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Abstract: Drawing a curve on a computer actually involves approximating it by a set of segments. The De
Casteljau algorithm allows to construct these piecewise linear curves which approximate polynomial Bézier
curves using convex combinations. However, for rational Bézier curves, the construction no longer admits
regular sampling. To solve this problem, we propose a generalization of the De Casteljau algorithm that
addresses this issue and is applicable to Bézier curves with mass points (a weighted point or a vector) as
control points and using a homographic parameter change dividing the interval [0, 1] into two equal-length

intervals [0, 3] and [, 1]. If the initial Bézier curve is in standard form, we obtain two curves in standard
form, unless the mass endpoint of the curve is a vector. This homographic parameter change also allows
transforming curves defined over an interval [a, +00], a € R, into Bézier curves, which then enables the
use of the De Casteljau algorithm. Some examples are given: three-quart of circle, semicircle and a branch
of a hyperbola (degree 2), cubic curve on [0; +00] and loop of a Descartes Folium (degree 3) and a loop of

a Bernouilli Lemniscate (degree 4).
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1 Introduction vectors. Furthermore, by converting the paramet-
ric curve ¢ — (¢,1") with n > 2, after the variable

Bézier curves are the simplest curves defined by ’ : ) )
change ¢ = 1~ in the appropriate Bernstein basis,

control points and were invented by [[] at Renault =
and [2] at Citroén. More details_about their uses the null vector 0 appears n — 2 times.
in C.A.G.D, can be found in [3], [4], [], [6], [7], [8],
9], [10], [11] and [12]. Initially, these curves were
defined as the barycentric locus of weighted points,
with the weights computed using the appropriate
Bernstein polynomials. In a second step, adding
weights to the control points allows for obtaining
more curves such as conic arcs with center, but
there is no way to obtain semi-ellipses [12]. A
mass point that is either a weighted point or a
vector with a weight equal to 0 is a generalization
of the concept of barycenter. For example

To solve the problem of constructing semi-
ellipses or hyperbola branches, it is sufficient to
add control vectors by using mass points as con-
trol points. Furthermore, it is possible to model
Descartes Folium or Bernoulli Lemniscate loops.
The De Casteljau algorithm is generalized using
a specific homographic parameter change, which
allows for obtaining regular curve subdivision al-
gorithms that can be applied to quadratic curves
usable in the usual Euclidean space or in the (non-
Euclidean) Minkowski-Lorentz space for Dupin cy-

— — clides [13] cubic for Descartes Folium, quartic for
1GB—1GA=GB - (@ + BA) — 4B Bernoulli Lemniscate.
In 2004 the fractal nature of Bézier curves is

demonstrated in [14], that is, their self-similarities,
based on the works [[15], particularly focusing on

and the barycenter of the weighted points (A4, —1)
and (B, 1) does not exist, but the calculus leads

to the vector /@ For any natural number greater the concepts of attractors and iterative processes.
than or equal to 2, the conversion of the paramet- The purpose of this paper is to construct a Bézi

ric equation curve (t, tin) on [0, 1] from the canon- curve iteratively with regular sampling. Figuree@
ical basis to the Bernstein basis yields a rational provides a visual representation of the difference
Bézier curve of degree n + 1 with n — 1 control between the projective De Casteljau algorithm
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(7, [12], Figure m and gur generalized De Castel-
jau algorithm, Figure P}, to construct a circle arc
as a rational quadratic Bézier. The first algo-
rithm does not yield a regular distribution of con-
structed points, Figure [l, whereas qur generalized
De Casteljau_algorithm do, Figureﬁ

In Figure [l the angles are given in the Table m
In the Figure P, the angle, in degree, between two
consecutive constructed points and the center O
of the circle equals to

270

PyOBy = B;OBiy1 = BsOP, = 33.75 = 5

where i € [0;5]. Considering a quarter of a circle,
the calculations are performed to show that the
De Casteljau algorithm does not allow obtaining
a regular construction.

Table 1: Angles, in degree, between two consec-
utive points and the center of the circle in the
Figure E

Angle @0 @1 z‘fO\fb z‘gO\As
Value 12.82 21.46 38.50 62.23
Angle @4 @5 @6 m2
Value | 62.23 38.50 21.46 12.82

Figure 1: Distribution of points constructed by
the projective De Casteljau algorithm.
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Figure 2: Distribution of points constructed by
our algorithm based on the change of homographic
parameter.

Moreover, let v be the rational quadratic Bézier
curve in standard form of control points (P, 1),

(P17 — ﬁ) and (P, 1) representing the three quar-

2
ters of circle in Figure m Then B; = v (3). Let

~1 one of the two subcurve of ~, in standard form,
of endpoints (Fp,1) and (Bs,1). Note that the
tangents to the Bézier curve at Fy and B3 are
known thanks to the De Casteljau algorithm. Un-
like polynomial curves, in the rational case, it is
necessary to perform an iterative construction be-

cause
1 1\? 1
n(3) 77 (()) =~ 3)

In [[7], it is written, regarding the projective
version of the De Casteljau algorithm: ”The in-
termediate points could also be close to being vec-
tors i.e. having a very small third component.
This may cause numerical problems.”. The use of
mass points allows solving this problem since, in
the case of a rational curve, we do not divide by
the weights when obtaining a vector (including the

(1)

null vector 6}), see Formula (§).

The article is structured as follows. In the
second section, we provide a brief overview of
the classical De Casteljau algorithm for degrees
2 and 3. Before concluding and discussing future
prospects, we extend the De Casteljau algorithm
to rational Bézier curves with control mass points
by using a homographic parameter change func-
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tion.

2 Classical De Casteljau Algorithm

The De Casteljau algorithm for a polynomial
Bézier _curve of degree n is given by the Algo-
rithm [ll. The algorithm performs iterative calcu-
lations to obtain the Bézier curve point tab[n|[0].
It starts by linearly interpolating between adja-
cent control points to generate intermediate points
tabP[k]. These intermediate points are then lin-
early interpolated to obtain further intermediate
points tab[j][k]. Finally, the last step involves lin-
early interpolating between the remaining inter-
mediate points to obtain the final point tab[n][0]
on the Bézier curve.

The use of a table allows for the iterative con-
struction of a Bézier curve by replacing, at each
iteration, a Bézier curve with two Bézier curves
of the same degree. The control points of these
new curves are either the first elements of each
column or the last elements of each column (the
table forms an upper triangular table). Note that
at each iteration, the tangents at the endpoints of
the Bézier curves are defined either by the first two
control points or by the last two control points.

Algorithm 1 De Casteljau Algorithm for polyno-
mial Bézier curves of degree n.

Input : let tabP be a table of n + 1 points and (2
an other point.
Definition of the table tab of dimension (n 4 1) x

(n+1)

For k=0 Ton
tab|0][k]«+tabP[k]

Forj=1Ton

Fork=0Ton—j

Qtab[jllk] < (1—1t) Qtablyj — 1][k]

(2)

+ ¢t Qtablj — 1]k + 1]

Output : the point tab[n|[0] of the polynomial
Bézier curve with n + 1 control points in tabP.
The tangent to the curve at the point tab[nl|[0] is
the line (tab[n — 1][0]tab[n — 1][1]).

Let us detail the Agorithm m for degrees 2 and
3 by explaining the iterative constructions.

2.1 Quadratic case

2.1.1 De Casteljau algorithm
With n = 2, the Algorithm [l allows building
a parabola arc Cp using a polynomial quadratic
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Bézier curve with control points Py, P, and Ps.
To simplify the figures, let us denote tab[1][0] =
Qo (t), tab[1][1] = Q1 (¢) and tab[2][0] = Ro (¢)
which is a point of the curve Cp, Figure éfor t= %
2.1.2 Tterative construction

The polynomial quadratic Bézier curve with con-
trol points Fy, P; and P, is cut into two polyno-
mial quadratic Bézier curves ~yy with control points
Py, Qo (t) and Ry (t) on the one hand and 7, with
control points_ Ry (t), @1 (t) and P> on the other
hand, Figure . Moreover, the line (Q (t) Q1 (%))
is the tangent to the curves vy and v, at the point

Ry (t). If Q equals O, the elements of the array
tab are
Py Qo(t) Rol(t)
Pro@Qq () (3)
)

and the points of the first line of tab correspond to
the control points of the first sub-curve of Bézier,
whereas the points on the diagonal of tab corre-
spond to the control points of the second sub-curve
of Bézier. The common point belonging to the two
sub-curves is Ry (t) and the tangent to these sub-
curves at Ry () is the line (Qo (t) Q1 (¢)).

2.1.3 Comparison between De Casteljau

algorithm and iterative construction
Consider the example of a Bézier curve of con-
trol points Py (—4,0), P1(0,4) and P (4,0).

7 3 15

Th ints A(-3,=-), B|—-2,=], C|-1,— ],
o o < 8> ( 2> ( 8)

15 3 7
D(0,2), E (178)’ F(2,2> and G (3, 8) are
computed by De Casteljau algorithm or the iter-
ative construction, Figures The Table P pro-
vides the different points constructed by the two
algorithms at different steps. Seven iterations are
needed with the De Casteljau algorithm whereas
only three are needed with the iterative method

(with four threads). In the Figureeg:

» the square point designates the points which
is built at first with De Casteljau algorithm;

e the triangle points designate the points which
are built in the same time with De Casteljau
algorithm and the iterative construction;

e the pentagon points designates the points
which are built at first with the iterative con-
struction.

In the Figure @, the point A is computed by the

De Casteljau algorithm and the point D is built
using the iterative construction.
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Figure 3: Iterative construction of a Bézier curve based on De Casteljau method, Algorithm m with n = 2

andt =1, Cp =" U and {Ry (3)} =y Nm.

Table 2: Comparison between the steps : sequential De Casteljau Algorithm or the iterative construction

with four threads.

Constructed point on the Bézier curve | A | B | C | D | E | F | G
Step of De Casteljau algorithm 2 1314|5617
Step of the iterative construction 31213 31213

The point B is computed by the De Castel-
jau algorithm and by the iterative construction
whereas the point F' is built using the iterative
construction.

The point C' is computed by the De Castel-
jau algorithm and by the iterative construction
whereas the points £ and G are built using the
iterative construction.

2.2  Cubic case

With n = 3, the Algorithm m allows building
a polynomial cubic Bézier curve v with control
points Py, Pi, P, and P3. To simplify the fig-
ures, let us notate tab [1] [0] = Qo (¢), tab[1][1] =
Q1 (t), tab[1][2] = Qa(t), tab[2][0] = Ro(¢),
tab[2][1] = Ri(t), and tab[3] [0] = Sy (¢) which
is a point of the curve ~, Figure é for t = %

The polynomial cubic Bézier curve with control
points Py, P;, P, and Pj5 is cut into two polyno-
mial cubic Bézier curves ~yy with control points P,
Qo (t), Ro(t) and Sy (t) on the one hand and v,
with control points Sy (t), Ry (t), Q2 () and P3 on
the other hand. Moreover, the line (Rq (t) Ry (t))
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is the tangent to the curves vy and vy, at the point
So (t). Let Q be the point O, the elements of the
array tab are

Fy Qo(t) Ro(t) Sol(t)

Py Qi(t) Ri(t) (4)
Py Q2 (1)

Ps

and the points of the first line of tab correspond to
the control points of the first sub-curve of Bézier
70, Whereas the points on the diagonal of tab cor-
respond to the control points of the second sub-
curve of Bézier 1. The common point belonging
to the two sub-curve is Sy (¢) and the tangent to
these sub-curves at Sy (t) is the line (Ro (t) Ry (t)).
Unfortunately, regular construction for rational
Bézier curves is not possible using the projective
De Casteljau algorithm. One solution could be to
recalculate the weights at each step [[], which is
computationally heavy and time-consuming. So,
another method, which generalises the usual De
Casteljau algorithm must be developed.
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Figure 4: Comparison between sequential De Casteljau algorithm and iterative construction of a Bézier

curve, third iteration.

Py
®

Qo (t)

Figure 5: Iterative construction of a Bézier curve based on De Casteljau method, Algorithm EI with n =3

andt:%.

3 Homographic parameter change for
the De Casteljau algorithm

The purpose of this section is to construct, iter-
atively and with regular sampling, points on a
Bézier curve. To achieve this, the formula (ﬁ) gives
the expression of the irregularity of the subdivision
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in the case of a rational Bézier curve, we replace
the original Bézier curve with two Bézier curves of
the same degree. If the initial Bézier curve is in
standard form, we obtain two curves in standard
form, unless the mass endpoint of the curve is a
vector.
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3.1 Rational Bézier curves in P
In the following (O; 7 7) designates a direct ref-
erence frame in the usual Euclidean affine plane P
and P is the set of vectors of the plane. The set
of mass points is defined by

o (P x o)

On the mass point space, the addition, denoted
@, is defined as follows

P = (P x RY)

o w# 0= (M;w)® (N;—w) = (w W/[;O);

cwp(WH+p)#0 = (M;w) ® (N;p) =

(Bar{(M;W);(N;u)};w+u where

Bar {(]\47 w); (N;p) ¢ denotes the barycenter
of the weighted points (M;w) and (N; u);
o (T;0)& (V;0) = (U + 7;0);

e w# 0= (M;w) @ (7;0) = (T (M);w)
where TW is the translation of P of vector I?/

In the same way, on the space ﬁ, the multipli-
cation by a scalar, denoted ®, is defined as follows

swa#0= a0 (M;w)=(M;aw)
o w;é0:>0®(M;w):<6>;0>
e a0 7 0) =

One can note t& (77), @, @) is a vector space

[16]. So, a mass point is a weighted point (M, w)
with w # 0 or a vector (,0). The Bernstein
polynomials of degree n are defined by

(F)a-od )

These Bernstein polynomials provide the def-

inition of rational Bézier curve (BR curve) in P
given below.

Bi,n (t) -

Definition 1 Rational Bézier curve (BR curve) in
P ~

Let (P;; Wi)z‘e[[o-n]] n—+1 mass points in P. Define
two sets

I = {i | w#0} and J = {i | w;=0}

Define the weight function wy as follows

0] —
t o wy(t

Wf:

R
) = Zwi x B; (t) (6)

i€l
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A mass point (M;w) or (;0) lays to the ratio-
nal Bézier curve defined by the control mass points
(P%; wi)jeqo:ny 1f there is a real ¢o in [0; 1] such that:

o if wy (to) # 0 then

— 1
OM = o {t0) (;wz (to) @)
1 (7)
+ o) (;B to) ,)
w = wy(to)

o if wy (ty) = 0 then

U= ZWiBi (to) O‘ﬁz + Z B (to) Fz (8)

il ieJ

Such a curve is denoted BR {( s Wi)jeo; n]l}

If J = (), this definition leads to the usual ra-
tional Bézier curv

The Algorithm [l| can be generalized to use mass
points: the Equation (E) is replaced by

tab[jllk] + (1—t) ® tabj — 1][k]

9

@ t © tablj—1][k+1] (9)
but the issue regarding the weight of the con-
structed point remains.

3.2  Homographic parameter change

To achieve regular constructions, the weights of
mass endpoints equal 0 in the case of a vector and
1 in the case of a weighted point.

3.2.1 Definition and fundamental theorem

Let a and 8 be two distinct reals. The homo-
graphic change allows obtaining, without increas-
ing the degree of the curve, the portion of the curve
«y defined on the interval [o; (], [ar, +00] or [—o0, []
by using the Bézier curve v o h over the interval
0:1] ie. 1 ([0,1]) = [a, 8], ([0, 1]) = [, +00] or
h{[0,1])) = [~o0,al.

Theorem 1 : Homographic parameter change
Let v be a Bézier curve of degree n of control
mass points ((F;wi));efomn]-

Let h be the homographic function from R to

R defined by

a(l—u)+bu
c(1

M) = ) T du

(10)
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Then o h is a Bézier curve of degree n of con-
trol mass points ((Qs; @;))eqo,,) and their expres-
sions depend on the control points ((P;;w;)) ie[om]
and on the values a, b, ¢ and d, see [L7].

One can note that h is monotone since the sign
of W' (u) is
| b oa
T ld c

In this paper, to obtain a regular construction,
the condition are

h(o.1) = [0.3]

‘b—a ¢ =bc—ad#0

d—c c

(11)

and )
h(0.1) = |51 (12)
The restriction of h to the interval [0, 5] is de-
noted as hq, while the restriction of h to the inter-
val [3,1] is denoted as ho.

Corollary 1 (hy defined by Formula (El) )
Let ((F%;wi));efo.n) Pe n+ 1 control mass points
of a Bézier curve v of degree n.

Let b and ¢ be two non null real numbers. Let
h1 be defined by

h11?—>[R

bu
c(l—u)+2bu

(13)

u

Then o hy is a Bézier curve of degree n of control
mass points ((Qi; @i));c[om] and their expressions
depend on the control points ( ic[se] and
on the values b and ¢, see Tables E Hand(ﬁ'

Moreover, the functlon h1 is monotonically in-
creasing if b x ¢ > 0.

Proof: _Using the fonction h; defined by the
Equation ([L0).
MmO =2=0=a=0
c
b
hl(l):E:f———>d=2b
Moreover
b al|l | b 0| _ b
d c| 7|26 ¢|7"%C
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Corollary 2 (hy defined by Formula (1) )
Let ((Pi;wi));epo,n Pe n+1 control mass points
of a Bézier curve v of degree n.

Let a and d be two non null real numbers. Let
hs be defined by

R — R
a(l—u)+du
2a (1—u)+du

hg:

N (14)

Then o hy is a Bézier curve of degree n of control
mass points ((Qi; @i));e[on] and their expressions
depend on the control points ( ze[[O and
on the values a and d, see Tables E E and

Moreover, the function hs is monotomcally in-

creasing if a x d > 0.

Proof: _Using the fonction hy defined by the
Equation ([L0)).
a 1
h2(0)=E=§:>c:2a
b
h2(1)23:1:>b:d
Moreover
b al |d a| |d a|_ < d
d c| |d 2a| |0 a “
[

3.2.2 Degree 2 case

The Table B defines the control mass points using
the function h; defined by the Equation (r@) with
a=0,d=2band c =1 to keep the first control
mass point. The value of b is calculated so that
the weight of the last weighted point is equal to 1
or the vector is unchanged.

The Table H defines the control mass points 1s-
ing the function hy defined by the Equation (ﬂ)
with ¢ = 2a and b = d = 1 to keep the last control
mass point. The value of a is calculated so that
the weight of the first weighted point is equal to 1
or the vector is unchanged.

First example : three-quarters of circle of cen-
ter O (0,0), of radius r = 2

The control mass points of the quadratic Bézier
curve are P (2,0), wo = 1, P1(2,2), w; = 7?
and P (0,0), wy = 1, Figure
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Table 3: Control mass points for the quadratic case for h;.

(Qo;@o) = (Fo,wo)
(Quywi) = bO ((Fo,wo) & (Pr,w1)) (15)
(Q2;m2) = 0* O ((Po,wo) ®20 (Pr,wy) @ (Pa,w2))

Table 4: Control mass points for the quadratic case for hs.
(Qoimo) = > ® ((Po,wp) ®20 (Pr,w1) & (P, w2))
(Quw) = a® (Pr,w1)® (P2, w2)) (16)
(Qz;wz) = (Pz,wz)

First iteration, function Ay

Directely, (Qo;1) = (Fo;1), Figure B The
value of b must be determined such that the last
weight is equal to 1 which leads to the equation

b2<1—2><‘f+1>_1

and the positive solution is

) 1 (2442
S Ve2-v2 2
Let I; be the midpoint of the segment [Py P;].

2
(Po,1) @ 2 © Pl,—i e (1) =

2
(I1,2) & (Pl,—ﬂ> - (G1,2—ﬁ) where
G (—ﬁ, —ﬂ) and then

(Q2;w2) = (G131)
(Py,wo) @® (Pr,w1) -

) o
Go (2; -2 (\/§+ 1)) and then

2—\@)

(P()vl) D
) with the point

(Q;w1) = (G25 5

First iteration, function hs

The points of this curve are changed into the
points Ry, Ry and Ry instead of @y, ()1 and Q)s.
The value of a must be determined such that the
first weight is equal to 1 which leads to the equa-

tion
5
a2<1—2><\2[+1>:1
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and the positive solutionE is
a=1b

and then
(Ro; o) = (Gq;1)

Concerning the point P:

(Pl,wl) D (Pg,bdg)

= <P1, —f) @ (P, 1)

_ <G3, 2 _2ﬂ>

with the point G (—2 (ﬁ + 1) ,2) and then

(Ri;m1) = (Gs; 2_\/5)

2
and (Rg; wq) = (Py; 1), Figure B

Second iteration
The quadratic Bézier curve with control mass
points (Qj,w;), @ € [0,2], is split into two
quadratic Bézier curves with control mass points
(Si, @), i € [0,2] on the one hand,_and (73, v;),
i € [[0,2] on the other hand, Figure E

e The value of b is the positive solution of the

equation
2 —/2
Ve H) )

Pll142x X —

L Always, a is equal to b.
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which leads to

(2— 2—ﬂ> (2—\/5)

2

b= ~ (.601
The other coefficients of the homographic pa-

rameter change function equal toa =0, c =1
equal to d ~ 1.203.

The points are Sy (2,0), S1(2,;—1.336) and
S (0.765, —1.848). The weights are wy = 1,
wy = 0.831 and wy = 1.

e The coefficients of the homographic param-
eter change function equal to a ~ 0.542,
b =d =1, ¢ ~ 1.085. The points are
Ty (0.765, —1.848), T3 (—0.469,—2.359) and
Ty (—1.414,—1.414). The weights are vy = 1,
v = 0.831 and Vo = 1.

The quadratic Bézier curve with control mass
points (R;,w;), @ € [0,2], is separeted into two
quadratic Bézier curves with control mass points
(Ui, @;), i € [0,2] on the one hand_and (V;,v;),
i € [0,2] on the other hand, Figure E

¢ The coefficients of the homographic parame-
ter change function equal to a = 0, b ~ 0.601,
c=1d~1.203.

The  points are

Uy (—2.359, —0.469) and
Uy (—1.848,0.765). The weights are wy = 1,
w1 = 0.831 and wy = 1.

Up (—1.414, —1.414),

e The coefficients of the homographic pa-
rameter change function equal to a =~
0601, d = b = 1 ¢ =~ 1203. The
points are Vp (—1.848,0.765), Vi (—1.336,2)
and V5 (0,2). The weights are vg = 1, v1 =
0.831 and vy = 1.

Second example : semi-circle of center
0 (0,0), of radius r = 1
The control mass points of the quadratlc Bézier

curve are chosen as Py (1,0), P1 0,1),
w1 =0and Py (—1,0), wy = 1 Flgure

First iteration, function hy

Directely, (Qo;1) = (Fo;1), Figure H The
value of b must be determined such that the last
weight is equal to 1 which leads to the equation

P(1+2x0+1)=1
and the positive solution equals to

V2
h= Y=
2
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Let I; be the midpoint of the segment [Py P].

(Py,1) @20 (F{,o) P (P, 1)
= (I,2)® (2131>,0>
= (G1,2)
where Gy (0,1) and then
(Q2;m2) = (G1;1)

(Po,w0) @ (Pr,w1) = (P, 1)@ (P1,0) = (Ga, 1)
where G2 (1,1) and then
(Quym) = <G2; ?)

First iteration, function hs
The points of this curve are changed into Ry,

R; and R, instead of Qg, @1 and Q2. The value
of a = b leads to

(Ro;@o) = (G1;1)

%
(P.0) @ (P, 1) = (Gs, 1)
1;1) and then

(Pr,w1) © (P, w2) =
where G3 (—

V2
(R1;w1) = <G3; 2)

and (Rg;ws) = (Pe; 1), Figure H

Second iteration

The quadratic Bézier curve with control mass
points (Q;,w;), @ € [[0,2], is decomposed into two
quadratic Bézier curves with control mass points
(Si, i), i € [0,2] on the one hand,_and (73, v;),
i € [[0,2] on the other hand, Figure H

e The value of b is the positive solution of the
equation

P(1+2x0+1)=1

which leads to

h= Y2
2

The other coefficients of the homographic pa-

rameter change function are a =0, ¢ = 1 and

d = /2. The points are Sy (1,0), Sy (1,0.414)

and S (0.707,0.707). The weights are wy =

1, w1 ~ 0.924 and wy = 1.
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W Q.

Figure 6: Second step of an iterative construction of a rational quadratic Bézier curve with control weighted
points with homographic parameter change based on De Casteljau algorithm for a three-quarters of circle.

e The coefficients of the homographic parame-
ter change function are a = ?, b=d=1,

¢ = V2. The points are Ty (0.707,0.707),
T1(0.414,1) and 75 (0,1). The weights are
vg =1, v1 =2 0.924 and vy = 1.

The quadratic Bézier curve with control mass
points (R;,w;), i € [0,2], is decomposed into two
quadratic Bézier curves with control mass points
(Ui, wi), © € [0,2] on the one hand,_and (V;,v;),
i € [[0,2] on the other hand, Figure H

e The coefficients of the homographic param-
eter change function are a = 0, b ~ 0.541,
¢ =1d ~ 1.082. The points are Uy (0,1),
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Uy (—0.414;1) and Uy (—0.707;0.707). The
weights are wy = 1, wq ~ 0.924 and ws, = 1.

o The coefficients of the homographic parame-
ter change function are a ~ 0.541, d =b =1
¢ ~ 1.082. The points are Vj (—0.707;0.707),
V1 (—1;0.414) and V5 (—1;0). The weights are
vo =1, v1 ~0.924 and vy =1, Figuregﬂ.

Third example : a branch of a hyperbola
The control mass points of the quadratic Bézier

%
c_u)rve are Py (1,1), wo = 0, P, (0,0), w; = 1 and
Py (1,-1), we = 0, Figure E The point P; is the
center of the hyberbola, the directions of the vec-
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r

150

Figure 7: Iterative construction of a rational quadratic Bézier curve with control mass points with homo-
graphic parameter change based on De Casteljau algorithm for a semicircle.

- —
tors Py and P; are the directions of the asymptotic
lines to the hyperbola.

Function h;

— —

Qo; O) = (PO; 0), Figure E The
value of b must be determined such that the last
weight is equal to 1 which leads to the equation

Directely, (

b?(0+2+0) =
and the positive solution is

po V2

(B.0) @20 (08 (F.0) = (R + 7,0)
(P1,2) = ( ,0) @ (P1,2) = (G1,2) where
G (1, )andthen

(Q2;2) = (G1; 1)
(Po, o) @ (Pr.wi) = (P,0) @ (Pr, 1) = (Ga, 1)

where G9 (1,1) and then

(Ql;w1) = (Gz; ?)
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Function hs

The points of this curve are changed into R,
Ry and Rs instead of 0y, Q1 and Q2. The value
of a = b leads to

(Ro;@o) = (G1;1)
(Pr.w1)® (Po.wn) = (P, 1)@ (P5,0) = (Gs,1)
where G5 (1; —1) and then
(Ry;1) = (G3; ?)

and (Ro;wa) = (Pa; 1), Figure E The tangents to
the curves at the point Qg = Ry is the line (Q1 Ry).
This last property will always hold true in future
constructions.

Second iteration
The quadratic Bézier curve with control mass
points (Q;,w;), @ € [0,2], is decomposed into two
quadratic Bézier curves with control mass points
(Si,wi), i € [0,2] on the one hand _and (7}, v;),
i € [[0,2] on the other hand, Figure E

e The value of b is the positive solution of the
equation

2
b2<0+2><\2[+1>:1
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which leads to

b=1/v2—-1~0.644

The other coefficients of the homographic pa-
rameter change function are a = 0, ¢ = 1

and d ~ 1.287. The points are ?0(1;1),
S (2.414;2.414) and S, (1.414,1.000). The
weights are wy = 1, wy ~ 0.455 and wy = 1.

e The coefficients of the homographic parame-
ter change function are

a=1\/VvV2—-1~0644, b=d=1, ¢ ~ 1.287.
The points are Tp (1.414,1), 77 (1,0.414) et
T (1;0). The weights are vg = 1, v1 ~ 1.099
and vy = 1.

The quadratic Bézier curve with control mass
points (R;,w;), ¢ € [0,2], is decomposed into two
quadratic Bézier curves with control mass points
(Ui, i), © € [0,2] on the one hand,_and (V;,v;),
i € [0,2] on the other hand, Figure E

e The coefficients of the homographic param-
eter change function are a = 0, b ~ 0.644,
¢ =1d ~ 1.287. The points are Uy (1,0),
Uy (1,—0.414) and U, (1.414,—~1.000). The
weights are wy =1, wyp = 1.099 and ws = 1.

e The coefficients of the homographic pa-
rameter change function are a =~ 0.644,
d = b = 1 c¢ ~ 1287. The points
are Vp (1.414; —1.000), V7 (2.414; —2.414) and
72 (1;—1). The weights_are vg = 1, v; =
0.455 and vy =1, Figuresa

Applications in 5-dimensional
Minkowski-Lorentz space

The 5-dimensional Minkowski-Lorentz space is
a generalization of the space of relativity used by
A. Einstein. In this Minkowski-Lorentz space,_a
Dupin cyclide is represented by two conics [[13]:
a circle that appears as an ellipse or as a hyper-
bola, or an isometric parabola with respect to a
line. The points on the curve are spheres with
the Dupin cyclide being their envelope. The tan-
gent to the conic at a given point defines a sphere,
known as the derived sphere, and the intersec-
tion of these two spheres is a circle of curvature
of the Dupin cyclide [[13]. The singular points of a
Dupin cyclide correspond to isotropic vectors. By
using homographic parameter transformations, it
is possible to iteratively construct circles of curva-
ture for Dupin cyclides and patches of these sur-
faces [18], [19].

E-ISSN: 2224-2880

227

Lionel Garnier, Jean-Paul Bécar, Lucie Druoton

3.2.3 Degree 3 case

For quadratic Bézier curves with control points
(P, 1), (P1,wn1), and (P, 1), the concept of regular
construction arises from the fact that the weighted
constructed point (R, 1) lies on the median of the
triangle formed by P;. This means that we replace
a Bézier curve in standard form with two Bézier
curves in standard form. From degree 3, the no-
tion of regularity means that the standard form is
preserved.

The Table B defines the control mass points 11s-
ing the function hy defined by the Equation (E)
with a = 0, d = 2b, and ¢ = —1 to keep the first
control mass point.

The Table p defines the control mass points us-
ing the function ho defined by the Equation (@)
with ¢ = 2a and b = d = —1 to keep the first
control mass point.

First example : function z — 2° on R

The homographic transformation allows us to
use Bézier curves defined over the interval [0, 1] in-
stead of a curve parameterized over an unbounded
interval, where one of the bounds is —oo or +o0.
First, the conversion from the canonical basis
to the appropriate Bernstein basis is performed,
where at least one control mass point is a vector.
Then, the homographic parameter change is ap-
plied, resulting in control mass points. Finally,
we use our generalized version of the De Casteljau
algorithm.

For example, the control mass points of the cu-
bic Bézier curve which represents the curve (t,3),
t € [0,400], using the changement of parameter

. u
1—u
: = .
are Py (0,0) with wg = 1, P (3,0) with wy = 0,

— —
P, = 0 with wy = 0 and P;(0,1) with wg = 0.
The generalized De Casteljau algori is applied
to this Bézier curve, F iguresugand .

First iteration, function h; to obtain the
curve g

Directly, (Qo; 1) = (Py; 1), Figure a The value
of b must be determined such that the last weight
is equal to 1 which leads to the equation

—b3(1+3><0+3><0+0) =1
and the solution is
b= -1
o 1
(Po;1) @ (Pl,O) = (G1,1) where G (3,0) and

then
(Qu;@1) = (G1;1)
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A

Figure 8: Iterative construction of a rational quadratic Bézier curve with control mass points with homo-
graphic parameter change based on De Casteljau algorithm for a branch of a hyperbola.
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(Qo;@o) = (Fo;wo)
(Quiwi) = —bO ((Po;wo) ® (Pr;w1))
(Q2im2) = 1O ((Poswo) ®2 0 (Prywi) ® (P w2)) (17)
(Q3;m3) = =3O ((Po;wo) ® 36 (Prywi))
O 0O (B0 (Pysw) @ (P3;ws))
Table 5: Control mass points for the cubic case for h;.
(Qoimo) = —a® @ ((Poswo) ®3© (Prswr))
@ —a® (30 (Pyws) ® (P3;ws))
(Qum1) = a? O ((Pswi) @20 (Pyiw;) & (Ps;ws)) (18)
(Qo;m2) = —a O ((Po;w2) © (Ps;ws))
(Q3;03) = (P3;w3)

Table 6: Control mass points for the cubic case for hs.

m

%
(Po. 1) @20 (P1,0) &
where (2,0) and then (
where G5 (2,0) and then

(Q2;w2) = (Go; 1)

(P, 1) ®30 (131),0) 230 (13;,0) @ (173,1)

5,0) = (P, 1)@ (7, 0)
1,0)&(,0) = (Ga, 1)

)

(P.1) & (3P} + P4, 0)
(Po,2) ® (V,0)

where ¥ (1,1) and then (P, 1) & (7,0) = (G3,1)
where G5 (1,1) and then

(Q3;w3) = (G3; 1)

First iteration, function hy to obtain the
curve yr

The points of this curve are changed into Ry,
R1, Ry and Rj instead of QQy, @1, @2 and Q3. T
value of a = b leads to (Rp; 1) = (Qs; 1), Figure §.

(o) o2 () (7o) =
(ﬁ,O) = (CT;,O) where
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Second iteration

The cubic Bézier curve with control mass
points (Q;,w;), ¢ € [0,3], is decomposed into
two cubic Bézier curves with control mass points

(Si, ), @ € [0,3] on the one hand,_and (73, v;),

i € [0, 3] on the other hand, Figure @

e The coefficients of the homographic param-
eter change function are a = 0, b = —%,
¢ = —1and d = —1. The points are Sy (0,0),
S1(0.167,0), S(0.333,0) and S3(0.5,0.125).
The weights are wg =1, w1 = 1, ws = 1 and
w3 — 1.

e The coefficients of the homographic parame-
ter change function are a = —35, b = ¢ =
d = —1. The points are T} (0.5,0.125),
Ty (0.667,0.25), T5(0.833,0.5) and T5(1,1).
The weights are v9 = 1, v1 = 1, v = 1 and
V3 = 1.

The cubic Bézier curve with control mass
points (R;,w;), ¢ € [0,3], is decomposed into
two cubic Bézier curves with control mass points
(Ui, i), i € [[0,3] on the one hand,_and (V,v;),
i € [0,3] on the other hand, Figure lﬁ
o The coefficients of the homographic param-

eter change function are a = 0, b = —1,

¢ = —1 d = —2. The points are Uy (1,1),

U (1.333,2), Us (1.667,4) and Us(2,8). The

weights are wy = 1, @y 1, wy = 1 and

w3 = 1
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Figure 9: Iterative construction of a rational cubic Bézier curve with control mass points with homographic
parameter change based on De Casteljau algorithm for the cubic curve z — 3 on [0, +o0].

e The coefficients of the homographic param-
eter change function are a = -1, d =
b = —1 ¢ = —2. The points are 1} (2;8),

V1(0.333,4), V5(0;2) and V5(0;1). The
weights are vg = 1, v1 = 0, vo = 0 and v3 = 0.

Second example loop of a Descartes
Folium

The generalized De Casteljau algorithm is ap-
plied to the loop of the Descartes Folium with
parameter ¢ = 2. This loop is modeled by the

cubic rational Bézier curve + with control mass
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- -
points Py (0;0), wg = 1, P (2;0), w; =0, P> (0;2),
wy =0 and P3; = Py, wg = 1, Figure @

First iteration, function h,

Directely, (Qo; 1) = (Po; 1), Figure .

The value of b must be determined such that
the last weight is equal to 1 which leads to the
equation

b (14+3x0+3x0+1)=1
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Figure 10: Second iterative construction of the
rational cubic Bézier curve g with control mass
points with homographic parameter change based
on De Casteljau algorithm for the function z +— 23
on [0, +0o0].

and the solution is

(Po; 1) @ (F;,O) = (G1, 1) where G (2,0) and
then

(Qu;mn) = (G1§ \:/;)

(Fo. D@20 (F1.0) & (F3.0) = (P 1)®(,0)
where % (4,2) and then (]31), 0) ®(U,0) = (G, 1)
where G9 (4,2) and then

(Q2;m2) = (Gz; \3}1)

(P, 1) ®30 (ﬁ,o) ®30 (13;,0) @ (P3,1) =

(P, 2) @ (3131>+3F§,0) =(Py,2) ® (7, 0) where

 (6,6) and then (Py,2)® (7,0) = (Gs,2) where
G5 (3,3) and then

(Qs;3) = (G3;1)
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Figure 11: Second iterative construction of the
rational cubic Bézier curve yr with control mass
points with homographic parameter change based
on De Casteljau algorithm for the function z + 23
on [0, 400].

First iteration, function ho
The points of this curve are changed into Ry,

R{, Ry and Rj instead of (Qy, )1, @2 and Q3.
value of @ = bleads to (Rop; 1) = (Q3;1), Figure [12.
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(PLo)o20 (Pr0)o(Pi1) = (P, 1) (¥,0)

where ¥ (2,4) and then (P3,1) @ (7,0) = (G3,1)
where G3(2,4) and then

(Byjoo) = <G3; \}1)

(]3;,0) @ (Ps;1) = (G4, 1) where G4(0,2) and
then

(Ro;m2) = <G4; \;%)

Second iteration

The cubic Bézier curve with control mass
points (Q;,w;), ¢ € [0,3], is decomposed into
two cubic Bézier curves with control mass points
(Si, i), © € [0,3] on the one hand,_and (73, v;),
i € [0, 3] on the other hand, Figure @

e The coefficients of the homographic param-
eter change function are a = 0, b ~ 0.542,
¢ = 1 and d ~ 1.085. The points are
S0 (0,0), S1(0.885,0), S5(1.770,0.392) and
S3(2.443,1.081). The weights are wy = 1,
w1 ~ 0.973, wy ~ 0.946 and w3 = 1.

e The coefficients of the homographic pa-
rameter change function are a ~ 0.542,
b = d = 1, ¢ =~ 1.085. The
points are Tp (2.443,1.081), T3 (3.153,1.808),
T5 (3.386,2.614) and 75(3;3). The weights
are vg = 1, v1 ~ 0.898, v ~ 0.884 and v3 = 1.

The cubic Bézier curve with control mass
points (R;,w;), i € [0,3], is decomposed into
two cubic Bézier curves with control mass points
(Ui,wi), © € [0,3] on one hand, and (V;,v;),
i € [0, 3] on the other hand, Figure @ﬂ

o The coefficients of the homographic parame-
ter change function are a = 0, b >~ —0.542,
¢ = —1 d >~ —1.085  The points are
U (3;3), Uy (2.614,3.386), Us(1.808,3.153)
and Us (1.081,2.443). The weights are wy =
1, w =~ 0884, w9 =~ 0.898 and w3 = 1.

e The coefficients of the homographic param-
eter change function are a =~ —0.542,
d = b = -1 ¢ ~ —1.085. The
points are Vp (1.081,2.443), V4 (0.391, 1.770),
V5 (0;0.885) and V5(0;0). The weights are
vg =1, v1 = 0.946, vo = 0.973 and v = 1.
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3.2.4 Degree 4 case

The Table [ defines the control mass points using
the function hy defined by the Equation (‘@) with
a=0,d=2band c =1 to keep the first control
mass point.

The Table E defines the control mass points us-
ing the function hs defined by the defined by the
Equation ?@l) with ¢ = 2a and b = d = 1 to keep
the first control mass point.

The generalized De Casteljau algorithm is ap-
plied to the loop of the Bernouilli Lemniscate.
This loop is modeled by the quartic rational Bézier
curve v with control mass points Fy (0;0), w = 1,

— 1 nass b
Pl (i’i)’ w1 = 07 P2 = Oa W = 3(&?_i)7
w3 =0and Py = Py, wy = 1, Figure [L3.

First iteration

Function A

Directely, (Qo; 1) = (Py; 1), Figure .

The value of b must be determined such that
the last weight is equal to 1 which leads to the
equation

VP(14+4x04+6x04+4x0+1)=1
and the positive solution is

1

V2
(Po:1)® (F,0) = (G1.1) where Gy (4; 1) and

then
(Qi;m1) = (Gl; \%)

(P D@20 (F.0)® (P50 = (R, D& (T,0)
where (3; %) and then (]?1, O)@(ﬁ, 0) = (Ga,1)

where G5 (3; 3) and then

(Qa;2) = <G2; \2)

= (B.) @30 (F.0) @30 (B.0) @ (F0)
= (P, 1) & (3P + P.0)
= (P, 1) & (V,0)
where ¥ (1, 1) and then (P, 1)@ (7,0) = (G3,1)
where G (1, 3) and then

(@35 m3) = <G3; %)

Then
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Figure 12: Second iterative construction of a rational cubic Bézier curve with control mass points with
homographic parameter change based on De Casteljau algorithm for the loop of a Descartes Folium.

(Po,l)@4®(131>,0)@6@(13§,0)

@®(27,0)
= (G 1

where G4 (1,0) and then

(Qa;wa) = (Gy; 1)

Function hs

The points of this curve are changed into Ry,
R1, Ry, R3 and Ry instead of Qg, @1, @2, 3 and
(2s. Then
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We have (Ry; 1) = (Q4; 1), Figure @
— — =
(PhO) 330 (Pg,o) G306 (Pg,o) ® (P, 1)
(Py, 1)@ (V,0) where ¥ (1,1) and then (P, 1) @
(7,0) = (G5, 1) where G5 (1,3) and then

(Ri;o01) = (Gs; \4}@)

— _—
(P270) ©20 (P3,O> @ (Py; 1) = (Gg, 1) where
Ge (3, —3) and then

(Rg; wwg) = (Ga; \2)

%
<P3,0) @ (Py;1) = (G7,1) where Gy (%7_5
and then

(Rs;w3) = (G7; %)
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(Qo;@o) = (Fo;wo)
(Qu;@1) = 0O ((Po;wo) @ (Pr;wr))
(Q2im2) = b* O ((Poswo) ®20 (Prywi) & (Po;wa))
(Qs;m3) = 0> © ((Po;wo) ®3 0 (Pr;wi) ®30 (Pa;ws)) (19)
@ b O (Pyiws)
(Qu;ms) = b1 O ((Po;wo) @40 (Pry;wi) ® 60 (Po;wa))
® 0O 406 (Psws) ® (Pywy))
Table 8: Control mass points for the quartic case for ho.
(Qo; o) = a*® (Po;wo) @4 (Pr;w1) @606 (Po;ws))
& a*®A06 (Psws) ® (Prws))
(Qr;m1) = a® O ((Pr;w1) @30 (Pows) @36 (Ps;ws) ®)
@ o (Py;wy) (20)
(Qo; ) = @ O ((Po;w2) © 26 (Ps;ws) @ (Py;wa))
(Qz;3) = a© ((P3;ws) @ (Py;wa))
(Qu;ma) = (Py;wa)

and
(Ry;ww4) = (Py; 1)

Second iteration

The quartic Bézier curve with control mass
points (Q;,w;), ¢ € [0,4], is decomposed into
two quartic Bézier curves with control mass points
(Si, i), © € [0,4] on the one hand,_and (73, v;),
i € [0,4] on the other hand, Figure E

e The coefficients of the homographic param-
eter change function are a = 0, b ~ 0.537,
¢ = 1 and d ~ 1.075. The points are
So(0;0), S1(0.114,0.114), S5(0.228,0.228),
S3(0.366,0.319) and S4(0.529,0.346). The
five weights are wy = 1, wy ~ 0.989, wy ~
0.979,703 ~ 0.969 and w4 = 1.

e The coefficients of the homographic pa-
rameter change function are a =~ 0.537,
b = d = 1, ¢ =~ 1.075. The
points are Tp (0.529,0.346), T3 (0.706, 0.376),
T, (0.878,0.327), T5(1;0.186) and T4 (1;0).
The five weights are vy9 = 1, v; =~ 0.892,
vy ~ 0.837, v3 ~ 0.857 and vy = 1.

The quartic Bézier curve with control mass
points (R;,w;), i € [0,4], is decomposed into
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two quartic Bézier curves with control mass points
(Ui, @), i € [0,4] on the one hand _and (V;,v;),
i € [0,4] on the other hand, Figure ﬁ

o The coefficients of the homographic parame-
ter change function equals to

a = 0, b ~ 0538, ¢ = 1 and d =~
1.075. The points are Uy (1,0), Uy (1,—0.186),
Us (0.879, —0.327), Uy (0.706, —0.376) and
Uy (0.529, —0.346). The weights are wy = 1,
wy =~ 0.857, wy ~ 0.837, wy ~ 0.892 and
w3 = 1

e The coefficients of the homographic pa-
rameter change function are a =~ 0.537,
d = b =1 and ¢ >~ 1.075. The points
are  V (0.530,—0.346), V7 (0.366,—0.319),
V5 (0.228,—0.228), V3(0.114,—0.114) and
V4 (0;0). The weights are vy = 1, vy ~ 0.967,
vg ~ 0.979, v3 >~ 0.989 and vy = 1.

4 Conclusion and outlook

In this article, firstly, we generalized the De
Casteljau algorithm to (rational) Bézier curves
with control mass points. Secondly, we utilized
a homographic change theorem to subdivide a
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Figure 13: Iterative construction of a rational quartic Bézier curve with control mass points with ho-
mographic parameter change based on De Casteljau algorithm for the loop of a Bernouilli Lemniscate.

Bézier curve into two Bézier curves of the same
degree. To achieve this, we mapped the inter-
val [0,1] to [0,3] and [1,1], respectively. We
applied these subdivisions to centered conics, the
Descartes Folium loop, and the Bernoulli Lemnis-
cate loop, with one weighted control point being
the null vector.

In the future, we plan to work on the kinemat-
ics of Bézier curves by controlling velocity vectors
at the endpoints of the curve using a quadratic
parameter change. Additionally, we intend to
explore Bézier curves in the plane with complex
weights.
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