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Abstract: - A class C,(4,8,a,y) is being introduced regular in the circle E = {z:|z| <1} functions f(z), satisfying

the condition |[(1-4z")1-5z")f'(2))Y'” ~ajca,zeE, where 4,620,0<y<la>1/2,n>1. Class Cp(446.a7)
generalizes various subclasses of close-to-convex functions, including functions which are convex in a certain
direction and functions with limited rotation. Estimates of the derivative and logarithmic derivative of the
function f(z)eC,(4,6,a,7) are found, and also the radii of the convexity of the class C(4,6,a,7) . The case is

also considered when the function f(z) has gaps in the expansion in a row. Similar results are formulated for
the class T,(4,6,a,7) of functions F(z), satisfying the condition |((L—1z")1-52")F(z)/2)7 —al<a,z<E, which

generalizes classes of typically real and close-to-starlike functions. All results are accurate. With the
appropriate selection of parameter values of 1,8,a,y,n both new and previously published results are obtained.

Key-Words: - geometric theory of functions, estimates of regular functions, radii of convexity, close-to-convex
functions, typically real functions, close-to-starlike functions.

Received: September 18, 2023. Revised: April 19, 2024. Accepted: June 19, 2024. Published: July 19, 2024.

1 Introduction Re( f '(z)J 0 gk @

Let % denotes a class of functions 9@ ) '

p(2) =cy+Cz+a,2° +..., regular in the circle

E :{z:|z| <1}, R, (c,) — function class ¢(z) € R Each function g(z) corresponds to its class K,

with decomposition close-to-convex  functions  f(z), satisfying

¢(z) =c, +c,2" +an+1z“+1+,,,,n >1. Function class condition (2), and K =UK, vg(z) €S°. In this

f(z)eR, normalized by the condition case, the functions f(z) class K, to a certain

f(0) = '(0)-1=0, with decomposition of the form extent, they inherit the properties of the function
g(z) . Of these, classes are often explored %, %5, T5

f(z)=z+a,,,2"" +a,,,2" +...,n>1Lz€E, () close-to-convex functions f(z) e , satisfying the
conditions

we denote by &, and &, = . Let S,5°S" and T, :Re((1-2%)f'(2)) 20, ©)

K denote, respectively, the classes of univalent,

convex, starlike and close-to-convex functions F, : Re((1-2)*f'(2)) =0, ()]

f(z)ew.

Close-to-convex functions are introduced in the F,: Re((1-2)f'(2)) =0 (5)

works [1], [2], where it is established that the

function f(z)en isaunivalentin g if and only if or their generalizations, while the classes %, %,

there exists a function g(z) € S° such that characterized by an original geometric property of
the area f(E)— convexity in the direction of the
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imaginary axis, [3], [4] (for the class 7;) and
convexity in the positive direction of the real axis
[5] (for the class ¥,), what is related to the

simplicity of the geometric properties of convex
functions

0D =3I 9, =1 9y =-In-2),

on the basis of which these classes are built.
Works [3], [4] marked the beginning of a whole
series of studies of the class 7; of functions convex

in the direction of the imaginary, as well as various
generalizations of this class. This includes, for

example, articles [6], [7]. In [6], the class F is
investigated, in [7] — class Cgz(4) functions
f(z) e & , satisfying the condition

Re[e¥(1-12%)f'(2)]20,0< 1 <1, BeR,

where both the distortion, growth and coverage
theorems and coefficient estimates are investigated.
At 1=1,4=0 this condition sets the class %, and
at 1 —0 a simple parametric transition from the
class # to the class of functions with limited
rotation, is performed which is set using the
condition Re[e'” f'(2)] =0 and it is well known as a

classic sign of univalentness from [8], [9].
In [10], [11] is introduced a subclass & (y) c K

functions of close-to-convex order 5, satisfying the
condition

f'(z

)| ® .
arg Sy—,g(z)eS ,0<y<lzeE (6)
2

g'@)

which aroused great interest due to such a visual
geometric property as reachability from outside the
area f(E) solution angles (1-y)z. By analogy,
subclasses were also introduced F (7). F(y),
F,(y) functions satisfying, respectively, the
conditions

larg((1- 2 (2))| < yg, Jarg((1- 2)” £ (2))| < y%

and [arg((1-2) f' (2))] < y%.

Almost simultaneously, in articles [12], [13], the
angular reachability of two classes of functions

generalizing classes was investigated 7;,7, . At the
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same time, in [12] emphasis is placed on obtaining
distortion and growth theorems, as well as finding
the radii of convexity, and in the article [13] the
geometric properties of the domain of values of
functions from the introduced classes are
investigated.

By analogy with condition (2) for the class K of
close-to-convex functions, in [14] introduced the
class CS* close-to-starlike functions F(z) € ¥
satisfying the condition Re% >0, where g(z) €
S*,z € E. The subclasses of the CS™ class are the
classes CSy,CS5,CS; of close-to-starlike functions
f(2), respectively satisfying the conditions:

Re (1-2%)F(2)/2) >0,
Re (1-2)*F(2)/z) >0,

Re (1-2)F(z)/2) > 0.

There is a simple relationship between classes
F,,F,,F; and CS;,CS,,CS;, which is expressed
by the ratio:

f(z)eC, < F(z)=12f'(z)eCS, k=123

Classes CS;,CS,,CS; were studied in articles
[15], [16], [17], [18], [19] from the point of view of
estimating the coefficients and finding the radii of
star formation of these classes relative to various

subclasses of the class S .

Thus, based on the above-described literature
review, the issue of studying the extreme properties
of various N, subclasses remains relevant at

present.

In this paper, a fairly wide class of regular
functions is introduced and in this class, irreducible
distortion theorems and exact convexity radii are
found and also, as a consequence, similar results
are obtained in other subclasses of close-to-convex
functions. In addition, in the class of functions
introduced in the article, exact theorems on
distortions and coverings, as well as starlikeness
radii, generalizing classes of typically real and
close-to-starlike functions, are obtained.

2 Problem Formulation

The purpose of this article is to introduce a
sufficiently wide class of regular functions with
decomposition of the form (1), including the
subclasses of close-to-convex functions listed in the
introduction with obvious geometric properties, in
order to conduct their study from a unified point of
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view. As an application of the main results for
close-to-convex  functions, using the ratio
F(z)=1zf"(z), these results are transferred to
subclasses of close-to-starlike functions,
complementing or generalizing some of the known
results.

Definition. We will assume that the function
f(z) belongs to theclass C (1,6,a,7). 4.6>0,

O<y<l,a>1U2,nx1, if and if T(z) e satisfies
the condition

1y
‘((1—12”)(1—52")f’(z)) _al<a,zeE  (7)
in doing so
1+24 1+6 n
It follows from @) that

Re(1-Az")A-82")f'@2)Y” >0 for all a>1/2,
which in terms of dependence of functions can be
Y
written as (1—zz")(1—5z")f(z)<(i+—zj . That is
-7
C,(4.6,a,7)=C,(4,8,%,7) and the condition is
fulfilled

larg (- Az")(1-62") F'(2)) < 7%, zeE.

Therefore, the functions f(z) from ¢,(4,6,a,7)
is univalent and close-to-convex of the order y,
since satisfy condition (6) with convex in E

9@ = j at Indeed,

function _
o M=AM@-67")

and therefore

9= (L—A2")(L-52")

Jnz" onz" An on

Re +Re > — -
1-2" 1-6n" 1+1 1+6

9'(2)
7z =
g'(2)

zeE.

Re > -1,

Due to condition (8), so g(z) € S°.

We note also that the classes %(y), (),
T(y), aswell as ¢4(1) at g =0, are subclasses of
the class C,(1,5,a,7) .

Consider the function
defined by the formula

fo :E—C, which is
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) i a1+ ’ dt
fo )_E[(a—(a—l)tj (1—/1t”)(1—5t”)

where 4,5,a,7,n are fixed real parameters neN ,

ﬂ,520,0<y§1,a>%,n21 and the inequality

).

Then (@-AzM)A-o6z") ' @) =w(z),
(@-AzMA-82") ' @) =w(z) -

mapping the disk E to a disk {W:|W—a| <a} .

where

Therefore, fy(z) satisfies condition (7). Hence,
fo(z)eC,(4.6,a,7) and C,(4,6,a,7)= & . This

function will be one of the extremal functions in
Theorems 1 and 2. Other examples of functions

fi(z) and f,(z) from C,(4,6,a,7) can be found

in the proofs of Theorems 1 and 2.

The main research method of the article is a
fairly easy-to-use and at the same time effective
method of subordination of regular functions. They
say that the regular function ¢(z)in E is

subordinate to the function ¢y(z) and write
(/)(Z)—<(/)O(Z), if
a)(z),a)(O)=0,|a)(z)|£1
9(z)=¢y(@(z)). In the case of a univalent
0o(z), the

¢(z)<¢y(z) means that ¢(E)cg,(E) and
¢(0)=¢,(0), which implies the embedding of

function
that

there exists a

in E such

function subordination  ratio

closed regions q0(|Z| < r)g¢0(|Z|S r“) at 0<r<1

for the function ¢(z) e R, (¢,(0)).

In the works of many authors, the proof of
various estimates related to the function ¢(z) is

based directly on the use of the relation
9(z)=@y((z)) using estimates for w(z).

Another approach to obtaining estimates of the
function ¢@(z) is to use the embedding ratio of

closed regions (0(|Z|SI’)§(/70(|Z|SI’”). Hence,
based on the geometric properties of the set
Do (|z|£ r”), estimates of the real, imaginary part,

argument and modulus of the function ¢(z) are
easily derived. Adjacent to this approach is the
finding of estimates |¢'(z)| based on the properties
of the inner radius of the region.
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3 Problem Solution

3.1 Distortion Theorem and Radius of
Convexity of Class C,,(4,6,a,y)

Theorem 1. Let f(z)eC,(4,5,a,7). Then when

|z|=r <1 there are accurate estimates

4
( ad-n ) <|t(2)| <
a+@-9r/ @+ ")+ or")

( a@d+r) )y 1
< , 9)
a-@-9r/) a-uzMa-o")

£'(z) "
Z -
f'(z) 1-2"

onz" | - y(2a -r
_ |_

A-r)@a+@-nr)

(10)

n

1-0z

Proof. In terms of dependence, condition (7)
means that

n n ( a(l+z) )y
p(2)=Q-2z)1-0z2 ) (@) < () =| ———— | ,(1D)
a—-(a-1)z
a(l+z)
a-(a-1
E on the circle {W:|w-a|§a}. due to dependence, the
inclusion of areas is performed
p(z7<r)cey(z<r) at any r,0<r<1, that is,
taking into account the type of area ¢,(E) in the

where w(z) = at a>1/2 displays a circle

circle |z <r inequalities are fulfilled

1 7
(20T <total -
a+(a-Dr
0 N ( a(l+r) jy
=‘(1—/lz Y1-52)f '(z)‘g Emm— 12)
a-(a-Yr

Due to 1>0,6>0, then when |z|=r<1 we
have

Q- Ar"1-5r") S‘(l—/l 2"1-6 ") < @+ Ar") L+,

Combining this estimate with the estimate (12),
we come to (9).
To prove the estimate (10), we use lemma 1,

which follows by replacing ¢(z)= p”(z) from the
results from [20] for the class of functions
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p(z) =1+ cnzn + anrlzn+l

+...,n>2lzeE, satisfying
the condition |p(z) —aj<a,a>1/2.

Lemma 1. If ¢(z) from ®,(1) satisfies the
condition ‘(go(z))l/}’—a‘ﬁa, a>1/2, 0<y<l zeE,

then when |z7=r<1 there is an accurate

assessment
< y(2a-1)nr 13)
A-rM@+@-nr":

9 @)
»(2)

which is achieved for the function ¢(z) =¢,(z") at

all+7z2) !
a—(a—l)z) '

Due to ¢(z)<¢,(z), then considering that
f(z)es , that of (13) when n=1 we get the
estimate (10):

the point z =Y-1r, where ¢,(z) =[

‘z q)'(z)|: , f'(z) anz" o |< y(2a-Dr
o) | ') 1-2" 1-&"| @-r)a+(@-Dr)’

Let us now prove that estimates (9) and (10)
cannot be improved.
For the function

Z( a(l+t) T dt

f =
o2 ga—(a—l)t (z-at")a-am

eC,(4,8,a,7)

we have

fd(z)=[ al+2) ]y L ,
a-(a-9z) @-az"ya-sz")
, fo'(z) anz"  sna" __ ra-nz
fo'(z) 1-az" 1-52" (A+2)(a-(a-1)2)

Therefore, the right estimate in (9) is achieved
for the function f,(z) at the point z=r, and the
estimate (10) is achieved for the function f,(z) at
the point z =—r, because

y(2a-1)r
A-r)a+(@-r)’

, f(')'(z)_ Anz" _ onz
fo(z) 1-12" 1-67 »

n

If n — odd and z=-r, that z"=-r".
Therefore, in the left estimate (9) for the function
fo(z) at the point z=—r the equal sign is reached

again, since
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(@)L z( a(l-r) JV 1
= la+(a-Yr (1+/1r”)(1+5r”)
Let now n—even.
If n=2610,...2(2k-1),....ke N. Then i"=-1

n.n _

and for z=ir we have z"=i"r"=—r",iz=—r
Therefore, for the function

2 al+it) dt
f )= - EC i,&,a,
1@ g[a—(a—l)ltj Q- 2")L-&") ol 7

at the point z =ir we get

o) _( a(l+iz) ]y 1
P las@-niz) @-az)a-s2")

z=ir

_( a(l-r) )7 1
Na+@-pr) @rarma+sr"y’

which proves that the left estimate (9) is not
improved when n=2(2k -1),k € N.

If n=4812,...4k....ke N, that i"=1 and for

z=i"r we have z"=i""’r"=—r". Besides,
n-2 n— Lﬁ

=i " .i " r=i’r=-r. Therefore , at the point

=}
N

zl a(l+i " t) dt

w7 | amyean < ko)

n;z 4
all+i " z) 1
2 =
" "2 (1-az2")1-62")

w2 =
z=i"r

—in g

a-(a-2i"z

_( all-r) j‘y 1
a+(@-r) @+ar")a+or")’
which proves the unimprovability of the left
estimate (15) in this case as well.
The theorem is proved.
At 5=0 from theorem 1 follows
Corollary 1. If the function f(z)satisfies the

condition

(@-1z"f'(2)Y” —-a<a,
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then at || =r <1 there are accurate estimates

[ a(l-r) jy 1 g|f'(z)|g[ a(l+r) jy 1

a+@-Dr) 1+ar" a-(@-Or) 1-ur"
, f"(z) Anz" |< y(2a-1r
f(z2) 1-22"|" @-r)(a+(a-r)’

We consider the limiting case of corollary 1
when a — 0.
Corollary 2. Where f(z)eC,(4,0,0,7), SO

f(z) satisfies the condition
ny £ T
‘arg((l—lz @) <r7 2<E.
Then at |z]=r <1 accurate estimates are made

1-r) 1 , 1+r) 1
- <|f'@)|<| — :
1+r) 1+ ar" 1-r) 1-ar"

" n
'@ e |S 2
f'(z) 1-22"| 1-r?

Corollary 2 at n=2,A=y=1 obtained in [6],
when n=2,1=10<y <1-in [12], and for the case
n=20<A<ly=1 coincides with a special case
of grades for a class C4(4) at #=0 from [7].

Note also that when n=4=1a— o corollary 2
gives estimate for the class ; (y).

At A1=6,a—>oo the following result follows
from Theorem 1.

Corollary 3. If f(z)eC,(4.6,a7),s0 f(z)
satisfies the condition ‘arg((l—/lz”)zf'(z))‘ < 7/%,

z < E, then when |z]=r <1 accurate estimates are
made

1-rY 1 , 1+r) 1
<|f'(z)| < 5
1+r) @+arM)? 1-r) @-ar"
Zf (z) 2anz < 2yr .
f'(z) 1-1z"| 1-r?

We note that when n=21=1 from corollary 3,
the estimate for the class are obtained % (y).

Theorem 2. The exact radius of convexityr, of
class C,(4,6,a,7) is determined as the only root of
the equation on the interval (0;1)
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n

y(2a-Dr anr’ onr

- @-r(a+(@-nr) 14 1401

— 0 (14)

Proof. Let's check that in the circle |z|<r, the

convexity condition is satisfied 1+ Rezf—(z))zo.
z

’

Due to the estimate (10) we get

y(2a-Dr
T @-r)(a+(@-Dr)’

4 n n
Rel 7 f'(z) Anz" oz
f'(z) 1-22" 1-&"

from where for all z,|z|<r we find

f"(2) o1 y(2a-Dr N
f'(z)  (@-r)(a+(@-1r)

. Anz" . snz"
+min Re + min Re
|z|<r 1-az" |z|<r 1-52"

Because for any t,0 <t <1, equality is fulfilled

1+Rez

mirl tng _ tng __tor ,
e\ 1-t¢ ) 1-tg|  L+tr
that
f"(z 2a-Dr
1iRez By ra-hr
f'(2) @-r(a+@-nr)
anr” onr”

T TP
Therefore, if r=ry €(0;1) — the root of equation
(14), then in the circle |z|sr0 the convexity

condition is met.
We now show that equation (14) has a single
root ryon the interval (0;1). We denote

Anr" o snr” y(2a-1r
Wo(r):]'_ n_ n! = "
1+ Ar 1+6r @-rn@a+@-yr)
Because w,(r) decreases by (0;1) from

wo(0)=1 before y,(1), in doing so y,(1) €[0;1] in
virtue of (8), M(r) increases by (0;1) from 0O
before +oc , then on (0;1) there is a single point r,
, Inwhich w(r)=M(r), that was what needed to be
proved.
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We show that the radius of the convexity cannot
be improved.
For odd n we consider the extremal function

2 7
f _ a(l+t) J dt
o) Q(a-(a-m Q- A")1-a")

eC,(4,6,a,7)

At the point z=-r, where r =r,, considering that
2" =-r", we get

y(2a-1)z N
L k@ |7 G- _
fo(2)],__, anz" . onz"
1-1z2" 1-67" et
y(2a-r Anr” onr”

- - - =0.
@-r@a+@-Yr) 1+Aar" 1+or"

That is, for odd n the radius of convexity is
accurate.

If n— even, then, as in proving the accuracy of the
left estimate (9), we consider two cases.

1) Let n=2,610,..2(2k-1)...k e N. Then i" = -1
and z" =—r" for z=ir. For the function
2 ad+it) ) dt
f1(2)=j[ ( ). ] p p
o\a—-(a-Dit) @-a"a-a")
we have

eC,(4,0,a,%)

y(2a-1iz anz" o onz"

z flu(z) =1+ +
A+iz)a—(a-1iz) 1-4z" 1-&"'

f1I(Z)

and at the point z = ir, where r = r,, we find

i f, (z) ya-Or " ot
@), ~ @-n@+@-9r) 142" 1+&"
Therefore, in this case, the radius of convexity
cannot be improved.
2) Let n=4812,...4k,...keN. we denote

n+2

e=i" .Then i"=1, ¢"=-1 and for z=—a we
get z" =—r", &'z =—r. Because for the function

1 4
a(l+ ) ] X _c(nsay)

a-(a-Det) @A-aMa-a&")

fz(z):foz[

we have:
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. 4 )
147 le(z) 1 y(a-1)ez N Anz
f,(2) (A+iz)a—(a-Detz) 1-4z"
Because of this, at the point z=—sr , where r=r,,
find
1+z—f2,(z)
fo(2)

y(2a-1r oo

L-n@+@-0r) 1+a" 1+8"

==&

which proves that the radius of convexity is
unimprovable in this case as well.

Theorem 2 is proved.
At 6=0,n=2 theorem 2 implies

Corollary 4. Accurate radius of convexity r,
function class f(z) € o, satisfying the condition

(-2 f ()Y —al<a, 0<1<10<y<la>1/2 z€E,

is determined as the only root of the equation on
the interval (0;1)

A-2z%)(A-r)a+(@a-Dr)—y(2a—1)r@+Ar?) =0.

At 2=1,a—>w from Corollary 4 we obtain the
radius of convexity of the class # (y) from [12],

and for y=1,a-—>— class # radius of convexity
from [6].

3.2 Distortion Theorems and Radii of

Convexity in the Case When f(z)eN |,
Theorem 3. Let the function f(z) with a
decomposition of the form (1) belongs to the class
C,(4.5,a,7). Then at |7/=r,0<r<1 there are

exact estimates

( a(l-r") jy 1 <|f@)|<
a+(@-nr" ) @+Aar")@+or")

s( all+r") j 1 15)
a—(a-Yr" ) @-ar")@-osr")
‘ f"(z) Anz" onz"
4 - - <
f'(z) 1-az" 1-67"
y(2a-nr" (16)

@-r")(a+@-nr"
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and the exact radius of convexity r, class
C,(4,6,a,7) is determined as the only root of the
equation on the interval (0;1)

y(2a-nr"
S @-r")a+@-Dr"y
_Anr" - snrt 0
1+ A" 1+61"

7

The proof of Theorem 3 is carried out similarly
to the proofs of Theorems 1 and 2, only Lemma 1
is applied for the case n>1 taking into account the
fact that f(z) e v, and therefore ¢(z) from (11)
has a  decomposition of the form
p(z)=1+c 2" +c 2™ +...n>1z€E.

Corollary 5. Let a function f(z) belong to the
class

Cn(0,0,oo,y/):{f(z)eWn;|arg f '(z)ﬁy%,0<)/sl}.

Thenat |z =r,0 <r <1 there are exact estimates

@-rM/a+ry” £|f '(z)| <(@+rMia-r"y7,

‘Z f"(2)
f'(2)

n
< 2mr
1-r?"

and the exact radius r, of the convexity class
C,(0,0,00,) is determined by the formula

o =(y7n? +1-m".

Corollary 5 follows from Theorem 3 for
A=0=0,a—>

This result for y =1 coincides with the estimates

and the radius of convexity r0=\/§ -1 lass of
functions with limited rotation Re f'(z)>0,z<E,
obtained in [21].

At 6=0,1=y=1n=2 and at §=41=0 the
following corollaries follow from Theorem 3.

Corollary 6, [22]. Accurate radius of the
convexity r, of function class f(z) e IV, , satisfying
the condition ‘(1—22)f'(z)—a‘§a,a>1/2, zeE, is

determined as the only root of the equation on the
interval (0;1)

(@a-Dr® —(Ga—4)r* —(5a—-Dr2+a=0.

Corollary 7. Accurate radius of the convexity r,
of function class f(z)eN,, satisfying the
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condition‘f'(z))“y—a‘ga,a>1/2, zeE is
determined by the formula
1+ y(2a-1)n—+/(1+ y(2a—1)n)’* + 4a(a-1)
fh= 2(1-a)
@+yn) ™",

,azl;

a=1.
At y =1 this result was obtained in [22].

3.3 Generalization of Classes of Typically
Real and Close-To-Starlike Functions

In [23] introduced typically real functions, that is,
the functions F(z), F(0)=0,F'(0)=1, which takes
real values at points z e (-11) and at other points of
the circle E satisfy the condition ImF(z)-Imz > 0.
In [23] he also obtained a membership criterion
F(z) to class T of typically real functions:

2

F(2)eT < Re[l_ F(Z)J >0,z < E.(19)

By analogy with the class C,(4,6,a )
1,620,0<y<la>1/2,n=1 we introduce a class
T,(A4.6,a,7) functions F(z)ew; satisfying the
condition

@a-az"y1-o62z"
S i)

Vy
—a|<a,zeE,(20)

In doing so

A0 L

(29)
1+4 1+8 n

Comparing (7) and (20), we get that:
f(z)eC,(4,0,8,7) = F(2)=1'(2) €T, (4,0,a,7) (22)

and at 0=0n=2A=y=la—>w class
T,(A,6,a,y) is transformed into a class T of
typically real functions.
Wherein, T,(10,a,)cT=T,(10,0,1)
a>1/2,0<y<1.

On the other hand, when A=6=0,y=La—>®
we obtain the class of close-to-starlike functions
introduced in  [14] using the condition

()>0 zeE. Wherein, T,(00,a,y) is a

for all

subclass of the class of close-to-starlike functions
for all a>1/2,0<y<1. We note also that if the

E-ISSN: 2224-2880
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class functions C, (4,5,4a,y) are univalent, then the
class functions T,(4,6,a,7) generally speaking,

they are not.
Relation (22), taking into account the equality

M:L(Z)—l makes it easy to transfer all
fz  F(2)

results for a class C,(4,6,a,7) per class

T,(4,6,a,7).

Theorem 4. Let F(z)e ¥NT,(4,6,a,7). Then
at |z| =r <1 there are exact estimates

[ all-r) ] r <F)<
a+@-0r ) @+Ar")@+or")
S( all+r) j r , (23)
a-(a-1r ) @-Ar")@-or")
F'(2) Anz" onz"
Z -1- - <
F(z) 1-41z2" 1-67"
y(2a-1r (24)

T @-na+@-=-nr)

and the exact radius of starlikeness r"of the class
T,(1,8,a,y) is determined as the only root of
equation (14) on the interval (0;1).

If, in addition to the conditions of the theorem,
the function F(z) expands into a series of the form
(1), then we have exact estimates

a(l-r") | ()|
a+(@-)r" ) @+Ar")Q+or")
( all+r") j (25)
a—-(a-pr" ) @-Ar" )(1 5"y’
z) " onz" <
F)  1-42" 1-67"|
y(2a-1)nr" (26)

T @-rMa+(@-nr")

and the exact radius of starlikeness r* of the class
T,(1,8,a,7) is defined as the only root of equation

(17) on the interval (01).

Corollary 8. Let F(z)eT,(4,0,a,y), that is
F(2) satisfies the condition
[(1 2z )F(Z)j _a<a, zeE. Then at

|z| =r <1 there are exact estimates
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ail+r) jy r

V4
( al—r) j r ns|F(z)|s[ _
a+(@-Jr ) 1+ir a—(@-r ) 1-ar

F@)
F(2)

1_1+/1(n—1)z”|< y(2a-Dr
1-42" | @-r)a+(a-r)

and the exact starlikeness radius r* of the class
T,(4,0,a,7) is determined as the only root of the

equation on the interval (0;1)

L y(2a-1)nr" _Anr” o
I-r"Ya+@-Dr") 1+ar"
for the casewhen F(z) e &v,;
_ y(ea-pr  anr”
A-r(a+@-Dr) 1+ar"
for the casewhen F(z) e 7.
At 5=0n=2,1=y=la—>w class

T,(4,6,a,7) coincides the class T and from

Corollary 8 we obtain the well-known estimates
[23] inthe class T

a=nr <|F(z)|<

F'(z) 1+ 22| 2r
A-r)1+r?)

2 = 2
F(z) 1-2%| 1-r

r

|z
(@-r)"

and exact radius of starlikeness

r*:%(\/§+1—,/2(\/§+1j of class T, previously

found in [24].

We note also that when n=2,6=0,1=y=1
Corollary 8 the exact radius of starlikeness of the
subclass of typically real functions F(z)e %,

satisfying the condition ‘(1 z )F(Z) a

<azekE,

as the only root of the equation on the interval (0;1)
(a-)r® —(5a-4)r* - (5a-Dr2+a =0,

[22].
At 1=6=0 it

1/
o)

starlikeness of which, in the case F(z) e, is

determined by formula (18), which coincides with
the result from [22].

found in

turns out the class

Sa,ZEE}, the exact radius
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here at class

()

arg ——=

From a—>w

{F(Z)

of starlikeness is r =(yy*n?+1—m*". At

we get

2 Z ;e E}, whose exact radius

n=y=1 is get the radius of starlikeness
r"=y2-1. from [21] of the class of close-to-
starlike functions F(z)egv, satisfying the
condition Re-~? )>0,z eE.

Note. Recently, a whole series of articles has
been published, [16], [17], [18], [19], devoted to
finding the radii of starlikeness of various classes
of close-to-starlike functions with respect to some

subclasses of the class S (Recently, a whole series
of articles has been published, [23], [24], devoted
to finding the radii of starlikeness of various classes
of close-to-starlike functions with respect to some
subclasses of the class:

Sy ={F(z):Rez%2ﬂ,0sﬂ<LZgE}

starlike  functions f(2) of  order g,
2
x F'(2) .
S, =<F(2):|| z——=| -1<1zcE lemniscate
L (2) [ F(Z)j “ S I

starlike functions and others).
If in Theorems 2-3 instead of the convexity

condition we use the condition 1+ Rez f ((Z)) yij
convexity of order 5,0< <1, and accordingly

F'(2)

in Theorem 4 — condition Rez——= F2) > [ starlike of
z

order [, then we obtain the exact radius of

starlikeness of order S of class T,(4,0,a,7) as

the only one on the interval (0;1) root of the
equation:

y(2a-1nr" _ Anr" onr"
@-r@a+@-npr" 1+Ar" 1+6r"
forthecasewhen F(z) e &v,;
y(a-Dr _ Anr™  Snrt
Ad-r)(a+@-Dr 1+ar" 1+6r"
forthecasewhen F(z) e 7.

1- 8-

@7

n n

1- 8-

In special cases, when F(z) e N, we obtain a
number of well-known results.
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1)Forn=2,y=4=16=0,a — oo we obtain
the star radius [16] of order S class

{F(z) Re1

as the only root of the equatlon (0;1) on the interval
A+ pr*=2r(r’ +r+)+@1-p)=0.
2) For n=y=1=16=0,a—> 0 we obtain
a star radius of order f class

2

F(z) =0, ZGE}

:{F(z) : Rel_TZ F(z)=0,z¢ E}

from [18] as the only root of the equation
Lr? =3r+1+ B =0,, on the interval (0;1), that is

. 3-\J9-45(1-p)
_ 5

3) For n=y=A=0=1a—>o we obtain a
star radius of order f class

(1-2)°
z

F4={F(z):Re F(Z)ZO,ZEE}

from [18] as the only root of the equation
(1+ A)r? —4r+1—- =0, on the interval (0:1),
that is
o _2-43+ B

1+
Other applications of the T, (1,5,a,7) class of

almost star-like functions, as well as promising
tasks for further research, are to find estimates of

the coefficients of functions of the T,(4,5,a,7)
class, as well as the radii of the starlikeness of this
class relative to such subclasses of the S class as
s*(a)=s*((1+ z)/(l—z)“) is a highly starlike,

Sp=S"[1 % log L+vz
b2 1+47
S, =S*(x/1+ z) lemniscatic, S;=S*(Z+\/1+ zz)

moon-shaped, s;,=s*(1+ zez) cardioid and

parabolic,

other starlike functions.

4 Conclusion
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The article introduces a class C,(4,6,a,7) of

functions  f(z), satisfying the condition
[(A-2z2MA-6z")f'(2)Y” —al<a,zeE. It s
shown that all functions of this class are close-to-
convex and its subclasses are the classes of
functions convex in a certain direction and
functions with bounded rotation. In class
C,(4,6,a,7) exact distortion theorems and exact

convexity radii are found, which generalize
previously known results. The case when the
function f(z) in the expansion in a power series

has omissions of terms.
It is also considered the class T,(4,6,a,y)of

functions F(z), associated with class C, (4,5,a,7)
functions  f(z) ratio F(z)=zf'(z). Class
T,(4,6,a,y) is a generalization of classes of

typically real and close-to-starlike functions. Exact
covering theorems and exact radii of starlikeness
are obtained in the class, which generalize
previously published results for typically real and
close-to-starlike functions.

Thus, the authors of the article, based on a
single approach, solved a number of extreme
problems for fairly wide subclasses of close-to-
convex and close-to-starlike functions. At the same
time, along with the generalization of known
results, new results are obtained in particular cases.

In conclusion, we note that the results of the
article admit of a simple generalization if, instead

of conditions (7)-(8), we use conditions of the form
1

(ﬁ(l—/liz“))f'(z)); —a<ak>1zeE (7)

and

8)

It is known that the solution of many extreme
problems for subclasses of functions f(z) from

XV, is reduced to finding, for |z| =7,0 <r <1,
accurate estimates of the functionals

(0( ) mln{uRE(p( )+77Rez¢( )}(28)

“o(z)| (2)

j2l=r

on the class P, (¢, ) defining the class of functions
f(z). In this regard, the application of evaluation
(13) for the class of regular functions ¢(z) from

R, satisfying the condition ‘(g)(z))w—a‘sa,
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a>1/2,0<y<1, is promising, as it will further
solve a number of extreme problems related to
various subclasses of univalent functions, which in
this article is demonstrated by the example of the
class C,(4,6,a,7) .

As directions for further research, we note the
following.

1) Introduction of a unified class P, (¢,)of

regular functions ¢(z) from R (c,) satisfying the

0(2) =< (2),
¢o(z)eP”, and finding accurate estimates of
functionals (28) in this class. Here, the class of
functions ¢y(z) is denoted by P’ ,which

conformally map the circle E to a region starlike
relative to the point w=1, belonging to the half-
plane Rew>0and symmetrical with respect to the
real axis.

2) Application of the obtained estimates of the
functionals (28) for the study of unified subclasses
of close-to-convex functions, including convex
ones in a certain direction. This includes classes of

f'(2)
——2<po(2),
@ (z)eP,(¢,).and g(z) is aconvex function.

3) Introduction of new subclasses of double
close-to-convex, close-to-starlike and double close-

to-starlike functions based on the class P, (¢,) and
investigation of extreme properties of functions of
these classes using functional estimates (28).

4) Finding estimates of coefficients for
functions of the classes under consideration.

subordination condition

functions for which
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