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Abstract: -In this paper, we present a novel set of (g, v)-Bernstein basis functions that are parameterized by ¢ and
~ and defined over an interval. We give detailed proofs for several key properties of these functions, including
the partition of unity, recurrence relations, degree elevation, and the Marsden identity. Additionally, we introduce
and validate the (g, y)-De Casteljau algorithm, providing comprehensive examples to illustrate its implementa-
tion. These results are analyzed to highlight the theoretical and practical implications of these (g, y)-Bernstein
basis functions in various fields, such as polynomial approximation, numerical methods, and Computer Aided
Geometric Design (CAGD). Furthermore, we discuss potential extensions and applications of these functions,
considering their impact on future research and developments in the domain. By exploring these aspects, we aim
to offer a robust framework for understanding and utilizing (g, y)-Bernstein basis functions.

Key-Words: - (q,~)-Bernstein polynomials, (g, y)-Bernstein basis, Marsden's identity, (g, v)-Bezier curves, De
Casteljau, interval.

Received: April 7, 2024. Revised: September 2, 2024. Accepted: September 22, 2024. Published: October 22, 2024.

1 Introduction added an extra dimension thanks to the parameter ¢,
thus opening up new perspectives for the more pre-
cise approximation of functions on the interval [a; b].
More recently, a special case of g-Bernstein polyno-
mials on the triangle has been developed by [4]], in-
spired by classical Bernstein polynomials on trian-
gular [5]. Thus, the introduction of the ¢ parameter
offers greater flexibility and more refined modelling
possibilities for q-Bézier curves and surfaces [4]], [6],
[Z]. Very recently, the theory of h-Bézier curves was
developed by [&] and that of h-Bézier surfaces by [9].

Bernstein's basic polynomials, developed by the Rus-
sian mathematician Sergei Natanovich Bernstein in
the early 20th century, represent a class of polyno-
mials that play a fundamental role in various fields
of applied mathematics, from numerical analysis to
computer-aided geometric design (CAGD). These
polynomials form the basis of the representation of
Bézier curves and surfaces.

The foundations of Bézier theory, developed by
French engineers Pierre Bézier and Paul de Castel-

jau in the 1960s, have found widespread application In this article, we add a new real parameter ~y to
in fields such as computer-aided geometric design the parameter ¢ parameter in order to introduce new
(CAGD), surface modelling and graphic animation. polynomial functions with base (g, )-Bernstein and

Recently, basic g-Bernstein polynomials have (q,7)-Bézier curves on an interval [a;b]. We de-
been develeped in [1], [2]], [3] and inspired by clas- fine these new (¢, v)-Bernstein basis polynomials and
sical Bernstein polynomials on the segment, have (q,7)-Bézier curves, then formulate and prove sev-
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eral properties of these polynomials and curves, in-
cluding recurrence relations, partition of unity, degree
elevation, linear independence (polynomial basis), De
Casteljau's algorithm and the (g, v)-Marsden identity.
Finally we conclude and provide some perspectives.

2 Bernstein polynomials

Bernstein's bases functions currently come in
three elementary forms

n is a natural integer.
e on the segment [0; 1]: [6]

1. the classic form:

Bl?(t) - <Z>tk(1 _t)n_kv k=0,---,n
2. the h-form:
k—1 n—k—1
[T¢+in) JT —t+in)
nipepy (V) i=0 i=0
= (1) =
[T +in)
i=0
k=0,---,n
3. the g-form:
n—k—1
n n 2
Byt q) = [ k ] I a—td),
7 =0
k=0,---,n,
e on an interval [a; b]: [6]

1. the classic form on [a; b]:

n _ak _ \n—k
Bt = ()

(b—ay
k=0, ,n,
2. the h-form on [a; b]:
By (t; [a; b]; h) =
k—1 n—k—1
[[¢-a+in) ] ®-t+in)
i=0

()"

k=0, ,n

3. the ¢g-form on [a; b]:
By (t; [a; 0]; q) =

k—1 n—k—1
Ht—aq H —tq
n =0 1=0
] 7
! [1(—ad)
=0
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where [10]: [ Y L = WW

[n — kg!
U‘?]q' = [k]q[k - 1]q e mqv
[0]g! =1
Klg =1+q+-+q""
1 k
=14 with ¢ # 1

3 (q,7)—Bernstein basis functions on

an interval [a; b
Let ~y be a real number.
Let rT=b—a; m=t—a; m=b—1t;

Yy=v+t—a=vy+T1.
On the interval [a; b], we define the (g,
polynomials of degree n by:

~)-Bernstein

B} (t; [a;b];q,7) =
k—1 n—k—1
[[m+v@ =) ] [+30-d)
n 1=0 =0
] A ,
[Iir+~v1 -4
1=0
forn>1
. 1, forn =0
)]
We have:
o lim By (¢;[a; b]; ¢, ) = B (L; [a, b]); - where
q'—)
- (n\ t—a)f-t)"
Byt a.b) = ( ] T
o lim By (¢; [a; b]; ¢,7) = By (t; [a, ]; q); where
! k—1 ) n—k—1
(t—aq) J] ®-td)

e Note that B} (¢; [a; b]; ¢,77) > 0,
for—-1<g<landy >0
e The effect of the v parameter can be seen in
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Figure [T} Figure 2, Figure 3 and Figure [4 in

Appendix, followed by that of the q parameter fork=0,---,n.
Figure [§, Figure 6, Figure 7 and Figure B| in .
Appendix. By (t;[a; b]; 4,7)
k—1 n—k—1
[T+ =d) ] [ +301 )]
. |: n =0 i=0
. |k n—
4 Recurrence relation for the q -

(q,v)-Bernstein polynomials =0
Fork =0,---,n. we have [10]: ) <7‘2+i(1—q”_k_1)>
n—
- |: k n—2 X
<T +y(1-¢" 1)) [+~ -
n n—k | n—1 n—1 =0
|:k::| =q k[k1:| +|: k :| (2) k—1 - n—k—2
! ! ! [Tim ++( =] (72 +5(1 = ¢")]
i=0 =0
and (T1 + (1 - qk_1)>
n—k| n—1
+q [ 1 ] X
n n—1 El n—1 q(7+7(1_qn_1>>
k| Tl k-1] T k& )
q q q k—2 n—k—1
[Tim+2(-q) [r2+5(1—¢')]
=0 =0
then the (g, v)-Bernstein polynomials verify the fol- n—2 '
lowing recurrence relations: H [T+ v(1—q")]
i=0

By (t; [a; b3 q,7) =
9 + g kL —1
( T+ g+t > b (Blaibla)

I qnfk 1+ gt
T4t

T2 + :7(1 — qnikil) n—1
= By (t; [a; b
( 7__’_7(1 _ qn_l) k ( a[av ]aQ>’7)+

1— k—1
@) ek Cij((l - ;n_l))> B~ (t;as b; 4,7)

> B~y (t; [a; b]:4,7) O
Similarly, by using (3)) we show that:

and By (t; [a; bl ¢,7) =
n+A(1—q¢" " -
By (t; las bl ¢,7) = -
et ]~qu31 A= paery
g (T2t n—1 + (1 —q¢" 1 i (F: fos 01z )
———— | By (t[asbliq) Tl —a
T+ g1 (5)
AN . 5 Partition of unity
T+ ygn 1 i1 (t[asbq) The (g, v)-Bernstein polynomials verify the partition
of unity property:
n
Proof: > Bii(t;[a;biq,7) = 1 (6)
k=0
We fix [ n } — Oet [ n ] -0 Proof: to prove (6), we proceed by recurrence
-1, n+1 respect n > 0
By using (2)) we have:
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n —k
.for n = 0, [ 8 ] = 1, replacing _ T+ (v +7)(1—-¢"") +
g . o o T+9(1—-q")
B} (t; [a; b]; ¢,y) by its expression given in (1) )
gives: ¢ F 1+ —¢") B (t; [a; b]; ¢, )
By (t; [a;b]; ¢,) = 1. Therefore relation @) in T+9(1—q") RAD LT
true forn =0 n TQ+(’Y+7'1)(1_qn_k)
. . B T+ ~(1 —q") +
. suppose there exists n > 0, such that (6)) is true k=0
and show that (6)) is true at rank n + 1. - .
Using (@) we have: q T+ —¢q%)
By (t;[a; b]; g,
N BEltan)
T+v(1—gq
Byt (t; [a; b 4,7) = :Z <+721q;) By (t; [asb]; 4,7)
o+ ="\ L. k=0
Ty ) Brlasbla, )+ n
ralt=a) ) =" Bi(t:laibliq.7)
-1
nilok (170 —¢"7) B k=0
t; las bl; g,
q ( P gy k-1(5[a;0]54,7) _
Therefore relation @ is true for all n > 0.
hence
]
GRS 6 Degree elevation for
kZ_O By (& lasblia,7) = (q,v)-Bernstein polynomials
nJ_rl ~ N The (g, y)-Bernstein polynomials of degree n can be
Z T+ 51 —q"") Bt [a: b; 4, )+ written as (g, y)-Bernstein polynomials of degree n +
Py T+ fy(l — qn) k 1 as follows:

w1k (171 =¢") B (t[a:bl: B (t a: bl: _ ok F g o b las bl g+
q < T—{—’y(l—QTL) k—l(ta [(I,b];q,'Y) k( 7[ ) ]a%’y) q [n+1]q k+1( a[ ) ]aQ)'y)

n+1—-klg .,

_ ) [l]qu“(t; [a; b5 4,7)
with B, =0, B?, =0and § = 7 + 7. - [n+ 1],
This gives Proof

By writing B”+1( t; [a; b]; q,7) and
B,ZH(L‘; [a; b];q,7) w1th ) we have:

n+1

> Bt [asbiq,7) n—k (F+ g gy oo

=0 [n+1]q k;+1( 7[0’7 ]aq’7)+

+3(1—¢"") 41— Fklg pnr1g,. 1.

_ BU(t: Ta: bl: T~ = Blagntl (g (g: ) 4,

Z( T+’Yl—q> k(ta[avb]a%’}/)_'— [7’L—|—1] k ( [ ]QV)

n— T +7 1 _qk qn g X

S (2SI B it a.0) o %

k=0 g k n— k
:Xn:KTg%—'yl—q >+ H[Tl—i—'yl—q H [T9 +4(1 — ¢")]

P T-{—f}/ 1=0 _ =0 +

ok (T =" [T+~ =d))

q By (t; [a; 0] 4,7) -

T+l —q") =0
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m4+1—-Fklg[ n+1
[n—l—l [ ] X
k—1 n—=k '
[im +v@ =g [ +51 - )]
=0 =0
[T+~ =g
=0
ok (M1 —4") "
- <T+7(1—q))[ ]
k—1 n—k—1
[[m+1a=¢) ] [e+31-¢)
=0 =0
n—1
17+~ -
1=0
T+ (1 —q"~
< T+(1—g") >{ ]
k-1 k-1
H[ﬁ—i-’yl—q H [T2 + (1 — ¢")]
=0 =0
n—1
[im +~1 =g
=0

- Gaies) - (em -

1
k—1 n—k—1

H[Tl +y1=¢)] [] +90 -]

n =0 =0
A A
[T +~(1—=q")]
=0
k—1 n—k—1
H[71+’Y(1 —q")] H (T2 +9(1 = ¢")]
_ |: Z :| i=0 — i=0 '
! [T +~(1—q")]
=0
=By (t; [a; 0]; ¢,7)

7 Polynomial basis

The (q,~)-Bernstein polynomials form a basis for
P, ([a;b]). Where P, ([a;b]) is the space of polyno-
mials of degree at most n on [a; b]

Proof
It suffices to show that Vn > 0 there exist coefficients
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{Cn,z‘,k }:zo such that:

ZC’kak [a;b];q,7) , i=0,--,n.
(8)

We reason by recurrence

1. For n = 0 we have BJ(t;[a;b]; q,
Co00 =1

7):1’

2. Suppose there exists n > 0 such that
V 0 < i < n, (8] is true and using (7)
We have:

Zckak [a;b]; ¢,7)
Zka{Bk [a;D]; ¢ )}

R

= Cn,i,k’{qn g 4

kzzo n+ 1],
K]

B et

n+1

= Z Cri1i 6Bt
k=0

with

Bt (t: [a; b]: g,

; [a; 0] 9,7)

Crt1,ik =Chik—19""

n+1—
Chik————
1,

= g = ZCnnktBk [a;b]: q,7)

_chnk< nkBk.H( ;[a;b];Qa’Y)_’_

B BI (8 o b];qm),
(10)

This last line of (10) is due to the degree ele-
vation for (g,)- Bernsteln polynomials (7). We

now determine Dn , and En &k, insuch a way t"+1
is a linear combination of B"H( t;la; b];q,7).
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By applying (1)) to this last equality, we obtain:

B (8 [as bl g, )

k1
n+1
_[k:il] %
k n—k—1
[+ =d) J] = +31—q)]
1=0 =0
[Tim+~(1 -4
=0
__ [n+1f n+y(l-¢)
_[k‘Jr].]q'[n*k]q' T+ (1 —q")
k-1 ' n—k—1
[[m+v@ =) ] [+30-d)
=0 i=0
[+~ -
=0
:[n +1)gm +~(1— qk) [n],!
k41l 7+ —q") ~ [Klg!n — Klg!
k—1 ' n—k—1
[[m+v@ =) ] [+30-d)
=0 i=0
[+~ -
=0
41 (1 (1 -4") .
_[k+1]q<7'1+’7( —qn )>Bk( [avb]v%’y)
g (t—at 1=
“fr (T )P et
1n
and

B (t; [as b]; ¢,7)

. { n+1 ] «
L
k—1 n—k
[+ =) ][+ -4
i=0 =0
n
HT—F’}/ 1—¢")
=
__ [n+1]! n+3(1-q"")
[n+1—k]g![K]g! T+v(1—q")
E-ISSN: 2224-2880 665

Soro Sionfon Simon,
Haudié Jean Stephane Inkpé, Koua Brou Jean Claude

k—1 n—k—1
[[m+v0 =) ] [e+301-4)
=0 =0
n—1
[T+~ —q)]
=0
_ ntly mtA-g
| +1—klg 7+v(1—q") [n—Fk]![k]!
k—1 n—k—1
[[m+v0 =) ] [+301-d)
i=0 i=0
n—1
[IF+~0 -
=0
_ I+ <72+’Y(1—q"’“)>
m+1—klg\ 7+~(1—q")

By (t;]a; b]; q,7)

Bt (t: as by ¢, 7) = [n[iji]i]q x
<b—t+(’y+t—a)(1 —qn—k)>x (12)
T+l —-q")

By (t; [a; b]; q,7)

from , and ; Dn,k and ENnJc verify
the equation:

- 1], [t — 1—¢"
Dn7k[n+ ]q< at+y(l—gq )>+
[k+1g\ 7+~ —q")

= [n+ 1], %
"Kn+ 1= K],
b—t+(y+t—a)(l—qg" k) _
T+l -q")

(13)

with
b—t+(y+t—a)(l—q" ")
=b—t+t—t¢" F+(y—a)1-q"F)
=" " b+ (y—a)(1- ")

by identification is equivalent to:
efor the coefficient of ¢:

=~ [n+ 1]q = [n + 1]11 n—k\ _
(D””“ kil ik, k) -

T+(1—q")
(14)
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efor constant term:

(aE—

> [n+1]q

e s - ] ) =0
(15)

Multiplying (14) by —( — a + (1 — ¢*)) and
adding the result to gives:

hence
5 n+1—kl,
o [n+ 1]q
—[—a+7(1—qk)} [b—a+’7(1 —qn)}
A b
with

b G- )

=—aq" " +yq"" —yq"+

bty —a—¢"" +ag""
=—7¢"+b+y—a
A=[b—a+~(1-q¢")];

with the last equality of A above, we have :

B [n—l—l—k]qx
[n+ 1],

n,k —
—[—a+7(1—qk)] {b—a+7(1—q”)]

{b— a+7(1- q”)]

thus

E, )= [nt1-kK, la—~(1—q")]

T 1, (16)
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From (14)) and (I6) we deduce that:

Do =p i (r el ="
o [n+ 1] an>
Tn+1-kl
S (o
" Fla—~(1 - qk)])
TR
v+ ’yq">
Bt
avecT=b—a
= gzi ﬂz <b —a+vy+ag"F - an—k>
hence
Dy = gzi ﬂ‘; <b+(7—a)(1—an)> (17
Therefore {BZH(t; [a;b];q,7) " is a basis
k=0

of the space of P, 11 ([a; b])
Which completes the demonstration.

The De Casteljau algorithm for
(q,~)-Bezier curves

Let be a polynomial curve of the form

P(t) =Y PuBJ(t;[a:b];q,7) (18)
k=0

where the coefficients { P}, , are polynomials

called control points.
The form of P is a (g, y)-Bezier curve of degree
n on the interval [a; b].

P(t)=> P{By "(t[a;bliq,y) (19
k=0

Pl = P[(t), k=0,---,n — r, are polynomi-

als of degree r. By the recurrence relation (4)) (with
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Bzfrfl = B:f:f1 = 0), becomes

n-r S on—r—k—1
_ 2+ A
=Y (P ) skt

i [ T e
gk <7’—|—’)’(]7H_1 Byt [as bl g, )

N T +~qn—r—k—1
=Y B 1(lt;[a;b];q,v)[( 2 >><

T4+ fyqn—r— 1

n 90"\ o
T+ ,yqn—r—l k+1

P]: _+_qnfrfk71 <

n—r—1

= > PTBT (G as b, )
k=0

with (at rank r + 1)

~ n—r—k—1
11 (Tt
T _(T+wnrl Fit
(20)
n—r—k—1 T + ’qu T
q T+ pyqn—r—l k+1

Atrank n of this algorithm we obtain a single point
Py which gives the value of the Bézier curve at ¢, i.e.
Py = P(t).

Similarly, using the recurrence relation (3]), we ob-
tain

. Ty 4 A n—r—k—1
Pk+1 —q* ( 2 T4 Pre

T_i_fyqn—r—l
k (21)
7—1+7q Pr
T+ ,yqnfrfl k+1>
where k =0,1,--- ,n—r—1;, r=0,--- ,n—1,

and, at the last level n we get P}’ = P(t).

9 The (q,y)-Marsden identity

Property 1. Lett € [a;b] and n > 1.
The (q, ~y)-Bernstein polynomials on the interval [a; b]
satisfy for any real number:

<x—t+i(1—qi)) =

I
—

n

=0
n n—1
> (x—a+v(1—qj)>><
k=0 j=Fk
k-1 ' '
(x —bg’ + (v —a)(1 — q])> By (t; [a; b5 ¢,7).
22)
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Proof: we proceed by recurrence on n

1. forn = 1.
Using (I)) we have:

By (t;[a;b);q,7) = 1,

b—t

By (t; [a; b5 ¢,7) = P (23)
t—a

Bi(t;[a; b g,7) = 7—.

So the left-hand side of is (z — t) and the
right-hand side is

(x —a)By + (x — b)Bi =
b—t t—a
b—a N

(z —a)

So (22) is true for n = 1.

2. Assume that (22)) is true for some n > 1 and show
that is true at rank n + 1.

Let's set
n—1 '
Poi(z)=]] (x —a+7(1— q")) X
=k
k—1 ' |
(=t + -1 -0)).
=0
k pr— 0’ ... ’n
(24)
then is written as
n—1 '
11 (x—t—l—ﬁ(l—qz)) —
i=0
n (25)
> Pus(x)BR(t; [a; bl; ¢, 7).
k=0

Let's prove that is true for n + 1. Forn +1,
the left-hand side of (23)) is
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(- t+i0-a)) (-t o-an-) -
fn,k( —t" b+ (y—a)(1— qn—k)> + @8

—-

I
o

= x—t+’y(1—q”)>><

(x—tJr’v(l - q"))

Gn ke <t —a+y(1— qk)>

i
L

.
[e=]

a with
= x—t+i(1—q”)>><
( f L= [TL + 1]1] fn’k
u T 41—k
> Poy(z)By(t;[a; b ,7) | l (T+7(1 - q”))
k=0
n and 29)
= Pn,k(w) <JZ —t+ "~Y(1 — q")) X g . [Tl + 1]q 9n,k
k=0 T R+
By (t; [a; 0] ¢,7) ! <T +(1 - q”))
= Po(@)| farBr (8 [a;b]; ¢,7)+
Py il )<f w8 (55 lai B 0,7) Using and equalizing the constant terms and
the terms in variable ¢ we obtain the following (30,
gn ke B (5 [a; b3 g, 7)) system:
n+1 ko 5
—q" =—q" n n,k» 30
= Z (Pn,k(m)fn,k + Pn,k—l(x)gn,k—1> X q 4 f ik g ok ( )
k=0
B (t; as b ,7)
(26) r+(y—a)(l-¢") =

with Py = 0et By_; = 0. N
(b4 6-00-0H) ity

( —a+7(1- qk))én,k,

Let's determine coefficients f,;, = f,x(x) and
Gn.k = gn k() such that

Multiplying equation (30) by —< —a+v(1— qk)>

<x —t+5(1 - qn)> Bt [as b q, ) = and adding it to equation gives:
Faa BNt ;0] ¢,7) + gna B (8 [a; 0] ¢,7). Fa
27

g+ (y—a)1-¢")+q"(—a+~(1—q")

Using , et (IT)), we obtain the equation: = b+ (v —a) (1 — ¢ )] + "] — a4+ (1 — ¢¥)]
_z—a+9¢"(1—¢")+7(1-¢")

(a-rrit-gm) = ) (r420-0)

Frk (b —t+(y+t—a)(l- qn_k>> N N <Ta:7’2(11qi;;k)

Gn.k <t—a+’Y(1 —qk)>- (32)
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using (30)), we obtain:

gn,k - qn_kfn,k - qn

(:c —a+y(1- qn+k)) vq" (1 — " — k(1 - q”))

n—k n

ey ()

(@ —bg®) —ag"F(1 - ¢F) + 94" (1 - ¢F)

q
¢ <:c —a+7(l— Q"““)) -
_ _ T+v(1—¢")
T+ (1 - qn))
( g * <quk+(7a)(1qk)>
7" <T+7(1 - q")) -
T+v(1—q")
(T + (1 - qn)) (33)
From (32)) and (33| we deduce:
qn—k <LU —a+ ’}/(]. o qn—i-k))
<T+7(1—qn)> [n+1— k|
fogp =7t (iU —a+y(1— qn+k)> (34)
[n+ 1],
q" <b —a+v(1- q")>
(T+7(1 —qn)> k+1g g k k
n—=k n k n—=k n-+k n gmk [Tl+ 1]‘1 ! ’ bq i (7 a)( ! )
_ " —q" a4 " (1 = ¢"T) — bg" (35)
(T +(1 - qn)> Using (24), the coefficient of B} in the last line
of is given by:
q”(—a+7(1 —qn)>
(T + ’)/(1 — qn)> n,k(x)fn,k + Pn,kfl(x)gn,kfl
n—1
_ @ —bq") —ag" " +ag” = (l‘—a+7(1 —qi)> x
— o
T+y(1—q") k2
n— n n n - 1- ‘
"1 = ¢") — g (1 - ¢") 130(96 b+ (=) q)>>< (36)

(T +(1 - qn))

_ @ —bet) —ag" (1 —qb)

(T +(1 - q”))

+¢" (1 — ¢"F) — yq" (1 — ¢")

| — TN

z — bt~ —a)(l— qk1)> Skt

7 N\

z—a+y(1— qk_1)>gn,kz—1]

(1= q") In this section, we use the following equalities:
AR n + 1 — kg + [kt = [n + 1), and
M= bh) — a1 - ) lnt 1= bt kg =41l
(T +(1- qn)> Using and we obtain:
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[n + 1], Kfv —bg" '+ (v —a)(1 - qkl))fn,w
(fc —a+7(1- qk_l)>gn,k—1]

‘%%v—wﬂ—@“5>xm+1—ﬂq

[[n +1- k]q<x —a+(1- Q”+’“)>+
Mo+ (e —ae o)
= <[n +1— Ky + [kz]qq"H_k) (z —a)+
[n+1-— k:m(l - q”+k)+
i+ 1]q<:c - a>+
(11K =) )+
o+ (0= )
=n+1]4(z —a)+ 7<[n +1—k|;—

WMW+L%%+WMHPhﬁ%W>
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=[n+14(z —a) —l—”y([n—i— 1—klg+
g™+ = "+ 1 =
=[n+1]4(z —a) +’y([n+ 1 — K]+
™% = -+ 1= )+ 4| )
=[n+1],(z —a) +7<[n+ g —q¢"[n+ 1]q>
~ o+ 1,0 - 0) 401 - ")

(38)
From and we deduce that:

<x —bg" '+ (v —a)(1 - qkl)) Frnt

(m —a+~(1 - qk_l))gn,k_1

(39)
— (o w @),
(w-a+a0-0)
From (24)); and (39)), we have :
Pn,k(qj)fn,k + Pn,k—l(x)gn,k—l =
(:L'—a—i—'y(l —qi)>><
j=k
H <x —bg' + (v —a)(1 - qz)> = Ppy1x(2)
i=0
(40)

Thus from the formula and we have shown
that (23)) is true at rank n+1. This completes the proof
of the (g, v)-Marsden identity.

g

10 Conclusion

In this paper, we have defined (q,~y)-Bernstein
basis functions depending on the real parameter +,
and proved several important properties of these
functions using mathematical induction. We also
introduced the Marsden identity and implemented
De Casteljau's algorithm. Finally, we provided
some graphics of (q,~)-Bernstein polynomials and
(q,7)-Bezier curve. Note that these proofs are based
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on the work [[11]].

Our results show that (¢, v)-Bernstein basis functions
are powerful tools for the representation and ma-
nipulation of polynomial curves, offering increased
flexibility thanks to the second -y parameter. Marsden
identity provides an essential link between Bernstein
basis functions and Bezier curves, reinforcing their
usefulness in a variety of areas, from computer-aided
design to geometric modelling. In this case, we can
use such a basis to approximate functions in the sense
of least-squares problems, such as isogeometrics
methods. This work is in progress. Looking to the
future, there is still much to explore.

Further research will focus on extending this concept
to multidimensional contexts, as well as developing
more efficient algorithmic techniques for optimal
data manipulation and representation. In addition, in-
tegrating this basis into practical applications would
open up new avenues for technological innovation.
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APPENDIX

Some graphical examples on the segment [2;5], Bernstein Palynomials o degres
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Figure 3: Effect of y-parameter for ¢ = 0.8
Figure 1: Effect of y-parameter for ¢ = —0.95
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Figure 2: Effect of y-parameter for ¢ = 0 )
Figure 4: Effect of y-parameter for ¢ = 1.05
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Bernstein Polynomials of degree3 Bernstein Palynormials of degrae3

09 1 09 1
08 1 08+ 1
0.7 1 07+ 1
08 B 06+ 4
fg, 05 4 f; as 4
04 B 04+ 4
03 2 B 03k 4
02 1 02r 1
01 ~ B o1r b

o : ‘ ‘ o . ‘ .
2 25 3 35 4 45 ] 2 25 3 345 4 45 &

t t
Bézier curve of degree3 Bézier curve of degreed
7 7
61 g 61 g
5k B 5k 4
At R Al g
3l g 3l 1
2k 4 ok 4
1+ B 1+ B
DD U‘S 1I 1‘5 2‘ 2‘5 é 3‘5 )1 4‘5 5 EIEl DIS 1‘ 1‘5 2‘ 2.‘5 é 3‘5 1‘1 11‘5 5
e q=-0.95 Q=0 m—q=0.8 q=1 e =-0.95 Q=0  m—q=0.8 q=1
Figure 5: Effect of g-parameter for v = 0 Figure 7: Effect of g-parameter for v = 2

Bernstein Polynomials of degree3

Bernstein Palynormials of degrae3

09+ 1
08+ 1
07+ 1
06+ 1
f; as 4
04 4
" AN ,
02r 1
a1 ] 4
o . ‘ .
2 25 3 345 4 45 &
t t
Bézier curve of degree3 Bézier curve of degreed
7 7
61 g 61 g
5k B 5k 4
At R Al g
3l R 31 R
2k 4 ok 4
1+ B 1+ B
DD U‘S 1I 1‘5 2‘ 2‘5 é 3‘5 )1 4‘5 5 EIEl DIS 1‘ 1‘5 2‘ 2‘5 é 3‘5 1‘1 11‘5 5
e q=-0.95 Q=0 m—q=0.8 q=1 e =-0.95 Q=0  m—q=0.8 q=1
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