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Abstract: - In recent years, in optimization theory, there has been a growing use of optimization models of real
decision-making processes related to the activities of modern humans, in which the hypotheses are not
verifiable in a way typical of classical optimization. This increases the demand for tools that will enable the
effective solving of such more real optimization models. Fuzzy optimization problems were developed to
model real-world extremum problems with uncertainty, which means that they are not usually well-defined. In
this work, we investigate one of such tools, i.e. the absolute value exact fuzzy penalty function method which is
applied to solve invex nonsmooth minimization problems with fuzzy objective functions and inequality (crisp)
constraints. Namely, we analyze the exactness of the penalization which is the most important property of any
such method from a practical point of view. Further, the algorithm of the absolute value exact penalty function
method is presented in the context of finding weakly nondominated solutions of the analyzed nonsmooth fuzzy
optimization problem and, moreover, its convergence is proven in the considered fuzzy case. Finally, we also
simulate the choice of the penalty parameter in the aforesaid algorithm.
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1 Introduction basic concept of fuzzy decision-making was first
Many real-world O.R. systems and processes cannot proposed by .in the paper, [1]. Since then, many
be modeled easily in deterministic terms since they authors ~ studied extensively fuzzy mathematical
involve imprecision of data. In fact, the data are programming problc?ms. Namely, the deﬁmt]or} of a
often uncertain in nondeterministic models of real- convex fuzzy mapping was ﬁrSﬂ}’ 1ntrqduced in the
world systems and processes due to, for example, paper, [2]. After that, the convexity notion for fuzzy
prediction and/or estimation errors, or lack of mapping has been widely used in fuzzy optimization
information (e.g., some extremum problems that by several authors (see, for example, [3], [4], [5], [6],
arise in  economics, industry, engineering [71, [81 [9]3_ [10], [11], .[12], and othets). HOW@VCR
applications, commerce, sciences might involve the' convexity notion 1S too restrictive n ﬁlZZY
financial returns, differing costs, design parameters optimization, du@ to the fact that not all optimization
of such systems in designing phase are usually under problems modeling real-world O.R. processes with
uncertainties, future actions might be unknown at the uncertain data are convex. Therefore, several authors
time of the decision). Hence, most of the real have Fleﬁned and applif:d .ger}eralized convex fuzzy
research problems are subject to some form of mappings to fuzzy optimization (see, for example,
uncertainty. The reason for this is the fact that some [13], [14], [15], [16], [17], [18], [19], [20], [21],
coefficients of the objective and/or the constraint [22], [23], [24], and many others). '
functions in such optimization problems cannot be an 'Of the Well—kpown approaches ~In
exactly assessed, due to the fact that they are optimization theory for lqoklng for optlmal solutions
imprecise, unreliable vague, etc. in constrained mathematical programming problems
Fuzzy optimization is one of the useful and is exact penalty function methods. In the last few
efficient approaches for treating just such real-world dec_ades, many reseqrchers.have been focused to find
decision-making problems under uncertainty. The optimal solutions in various types of extremum
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problems by using exact penalty function methods.
The idea behind the aforesaid methods is that, by
using chosen exact penalty function, the original
problem of a constrained extremum problem can be
reduced to an unconstrained optimization problem.
Thus, it is possible to avoid the difficulties, that take
place in other approaches, at least related to finding
feasible points and/or directions. Moreover, in this
way, to find optimal solutions of constrained
extremum problems the algorithms developed in
unconstrained optimization can be applied. The exact
penalty function that has been most frequently used
by many researchers to solve their constrained
optimization problems and, is, therefore, the most
popular exact penalty function, is the absolute value
exact penalty function, also called the 1; exact
penalty function (see, for example, [25], [26], [27],
[28], [29], [30], [31], [32], [33], [34], [35], [36],
[37], [38], [39], [40], and others). In [25] and [26]
the most important property of the I: exact penalty
function method, that 1is, exactness of the
penalization, was analyzed for new classes of
nonconvex optimization problems. Whereas the
aforementioned property was investigated in the
paper [40], for the vector l1 exact penalty function
method which they used to solve nondifferentiable
invex vector optimization problems. Recently, the
classical exact [1 penalty function method was
applied in the paper [27] to solve a nonsmooth
constrained interval-valued optimization problem
with both equality and inequality constraints and the
property of exactness of the penalization was
analyzed when this method is applied to solve a
nondifferentiable  interval-valued  mathematical
programming problem.

According to the literature, only a few studies
have explored the methods for solving nonconvex
nondifferentiable fuzzy optimization problems so
far, and the present study is one of the first reports to
address this problem. In this article, therefore, we
use the absolute value exact penalty function method
to solve a nonsmooth optimization problem with
fuzzy objective function and inequality (crisp)
constraints. Then, for the considered fuzzy
minimization problem, we construct its associated
fuzzy penalized optimization problem with the I1
exact fuzzy penalty function. Further, in the fuzzy
context, we generalize the main property of all exact
penalty function methods, i.e. exactness of the
penalization. We analyze it, moreover, under
appropriate invexity hypotheses in the case when we
use the absolute value exact fuzzy penalty function
method for solving such nonsmooth fuzzy extremum
problems. Namely, we prove that a (weak) Karush-
Kuhn-Tucker  point of the  investigated
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nondifferentiable fuzzy optimization problem is a
(weakly) nondominated solution of its associated
penalized fuzzy optimization problem with the fuzzy
I:+ exact penalty function for all penalty parameters
exceeding the given threshold. We also establish the
equivalence between a (weakly) nondominated
solution of the considered fuzzy optimization
problem and a (weakly) nondominated solution of its
associated fuzzy penalized optimization problem
with the I3 exact fuzzy penalty function for
sufficiently large penalty parameters. Further, we
present an algorithm of the absolute value exact
penalty function method which is applied for finding
weakly nondominated solutions in the considered
nonsmooth optimization problem with fuzzy
objective function and inequality constraints. Its
convergence is also established in the considered
fuzzy case. After that, we analyze the strategy for
choosing the penalty parameter in the applied
absolute value exact fuzzy penalty function method
and we illustrate it by the appropriate examples of
constrained fuzzy minimization problems.

2 Notations and Preliminaries

We first present some preliminary notations and
present such definitions and results, which will be
used in this work. Throughout this paper, R is the set
of all real numbers, that is, endowed with the usual
topology. A fuzzy subset of R is a function
fi: R — [0,1] . We usually named this mapping a
membership function of a fuzzy number ii. We now
define the a-level set for any fuzzy set i (denoted by
[ii]%) as follows

. {reRiilx) za} if ael0ll
(] = ) )
c{{supp {u]} if a=0,

where [ii]® is the closure of the support of i, that is,
supp (i) = {x € R:ii(x) =a}.
Definition 1. [7], [24] A fuzzy number i in R is a
fuzzy set on R with the following properties: 1) i is
normal, i.e. there exists x* € R such that fi{x") =1,
2) {i
Gidx + (1 — Ayy) = minfii(x). 4(y)} for all x.v eR
and any 4 € [0.1], 3) i is upper semicontinuous, i.e.
[ii]* = {x € R:dilx) = a} is a closed subset of R for

each o € (0.1], 4) the O-level set, i.e. [u]®, is a
compact subset of R.
Hence, if a fuzzy set ii is such that [u]l* is a
singleton, then ii is called a fuzzy number, [5], [7].
Let us denote by F(R} the family of all fuzzy
numbers in R. Thus, for every & € F(R), [u]® is a

1S quasi-concave, 1.e.
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nonempty convex and compact subset of R for each
o € [0,1]. Hence, the a-levels of a fuzzy interval can
be described by [u%.uf].ul. uZ € R.ul = u?, for all
e € [0.1]. In particular, the fuzzy number 0 € F(R) is
given as follows O(x) =1 if x =0, and O(x) =0,
otherwise. Also any a € R can be regarded as a fuzzy

1 i =
number & € F(R) defined by dlx) = L] 1.;: i - Z

Note that a fuzzy number ii is often defined in the
literature by the end points of the interval [uf.uZ]
[5], [6], [16], [24], [41] and many others.

Remark 1. The notation I;_; was introduced in the
paper [41], to represent the crisp number with the

value a. It is easy to see that I['I‘E*E;]Ilr =( ﬁ:;}c =a

for all & £ [0.1].

Given two fuzzy numbers i, ¥ € F (R} which are
represented by their a-level sets as [@]% = [ul.uf],
[6]% = [vf.vF] for any « € [0.1], respectively, and
t € R. Then, we define the fuzzy addition i + ©* and
the scalar multiplication tii as follows, [6], [7], [10],
[20]:

i + 7= sup minlily), #(z}], (D)
Y+E=X
tii = ﬁ(F) f tIn,whwg e F(R). 2)
g if t=0

These operations on fuzzy numbers can be defined in
the equivalent way (see, [6], [7]). Namely, for every

a € [0.1],
[ 4 21% = [Gu 4+ v) L, G+ )] = [ud 40k uf + 0F],
[tdi]® = [(u)L, (£u) ]

= [minftul, tul}, max{eul, tu Rl
Definition 2. A special type of a fuzzy number is a

triangular number i which is described by three real

numbers s =uz =us as i = (us. Uz, uz) and its
definition is as follows:
X—1y .
— i Uy = X = Un
i wgxzu
~ - Wa—X ~
) = 25 yf w s x s )
Lz—Uz
i} nthorurica

The a-level set of a triangular fuzzy number is
defined by

(6] = [ufufl = [(1 — ahu, + ou.. (1 — aduy + o]

(4)
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Definition 3. [41], Let & and ¥ be two fuzzy
intervals. If there exists a unique W such that
that the addition is
Hukuhara

difference (H-difference, for short) of i and ¥ and

i =7+ (note fuzzy

commutative), then we call W the

we denote it by @it Sy 7.
Proposition 1. [41] Let @i and ¢ be two fuzzy
intervals. If the Hukuhara difference & =i Sy ¢

exists, then Wk = ut — Bt and W =f — %% for each
& € [0.1].

Throughout this paper, the following convention
for inequalities between two intervals A = [a. a®]
and B =[bY,5%] in R are used : 4 = B if and only if
a = b* anda® = b®, and A < B if and only if A = B
and A4 = B. The following two order relations on the
space F(H} are considered and used in this paper.
Let fi.,7e F(R) be given two fuzzy intervals
described by their a-level sets [@i]® = [uf.u%] and
[8]% = [w.vF] for each & € [0,1], respectively.
Definition 4. [24] We write ii = ¢ if and only if
[ii]® = [#]® for each @ € [0.1], which is equivalent to

ul < ot Iu‘r} =yt Iu‘r} < b .
L@ < P uE <y R _ B for all & = [0,1] .

Uy w

Definition 5. [24] We write that ii <  if and only if
[a]% = [#]® for all @ £ [0,1], which is equivalent to

u‘:.:, < 1:;:: . Iu‘r} = 1:;::
e [0.1
Iuﬁ, < for all & £ [0.1] or WE <y for all
a e [0.1]
ub < ot .
e [0.1].
0 Iu§{v§ for all & € [0.1]

3 Nondifferentiable Invex Crisp and

Fuzzy Functions

Now, we introduce some notations and recall some
basic definitions for nondifferentiable crisp
functions. It is well-known that a crisp mapping
h:R® — R is a locally Lipschitz function at a point
x € R if there exist scalars M, =0 and £ = 0 such
that the inequality |h(¥} —h(z}| = M,||¥ — z| holds
for all v,z € x + £E, where B is the open unit ball in
R® so that x + £F is the open ball of radius about X.
We say that the mapping h is a locally Lipschitz
function (on R*) if it is locally Lipschitz at any point
of A=,
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Definition 6. [42], Let h:R* =R be a locally
Lipschitz function at x* £ R®, The Clarke generalized
directional derivative of h at x* in the direction
d € F®, which is denoted by h"(x":d), is defined by

hP(x* d) = 11“_151":_1'—" w
. Yo
Definition 7. [42], The Clarke generalized

subgradient of the locally Lipschitz crisp function
h:R® = R at x" € R®, denoted by @h(x"), is defined
by 8h(x*) ={f e R":h"(x";d) = &"d.vd € R"}.
From the aforesaid definitions, it follows that, for
any d € R®, h®(x*; d) = max{£7d: £ € 8h(x")], [42].
We recall that the notion of a locally Lipschitz
invex function was introduced in [43].

Definition 8. Let h:E* = R be a locally Lipschitz
crisp function and x* £ B® be a given point. If there
exists a vector-valued function n: R* x B® — RE® such
that the inequality

h(x) — hi(x*) = FTplx. x*) wE € ah(x™) (=) (35)

is fulfilled for all x € R®, (x = x*), then f is an invex
function (a strictly invex function) at x* on R®. If the
above inequality is satisfied at any point x”, then h is
an invex function (a strictly invex function) on A®. If

(5) is satisfied on a nonempty subset 5 = B*, then h
is a (strictly) invex function on S.

Proposition 2. [42], Let h:5 =R be a locally
Lipschitz function on a nonempty set 5 = B*, [ be
any scalar and x* be an arbitrary point of S. Then
G(ER)(x™) = foh(x™).

Proposition 3. [42], Let h:5—=R.j=1,....p, be
locally Lipschitz crisp functions on a nonempty open

set 5 = R® and x” be an arbitrary point of 5 = R®. For
any scalars §;, one has
A(Er_, Bih)(x*) S X, Bidh;(x*).

The following result is useful in proving one of
the main results in this paper.

Proposition 4. [40], Let #:5—= R be a locally
Lipschitz crisp function on S and =" £ 5. Further, let
@*:5 —= R be defined by ¢*(x): = max{0. @ (x)}. If @
is an invex function at x* £ 5 on S with respect to the

function n: 5= 5 — R*, then ¢~ is also a locally
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Lipschitz invex function at x* € 5 on S with respect
to 7.

Now, we re-call the definition of a fuzzy mapping
given, for example, in the paper, [6].

Definition 9. [6], Let S be a nonempty subset of R*.
Then f:5 — F(R) is said to be a fuzzy mapping. For
each « € [0.1], we associate with f the family of
interval-valued functions f;:5—F(R) given by
fa(x) = [f(x)]° The a-cut of f atx € 5, which is a

bounded and closed interval for each & £ [0.1], we
denote by

folxd = [0, fr ()], (6)

where fFf(x) = minfy(x) and fFx) = maxf,lx) .
Thus, fcan be represented by two functions ff and

& which are functions from 5 x [0.1] to the set R,

f¥ is a bounded increasing function of «, ff is a
bounded decreasing function of o and, moreover,

flx) = f2(x) for all x € 5 and each & € [0.1]. Here,
the endpoint functions fr. f&: § % [0,1] — R are called

left- and right-hand functions of f;, respectively.
Now, in a natural way, we generalize the

definition of a locally Lipschitz function to the case

of a fuzzy mapping.

Definition 10. A fuzzy mapping f:R* — F(R) is said

to be locally Lipschitz at a given point x € E* if, for

each « € [0.1], its left- and right functions £z (-} and

= () are locally Lipschitz at .

We now give the definition of the Clarke
generalized derivative at x € B* of a locally Lipschitz
fuzzy function f introduced in [44] as a pair of
Clarke generalized derivatives at x € R* of its left-
and right-hand functions fF () and fF (:) defined for
the fixed a-cut .

Definition 11. The Clarke generalized directional o-
derivative of a locally Lipschitz fuzzy function

fiR® — F(R) (given by (6) at X for some o-cut fz in
the direction d is defined as the Clarke generalized
directional a-derivatives of its left- and right

functions fX (-} and f#(-} at X in the direction d as
follows:

. el | rrtdl— el oy
T d) = (hmsup ey le ¥ - ERL
yox

tlo
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Fiprtai-fliy 10 ) 0 R
“T-Ei-‘f} %j = ((fzjj (x; n"(f:‘:l (xrd) )

t14)

As it follows from the aforesaid definition, the
Clarke generalized derivative at x € R® of a locally
Lipschitz fuzzy function f does not represent an
interval.

Definition 12. It is said that a locally Lipschitz fuzzy
function f:R® — F(R) is directionally differentiable

in the sense of Clarke at X if f2ix: d} exists for each
direction d and for all a-cuts.

Now, we give the definition of the Clarke
generalized gradient of a locally Lipschitz fuzzy
function introduced which was firstly introduced in
[44].

Definition 13. The Clarke generalized gradient of a

locally Lipschitz fuzzy function f:R® — F(R} on the
a-cut is defined as a pair of Clarke generalized
gradients of the left- and right-hand functions on this
a-cut, that is, the pair 8f; (x): = (8fF (x).8fF (x)),
where

fol) ={&L e R™: (ff) (i d) = (£5)7d,vd € R"}
and

() = {E e R™: (7 (i d) = (£])d, vd € R"}

Remark 2. It follows by Definition 13 that, for each

o~cut and any d £ B®, we have

af.(x) =(aft(x), 872 (x)) =

(max {(E2)7 d:£% € 3 ()}, max (2)7 d: 2 € 3fF (1))

The the notion of invexity for a differentiable
fuzzy function was firstly introduced in [22]. This
definition was extended to the case of a locally
Lipschitz fuzzy function in [44]. Namely, the
concept of invexity for a locally Lipschitz fuzzy
function f was defined via invexity of its left-hand
and right-hand functions ff () and fF (-) by using the
a-cuts of f given in [24], [41].

Definition 14. [44], Let f:R® — F(R) be a locally
Lipschitz function and u € A® be a given point. If

there exists a vector-valued function #: B* x F* — R®
such that the following inequalities

fole) — frG) = (65 nlx w vl e afy (), (7)
7o) — ) = (Gl ud wil € afF () (8)
E-ISSN: 2224-2880

412

Tadeusz Antczak

are satisfied for any x € R®, (x # u), then f is an
invex fuzzy function (a strictly invex fuzzy function)

at U on R™. If (7) and (8) are satisfied at any point u,
then f is an invex fuzzy function (a strictly invex
fuzzy function) on R®. If (7) and (8) are satisfied on a

nonempty subset S of R®, then f is an invex fuzzy
function (a strictly invex fuzzy function) on S.

We now illustrate the concept of invexity for
locally Lipschitz fuzzy mappings and, therefore, we
present an example of a locally Lipschitz invex
fuzzy function.

Example 1. Let the fuzzy function f:R* — F(R) be

defined by f(x:.x2) = 227 + 4x2, where 2 and % are
continuous triangular fuzzy numbers which are

defined as triples 2 = (1.2.4) and % = (1.4.6) (see
Definition 2). Then, by (4), the a-level sets of both
triangular  fuzzy numbers are given by

2] =[1+a.4—2a] and [3]°=[1+3a.6— 2al,
respectively. Moreover, by (4) and (6), the a-level

cut of the fuzzy function £ is given as follows
[[1+adx) + (1+ 3adx,. (4 — 2a)x] + (6 — 2a)x,]

if x ERx,z=0
[[1+adx] + (6— 2alx, (4 — 2a)x] + (1 + 3a)x,]

if x,ERx, <0
for each « £ [0.1]. Therefore, the left-hand side and
right-hand side functions f= () and fF (-} are given
by:

Falxpx) =

L _ 1+eadxt+ (0 +3a)x,ifr,eRx,=0
fa (xyx2) = [{1 +alxi+ (6 —2a)x, ify, e R x. <0,
_ (4 —2a)x7 + (6 — 2a)x, ifx, e Rx, =0
fi () = {{4 —2a)x? +(1 + 3a) %, ifx, € R x, < 0

for each & £ [0.1]. Note that f-(-} and f*{-)} are not
convex functions and so the fuzzy function f is not
convex. Moreover, we note that f-(-) and £* () are
not differentiable at x = (0,07 and, therefore, f is not
a level-wise differentiable fuzzy function at x (see
Definition 4.2 [40]). The graphs of the left- and
right-hand functions of . _g, f_ _ i, f.-, are given on

Figure 1.

It can be shown by definition that f is a locally
Lipschitz strictly invex fuzzy function on R* with
respect to : R* % R* = R* defined by

Yot o _
T, N E Ry, z2x,20v02y, >x;
nly.x) = ; __1:1,—1', ; .
SETETE R ROzZy >xVx,2y,>0

Since f (-} and f7(-) are locally Lipschitz functions
for every a £ [0.1], by Definition 10, f is a locally
Lipschitz fuzzy ampping on R*. Further, note that,
for each & € [0.1], (7) and (8) are fulfilled for all
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v.x € R® with respect to m defined above as strict
inequalities for the functions fF () and f£* ().

ﬂ
fs

.’.”
/

\. :\ N\

Fig. 1: Graphs of the left- and right-hand functions of
fame, Fot, fuma.

Then, by Definition 14, f is a strictly invex
fuzzy function on R* with respect to m defined
above.

Remark 3. Note that there is, in general, more than
one vector-valued function n with respect to which a
fuzzy function is invex. Indeed, if we consider again

the fuzzy function f(xs.x2) =2xf + 4x2 which is
defined in Example 1, then it can be shown that it is,

in fact, invex on R® also with other functions

n:R* = R* = R* . Let us define the vector-valued
function n as follows

J1—LJLERJ"3 20vlzy, >x,

L }

e M ERDE W s x V= =0,
nly.x) =4° 5.5 o

Ty ey Y ERY 22, =0

Y1~ ; S )
X p— o E R0 =20 x,,

Thus, the functions ff (-} and fF (-} are strictly
invex on R* also with respect to the defined above
function mn. Hence, by Definition 14, the fuzzy
function f is also strictly invex on R?> with respect to
1 defined above.

In the work, we assume that only such fuzzy
mappings f:R® — F(R) are considered for which
their left-hand side and right-hand side functions
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fe(+) and fF (-} are locally Lipschitz at a given point
x of interest for all & £ [0.1].

4 Nondifferentiable  Invex  Fuzzy
Optimization Problem and its
Optimality

In this work, we investigate the following

constrained optimization problem with a fuzzy-

valued objective function defined as follows:
f{x] — min
(FO)

s.t.gix) 20je]={L...m}
where f:R® —=F(R) is a fuzzy function and
g;:R* = R.j € ], are real-valued functions defined on
R®. Let N:={x € R*: g;(x) = 0. j € J} be the set of
all feasible solutions of the problem (FO). Now, we
denote the set of active inequality constraints at a
point £ € 0 by J(¥) = {j € J:g;(¥) = 0}. Throughout
the article, we shall assume that all functions
involved in the fuzzy optimization problem (FO)
given above, that is, its fuzzy objective function f
and its constraint functions g;.j €], are locally
Lipschitz on A",

In this paper, we use the a-cuts to describe the
objective fuzzy function, as it was done in the papers
[24] and [41]. Therefore, we shall assume that its
left- and right-hand side values of f are given by the
functions fr:A® = [0.1] =R and ff:R"=[01]—=R
for each & £ [0.1], respectively.

Now, for the formulated above fuzzy
optimization problem (FO), we define its optimal
solutions as  weakly  nondominated and
nondominated solutions which have been introduced
in the paper [24].

Definition 15. [24], We say that & € 1 is a weakly
nondominated solution in the considered fuzzy
optimization problem (FO) if there exists no other

x € 01 such that f(x} = f(#). In other words, if ¥ € 0
is a weakly nondominated solution in (FO), then, by
Definition 5, there exists no other x £ {1 such that

Iff:i* () = fr (@) I fEl) = fHR)

£l = TR iy

v e [0,1]

fElx) = fE(2) _
or[g{x] < A (5 Ve e [0.1]. 9
Definition 16. [24] We say that £l is a
nondominated solution in the considered fuzzy
optimization problem (FO) if there exists no other
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x € [l such that f{x) = f(&). This means that, if
el is a nondominated solution in (FO), by
Definition 4, there exists no other x = {1 such that
Iﬁ;‘{x] < fE(2) r{fé*{x] < fH (3
e = TR0 <f 6
I ) < fLH(D)
or

f2 (x) < R
(10)

ve e [0.1].

Remark 4. If we denote by X" and X" the sets of
weakly nondominated and nondominated solutions
in (FO), respectively, then X" < X",

In [44], under invexity hypotheses, optimality
conditions of Karush-Kuhn-Tucker type were
established for a nonsmooth optimization problem
(FO) with fuzzy objective function. We now give the
aforesaid Karush-Kuhn-Tucker like optimality
conditions for £ € 1 to be a (weakly) nondominated
solution in the investigated nonsmooth fuzzy
optimization problem (FO).

Theorem 1. [44], Let i be a feasible solution in the
investigated fuzzy optimization problem (FO).

Moreover, assume that there exist @, (a)€R ,

. (e) € R and ¥(e) € R™ for each & € [0.1] such that
the following Karush-Kuhn-Tucker like optimality
conditions

0ed(6,@f @ +5@fRED) +

v, tiledag; (2) (11)

5ila)g; () =0.je], (12)

8,(a) = 0,8 =0,d,(a) +d( =0, ¢#a =0

(13)
hold. Further, assume that the objective function f is
an invex fuzzy mapping at ¥ on Q with respect to 1
and, moreover, each constraint g;, j = L..... m, is an
invex function at i on Q with respect to the same

function m, then £ is a nondominated solution in
(FO).

Theorem 2. [44], Let £ be a feasible solution in the
investigated fuzzy optimization problem (FO) and
there exist & € [0.1], ¥#(&) € R",#(d) = 0 such that
the weak Karush-Kuhn-Tucker like optimality
conditions hold.
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0 e afy (&) + X7, v,(@)ag; (£).
(14)
0 e aff (&) + XM, 5;(&)ag, (2.
(15)

5ila)g; () =0. je], (16)

Further, assume that f£ and f£ are invex at # on
Q with respect to n and, moreover, the functions g;,
L., m, are invex at & on Q with respect to the

same function 1. Then = is a weakly nondominated
solution of the fuzzy optimization problem (FO).

Now, we give the necessary optimality conditions
of Karush-Kuhn-Tucker type for the considered
invex fuzzy optimization problem (FO).

Theorem 3. [44], Let £=f be a weakly
nondominated solution in the fuzzy optimization
problem (FO). Moreover, assume that the objective

function f is an invex fuzzy function at £ on Q with
respect to m each constraint g;, j = 1..... m, is invex

at & on Q with respect to the same function 1 and the
Slater constraint qualification is satisfied for (FO).

Then, there exist & € [0.1], #,(&) € R, &.(&) € R and
(@) e R™ #(a¢) = 0 such that the Karush-Kuhn-
Tucker like optimality conditions hold at i for (FO).

0 a(8,@7 R +6@)fEE) +
T, 6:(@)ag; (2,
(17)
vilalg; (£l =0, je], (18)
8,(@)=0,8,(d@) =0,6,(8)+d,.(@=0,5&) =0
(19)

Corollary 1. [44] Let £eQ be a weakly
nondominated solution in the fuzzy optimization
problem (FO) and hypotheses of Theorem 3 be

fulfilled. Then, there exist & € [0.1], &,(&) e R,

#,(&) € R and #(&) € R™ (&) = 0 satisfying (17)-
(18) such that

0 ed,(&)afk(#) + 4,(8afF () +

T, 5, (@)ag; ().
(20)
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Throughout this work, it is assumed that the
Slater constraint qualification, [28], is fulfilled at any
weakly nondominated solution in the investigated
fuzzy optimization problem (FO).

Definition 17. The point i € £ is said to be Karush-
Kuhn-Tucker point (a KKT point, for short) if, for

each @ e[0.1] , there are Lagrange multipliers

#,(a) € R, ,(«) € R and ¥(e) € R™ such that the
Karush-Kuhn-Tucker like optimality conditions

(11)-(13) are fulfilled at £.

Definition 18. The point £ £ £2 is said to be a weak
Karush-Kuhn-Tucker point (a weak KKT point, for

short) if, for some & € [0.1], there are Lagrange

multiplier #(#) € R™ such that the weak Karush-
Kuhn-Tucker like optimality conditions (14)-(16) are

fulfilled at .

5 Exactness Property of the Absolute
Value Exact Penalty Fuzzy function
Method for Fuzzy Optimization

Problem with Invex Functions
It is known in optimization theory that exact penalty
methods are one of approaches which can be applied
for finding optimal solutions in constrained
extremum problems. Their construction is based on
the so-called penalty function whose unconstrained
minimizing points are, at the same time, optimal
solutions of the constrained optimization problem for
all sufficiently large values of the penalty parameter.
Hence, an original constrained extremum problem is
transformed into a single unconstrained optimization
problem in each methods of such a type.

Therefore, if we use any exact penalty function
method to solve the given nonlinear constrained
optimization problem with a fuzzy objective
function, we have to construct in this approach its
corresponding  unconstrained penalized fuzzy
optimization problem as follows

Plx,p) = flx) + 11,000 = min, (FP(p))
where f:R® — F(R) is an fuzzy function, p is a
suitable penalty function, p is a penalty parameter
and 1,03 is a crisp number with value pg (x) (see
Remark 1). The aforesaid penalized fuzzy
optimization problem (FP(p)) is constructed in such
a way that its fuzzy objective function is the sum of a
certain fuzzy "merit" function (which is the
counterpart of the fuzzy objective function in the
original fuzzy extremum problem) and the penalty
term, which is the counterpart of the constraints
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define its feasible set. The fuzzy merit function is
defined as the fuzzy original objective function of
the given constrained extremum problem and the
penalty term is formulated by multiplying a function
designed by the constraints of the aforesaid
optimization problem, by a positive parameter p. We
call the aforesaid parameter p the penalty parameter.

Note that the objective function of the
unconstrained fuzzy penalized optimization problem
is a fuzzy mapping. Note that, by (6), for any
arbitrary fixed « € [0,1], we associate with # the
family of interval-valued functions
B:R" % [0,1] % R, = F(R) given by
Plx,p) = [PE(x.p)  F¥(x. p)] for any x € R, where
PE.PE:R®x[0.1] x R, — R are real-valued functions.
Therefore, for every fixed & € [0.1], the a-cut of the
unconstrained fuzzy penalized optimization problem
(FP(p)) is defined by:

Plx,p) = [ff (x) + po(x),
fiix) + polx)] = min.  (FE,(p))

It is known from the optimization literature, that
the property of exactness of the penalization is the
most important property from a practical point of
view for each exact penalty function method. Now,
we extend and generalize in a natural way the
definition of this property given in the literature for
classical exact penalty function methods to the fuzzy
case.

Definition 19. If a threshold value g = 0 exists such

that, for every p = g,
arg (weakly) nondominated {f{x}: x € 0} =
arg (weakly) nondominated {#(x, g): x € R"},

then Plx. g} is called a exact penalty fuzzy function
and, therefore, we call (FP(p)) the penalized fuzzy
optimization problem with exact penalty fuzzy
function.

Note that the function F{-, g} can be interpreted as
an exact penalty fuzzy function in such a way that a
constrained (weakly) nondominated solution in the
original fuzzy optimization problem (FO) can be
found by looking for unconstrained (weakly)
nondominated solutions of the aforesaid function
P(.p}, for sufficiently large values of the penalty
parameter p.

The often used nondifferentiable exact penalty
function method to solve nonlinear extremum
problems is the absolute value penalty function
method, also called in optimization theory the Ix
exact penalty function method. If the aforesaid exact
penalty function method is applied to solve (FO),
then its formulation is:
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1 — min,

21

P{X._ﬂ'j] f{x + I[ﬂ';'m

i‘T.J:I[DgJ'I"

where I[‘J ™ 1118 a crisp number with the

value p Z7%, max{0. g; (x) }. We call (FP(p)) defined
above by (21) the fuzzy penalized optimization
problem with the I; exact fuzzy penalty function.
Hence, for any fixed & € [0.1], we define the a-
levels of the I1 exact fuzzy penalty function for the
original nonlinear fuzzy optimization problem (FO)
by
Plx.p)

rr.,cx[[:lg '_r'

=l +pENE, mnx{[].gj- ()},

fFG) + pEfe max{0. g; (0}],
(22)

where left-hand side and right-hand side values of

B are given
by Prlep) =) +pEl Lmnx{ﬂ g;x)}  and
Bllx,p) = fF(x) + pXL Lmnx{ﬂ ,g; (%)} s

respectively. Hence, we can re-write, for any fixed
e [0,1] , the wunconstrained penalized fuzzy
optimization problem with the I; exact penalty fuzzy
function defined by (22) as follows

Blr.p) = [f£ () + p 57, max{0, g; ()},
6 + Ty max{0, g; (0] ~ min. (FR(p)
(23)
Now, for any inequality constraint function
gi.je] ., we define the function gf
as follows
0 for g;(x)=0.
+(x) = i
g7 &) {gj-{x] for g;(x) =0.
24)

Note that the aforesaid function g possesses the
suitable penalty features which depend on the single
inequality constraint function g;. If we use (24),
then, for any fixed @ € [0.1], we can re-formulate the
definition of (FP(p)) as follows

Blx.p) =[ff ) +p X7, g7 (),

fE) +pEm, g7 ()] = min.  (FR:(p))

(25)

Now, we establish that a Karush-Kuhn-Tucker
point of (FO) is a nondominated solution in (FP(p))
for sufficiently large values of penalty parameters p
greater than the threshold equal to the largest

E-ISSN: 2224-2880

416

Tadeusz Antczak

Lagrange multiplier associated to some inequality
constraint.

Theorem 4. Let £l be a Karush-Kuhn-Tucker
point of the considered nonsmooth fuzzy

optimization problem (FO) and, for each « £ [0,1],
the Karush-Kuhn-Tucker like optimality conditions

(11)-(13) be fulfilled at £ with Lagrange multipliers
G,(a)eR , Bx(a)eR and ¥;(a)eR™ , jE] .
Furthermore, assume that the objective function f is
an invex fuzzy mapping at £ on E* with respect to n
and each inequality constraint g;, j €], is an invex
function at £ on R* with respect to the same function

1. If the penalty parameter g is assumed to be
sufficiently large (namely, let us set the penalty

the

p = max{¥;(a).j €]}), then &£ is a nondominated
solution in the penalized fuzzy optimization problem

parameter g to  satisfy condition

(FP(p)) with the I3 exact penalty fuzzy function.
Proof. Assume that £ €l is a Karush-Kuhn-
Tucker point in (FO) and, moreover, for each
o e [0,1], the Karush-Kuhn-Tucker optimality
conditions (11)-(13) are satisfied at i with Lagrange
multipliers #,(a) € R, #,(a) € R and #;(a) €R™ ,
j €]. By means of contradiction, we suppose that &
is not a nondominated solution of (FP(p)). Thus, by
Definition 15, there exists x“ € R* such that
Po(x".p) = Py(%.p) for all @e[01] . Hence, by
Definition 5, the above relation implies
B (x*.p) < PHZp)  (P(x'.p) = PE(%.p)
5 6oe) S B TR < B2 )
By (x*.p) < B (Zp .
7 (x1p) < B2 (R p) "0 & 01

By the definition of (FF;(p)) (see (25)), it follows
that, for all & £ [0, L]

ﬁx(x V4 p X, g7 ") < () + pETL, g7 (8)
{ﬁf(x )+pTL. g7 ()< £ (D) +p T, g7 @) o
filx ]+ﬂEJ vgi & ]‘-‘-‘»fé*{x]+ﬂ£” 197 &)
{fgu )+ p T, gf ) < D) +p T Wrichd
e+ p B, g7 ") = fF {x]+aE” vg7 (&)
{f.f{.r ]+.:=-E” 197 ) = R (D) +.:=-Err g7 (&),
Multiplying the above inequalities by the

corresponding Lagrange multipliers #,(e) =0 ,
5, (e) = 0 associated to the fuzzy objective function,
then adding the resulting inequalities and using
G, () + 6, () =1, we get

G, (@) fif () + 6, (@) R (x) + p BT g () <
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8, (e) £F (2) + 6,(a) fR () 4+ p I, g7 () .

(26)

Since & € 0, by (24), it follows that £7%, gi (£) = 0.
Thus, (26) gives

B, () fE )+ 6, (@R (x) + pER, g7 () =
8, (e) £ () + 8, (a) f7 (£)

If we use the Karush-Kuhn-Tucker optimality
condition (12) together with i € 11, then we obtain

B () fE () + 6, (@) fF (x*) + p T, g; (x*) <

B, () £ () + 8, (a) R () + p BT, g; () .
27

Since f is assumed to be an invex fuzzy mapping at
% on RB® with respect to the function m, therefore, by
Definition 14, for each & £ [0.1], the inequalities

) - fHE) = @l 2) vik e af(2),
(28)

filx") = (2 = () q(x" ), wE] € 0f7(£)
(29)

hold. Further, each inequality constraint function
g;.j €], is invex at i on R® with respect to the same

function m. Then, by Definition 14, the following
inequalities

;") — g; (&) = Tnla®, 8,v{; e ag; (£).j ]

(30)

are satisfied. Multiplying each inequality (28) and

(29) by the corresponding Lagrange multiplier and

then adding both sides of the resulting inequalities
and (30), we get that the inequality

By () ff () + B, (@) fR (x*) + pETL, g; (x*) -

(8, (@) 2 (8) + 6, () R () + p I, g, (7)) =

) 1)
{él{”]fé + tl?: {ﬂ':]fg +p E_TL:L g__i.}- i"}'i.r'.f]

holds. Hence, from the Karush-Kuhn-Tucker
optimality condition (11) and Proposition 3, (31)
yields that the inequality

8, () fF ) + 8, (D fF () + p T, g, () =

6, () fF () + 8, (a) R + p TN, g, (&)
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holds, contradicting (27). Thus, this completes the
proof of this theorem.

Corollary 2. Let £ £ 11 be a nondominated solution
of (FO) and all the hypotheses of Theorem 4 be
satisfied. Moreover, if we assume that the penalty
parameter p is sufficiently large (namely, let us set
the penalty parameter p is assumed to satisfy the

condition p = max{¥;je ]} ), then & is also a
nondominated solution in each associated penalized

fuzzy optimization problem (FP(p)) with the {1 exact
penalty fuzzy function.

Now, we show that a weak Karush-Kuhn-Tucker
point in the original fuzzy minimization problem
(FO) is also a weakly nondominated solution in its
associated penalized fuzzy optimization problem
(FP(p)) for sufficiently large p.

Theorem 5. Let £ €1 be a weak Karush-Kuhn-
Tucker point of (FO) and the conditions (14)-(16) be

satisfied at £ with Lagrange multipliers (&), j €],
for some & € [0.1]. Furthermore, assume that the
functions ff and ff are invex at £ on B® with respect
to m and the constraints g;, j =1..... m, are also

invex at £ on B® with respect to the same function .
If we assume the penalty parameter o to be
sufficiently large (namely, let us set the penalty
parameter p to  satisfy the  condition
pz=max{i(&)je]} ),), then £ is a weakly
nondominated solution of (FP(p)).

Proof. From the assumption, we have that the
weak Karush-Kuhn-Tucker optimality conditions
(14)-(16) are fulfilled at £ with Lagrange multipliers
vilg), je], for some &< [0.1]. By means of
contradiction, suppose that % is not a weakly
nondominated solution of (FP(p)). Therefore, by
Definition 15, there exists x" € B* such that
P(x*.p) < P(%. p). In particular, there exists x* € R®
such that the system of inequalities

Pi(x*,p) < PE(%.p) or PE(x", p) < PE(£.p)
is satisfied for some & € [0,1]. By (25), the above
inequalities yield, respectively,

) +pT, gf ) < fE(2) 4+ pZT, g7 () or

FEI+pEl,gf ) < fF@ +p XN, g7 (2.
(32)

By i € 0, the inequalities (32) imply, respectively,

L+ p I, g7 ) < fE(R) or
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F(x )+ pEL, g7 ) = fFG).
(33)

By assumption, p = max{¥;(¢).j €]}),) Thus, the
inequalities above give, respectively,

)+ 30, 5,(@)gf () < L&)

R + p T, B,(@)g () < 2 (2)
(34)

Using the feasibility of ' in (FO) and (24) together
with the Karush-Kuhn-Tucker optimality condition
(16), we get

FEG) + T, 8(@)g 7 () <

P& + IR, 5@ g7 ()
(35)
or

PG+ IR, 5,(@)gf () <

d

R + T, 5,(8) g7 ().
(36)

By hypotheses, the functions f5 and ff are invex at
£ on E® with respect to mn and, moreover, the
constraint functions g;, j = L..... m, are also invex at

£ on RB® with respect to the same function 1. Hence,
by Definitions 14 and 8, respectively, the inequalities
hold.

) = ) = (88) e £) vk e afE(8),
(37)

) — FR () = (68) qla 20, vER e afE (4,

(38)

g;x")— g; (&) = T nlx*, 8,v]; e ag;(£).j ]

(39)

Now if we multiply the inequalities (37)-(39) by
corresponding Lagrange multipliers and then adding

both sides of the resulting inequalities, then we
obtain that the inequalities

G+ TR, 5(@)g () -

@) - I 5@ () 2
(224 p X, 5,(8)5) nl.2)  (40)
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2 () + T, 5,(&)g; (x*) -

fE ) - T, 6@ g; () =
(€2 £ pTm, 5,(6)5) nGx".8)  (41)

hold for any £ € af; (), &f e 8fF (£), {; € ag; (&)
' . Thus, by the Karush-Kuhn-Tucker
optimality conditions (14) and (15), (40)-(41) yield
that the inequalities

) + 30, 6,(@)g () =
D) + I, 5,(@) g (),

U+ I, 5@ () 2 fBR) + T, 5@ g ()

hold, which contradicting (35) or (36). Hence, the
proof of this theorem is completed.

Corollary 3. Let £ € 2 be a weakly nondominated
solution of (FO) and all the assumptions of Theorem

5 be satisfied. Then £ is also a weakly nondominated
solution of (FP(p)).

Now, we establish the converse results to those
ones established above. First, we derive some useful
results, which we use in proving them.

Proposition 5. Let & € 12 be a nondominated solution
of (FP(p)). Then, there is no x £ {1 such that

flx) = f(2). (42)
Proposition 6. Let £ £ £ be a weakly nondominated
solution of (FP(p)). Then, there is no x € {1 such that

flx) < f(3). (43)

Theorem 6. Let QQ be a compact subset of A* and

i el be a (weakly) nondominated solution of the
fuzzy penalized optimization problem (FP(p)) with

the I exact fuzzy penalty function. Further, assume
that the objective function f is an invex fuzzy

function at ¥ on B* with respect to n, each inequality

constraint g;, j € J, is invex at £ on R with respect to
the same function m. If the penalty parameter p is

sufficiently large, then £ is also a (weakly)
nondominated solution of the considered fuzzy
optimization problem (FO).

Proof. Let ¥ € 1 be a nondominated solution in the
fuzzy penalized optimization problem (FP(p)) with
the {1 exact fuzzy penalty function.
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Firstly, we assume that £l . Hence, by
Proposition 5, it follows that that there does not exist
x € R® such that (42) is satisfied. Thus, by Definition
16, i is a nondominated solution of the considered
fuzzy optimization problem (FO).

Now, under the assumptions of this theorem, we
shall prove that the case % &€ {1 is impossible. By
means of contradiction, suppose that £ & 1. Since ¥
is a nondominated solution in the fuzzy penalized
optimization problem (FE, {5} ), there exist & € [0.1],
d(e)eR, B,(a) =0, b,(a)eR, . (a) =0 and
8, () +6,(a) =1 , such that
0 € &, (a)dFF (£.p) + 5,(a) 8RR (£, p) . Using the
definition of the absolute value exact fuzzy penalty
function, one has

0ed,(@a(ff (D +5EMm, g7 (@) +
() a(fF () + 5T, g ().

Since the weights &, (e) and #.(a) are nonnegative
for each @ e [0.1], therefore, equality holds in
Proposition 3. Thus, the above relation yields

0 e 8, (a) 8fF (£) + 6. () AF7 () +
(6.(a) + 6:() ) 8 (5 E, g7 ().

Using &, (e} + 4, (e} = 1 together with Proposition 2,
we get

0 & 8, (@) 3fF () + 6, () afF (£) + pa(Tr, g7 (7)) .
Thus, by Proposition 3, we have

0, () 3fE (2) + 8.() BFR(£) + FEL, 87 () .
(44)

By hypothesis, f is an invex fuzzy function at i on
R® (with respect to m). Then, by Definition 14, the
functions f% and f£ are invex at # on R® with respect
to n for each o £ [0.1]. Hence, for each & € [0.1], the
inequalities

fi ) — fr (8) = ()T nlx, 2), vEg € aff (2),
(45)

7 () — ) = () nle, 2),vE] e 37 ()
(46)

hold for all x € R*. Further, since each constraint
function g;, j =1..... m, is invex at ¥ on R® with
respect to the same function 1, by Proposition 4, also
the functions g;".j € J, are invex on R* with respect

to the same function n. Hence, by Definition 14, the
inequalities
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976 — g7 @ = (i) (. D.vi7 eagr @je]
(47)

hold for all x € B*. Multiplying (47) by g = 0, we
obtain, for any {i € g7 (£).j = 1,....m,

FEM, g7 () — 5N, g () = IR, (57) e, 2.
(48)

Combining (45), (46) and (48), we have that the
inequalities

0 + 5507 0 = (F (D + 55,97 (D) =
_, (49)
(EL+ 5T, ) o2,

R0 +5E g 00 - (F (D) + 5T, g7 (D) 2
(50)

(e2 +5%0,37) nlx.2)

hold for all x € R® and any £f € 8- (£), £F e afF (£),
(Feagh@.j=1,.m.

Now, if we multiply (49) and (50) by &, (e} and
B, (e}, respectively, and then we add both sides of
them, we get

8, (G +8,() ) + I, g7 ) —

(6, (@) £ (@) + 6 (e) R + 5 I, g7 () =

(8,(a)gk + 8,(a) €8 + 5 (6, () +

-

8,(a) ) I, 37 ) e, D)

Since ¥, () + ¥, (&) = 1, we have that, for all x € R®
and any fredff(d) |, feafd) |
¢ € 07 Dj = Lo

B, (@) fF () +6,(@) R () + 5 IR, g7 () —
(51)
(B (@ fE ) + 6,(a) R () + G0, g7 (D)) 2
(8,(@)gs + 6, (@ + 5 IR, ) nlx. 2.

Hence, by (44), (51) implies that the inequality

@ fF () + 6@ fFG) + TR, g7 G =
8, () £ () + 6, f2 () + ST, g7 ()

is satisfied for all x € R*. By (24), for each x € 11,
m

one has £f%, g7 (x) = 0. Hence, the above inequality
yields that the inequality
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is fulfilled for all x € 1. By assumption, £ is not a
feasible solution of the original fuzzy optimization
problem (FO). Hence, by (24), one has
Y7, g7 (£) = 0. Then, by the foregoing inequality,
(52) gives

& a) s () + Fo e £5 ()

p= mnx[ (53)

E;LIQ (37
_Ellglhlxl |5' |g-|h III__r - ﬂ}
._.J |£|

Irl

From the assumption, g is sufficiently large. Now,
we suppose that, for each « € [0.1], 7 is assumed to
satisfy

& o) £+ 8o e 5 ()

E;:‘;Igflfl

p= mn.r[

— &, (el fr (#—Fa (el £ 'I"

E;?;Ig (%)

req).

(54)

We now prove that, by (53), 7 is a finite
nonnegative real number. Indeed, by assumption, %
is a nondominated solution in the penalized fuzzy
optimization problem (FF,{3)) with the absolute
value exact penalty fuzzy function. Then, by
Definition 16, there does not exist x £ {1 such that

5, () fE () + 6, () £2 ) — (6, () 2 () +
8.(a) fF () <0

Hence, by (54), we have that 7 = 0. From the
assumption, Q is a compact subset of A®. This
implies that g is a finite real number. Since the
inequality (54) contradicts the inequality (53), this
gives that the case & & 1 is impossible. Thus, % is
feasible in the oroginal fuzzy optimization problem
(FO). This means that, for any p = g, £, which is a
nondominated solution of (FP( 7)), is also a
nondominated solution of (FO). Thus, the conclusion
of the theorem follows from Proposition 5. The proof
of this theorem, in the case when i is a weakly
nondominated solution of the fuzzy penalized
optimization problem (FP(g)), is similar and the
conclusion theorem follows from Proposition 6 in
such a case. Thus, this completes the proof of this
theorem.

Now, we present one of the main results of this
work which follows directly from the results
established above.

Theorem 7. Let all the hypotheses of Corollary 2
(Corollary 3, respectively) and Theorem 6 be
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satisfied. Then ' is a (weakly) nondominated of the
considered fuzzy optimization problem (FO) with

the fuzzy objective function if and only if £ is a
(weakly) nondominated of the penalized fuzzy

optimization problem (FP(p)) with the [ exact
penalty fuzzy function.

We now present the example of a nonlinear
nonconvex fuzzy optimization problem in which its
objective function is a nondifferentiable invex fuzzy
function and its constraints are invex crisp functions
with respect to the same function 1. Then, using the
[+ exact penalty method analyzed in this paper, we
solve this nonsmooth fuzzy extremum problem in
order to illustrate the result formulated in Theorem 7.
Example 2. Consider the nonconvex nonsmooth
fuzzy optimization problem with the fuzzy-valued
objective function formulated as follows:

flxl =211 —e 2y 1 - min
st.oglx) = —1=0,
a-(x) = 7 —

(FO1)

e”¥ =0,

where I and 2 are continuous triangular fuzzy
numbers. These fuzzy numbers are defined as triples
I=1(0.12) and 2 = (0.2.4). Hence, by (4), the a-
level sets of these triangular fuzzy numbers are

l; =[@2—a] and 2; = [2a.4 — 2a], respectively.
Moreover, we notice that
N={xeRe*—-1=0net—e*=01=[01] is

the set of all feasible solutions of (FO1) and,
moreover, £ =0 is a feasible solution of (FOI1).
Further, by (1) and (2), the a-level cut of the fuzzy
objective function  f s given by
)y =[2al —e ™| —a, (4 - 2a)|l —e™ |+ a — 2]

for any @ € [0.1]. Clearly, the left- and right-hand
side functions fX (-} and f7 (-} are not convex and so
f is not convex. Since ff(-) and fF(-)} are not
differentiable at £=0, f is not a level-wise
differentiable fuzzy function at & = 0 (see Definition
4.2 [40]). The Karush-Kuhn-Tucker optimality
conditions (11) (13) are fulfilled with Lagrange
multipliers 4, ==, &, = :, #le) =0, F.0a) =0 for
each o £ [0,1]. Moreover, all functions constituting
(FO1) are locally Lipschitz, that is, the objective
function is a locally Lipschitz fuzzy function by
Definition 10. Further, the functions involved in
(FO1) satisfy invexity hypotheses of Corollary 2.
Indeed, if we define mRER=R—=R Dby
n(x. %)= e~ —e ¥ then the functions fX(-), fF (),
g+ and g2 are invex at £ = 0 on R with respect to 1.
Since we use the I3 exact penalty function method in
solving (FO1), therefore, we have to construct its
associated penalized fuzzy optimization problem
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(FP1(p)) with the I3 exact fuzzy penalty function
defined by:

Plx,p) =[fF(x) + plmax{0, e~ — 1} +
max{0,e™t —e ™}, fR(x) +
(FP1,(p))

plmax{0,e™* — 1} + max{0,e™! — e~*}]].

Since all the assumptions of Corollary 2 are
satisfied, £ =0 is a nondominated solution in
(FP1(p)) for any penalty parameter g = 0. Further,
all hypotheses Theorem 6 are also fulfilled. Thus, if
we assume that £ = 0 is a nondominated solution in
(FP1(p)), then it is also a nondominated solution of
(FO1). Hence, we have shown under invexity
hypotheses the equivalence between nondominated
solutions in fuzzy optimization problems (FO1) and
(FP1(p)) for any penalty parameter g = 0.

6 The Convergence of the Absolute
Value Exact Fuzzy Penalty Function
Method

In this section, we present an algorithm for solving
the investigated nondifferentiable fuzzy optimization
problem (FO) with fuzzy objective function and
crisp inequality constraints by using the {1 exact
penalty fuzzy function method and we prove its
convergence in the considered fuzzy case.

Therefore, we create the following sequence of
the associated fuzzy penalized optimization
problems (FP(g)) for the original nondifferentiable
fuzzy extremum problem (FO) as follows:

Blr.p) = f() + 1

where {p; } is a sequence of penalty parameters with
g = 0 and, moreover, lim g = oo,
H—=m

—min, (FP{p.))

¥l
(or I, max{og;0}}

Algorithm (ILEFPFM) of the 1, exact fuzzy
penalty function method:
Given p, = 0, tolerance & = 0 and starting point £;
FOR k =0.1,..
Starting at £, solve (FP(g.)) to find a weakly
nondomi-nated solution £, ,;
IF X7, gf (#,,) < &, THEN

STOP with an approximate weakly
nondominated solution %, ;
ELSE

a new penalty parameter g ., = g should be
chosen;
a new starting point £,, should be chosen;
END IF;
END FOR;
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Before we establish the convergence of the
analyzed [: exact penalty fuzzy function method
which is used to solve the considered
nondifferentiable fuzzy optimization problem (FO),
we present and prove some useful results.

Lemma 1. 1) If x £ @, then limp I, gix) =0

ii) If x & 0, then lim p Bl g ) = m,

4

Proposition 7. Let £; be a weakly nondominated
solution of the penalized fuzzy optimization problem

(FP( g )), k=12....
(IIEFPFM). If {#; } is a convergent subsequence of

generated by Algorithm

{#:} and its limit point, i.e. £ = lim &;_1is a feasible
=0

solution of the original fuzzy optimization problem

(FO), then limp; ET., g7 (%) =0.

Proof. By means of contradiction, suppose that
limp, 7L, g7 (%) 0. (55)

Hence, (55) implies that there exists a convergent
subsequence {fksl} of {f;_.s} generated by Algorithm
(1EFPFM) such that

(56)

. m +[ o
limpy, I g7 (25, ) > ¢

where € is a nonnegative real number. Since %, is a
weakly nondominated solution of (F P {_ﬂ;;_n:l] , by

Definition 15, there is no x £ {1 such that

F (I'PF.'_\-[:I =P (f;_._\_L.p;;_\_L) . E=1.2,..

Hence, (57) implies that there is no x € 2 such that

[Pé‘ (X- Pr,, ] = Bt (f a)

for all & e [0.1]

or B (x"f};‘-*'t) =B (fk"'l"ﬂk'“) for all & € [0,1]
PR (x. Pk, ) <P} ('?L'_H P, )

o B (x.ps, ) < B (25,00,) for all « & [0.1].
E:"R,R (J:. P, ) = Pnfﬂ (f?i_\-L'ﬂh'-L )

Then, by (23), it follows that, for s = L.2...., there is
no x € 11 such that,

£ +py, T g7 () < £ (2, ) + s, Ty (2,
R0 +py, SPeigf @) = f2 (R, )+ ow, Thogit (5,

for all & € [0.1] or
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fE(x) + Pk, Yrgf ) = i
Fx) +Px,, X, gf ) = fF

forall & £ [U 1] or

FE(x) + P, RN
fo ) +pp, Efcigi () < 7 (%

|'J'

.'}

(22,)+
( ) + Pi, Emﬂﬂf
(2e,)+
(22,) +

P'- j‘:J.Ej

F

for all &  [0.1].

By assumption, lim #;_ = £ € f1. Since the above
S=soo

system of inequalities is not satisfied for any x € 11,

therefore, it is not satisfied also for i € f2. Thus, we

get that the following system of inequalities

fr (&) + pg, E” W97 G = ( )+.:=;‘-\ Y (

20 + g, S0 07 ) < 72 (8,) + v, Sss (3
for all & £ [0.1] or

F +py, T g7 O < (8, ) + o, g (2

2@ +py, TPergf @) < fF (2, ) + s, E”_ng-*(f
forall o e [U 1l or

fol® +py, Lfiigf ) = f7 ( ) + Pr, ‘_Lyj-*(”‘

R +py, EP. g7 () < £ {f) +pou, Sfigf (3

for all & e [0.1]

is not satisfied. Therefore, for each point % , we

have

) + py, BFergf @) = £ (25 ) +
PR.\'L E.?;L E.i. (xk.'\.'l_ )

or

F (D) + oy, T g7 () = £ (25, ) +
Pr,, E}n:]. g _.7' (f kﬂ)

for some a € [0,1],

G + o, TP, g7 (@) = fF (8, ) +
Eﬂ- J.H_. ( r._\.L)

or
F () + py, TPy gf ) = £F (%,) +

. m 5
PK.\'L E.i =1L E_i (x'c.'\.'l_ )

for some « € [0,1],

G + o, T, 07 () = fE (8, ) +
P, =1 8] (x )

or

F(8) +py, ST, g7 (8 = £F (2 )+
Pi,, E}r‘:L g7 ( ;‘-n)

for some & £ [0.1].

Taking limit £ = c= and using (56), we obtain
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() + lim gy, T, g7 (8) > lim fE (2, )+ 2o
& () +lim g, T, g7 () > le i ( )+ £
for some & E [U,'L],

We have that hmx =x.

f—==

Since f- and f*

continuous for each « £ [ﬂ,'l], the above system of
inequalities gives ]
f @ +limpy, TN, g7 () > () +

or fF(x) + lim p;; ¥igf @ & +s

for some o = [0.1].

are

Since £ €1, by Lemma 1, the above inequalities
reduce to the inequality 0 = &, which contradicts the
fact that & is a nonnegative real number. This
completes the proof of this proposition.

Theorem 8. Let £; be a weakly nondominated
in (FP(m))k=1L12... generated by
Algorithm (11EFPFM). If {#: } is a convergent

solution

subsequence of {;} and #=lim#;_is a feasible

S=oo

point of (FO), then = is its weakly nondominated
solution.
Proof. Let & = lim 1},

S=oo

weakly nondominated solution of (FP{_.'},_- 3}) Hence,

. It is known that i_ is a

by Definition 15, there is no x £ £ such that

P {x, Pk_,.]' <P {f Bt PL'_.,-} . (58)

Hence, (58) gives

Pi(x.py,) < PE(#4, o3,
L0 forall & e [0,1]

[ BA(x < PF(% By P;;_\.}

: {f ke PF;_.,.}

. for all e = [0.1]
{xh.,"'}i:..

{ < P“{r..f Pi,
or

P¥ {x, .ﬂ;.-_\.]' < P} '[I k. Pk,
Then, by (23), it follows that, for s = 1L.2....
{fa’{x]‘l'ﬂ TR gt () < £2(5,) + oy, E” g (%)
R0 +pp, Iy g7 () < fF {rh\}+ﬂh ™ a7 (%)

forall & £ [U 1] or

ﬂ}
Or{rx{ "3}
PH(x.py,) <
P (x.py, )

for all « € [0.1].

{fé*{xi' +poy, B gt () = fH( ) + s, E”-LEJ"{EM
G + py, BTy gf () = fF (% }+ Pk, & ng-*{f;‘.x
for all P [U 1] or
{fé*{xi' +poy, By gt () < fH() + ps, E”-Lﬂf{r
G + py, BTy gf () = fF (% }|+.:=,H
forall @ € [U 1.

Hy

=14 _i'+ {x i

"'\-u_-F'-i—-’ 'H.._,.r"\-‘_.-l"

By assumption, él_.ni Tpo

i), it follows that lim g _ Ej.-“: L
Bz &

=i € 1. Thus, by Lemma 1
g7 (x) =0. Since 3,
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s = 12,.... are weakly nondominated solutions of
(FP(py.)). , s=12... generated by Algorithm
(IEFPFM), by Proposition 6, we have that

lim py;. EFLLQJ?{E;_._} =0. Taking limit s = &= in the

Bme & L]

above system of inequalities, we get that there is no

x € 01 such that

[f; (x) = fL(#)
R (x) = fR(2)

file) = (2

Yo e [D.].] Or[;l::x] ‘:fg{f:]

ve e [0,1]
fLlx) = fE(®) ,
or{z (o < e e 01
Hence, by Definition 15, xe is a weakly

nondominated solution of (FO). This completes the
proof of this theorem.

7 The Simulation of the Choice of the

Penalty Parameter

One of the important factors that can ensure the
success of using the fuzzy exact penalty function 14
method considered in the article for solving fuzzy
optimization problems is the strategy for appropriate
choosing the penalty parameter. Namely, if the initial
value of the penalty parameter g, is too small in the
algorithm, more cycles may be needed in the
aforesaid approach to determine its appropriate
value. Moreover, the choice of the initial value of gy
also affects the choice of the starting point xg. In the
next examples, we illustrate some difficulties that
can be caused by the choice of inappropriate values
of the penalty parameter p.
Example 3. Consider
optimization problem:

the following fuzzy

Flx) = 2x = min
(FO2)
s.t.glx) =1 -x<=0,
where 2 is a continuous triangular fuzzy number. It is
given as triple 2 = (1.2.4). Hence, by (4), the a-level
set of this triangular fuzzy number is
[2]" =[1+a.4—2a]l . The set of all feasible
solutions is 2 ={xreR:x =1} and ¥=1 is an
feasible solution in (FO2).

Now, we use the I1 exact penalty fuzzy function
method in solving the fuzzy optimization problem
(F02) considered in this example. Then, by (22), we
construct the unconstrained fuzzy optimization
problem (FP2). Hence, by (25), for any fixed
a € [0,1], the a-levels of the fuzzy I: exact penalty
function are as follows:

B.(x.p) = [P(x, p), PRx.p)] =

[fF () 4+ pmax {01 — x}, fF (x) + pmax{0,1 —x}],
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where " ]
z (4 =-Z2alx if x=0
f‘”{x]_{{{1+n%x if x=0
(O +alx if x=0
fg&J_I(%—En]x if x=0
Hence, one has
(4—2a—plx+p if x=0
Plxp) =y U +a—-plx+p if 0=2x<1,
(1 +alx if x =1,
(l-—a-plx+p if x<0
Pllx,pl=1@& —-2a—plx+p if 0=x<1,
(4 —2alx if =x=1

Now, we consider two cases:
1)p =105
In this case, B (x.0.5) = [P*(x,0,5). PF(x,0.5)],

where
r(? :'jl 1
52 x+§ f x =0,
z (x.0.5) (;+n‘).r+; if 0=x=<1,
\ (Q+a)x if x>1,
r(l ) 1
E+” x+§ f xr =10,
PRx. 051 =47 1
R‘{x ) (;—EHJI-I-; if 0=x=1,
L4 —2alx if =x=1

The graphs of Fy (-,0.5) and Ff (-.0.5) for chosen
a-cuts are presented on Figure 2.

2)p=4
In this case, B, (x. 4} = [Br(x,4), P* (x.4)], where
—Zox + 4 if x=0
Pé*{_r&]=[{—3 +alr+4 if 0=x<1,
(1+a)x if x=1,
(—-3+alx+4 if x<0,
Pl.f{_r.%]:{ —2ox + 4 if 0=x<1,
(4 —2alx if x=z=L1

The graphs of Fy (-.4) and A (- .4} for chosen o-
cuts are presented on Figure 3.

It is not difficult to note that there is the
significantly better case than the previous one.
Namely, if # = 4 and the current iterate x is any real
number (including the initial point x;), then, for the
almost any o-cuts & £ [0.1], all implementations of
the absolute value exact penalty fuzzy function
method will
give a step that moves to the solution x = 1 (maybe
except the O-cut, namely P:_,(- .4} if &% =0 and
PR (- 4)if 0= 2, <1,
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Fig. 2: The graphs of £:(-.0.5) and F(-.0.5)
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Fig. 3: The graphs of £i(-4} and £:(- 4).

As it follows even from these above cases, the
value of the penalty parameter is crucial to obtain a
correct solution in the applied {1 exact penalty fuzzy
function method to solve fuzzy optimization
problems. However, also the value of a is important
in the considered penalty method.

For example, for p = 1, for larger a-cuts (that is,
ae(1/21]), and any x; e (0.20), the value of
FL_,(-4) in next iterates tends to a solution
(moreover, the method behaved similarly for even
greater values of the penalty parameter, for which

E-ISSN: 2224-2880

424

Tadeusz Antczak

the functions F-(- p}, B*{- p) tends to a solution,
what is more, for all a-cuts. Therefore, the initial x4
depends on the values of the penalty parameter and
also on a-cuts.

From which it follows the aforesaid result? We
consider the Karush-Kuhn-Tucker necessary
optimality conditions at £ = 1 for the analyzed fuzzy
optimization problem. Then, we have the following
relation:

B, () (1 — &) + 5, () (4 — 2a) — 7, (a) =0,

Note that Lagrange multipliers depend on the value
o.. In fact, we consider the following cases of a-cuts
(where we normalize Lagrange ¥,(a).d,(z) to
satisfy 9, (a) + &, (a) = 1):

1) « = 0. Then, we have from the above equation:

i, (0) = 8,(0) + 44, (0) e [14].
2) @ = 0.5, Then, we have from the above
equation:

7,(0.5) = gfli{u.ﬁ) +34,(05) € E 3].

3) a = 1. Then, we have from the above equation:
7,01 = 24,(1) + 24.(1) = 2.

As it follows from the above, the maximum value
of Lagrange multiplier ¥, (e} decreases for larger o-
cuts. Hence, for all penalty parameters p greater than
the threshold equal to the largest Lagrange multiplier
associated to the constraint g, we can obtain the
solution (in such a case, threshold is equal to ¥, (e}
since there is only one constraint in the analyzed
fuzzy optimization problem). Hence, we conclude
that that if the value of a is larger then, in general,
the aforesaid threshold is smaller.

In the previous example, we considered such a
fuzzy optimization problem, for which there exists a
threshold of the penalty parameter p such that, for
any penalty parameter greater than the aforesaid
threshold, all implementations of the [ exact fuzzy
penalty function method will give a step that moves
to the solution # starting from any initial point (no
maybe, except for the case of 0-cut). Moreover, such
a behavior will be repeated in the algorithm and,
thus, it will produce increasingly better iterates, until
the penalty parameter p is not decreased below some
threshold value. However, there are also such cases,
in which the aforesaid threshold of the penalty
parameter may not exist. So, there are such cases, in
which, even if we know an appropriate value of the
penalty parameter p for a given solution ¥, this value
may cause the appearance of iterations that move
away from the correct solution or it may be an
insufficient at the starting point. The next example of
a fuzzy optimization problem shows that it is not
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possible to prescribe in advance a value of the
penalty parameter that is adequate at every iteration.
Example 4. Consider the following fuzzy
optimization problem:

flx) = 05x% = min
(FO3)
s.b.glx) = -1 —x =0,

where 0.5 is a continuous triangular fuzzy number,
which is defined as triple 0.5 = (0.0.5,1). Then, by
(4), the a-level set of this triangular fuzzy number is
[0.5]% = [£ ol — 5 n']. The set of all feasible solutions
is 0 = {x € R:x = —1} and the solution £ = —1.

We now apply the I3y exact penalty fuzzy function
method in solving (FO3) considered in this example.
Then, by (22), we construct the unconstrained fuzzy
optimization problem (FP3(p)). Hence, by (25), for
any fixed & £ [0.1], the a-levels of the fuzzy i1 exact
penalty function are as follows:

B lx.p) = [BCx, p) B (x, p)] =

[fF (x) + pmax{0, -1 — x} fF (x) + pmax{0, -1 — x}]

b

where
1
('L—;n).rg if x=0
HOES AN
;n‘xﬂ if x=10
1 ; )
. 5 ox if x=10
n’{-r:]: _1
('l—;n]_r! if x=0
Hence, one has
r 1
('L—;ujlx!+p(—1—x] if x=0
2 .
Bp={  (1-5a) if 0<x<l
| ;n'.r! if xz=1
r 1
(L—; :Ix!+p{—1—x] if x =0
2
PR (x.p) =4 ;n'_nr::1 if 0=x<<1,
_1 7 -
\ (L—;n‘)x if x=1

Note that by the Karush-Kuhn-Tucker necessary
optimality conditions, one has

#y(a) = 38,(a) (1 -3 a) + 2 6. (a)a.
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Then, if we normalize Lagrange multipliers
8, (a), 4, (a) (to satisfy the condition
G,(a) +6,(a) =1 ) associated to a-cuts of the
objective  function, then we note that
7, () € En.a {1 —z n')] Therefore, the threshold of

the penalty parameter p, for which there is the
equivalence between nondominated solutions in
(F03) and (FP3(p)) just for all penalty parameters,
satisfies the condition pla) = Ea —: nr). Now, we

illustrate this result and, therefore, we consider two
sample values of p.

1 Pr1(x,2.5)
Pro,(x,25) 4 a=01’X
1 45 § 05 1 /
‘/‘ "-\ .
/ - >
Pl oe(x,25) A Pizos(x.255)
- 1
—atb|—f =
1 A05 0s 1
" o - - — e _’
g’ 1 3 y 1
/ 1
/
PL.,(x,2.5) 1 PX

R, (x,2.5) 05
T T /-/’v‘
- —9 =

»

),

Fig. 4: The graphs of £i-.25) and &/(-.2.5) dla a =10,

a=2a=1

Pio (x.4) 1, Piooa(x.4)

= P
2 152" 051 0s .
”

/ \ 2

P s(x,4)
=osW ) 1y

@

2 L0551 05

R
Pa=0:>

s(x,4)

PR (x.9) 4

e ‘;'x 3 ’/;-— = N >

/ 1

/

Fig. 5: The graphs of £i(-4) and i- ) dla e =0, a =2,

a=1
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Now, we consider two cases:

Firstly, we consider the case, in which the penalty
parameter p = 2.3.

Note that the graphs on Figure 4 confirm that if o
is larger then £ = —1 is a local undominated solution
of Fl.p)} provided that the penalty parameter
satisfies the condition given above. However,
PE(-,2.3) and P*(-.2.3) are unbounded below as
i — —oo (Figure 4). Therefore, for all a-cut and for
every penalty parameter p, there is a starting point
xp, such that there doesn't exist decreasing path in
both B:(-,2.5) and BEF(-.2.5) from the aforesaid
starting point x, to the solution £ = —1.

Now, we consider the case, in which the penalty
parameter g = 4.

Note that we know the value of the penalty
parameter p in the considered case, which is
analyzed for the given solution £ = —1. However,
this value is inadequate at any starting point x;. In
fact, for any x < —1.5, the values of B (-,4) in next
iterates will tend to —22. In other words, each next
iterate i € (—0,—1.3) moves away from the
solution #= -1 . Analogously, if we take a
sufficiently small starting point x, then the values of
P2(.,4) in next iterates x; will tend to —e= for each
e [0,1] . In other words, each next iterate
£, € (=00, —1.5) for some z € R with p = 4, moves
away from the solution i = —1. As it follows from
the graphs on Figure 5, such a set is different for
various a-cuts.

There is the following question — why there is no
equivalence between nondominated solutions in
(FP3) and (FP3(p)), even if we take the penalty
parameter p greater than the threshold? This follows
from the fact that none of the functions f* and f* is
invex with respect to any function n (see [45]).
Hence, the assumption that the functions £ and fF
are invex for all @ € [0.1] is not fulfilled. Therefore,
the objective fuzzy function f is not invex with any
function n. Thus, this example illustrates the
case in which not all the functions involved in the
investigated fuzzy optimization problem are invex.
In such a case, there is practically no starting point
xy at which the exact method of the fuzzy penalty
function {1 could start successfully searching for the
correct solution (since next iterate may move to —c2
and the functions B (-, ) and F¥ (-, p} may tend also
to —o2 for all @ £ [0,1]).

8 Conclusions

We have mentioned in Introduction that there are
many works in the literature on fuzzy optimization
problems in which fundamental results from
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optimization theory have been established for such
mathematical programming problems. However,
there are still open problems in the iterature
regarding the introduction of new methods for
solving such non-deterministic extreme problems in
optimization theory. In this work, the absolute value
exact penalty fuzzy function method has been
applied for the first time to solve a new class of
mathematical programming problems, which are
nonconvex and nonsmooth optimization problems
with fuzzy objective functions. Therefore, for the
considered minimization problem with fuzzy
objective function and inequality constraints, the
formulation of the corresponding fuzzy penalized
fuzzy optimization problem with the I: exact fuzzy
penalty function has been presented. Then, the main
from the practical point of view property of the Iy
exact fuzzy penalty function method, i.e. exactness
of the penalization, has been defined and analyzed in
the considered fuzzy case. The equivalence between
(weakly) nondominated solutions in the analyzed
constrained fuzzy minimization problem and its
corresponding penalized fuzzy optimization problem
has been proven under appropriate invexity
hypotheses. Also the threshold of the penalty
parameter has been given. Then, it has been proven
that the aforesaid equivalence holds if the penalty
parameter in the penalized fuzzy optimization
problem exceeds this threshold. However, if the
functions  constituting the considered fuzzy
optimization problems are not invex, this threshold
may not exist. This result has been investigated and
illustrated by an appropriate example of such fuzzy
optimization problems. In other words, the approach
for the choice of the penalty parameter has been
analyzed in the paper and the analysis has been made
both theoretically and practically. Thus, it has been
shown that the I3 exact fuzzy penalty function
method is applicable also for solving a larger class of
nonsmooth optimization problems with fuzzy
objective functions than convex ones. Further, the
algorithm for the I: exact fuzzy penalty function
method, which is applied for finding weakly
nondominated  solutions of the considered
nondifferentiable fuzzy optimization problem has
been given. Also the convergence results have been
obtained for the algorithm presented in this work.
Moreover, the simulation of the choice of the initial
penalty parameter in the aforesaid algorithm has
been performed. Hence, it can be concluded here that
the 1 exact fuzzy penalty function method,
originally designed for deterministic constrained
extremum problems, can also be applied for solving
fuzzy optimization problems.

Volume 23, 2024



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2024.23.44

Although we have focused on solving scalar
fuzzy extremum problems with fuzzy objective
functions and inequality constraints by applying the
absolute value exact penalty fuzzy function,
however, we believe that the established results are
also applicable for such not well-defined operations
research problems which are modeled by
nondeterministic optimization problems of other
types. Therefore, there remain some interesting
questions for further research. Namely, it would be
interesting to investigate whether it is possible to
prove analogous results for various types of fuzzy
extremum problems. This question will be
investigated in our subsequent works.
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