WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2024.23.29

Nguyen Minh Tuan, Sanoe Koonprasert,
Sekson Sirisubtawee, Phayung Meesad, Nattawut Khansai

New Solutions of Benney-Luke Equation Using The (G’/G,1/G) Method

NGUYEN MINH TUAN!@, SANOE KOONPRASERT!3® SEKSON SIRISUBTAWEE!3

PHAYUNG MEESAD?®, NATTAWUT KHANSAT'
'Department of Mathematics, Faculty of Applied Science,
King Mongkut’s University of Technology North Bangkok,
1518 Pracharat 1 Road, Wongsawang, Bangsue, Bangkok 10800,
THAILAND
Information Technology and Management Department,
King Mongkut’s University of Technology North Bangkok,
1518 Pracharat 1 Road, Wongsawang, Bangsue, Bangkok 10800,
THAILAND
3Centre of Excellence in Mathematics,
CHE, Si Ayutthaya Road, Bangkok 10400,
THAILAND

Abstract: The Benney-Luke equation has contributed to studying the propagation of the water wave surfaces.
This paper illustrates the (G’/G,1/G)-method to obtain the solutions of the Benney-Luke equation and an extension
of the Benney-Luke equation. The new types of solutions are also constructed to gather the performance and
visualization in three dimensions for observing the behaviors. The solutions are found in the expressions of
hyperbolic functions giving the general performance by selecting arbitrary constants.
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1 Introduction

Finding exact solutions has contributed to devel-
oping the studies in mechanics and dynamics, [I],
[?]. The important role of the (G’/G,1/G)-method
has been performed in finding solutions of nonlin-
ear partial differential equations (NPDEs). Using
the (G’/G,1/G)-method, various solutions of the fifth-
order nonlinear equation have been found and illus-
trated in three dimensions, [3]. Based on the travel-
ing wave solution, the NPDEs will be turned into or-
dinary differential equations and applied two variable
(G’/G,1/G)-expansion method using the mathemati-
cal application such as Maple, Mathematica to find
the suitable solutions corresponding to the case con-
struction, [A]. The solutions gained using the two-
term (G/G,1/G)-expansion method are closed-form
solutions demonstrating hyperbolic function, trigono-
metric, and rational function solutions, [8]. The
(G’/G,1/G)-expansion method is also useful in solv-
ing the nonlinear medium equal width (MEW) wave
equation that represents one-dimensional wave prop-
agation related to the dispersion process, [B].

The procedure of the (G’/G, 1/G)-method trans-
forms from NPDEs to ordinary differential equations
(ODE) based on the traveling wave and construct the
solutions with parameters, [Z]. The (G’/G, 1/G)-
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method is extended from the well-known (G’/G)-
method and has demonstrated more effectively and
more general than the (G’/G)-method, [R]. The
(G’/G, 1/G)-method is considered direct, concise, and
elementary for attaining the solutions of nonlinear
evolution equations (NLEEs), [9]. Compared to the
sine-Gordon expansion method (SGEM) obtaining
kink-type solutions, bell-shaped solitary wave solu-
tions, and anti-bell-shaped type soliton solutions, the
(G’/G, 1/G)-method supports the other types of the
solutions, [I0]. Besides that, the (G’/G, 1/G)-method
is perfectly complemented for the special solutions
of the (3+1DJM) equation that performs a stationary
wave in physics, [[I1].

The Benney-Luke equation is one of the NPDEs
representing the two-way propagation of water ten-
sion. By applying the (G’/G)-method, hyperbolic,
and trigonometric solutions have been found replied
on the setting of shifting variables, [T?]. The solu-
tions of the Benney-Luke equation have been found
in the expression of hyperbolic and trigonometric
solutions by choosing appropriate parameters, [I3],
[T4]. Another presentation banked on the variation
direct method (VDM), various solutions such as dark
solitary type solution, dark-like solitary type solu-
tion, kinky-dark solitary type solution, and periodic
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wave type solutions have been built, [15]. More-
over, the (1/G’)-expansion method has supported the
new tools for getting solutions of nonlinear evolution
equations (NLEEs), and shown the necessary way to
gather other hyperbolic solutions, [T6]. One more
successful performance, the modified simple equa-
tion method has straightforwardly contributed to find-
ing exact traveling wave solutions and the solitary
wave solutions of the Benney-Luke equation, [I7].
In the present study, the Benney-Luke equation, [T3],
given witha =1,b = 1,n =1 as follows:

(1.1)

and an extended Benney-Luke equation given as the
following will be considered to seek the exact ana-
lytic solutions:

Upr — U + Unoex — Unerr + Uslhy + 2Uyltyy = 0,

Ugt — Uy + Unor — Unrr + Uty + 20Uy + sty = 0.(1.2)

The Benney-Luke equations have played a significant
function in studying the two-way propagation of wa-
ter wave surfaces, and the (G’/G,1/G)-method will be
applied to find the solutions of equation (), and
equation (I2).

2 Methodology
Given an NPDE formed

F(”v”l‘?”Xa”XXvutt) =0. 2.1

The (G’/G,1/G)-method will be constructed as the
following steps:
Step 1. Setting the traveling wave variable

ulx,t)=U(&), E=x—Vr. (2.2)

Substituting (Z2) into (1) to get an ODE formed

P(uu'u’,..) =0, (2.3)

du

E.
Step 2. Given solutions of (Z3) can be expressed in
form:

where V is a constant, i’ =

N N
w(&) =Y aif'+Y bif g, (2.4)
i=0 i=1
where a; and b; be the constants will be achieved
later.
Step 3. Find the value of N in (Z-4) by balancing the
greatest order of derivative term and nonlinear term
in (Z3).
Step 4. Substitute (Z4) into (Z3) along with case
1 (shown below) to find the value a;,b;,V,u,A1,A>,
and A to gather the exact analytic solutions expressed
in the types of hyperbolic solutions, trigonometric
solutions, and rational solutions.
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* Now, considering the second-order linear ordi-
nary differential equation (LODE):

G (£)+2G () = .

Using the transform f = %, g= é to get the sys-
tem of equations

fl=—f+ug—21.8' =—fg.

Case 1. With A < 0, the specific solution of LODE
(I3) is formed of hyperbolic functions:

G(&) =4, sinh \/—A& + A, cosh \/— A& +%.

2.5)

and we gather

) —A

&= Vot 2 (f*—2pg+2).

where A1, A; are the given constants and o = A% —A%.
Case 2. With A > 0, the specific solution of LODE
(I3) is formed of trigonometry functions as

G (&) =A;sinVAE +Arcos VAE +%.

and we have
’ A

8 = -2 (/> —2ug+A1).

where A1, A; are the given constants and ¢ = A% +A%.
Case 3. A = 0 then the general solution of LODE
(Z3) is formed of rational functions:

G(&)=5&+ A+

and we have

A
2 _ 2 _
¢ = 2 ouas (f*—2ug).

where Ay, A; are the given constants.

Step 5. Using the same way by replacing (Z4) by
(3) coming along with cases 1, 2, 3 (shown above)
to gain the exact solutions of hyperbolic type solu-
tion, trigonometry type solutions, and rational type
solutions.

3 Appication
3.1 (G/G,1/G)-expansion method applied
for Benney-Luke equation

Apply two variable (G'/G,1/G)-expansion method
to find the traveling wave solutions of nonlinear

Upr — U + Unoer — Unorrr + Uplhoy + 2uttyy = 0. (3.1)
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Step 1. Setting the traveling wave variable
u(x,t) =U (&), where § =x—Vt.
We construct the following terms
y = V2Usgutee = Uge;

e = Uggegsthon = V2Uggees

Uplhyy = —VUgUg;g;Zuxuxt = —2VU§U§5. 3.2)

Substituting (BE2) into (B) to get the ODE formed

2 2
ViUse —Uge +Uggee — V7 Ugeee

~VUeUge —2VU:Uge =0.  (3.3)

Simplify on both sides Eq. (B33), we have
(VZ=1)Uge + (1 = V?) Uggee —3VU:Uge = 0.
Integrate both sides of the equation and putting con-

stant equals zero, we have
(V2= 1) Us + (1= V?) Ugge — ;v (Ue)* =0, (3.4)
du

where V is a constant, Ue =4 £

Step 2. Given solutions of (B4) will be illustrated as
follows:

N N
UE)=Y af'+Y bif s
i=0 i=1

where a; and b; be the constants will be achieved later.
Step 3. Balancing both terms Ug ¢, and (U5)2:

N+3=2(N+1),

then N = 1.
Step 4. So the solution is formed of

U(§)=ao+airf(§)+b1g(8),

where ag,a;, and by are constants. Using the trans-

form f = %l, g= é to get the system of equations as
follows

(3.5)

fl=—f+ug—21.8' =—fg

Case 1. With A < 0, the specific solution of LODE
(B4) is attained

G (&) = A sinh/—AE +Ascoshy/—AE + % 3.7)

(3.6)

and we have
2 —A

- Tor i (fP—2ug+1).  (3.8)

8
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where A|, A; are the given constants and o = A% —A%.
For A < 0, substituting Eq. (83) into Eq. (B4) and by
using Eq. (B86) and Eq. (B72)-(BR) yields a set of al-
gebraic equations for ag,ay, by, 1, A, and V. Solving
the constructed simultaneous equation, the solutions
of algebraic values will be collected. We substitute
the values to Eq. (1) and select the exact solutions.
These systems are expressed in terms of

corresponding to the following:

=24 (A% (A - 43) + 1)
<—2(A1 —Ay) <V2 — %Val — 1)
X (A1 +A2) 4>+ ((V2—1)A%
F (V1) A)AE 2 (VE-1)A
(V- 1)).
ﬂ@ﬂ@ﬁum<W—;wr4>

(A2 (A3 —A3) +u?)*

f()e&): - 14(—5<A1 ) <v2 v - 1)
(A1 —A2) (A +A) (V—=1)(V+1)A2
* 7
+p? (Vz— %Val - 1> A+ V27“2 _ ‘f)

x by (A2 (A243) + 12)°.

FE)? :10(8 A 1>

(Al +A2)7L3
5

N (_ (A —A2) (Aj +42) (V =1) (V+1)a
5

3Vh? 3
+ 1)12+a1 <V2— ~—Va; — 1> IRy

10 10

_u2a1<v—1><v+1>>
5

x (A2 (A7 —A3) +12)’.
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7E) 1202 (V2 v 1)
(A2 (42— 43) +u?) u.

(&) 32<—5(A1 —Az) (Vz— %Val — 1)
X (A1 +A)A° + <(v2—1)A%
+(=V2+ 1)A%>12
+/,L2(V2—1)/l+u2(V2—1)>

(A2 (A2 —=A3) + 1) .

)62 -24( (ar-agar (V2 v 1)
X (Ap +A7) A2
Vi +a <V2 - %Val - 1) ;ﬁ)
(A2 (A2 A3) + 1) .
1) :12<(A1 —A))a <V2 ivm - 1>
(A1 +A42) A%
+ Vlf’l +a <V2 - %Val - 1) ;ﬂ)

(A2 (A2 —43) +u2) .

+

F(E) 121 <v2 — %Val — 1)
(A2 (A} —A3) + 1)’ .

Case 2. A > 0 then the general solution of LODE
(B4) is formed

G (&) =A;sinVAE +AycoshVAE —l—%.

and we attain

A
gzzm(fzleigﬁLk)a

where A1, A; are the given constants and o = A% —i—A%.
There is no solution existing in this case.

Case 3. A = 0 then the specific solution of LODE
(B4) is formed

G(§)= %52+A15 +A;.
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and we have
2 A

2
=" ("2
TV (f*—2ug),

where Ay, A; are the given constants.
There is no solution existing in this case.
Step 5: will be moved to the next section.

3.2 (G/G,1/G)-expansion method applied
for extended Benney-Luke equation
Apply two variable (G'/G,1/G)-expansion method
to find the traveling wave solutions of the extended

Benney-Luke equation as follows:

Upr — Uy + Unore — Uerr + UpUx + 2U Uy

+uue = 0. (3.10)
Step 1. Setting the shifting wave variable
u(x,t)=U (&), where § =x— V1.
where V is a given nonzero value.
We establish the following terms
e =V?Usg e = Upe:
Uyxxx = U&é};g;uxxtt = V2U§§§§,
UrUyx = *VUgUéé;zuxux[ = *2VU§U;::(§. (3.11)

Substituting (B-11) into (B1) to get the ODE formed
2 2
VUge —Usg +Ugger =V Usess
—2VUeUge —2VUeUge =0. (3.12)
Simplify on both sides equation (3-12), we have
(V2 — 1) Uéé + (1 —Vz) U§§§§ —4VU§U§5 =0.

Integrate both sides of the equation and putting a con-
stant equal to zero, we have

(V2= 1) Ug + (1 = V?) Ugge — 2V (Ug)* = 0(3.13)

where V is a constant, Ug; = ‘fl—g.

Step 2. Given solutions of (BI3)) can be expressed in
form:

N N
UE&) =Y af+Y bif s
i=0 i=1
where a; and b; be the constants will be achieved later.

Step 3. Balancing both sides equation (313), two
terms Ug¢¢, and (Ug)zz

N+3=2(N+1),
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then N = 1.
Step 4. So the solution is built in the form

U(§)=ao+aif(§)+big(8). (3.14)

where ag,a;, and by are constants.

Using the transform f = %l, g= é to get the system
of equations

fl=—f+ug—21,8 =—fs. (3.15)

Case 1. A < 0 then the general solution of LODE
(3) is formed of

G (&) =A;sinh \/jé + A cosh \/jé + %

(3.16)

and we have

—A
=5 (f (3.17)

pEr —2ug+A).

where A, A are the given constants and 6 = AT —A3.
For A < 0, substituting Eq. (314) into Eq. (313) and
by using Eq. (B13) and Eq. (BIH)-(BI7) leads to
a set of algebraic equations for ag,a;,b,it,A, and
V. Solving the constructed simultaneous equation,
we select the exact solutions satisfied Eq. (") These
systems of

L f(§)g(8).f(8)%, 1 (8).8 FE),

(&), f(8)%,
8(8)f(£)%.8(8)

f(8).

corresponding to the following systems

1:—2Aa; (A% (AT —A3) + %)’ (= 2(A) — 4y)
(A1 +A42) (V2 =Va; — 1) >+ ((V*—1) AT
+(=VIH1)ADAT+p? (VE-1)A
+ur(Vi-1)).

F(E)g(E) 12(A% (AT —A3) + p2)* <V2 - %Val - 1) by.

F(E)? 1 —24( (A1 +A2) (A1 —Ay) <V2 — %Val - 1)
2
+V)::bl—|—u2 (Vz— %Val — 1) al)

(22 (A} —43) +1%) .

allz
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FE):—14(22 (A3 - A3) +p2)’

<_ 5(V2—2Va; —1) (A1 +A2) (A — Ay) A3
7

LA A) A+ A) (V=D (V A+ A2
7
4 vig? 2
2(v2—Zva; —1 — = \b.
+u (V 7Va1 >l+ 7 7) 1

10 (A% (A7 - A3) +12)° x
<8 (A +Ay) <v2— %Val — 1) X

W N <_ (A1 — Ag) (A1 +A2)

V-1)(V+1a N 2Vb%>;L2

5 5
2
+ (Vz— SVar - 1) wrad

_uzal(V—l)(V—i-l)).

5
122 (A2 (A2 - A2) + p2)’

2
<V2—3Va1 - 1) uby.

12( (A1 +A4;) (A —Ay) V2—1Va1—1
( (v=3va-)

VAb? 1
Tl +u? <v2 —3Var - 1)

) (3% (43 - a3) + )’

:12<(A1 —Ay) <V2— %Val — 1)

VAb?
ay (A +A2)7Lz + =1

1
+u? <V2 — Va1 - 1> a1>

(A2 (A3 —43) +u?)’.

alkZ—i-

g(§)f(§) 12 <V2 - %Val - 1> u
(A% (AT —43) +l~l2)37tb1-

Case 2. A > 0, there is no solution existing in this
case.

Case 3. A = 0, there is no solution existing in this
case.

Step 5: will be transferred to the next section.
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4 Solution Benney-Luke equation
Using (G’/G,1/G)

4.1 Solution of the Benney-Luke Eq. (ILT)
By solving the system of simultaneous equations, the
solutions are obtained as follows:

Case 1:

Using the condition of the first case we have the con-
stant

1 4v:i—1

b
47 s U1

=0,

we calculate the term of the variant equation estab-
lished as the following

U(§)=ao+arf(5),

where ay is arbitrary. Using

§

G(&) =4 sinh(g) +Ay cosh(a).

and f (&) = % We have the hyperbolic solution

2(V2—1)(Ajcosh (% — %) —

Uil =ag — 2
V(A1 sinh (% —3) —Azcosh (% )

where V,A1,A; are arbitrary constants. The solution
u11, kink type solution, is depicted in Figure O (Ap-
pendix).

Case 2:

Using the condition of the first case we have the con-
stant

2(V2—1
A= *L{ﬂ =0,u :I'L}aal = (V)’
+2, /A2 —A2 (V2 —1)
{bl - % ’
\/4A% —4A2 +4p2(V2 - 1)
b=+ 1

14

We calculate the term of the variant equation estab-
lished as the following

U)=ao+arf(&)+big(§),

where ay is arbitrary. Using
G (&) =A;sinh& +Aycoshé + .

and
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We have the hyperbolic solution

Ajcosh (Vi —x) —Apsinh (Vi —x)
—Ajsinh (Vi —x)+Azcosh (Vi —x)+
1
"ZAysinh (Vi —x) + Ay cosh (Vi —x) +

2(v2-1) +2, /A7 -AF (V2 1)
- <, 1=

v v ’
/443 — 443 +4p2(V2 - 1)
- .

and V,A,A; are arbitrary constants. The solution
uyo, traveling wave solution, is performed in Figure
B, and Figure M (Appendix).

uip =ap+ap

where

a) =

{u=0,u=p}b =

4.2 Solution of the extended Benney-Luke

equation (L2)
By solving the system of simultaneous equations, the
solutions are obtained as the following:
Case 1:
Using the condition of the first case we have the con-
stant
1 3(v2-1)
A{ = —— fry O = —

4’ u a1 v

We calculate the term of the variant equation estab-
lished as the following

U(§)=ap+arf(§),

ay is arbitrary. Using

,b1 =0.

G(&) =4 sinh(i) —|—Azcosh(§),

Gl

T we have the exact solution

3(V2—1)(Ajcosh (4 —3) —Apsinh (¥ — %))

T T (A sinh (% — £) — Agcosh (% — %))

where V,A1,A; are arbitrary constants. The solution
uy1, kink type solution, is delineated in Figure B (Ap-
pendix).

Case 2:

Using the condition of the first case we have the con-
stant

3(V2-1)

7“ 7a1 2V 9
/943 943 +-9u2 (V2 ~ 1)
by = > .
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We calculate the term of the variant equation estab-
lished as the following

U(8)=ao+aif(§)+big(8),
ap is arbitrary. Using
G(&)=A;sinh§ +Azcoshé —u,

and

1= se)=L

We have the exact solution
Ajcosh (Vi —x)+Aysinh (Vi —x)
"A; sinh (Vt —x)+Azcosh (Vi —x)
1
—al —Ajsinh (Vi —x) +Azcosh (Vi —x)’

3(v2-1) AT AT+ (Vi-1)
2v 2V ‘

where V,A1,A; are arbitrary constants. The solution
u, Traveling wave solution, is illustrated in Figure
B (Appendix).

All the analytic solutions attained corresponding to
Eq. (), and Eq. (I2) have been exactly substituted
for checking satisfaction.

Uy =ap—+a

where

a) = y €1 =

S5 Conclusion

By utilizing the prevalent (G’/G,1/G)-method, the hy-
perbolic function solutions of the Benney-Luke equa-
tion, and the extended Benney-Luke equation have
been found and illustrated in both two and three di-
mensions. The (G’/G,1/G)-method has supported the
variety of solutions of the Benney-Luke equation that
are meaningful in studying the propagation of the wa-
ter wave surface. Compared to previous studies, the
present method has attained a new form of kink-type
solutions, and traveling wave solutions that play a sig-
nificant role in studying the water surface tensions.
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Figure 1: Traveling wave solution, uj2, when V =
0.5;a; = 0.5;;A1 = 0.5;A, = 0.5;a0 = 0.5;b; =
0.5,u=0.2.
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Figure 2: Kink type solution, u#1;, performance when
V=0.5,a1=0.5,a0=0.5;A; =0.5;4, =0.5;6; =0.5.
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Figure 3: Traveling wave solution performance, up,,
when V = —0.5;a; = 0.5;ap = 0.5;A1 = 0.5;A4, =
0.5;61 =0.5.
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