Information systems are the
essential tools used in any real-world field to learn
from data. Mathematical models can be made for both
quantitative and qualitative data based on topological
structures that describe how data is collected. So far,
there have been a lot of attempts by topologists to
use the idea of closure spaces to investigate different
topological problems, [2, 3, 4]. Within this context,
the symbols (Uy;7) and (Us; o) or just UyandUs
stand for topological spaces. Let K1 C Uj is called
a (y — open, [5]) or (b — open, [6]) or (sp-open,
[7]), if K1 C (Cl(Int(K4))) JUInt(CI(K7))). The
complement of a v — open set is called v — closed.
The intersection of all v — closed sets containing a set
K is called the yCI(K7).

We may not have at the moment an application of
theoretical mathematics that is being formulated, but
someone will find an application for it and who will
be fluent in using it, and that is why theoretical
mathematics is very important. Recently, a lot
of research has been published in Gamma, Nano
Topology and Soft, [§]. Previously, we have used
topology to study the similarity of DNA sequences
and to identify mutations in genes, chromosomes,
[9]. Many topologists studied topological models

E-ISSN: 2224-2880

675

in medicine, [[10, 11]]. We also used topology to
study the recombination of DNA and to form a
mathematical model for the recombination process.
El-Sharkasy[|]12] used 7 to study the recombination of
DNA and it was better as it gives more than one space.
In biomathematics, topological concepts can be used
to build flexible mathematical models.

2  Generalized vC' structures

Throughout this section, we will proceed under the
assumption that set W is a nonempty finite universal
set and that set 2V is its power set.

Definition 2.1. A closure structure ([[13], [[14], [L5])
is a pair (W, Cl) and CI : 2 — 2V is a mapping
associating with YU; C W and CI(U;) C W, called
the closure of U7, where:

(1) Cl(¢) = ¢,

(2) Ui € CU(Uh),

(3) Cl(ULUU2) = CL(U1) U CU(Ua),

(4) The interior Int(U;) of Uy is (CI(UY))¢,

(5) The set U; is a neighborhood of an element u; €
Wifu, € I’rlt(Ul),

(6) Uy is closed if U1=C1(U,),
(7) Uy is open if Uy=Int(Uy).

Because the subsequent lemmas’ proofs are clear,
we omit them.

Lemma 2.2. In a closure structure (W,Cl), the
following hold:
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(1) Uy is open if and only if U{ is closed, for any
U, CW.

(2) [fUl C U, then Cl(Ul) C Cl(UQ) and
consequently Int(Uy) C Int(Us).

(3) Cl(( Uwi) € (N Cl(Uw).
icl icl

Lemma 2.3. The open sets of a closure structure
(W, Cl), satisfy

(1) ¢ and W are open,
(2) If Uy, Us is open, therefore (Uy (| Usz) is open,

(3) If Uy; is open, Vi € I, then |J Uy is open.
i€l
Definition 2.4. (1) The generalized yC1 structure is
a pair (U1, vCl) consisting of a set Uy , a vCl
mapping (yC1), a mapping from the power set
of U; to itself.

(2) vCl of K1 C Uy, denoted yCI(K7) is the image
of K1 under vCI.

(3) The v-Exterior (yExt) of Ky is yExt(K)
Ui\7Cl(K1) and ~-Interior (yInt) of K is
vInt(Ky) = Un\{yClU(U\ K1)}

(4) K, is y-closed when K1 = ~yCIl(Ky), K is
~v-open when K; = ~Int(K;j) and M is a
v-neighborhood (ynbd) of u; if uy € yInt(M).

Definition 2.5. A vCl mapping defined on U is
called:

(1) y-grounded if yCl(¢) = ¢.

() yIs0if yCU(K;) C ~COU(K>) for Ky C Ko.

(3) y-enlarging if K7 C ~CI(K;),VK; C U;.
YCU(vCU(K)),

(4) y-idempotent if vCI(K7)
VK, C Uj.

(5) ~y-sublinear if yCI(K1|JK2) C ~CU(K1)U
’}/CZ(KQ),VKl,KQ Q Ul.

(6) y-additive if (J;cp;, v(K1:) = YCUU;er K1i)
for Kli Q Ul.

Definition 2.6. (1) A,B C U are called ~CI-
separated(yC'l- sep) in a generalized ~Cl
structure (U, vC1) if K1 (yCl(K2) = ¢ and
yCU K1) (K2 = ¢, or a similar expression, if
K CyExt(K3) and Ky C yExt(Ky).

(2) vExt points are called yCl- sep in a generalized
~Cl structure (U1, yCl) if VK7 C Uj and Yu; €
~vExt(K1), K and {u, } are yCl — sep.
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3 Some Basic Properties

Theorem 3.1. Let (Uy,vCl) be a generalized
~-closure structure in which yExt points are yCl-sep
and let Ky be the pairs of vCl-sep sets in Uj.
Therefore, VK1 C Uy, the vCl of K1 is yCI(K})
{ur € Ur: ({ur}, K1) € Ku}

Proof. .
YCIU(Ky) C {uy € U
Indeed, Suppose that wus {wp € U :
({u1}, K1) ¢ K} which is, ({us}, K1) € K,
therefore {ua} (7CU(K1) = ¢, thenuy ¢ vCI(K1).
Let up ¢ ~vCI(K7). According to the hypothesis,
({UQ},Kl) € K. Hence us Qé {u1 e U :
({ur} K1) ¢ K},

Definition 3.2. (1) A ~vCl mapping defined on a
set U; is called pointwise vsym when, for any
up,ug € Uy, if up € yCl({ua}), then uy €
YCI({u1}).

(2) A generalized yC1 structure (Uy, yCl) is said to
be Ryy when, for any ui,us € Uy, if up is in
every ynbd of ug, then us is in every ynbd of uy.

Corollary 3.3. Let (Uy,vCl) be a generalized vCl
structure in which yExt points are vCl-sep. Then
~Cl is pointwise ysym and (U1, vCl) is Ryry.

For any generalized ~Cl structure

(fu}.0) ¢ K},

Proof. . Assume that yExzt points be vCl-sep in
(Uy,7Cl). If uy € ~Cl({uz}), then {u;} and
{ua} are not yCl-separated. This means that up €
vCl({u1}). Then, yCl is pointwise ysym. Assume
that u; belongs to every ynbd of us, that is, Uy € M
whenever y € ~vInt(M). Letting K1 = {U;\M}
and rewriting in the other direction, uy € yCI(K7)
whenever u; € K;. Suppose that u; € vyInt(M),
uy ¢ YClL(U\M). So uy is yCl-sep from {U1\M },
and hence, 7Cl({u1}) € M, u1 € ({u1}), soug €
vCl({u1}) € M. Hence (U1,vCl) is Ryy. O

Note that these three axioms are not equal with one
another in general; nevertheless, they are equivalent
with one another when vC'l mapping is v/ so

Theorem 3.4. If (Uy,~Cl) is a generalized ~Cl
structure with yCl ~vIso, then the next statement are
equivalent:

(1) vExt points are vCl-sep.
(2) (vCl) is pointwise ysym.
(3) (U1,7Cl) is Roy.

Proof. . Let (2) be true. Assume that K; C Uy, and
u; € yExt(Ky). Then, as vCl is yIso, Yuy € Kj,
uy ¢ vCl({uz}), and hence, us ¢ vCI({u1}). Thus
KiNvCl{u1} = ¢. Then (2) — (1), and by
Corollary 3.1,(1) — (2). Let (2) be true and suppose
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that uy,uo € Ujp since ug is in each ynbd of us,
i. e, u; € M when uy € vInt(M). Therefore
ug € yCI(K7) when u; € K, and especially since
up € {ur}, us € yCl({u1}).As a consequence,
u; € ~vyCl({uz}). Hence if uy € K, therefore
u; € YCl({u2}) C vCI(K2), as vCl is yIso. Then,
ifu; € yCIl(K3), then ug € K3, that is, us is in each
~vynbdo fuy. Then, (2) implies (3).
Now, assume that (Up,vCl) is Roy and u; €
vCl({u2}) such that vCl is vIso, u; € vCI(K2)
whenever us € Ks or, ug is in each ynbd of u
where (U1,vCl) is Roy, uy € ~yInt(M). Then,
ug € yCIl(K7) whenever u; € Kj, and especially
since uy € {u1}, ug € yCl({u1}). Hence, (3) =
O

Q).

Theorem 3.5. Let W be a set of unordered pairs of
subsets of a set of Uy . Then:

(1) If K1 C K and (Ky3,K3) € W, then
(K1,K3) € W, VK, Ky, K3 C Uy;

(2) If ({ul}, KQ) e W, Yui € Ky and
({’LLQ},Kl) € W,Yuy € Ko, then (Kl, KQ) S
W, VK, Ko, K3 C Ujy. Then there is a unique
pointwise ysym, vIso and vCl mappings vCl
on Uy which yCl-sep the elements of W.

Proof. . Define vCl by vCl(K1) = {u1 € U; :
({ug}, K1) ¢ W} foreach Ky C Uy. If K3 C

Ky C Uy and u; € ’}/Cl(Kl), then ({’LLQ},Kl) §é
W, thus ({u1}, K2) ¢ W, meaning that, u; €
~vCl(K2). Then, vCi({u1}) is vyIso, Moreover,
ur € YCl({uz}) iff ({ur}, {uz}) ¢ W iff ug €
~Cl({u1}). Hence yCl is pointwise ysym. Let
(Ki,K3) € W. Therefore K1 ({yCl(K2)} =
K ﬂ{ul e U : ({ul},Kg) ¢ W} = {Ul e K :
({u1}, K1) ¢ W} = ¢. Similarly, vCl(K;) (K2 =
¢. Then, if (K, Ks) € W, then K;, and Ky are
~Cl-sep.

Now, Let K7 and K be yCl-sep. Then {u; € K; :
({ur}, K2) ¢ Wi=Ki(7Cl(Kz) = ¢ and {u; €
Ky © ({ue}, K1) ¢ W} = 7CH{EK 1Ky = ¢.
Thus, ({u1}, K2) € W,Vu; € K; and ({uz}, K1) €
W, Yug € Kj. Then, (K1, Ky) € W. O

Many features of yC'l mappings can be stated wise
the sets they separate, as shown below:

Theorem 3.6. If' W is the pairs of vCl-sep sets of a
generalized ~C1 structure (U, yCl) in which yExt
points are vCl-sep, then vCl is

(1) v-grounded iff Yu, € Uy, ({u1},¢) € W.
(2) v-enlarging iff V (K1, Ko) € W, K1 N Ky = ¢.
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(3) y-sub linear iff (K1, Ko|J K3) € W whenever
(Kl,KQ) e W and (Kl,Kg) ew.
In addition, if yCl is ~-enlarging and for
Ki,Ky C U ({w},K1) ¢ W whenever
({ur}, K2) ¢ W}and ({uz}, K1) ¢ W,Vuy €
Ky, then vCl is ~-idempotent. Also,if vCl-Iso
and ~-idepotent, then ({ui}, K1) ¢ W
whenever ({u1}, K1) ¢ W and ({us}, K1) ¢
VV,VUQ c Ko.

Proof: . By Theorem 3.1, vCIl(K;) = {u; €
Ui ({u1}, K1) ¢ W} for each K1 C Ui
Let Vuy € Ui, ({ui},¢) € W. Therefore

1CU(¢) = {ur € U,({ui},9) ¢ W} = o
Then yCl is ~y-grounded. Conversely, if ¢
vCl(¢p) = {w1 € Uy,({u1},¢) ¢ W}, and hence
({u1},¢) € W, for every uy € Uj. Let for each
(Kl,KQ) e W, KiNKsy = ¢. Since ({CL},Kl) §é w
ifa € Ky, K1 C 7yCIl(Ky),VK; C Uj. Then
~Cl is y-enlarging. Conversely, suppose that vCl
is vy-enlarging and (Ki,Ks) € W. Therefore
Ky N K> € ACUEL) (K2 = 6.
Let (Kl,KQUK3) € W whenever (Kl,KQ) e W
and (K1,K3) € W, and Let v; € U; and
KQ,Kg - U1 where ({ul},KQUK;:,) ¢ W.
Therefore ({u1}, K2) ¢ W or ({u1},K3) ¢ W.
Thus ACI(EKUKs)  C  ACI(Ka) UrCl(Ks).
Hence, vC' is ~-sublinear.
Conversely, let ~Cl be
and (Kl,Kg),(Kl,Kg) S
Therefore yCUK2J K3) () K1
(1CU(K) Ui CLURS)) (1K
(vCU(K2) (VK1) U(CU(K3) (K1)
and (KQUKg,)ﬂ’}/Cl(Kl)
(K> N CUE) U3 NACLKY)) = 6. Assume
that yvCl is v-enlarging and let ({u1}, K1) ¢ W
whenever ({us}, K2) ¢ W and ({ua}, K1) ¢
W,Yuy € K, then yCl(yCl(K1)) C vCIl(Ky). If
up € {yCl{~yCI(K1)}}, hence ({u},vCl(Ky)) ¢
W, ({ue}, K1) ¢ W,Vuy € ~CI(K1), and hence
({u1}, K1) ¢ W. Where 7Cl is ~y-enlarging,
therefore vCIl(K;) C ~Cl(yCI(K;)). Then,
’YCl(’yCl(Kl)) = ’}/Cl(Kl), VK1 C U;. Lastly,
let’s say that yCl be ~Iso and ~y-idempotent.
Suppose that vy € U; and K, Ko C U
since ({u1},K2) ¢ W and Yupg € Ko,
({UQ},Kl) ¢ W,thenu; € ’yCl(KQ) and Vug € Ko,
ug € ~CI(Ky), (1. e, Ko C ~CI(Ky). Then,
ul € ’YCZ(KQ) - 'yC’l('yC'l(Kl)) = 'yC’l(Kl). O

Definition 3.7. If (Uy, (vCl)y,) and (Us, (vCl)y,)
are generalized vC/ structures, then a mapping 7" :
Uy — Us is called:

(1) ~Cl preserving if T((vCl)y, (K1))
(’yCl)U2(T(K1)),VK1 g Ul.

~-sublinear,

RS

c
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“H(K2) <

(2) ~y-continuous if (yCl)y, (T

“H(vCl)y,(K2)), YKy C Us.

Theorem 3.8. Let (U, (vCl)y,) and (U, (vCl)y,)
be generalized vCl structures and T : Uy — Us be a

mapping:

(1) If T is yCl preserving and (yCl)
T is v — continuous.

U, is yIso, then

(2) If T is ~y-continuous and (yCl)y, is vIso, then
T is vClpreserving.

Proof. . Assume that T is ~Cl preserving
and, (yCl)y, is ~Iso. Let Ko C U,
therefore T(vCl)y, ((T7Y(Ky))) C
(OO (TTK)) € (1D ()
hence, - (U (T () c
T (T(CD, T (K2)) € T-H(3Cu, (K2)).
Let T be -~y-continuous and (vCly, s
~vIso. Suppose that Ky C  Uj.
(YCOu, (K1) € (yCUu, (T"HT (K1) €
“H(CYu, (T~ (K1))). Then, T(vClyy, (K1) €
T(T (vCu, T(K1)) © (vCUu, (T(K). 0

Definition 3.9. Let (U, (vCl)y, ) and (Us, (vCl)y,)
be generalized vC structures and 7' : U; — Us be
a mapping, if VK1, Ky C U, T(K;) and T(K>)
are not (yCl)y,-sep whenever K; and ko are not
(vCl)y, -sep, Then we say, T' is non y-sep.

Notice that 7" is non +-sep iff Ky and Ks are
(vCl)y,-sep, whenever T'(K;) and T'(K3) are
(vCl)u,-sep.

Theorem 3.10. Suppose that (Ui, (yCl)y,) and
(Ua, (vCl)y,) are a generalized vC structures and
T : Uy — Us is a mapping:

(1) If (vCl)y, is vIso and T is non ~y-sep, then
T-1C) and f~Y(D) are ((vCl)y,)-sep for
every C and D are ((vCl)y,)-sep.

) If (vCl)y,) is yIso and T~H(C) and T
are (yCl)y,-sep for every C, D is (vCl)y.
then T is non vy — sep.

(D)
,-Sep,

Proof. . Let C and D be (yCl)y,-sep subsets, such
that (yCl)y, is yIso. Suppose that K3 = T~1(O)
, Ko = T_I(D) then T(Kl) C C, T(KQ) c D
and (vCl)y, is vIso, T(K;) and T(K3) are also
(vCl)y,-sep, as a result of this, K; and K, are
(vCl)y,-sep in U;. Assume that (vCl)y, is yIso and
let Ky, Ko C Uy where C =T(Kp)and D = T(K3)
are (yCl)y,-sep, therefore T-(C) and T(D
are (’yC’l)Ul-sep and since (vCl)y,vIso, K
“UT(Ky) = T71(C) and K € T (T(Ky))
~1(D) are (yCl)y, -sep as well.

~—

Onin
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Theorem 3.11. Let (Uy, (vCl)y,) and ((Ua,vCl)y,)
be generalized vC1 structures and Assume that T' :
Uy — Us be a mapping. If T is vCl preserving, then
T is non ~y-sep.

Proof. . Let T be ~Cl preserving and
Ki,K; C U be not (yvCl)y,-sep. Assume
that (Cl)y, (K1) K2 #  ¢. Therefore

¢ # T((vCho, (K1) N K2)) € T(vChu, (K1))
T (K2) c (YCOu, (T(K1)) NT(K2).
Similarly K ((vCl)y, (K2) #* ¢, hence
T(K1) ((CDu,(T(K2))) # ¢. Then T (K1)
and T'(K>) are not (yC1)y,-sep. O

Theorem 3.12. Let (Uy, (vCl)y,) and (U, (vCl)y,)
be generalized ~Cl structures which yExt points
(vCl)y,-sep in Uy and let T : Uy — Uy be a

mapping. Then'T is vCl preserving iff I is non y-sep.

Proof. . 1f T is ~vCl preserving, then T' is non
v-sep. Let T be non v-sep and K1 C U;. If
(vCly, (K1) = ¢, therefore T(vCl)y, (K1) =
b C (OO (T(KY). Assume (7CD), (K1) #
¢. Let Wy, and Wy, be denote pairs of (vCl)y, —
sep C Uj and the pairs of (yCl)y,-sep subsets of
Us, respectively. Suppose uz € T((vCl)y, (K1))
, ur € (YChy, (K1) T Y(uz). Where u; €
{(vCy, (K1),({u2}, K1)} ¢ Wy, and since T is
non vy-sep, {{us}, T(K1)} ¢ Wy,. Where yExt
points are (yCl)y,-sep, ua € (yCl)y,(T(K2)).

Thus T(vCl)y, (K1) € (vCOu,(T(K1)), VK1 C
Us. ]
Corollary  3.13. Let (Ui,(vCl)y,)) and

(Ua, (vCl)u,)) be generalized ~Cl structures with
(vCl)y, gamma-Iso and assume that T : Uy — Uy
be a mapping, if T is vy-continuous. Then T is non

y-sep.

Proof. . If T' is ~-continuous and (yCl)u,vIso,
then by (Theorem 3.4) if T' is vC'l preserving. by
(Theorem 3.7), T' is non y-sep. O

Corollary 3.14. Let (Ui,(WCl)y,) and
(Ua, (vCl)u,) be a generalized vCl structures with
~vIso closure mappings and with (yCl)y,-pointwise
Syy and let f : Uy — Us be a mapping. Then f is
~v-continuous iff f non-y-sep.

Proof. . Since (yCl)y, is yIso and pointwise Sy,
Ext ~y points are vC1 sep in (Us, (7Cl)y,) (Theorem
3.1). Since both vC'l mappings are vIso, f is vCl
preserving (Theorem 3.4) iff f is y-continuous. Thus,
we can apply the (Theorem 3.7). O
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4 ~-Connected Generalized vC'l

structures

Definition 4.1. Let (U1, vCl) be a generalized vCl
structure. U is called «y-connected if Uy is not a union
of disjoint nontrivial vC'l-sep pair of sets.

Theorem 4.2. If (Uy,~Cl) be a generalized vCl
structure with y-grounded y1so and ~v-enlarging vCl,
then the next are equivalent:

(1) (U1,~Cl) is y-connected,

(2) Uy can not be a union of nonempty disjoint
y-open sets.

Proof. . (1)=(2): Assume that K1, Kobey-open sets.
Then U; = Ko U Ky and K1 N K9 = ¢. This implies
Ky = U; K and K7 is ay — open set. Thus, K5 is
~v — closed, hence K1 [(\7Cl(K2) = K1 K2 = ¢.
By using the same method, we get yCI(K1) [ K2 =
¢. Hence, K and Ky are yCl- sep and hence U, is
not «y-connected. A contradiction.

(2)=(1): Assume that U; is not y-connected. Then
Uy = K1 |J Ky, since K1 N Ky = ¢, yCl- sep sets,
i.e, Kl ﬂ’yCl(KQ) = *yCl(Kl) ﬂKQ = ¢ We
have 7CIl(K2) C Uy — K1 C K3 such that vCl
is y-enlarging, we get YCI(K2) = Kj, then, Ks is
~-closed. By using yCl(K1) () K2 = ¢. Similarly, it
is clear that K is vy-closed. Inconsistency. O

Definition 4.3. Let (U, yCl) be a generalized vC'
structure with y-grounded vIsoyCl. Then, (U, yCl)
is called a 77 — ~-grounded ~Iso structure if
'yCl(ul) C {ul},Vul e U.

Theorem 4.4. If (U1,~vCl) is a generalized ~Cl
structure with ~y-grounded yI1so vCl,then the next
statement are equivalent:

(1) (U1,~Cl) is y-connected,

(2) Every ~y-continuous mapping T : Uy — Us is
constant for all Ty — ~-grounded 1 so structure
Uy = {0, 1}.

Proof. . (1)=(2): Assume that U; is y-connected
and T : Uy — Us is ~y-continuous and it isn’t
constant. Therefore there is a set U;; € U; where
U = {T7Y0}} and U1\Uy; = T71({1}). such
that 7" is y-continuous and Uj is 17 — y-grounded
yIso structure, then yvCI(Uyy) = yCOU(T~{0}) C
T-1(vCi({0})) ¢ T Y{0}) = Ui and hence
~Cl(U) {U1\U11} = ¢. Similarly, we have
U1 (yCl(U1\U11) = ¢. Contradiction, then, T" is
constant.

(2)=(1): Let U; is not y-connected. Therefore
there exists yCl sep sets U;; and Ups where
UllUU12 = U;. We have ’YCZ(UH) c Un
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and vCl(Uy2) C Ujg and U; Uy; C Uja. Such
that yCl is vIso and Uyp, Uy are vCl- sep, hence
{’yCl(Ul\Uu) C ’yCl(Ulg) C {Ul\UH}. Let
the structure (U2, vCl) by Uy = {0, 1}, vCl(¢) =
¢, 7CI({0}) {0}, ~CI({1}) {1}, and
vCl(Uz) = Uy, therefore the structure (Us,vCl)
is a 71 — v-grounded ~-Iso structure, we define the
mapping 7' : Uy — Uz as T(U;1) = {0} and
T(U\U11) = {1}. Assume that K; # ¢ and
Ky C Us. If K1 = Us, and hence T_l(Kl) = Uy,
VCl({U1}) = vOUT (K1) C Uy = T~Y(Ky)
T~L(yCI(K)). If Ky = {0}, therefore T—1(K;) =
Uy, then vCl(Uy) = ~CUT V(K1) C Upn
T-YK)) = T Y(yCl(Ky)). If K3 = {1}, then
Tﬁl(Kl) = {Ul\UH}, hence ’yCl(Ul\UH) =
FyOUTYKY) < U\Un T-1(Ky)

T~L(yCI(Ky)). Thus, T is vy-continuous such that
T is not constant. Inconsistency. O

Theorem 4.5. If T : (Uy,vCl) — (Us,~Cl) and
g : (Ua,vCl) — (Us,yCl) are y-continuous maps,
then, g o T : Uy — Us is y-continuous.

Proof. . Let T and g be ~-continuous.

every K1 C Uz we get 7Cl((g o T) 1 (K1))
YOUT g (K1) © T '(yCl(g '(K1)) <
T (g~ (vCIU(K1))) = (g0 T) "' (vCl(K1)). Then,
goT :U; — Us is y-continuous. O

For

Theorem 4.6. Let (Up,~Cl) (Ua,~vCl) be
generalized ~Cl structures with ~y-grounded
vIsoyCl and T (U1,7Cl)  —  (Uz,~CI)

be a ~y-continuous mapping from U; onto Us.
If Uy is ~v-connected, then Uy is ~y-connected,
goT : Uy — {0,1} is constant and then "g”
is constant mapping. By (Theorem 4.2), Ujy is

~y-connected.

Proof. . Let {0,1} be a generalized yC! structures
with y-grounded v/so yCl and g : Us — {0,1} is
a y-continuous mapping. Since 1" is ycontinuous, by
(Theorem 3.3), go T': Uy — {0, 1} is y-continuous.
where U; is y-connected, g o T' is constant, then g is
constant. Consequently, Us is y-connected. O

Definition 4.7. Let (U, vCl) be a generalized vC'l
structure with ~-grounded vIso vC'l, and more than
one element. A generalized vC1 structure (Uy,vCl)
with y-grounded vIso vCl is called Us-y-connected
if any ~-continuous mapping 7' Uy — Uy is
constant.

Theorem 4.8. Let (Ua,vCl) be a generalized
~Cl structure with ~y-grounded ~vIso, ~y-enlarging
~Cl, and more than one element. Then every
Us-vy-connected generalized ~Cl structure with
~v-grounded 1 so is y-connected.
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Proof. . Assume that (U;, yCl) be a Uz-y-connected
generalized yvC' structure with v-grounded v so yClI.
LetT : U; — {0, 1} isa~y-continuous mapping, since
{0,1} is a Tyy-grounded ~yIso structure. Where Us
is a generalized yC! structure with y-grounded v so,
~v-enlarging vC'l and more than one element, therefore
there is a y-continuous injection g : {0, 1} — Us. By
(Theorem 4.3), g o T' : Uy — U, is y-continuous.
Such that U; is Us-y-connected, then goT" is constant.
Then, T is constant hence, by (Theorem 4.2), U; is
~-connected. O

Theorem 4.9. Let (U1,vCl) and (Uz,yCl) be
a generalized ~CI structures with ~y-grounded
vIso vCl and T (U,7Cl)  —  (Ua,yCl)
be a ~-continuous mapping onto Us. If U; is
Z-y-connected, then Us is Z-~y—connected.

Proof. . Let g : Uy — Z is a y-continuous mapping.
Then g o T : Uy — Z is ~y-continuous. Since U is
Z- *y-connected, therefore g o T" is constant. Therefor

9 9

g’ is constant. Then Us is Z-y-connected. O

Definition 4.10. the generalized (!l structure
(U1,~Cl) is strongly ~-connected if there is no a
countable collection of pairwise yCl- sep sets { K, }
where U; = |J{K,.}.

Theorem 4.11. FEvery strongly ~y-connected
generalized ~Cl structure with ~y-grounded ~I1so
~Cl is v-connected.

Theorem 4.12. Let (Uy,vCl) and (Ua,vCl) be a
generalized vCl structure with ~y-grounded v1so vC'l
and T : (Uy,7Cl) — (Ua,~vCl) be a y-continuous
mapping onto Us. If Uy is strongly ~y-connected, then
U, is strongly ~-connected.

Proof. . let Uj is not strongly y-connected. Then,
there exists a countable collection of pairwise vC'
sep sets { K, } such that Uy = (J{ K, }.

Since T YK,)NyCUT Y (Ky)) C
(T 1K) (T~ (7CI(K,)) = 6 forall n # m,
then the collection {T1(K,)} is pairwise vClI-
sep. This is a contradiction. Thus, U is strongly
~y-connected. O

Theorem 4.13. Let (U1,vCl)y,, (U2,7Cl)y, be a
generalized vCI structures. Then the subsequent are
equivalent for a mapping T : Uy — Us

(1) T is y-continuous,

(2) T (yInt(K3)) C ~Int(T
Us.

Theorem 4.14. If (Uy,vCl) is a generalized
~Cl structure with ~-grounded ~vyIso ~Cl, then

“(Ky)),VKy C
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(Uy,~Cl) is strongly ~y-connected iff (Up,yCl) is
Us-vy-connected for any countable Ty — ~y-grounded
~vIso structure (Ua, yCl).

Proof. . (Necessity): Assume that (Uy,vCl) is
strongly connected and (U;,~yCl) is not Us —
~v-connected for some countable 77 — -grounded.
There is a y-continuous mapping 7' : Uy — Us
this isn’t constant and as a result H = T'(U;) is a
type of countable set that contains several elements.
for every a, € H, there exists K,, C Uj since
K, = T~ '(a,) hence Uy = |J K. Such that T is
~-continuous and U, is ’y grounded then Vn % m,
{Ku}NACU)} = T () NACUT (am)) ©
T Han} T ’YCl{am}) -
T Ya,}NT Yan} = ¢. Contradicts, for
strong ~y-connectedness of U;.  Hence, U; is
Us-v-connected.

(Sufficiency): Assume that Ujis Us — ~y-connected
for any countable 77 — ~-grounded ~Iso structure
(Uz,~Cl). Let U; b not strongly ~-connected.
There is a countable collection of pairwise
~Cl sep sets {K,} where U; = |[JK,. We
take the structure (Z,vCl) such that Z is the
set of integers and vCl : P(Z) — P(Z) is
defined as vCI(H) = H,YH C Z. Obviously

(Z,~Cl) is a countable 7Tij-y-grounded ~Iso
structure. Let K € {K,}. We define a
mapping 7' : U; — Z by T(K;) = {ui} and

T(Ul\Kk) = {UQ} since U1, U € Z and uq 75 us.
Where 7CU(Ky) ({Kn} = ¢, for each n # Kk,
therefore vCU(Ky) (U{KR}) =
hence, vCI(K}) C {Ky}. Put ¢ #
ui,ug € HthenT~Y(H) = Uy and’yC'l(
YCU(Uy) Cc Uy = TYH) = T~ (VC’Z(H
up € Hand uy ¢ H, then T"'(H) = Kk an
VCUTY(H)) = yCI(K)) C Kj, = T~ (H) =
T-YyCIl(H)). Ifuy € H and uy ¢ H then
T-Y(H) = {U;\K}}. Since yCI(H) = H,VH C
Z, then vInt(H) = H, VH C Z. Also,
(U\Ky) C Koz {Ur} C {Ul\VCl(Kk)} =
yInt(U\Ky). Then, T~ (yInt(H) Ul\Kk =
T s )
Alternatively, Vn # k, K N vCl(k,) = 0, hence
K nU{yCUKy),n # k} = 0. As aresult, it can
be concluded that K} N vCl(Ky),n # k) =
Thus, ’)/Cl(Ul\Kk) C Ul\Kk Such that
vCI(H) = H,VYH = Z, we get yCl(T"Y(H)) =
~CIl(U;\K}) C Up\Kj. Hence, T is y-continuous.
Since T is not constant, this goes against what was
stated in Z-v-connectedness of U;. Hence, U; is
strongy y-connected. O

~—
~
=

5 Conclusion

This research explores closure structures in point-set
topology, with emphasis on fy-closure operators.
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We investigate the characteristics of y-isotonic and
y-closure mappings and provide useful definitions,
lemma, and propositions related to the y-closure
structure.

Closure structure in point-set topology gives novel
topological qualities (such as separation axioms,
connectedness, and continuity) that are useful in
studying digital topology, [[16]. Thus, we may
emphasize y closure operators as a branch of them
and their application in quantum physics, [17], and
computer graphics, [[1§]. In the future, we can use
these results to study the processes of nucleic acid
”mutation, recombination, and crossover.”
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