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Abstract: - The initiative of this paper is to present the Runge Kutta Type technique for the development of
mathematical solutions to the problems concerning to ordinary differential equation of order six of structure v** =
f(u,v,v") denoted as RKSD with initial conditions. The three and four stage Runge-Kutta methods with order
conditions up to order seven (RKSD7) have been designed to evaluate global and local truncated errors for the
ordinary differential equation of order six. The framework and evaluation of equations with their results are
well established to obtain the effectiveness of RK method towards implicit function satisfying the required initial
conditions and for obtaining zero-stability of RKSD?7 in terms of their accuracy with maximum precision under
minimal processing.
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1 Introduction dynamics which are non-linear in nature and fails to

) ) ) discuss about the most important point, i.e., stabil-
In the field of science and engineering there are many ity of the solution for enhancing the efficiency of any
real-life situations that can be modelized mathemat- numerical method. Reducing higher order equations
ically, [l], into the linear and higher order differen- to lower one for solving them is also an approach
tial equations, [2]. In past, researchers analyzed many used by many researchers, [8], [0], [10], [11]. Sit-
numerical problems involving linear or ordinary dif- uations concerned to oscillatory problem. The au-
ferential equations up to fourth order with different thors in [[12], have solved such problems using ap-
initial conditions using Runge Kutta method, Laplace proach of finite differences. Also, efficiency of the
transformations or many others. In applied sciences methods designed by them, like, [[13], solved many
and engineering, we observe large number of physical applied physics problems using multi step methods.
problems involving initial value problems concerned Subsequently, two derivative RK method was derived
with higher order ordinary differential equations till by [[14], [[L3], for solving special first order DE, [[L5].
fourth order. For instance, free vibration analysis of In 2021, [[16], [[17], contributed in analysis of er-
ring structures has been studied by [3]. Moreover ror for differential equations of non-linear and lin-
some researchers have developed methods likewise ear type.The authors in [[18], solved oscillating sys-
schgmes of Coupled compact for accuracy OfSiXth or- tems by optimizing sixth-order RKN method which
der in space was developed to obtain numerical solu- is explicit in nature.The authors in [|19], solved fifth
tions, [4], Langrages Polynomial with fictional points, order ODE using generalized Runge- Kutta integra-
[5]. The study, [6], has used neural network for solv- tors. The authors in [20], had applied RKN methods
ing differential equations, while [[7], contributed by which are implicit in nature. Therefore, there are lots
provided solution with B-series and coloring method- of studies and analysis been done for providing the so-

ology in evolution of differential equations and fluid
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lutions to ordinary differential equation up to higher
order. There are several symbolic algorithms for reg-
ular initial and boundary value problems for differen-
tial equations as well as differential-algebraic equa-
tions, see for example, [21]], [22], [23], [24]. But, in
case of ordinary differential equation of sixth order
the initiative had been done but not been proved ben-
eficial or in other word the solution had not been ini-
tiated towards minimizing error in shorter time, num-
ber of operation and using less memory space. Thus,
the current paper focus on evaluating the solutions
for sixth order ODE using a single-step method by
Runge-Kutta method denoted by RKSD. Moreover, it
proves accuracy and stability of the discussed method
in minimizing the error with its derivations.

2 Runge-Kutta Type Sixth-order
ODE

The initial value problem of sixth order ODE exam-
ined in the present paper are:

v (u) = f(u,v,0) (1)
with initial conditions as

1"

v(ug) = ag, v (ug) = aé,v"(uo) = ap,

V" (ug) = aal,vi”(uo) = aé”, 2
v

2 h® ., h*

V(n41) =Vn + hw,, + v o+ 3rn + Evﬁf’
h5
ey hﬁz biki (3)
) i=1
’ ’ 1" h2 11 h3
U(nJrl) =Up + hvn + U + ?vg}
4, vl + h5z bik; (4)

2

" " " h h
Vint1) = Un+hoy, +?v¢$+§vn+h42b ki (5)

Ving1) = Un + h0Y L h3z bk (6)
Vi) = Ui+ hol + 0Py bk (7)
=1

Vnsny = Un +hY_ bik; (8)
=1
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where ,
kil = f(un,vn,vn)7 (9)
’ h2 2 "
ki = f(un+czh vp, + hev, + ( 2Cz)vn
(D) oo Oel) o (D)
+ 3' v, + TR = o
" h2 2 "
+h Z azjku n + hCiUn + ( ch)vn

3!
fori =123 ..s. (10)

For numerical and algebraic calculations requiring
computation efforts, Mathematica software is used to
evaluate values of weights, nodes and coefficients and
arranged them in Butcher tableau (Table [I]) form:

(h30§) 1) (h40;1) v - —
+ v, + Al v, + h5z aijk;])
=1

Table 1: The Butcher tableau RKSD Method
c ‘ A ‘ A
‘ bT ‘ b’T b”T b”’T bivT va

The principal motive in the construction of RKSD
explicit method is for finding the least value of trun-
cation local errors, [25], [26], [27], [28]. The method
computes the value to the v}, , where p is the deriva-
tive ie. p = 0,1,2,...,v,41, parameters for ob-
taining the approximate value to v(ts 1), v (1),
v (Un+1), 0 (Ung1)s V0 (Uny1), v “(tn+1) where
Un+1 s the calculated solution and v(uy,41) is taken
as the analytic solution. Equation (B))-(§) be presented
as

Up+1 = Up + hl/} )
1’ 1t 1"
Up41 = Up + hi/’ )

Unt1 = Up + W),
vn—l—l =Y, + hw )

w1 iz v v v
U1 = vy + h)t, Upiy1 = Uy + WYY
where

h » h®> . R
w(un,vn,vn) —U + v 4+ 3‘ —v, +jv;v

5, n+h52bk (11)

, , v h o K2
Y (Up,Vn,v,) =, + 2vn + gvff
4, vl + h4Zb ki (12)

(13)

Volume 23, 2024



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2024.23.20

" /

h v 3
Y (Un, Un,v,) = v 4 5 Un —1—3‘ vy +h Zbk

=1
(14)
" ’ 7;'U h v 2 5 "
W (tn, tny 0) = 0+ S0+ Z;b ki (15)
U (tny vy vy) = 05+ R bk (16)
=1
" (t; U, v,,) Zb“ (17)

Elementary differentials of the scalar equations are
as follows:

F = o) = f(u,v,v)), (18)
F1(7) == fu+fvvl +fv"Uuua (19)
2 - fuu + 'quuv + fuv’vuu + vgfvv
+ fvv’vuvuu + fvvuu
+ fv’v’viu + fv’vuuu- (20)

The local truncation error is obtained by having

’

7—71;4_1 :h¢p(un>vn7v;z) - Ap(unavnvvn)v
(0), ..., (v). 21

Using ([L8)-(R0), Taylor series functions of vP(u)
can be represented as:

where p =

’ 1 " 1 " 1 ;. 1
A =v, + fhv + fh%n + Ih%g’ + ah%z

+ 5 h5 © 1 o(nd) (22)

" ]_ 1"’ ]. N 1 1
A =v, + shoy + by + h+ 5h‘*FfG)

+ h5 ™ 4+ o(nb) (23)
A" =v) + lhv” T+ lnz + 3 h3F(6) + LptE
B 3! LR TR
+ 5 h5 ® 1 o(nb) 24)
W1 1 1
A" =t 4 Shop + —hQF(ﬁ) + —h3F1(7)
+ h4 (®) 3 h5 © L oms)  (@25)
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A =¥ 4 hF(6)+3

+ ah“Fl( )+ ah5Fl<1‘” + O(hﬁ)

h2 ()+ h3F(8)
|

(26)

1
A? :F1(6)+§hF1()+ hZ ()_|_ h3 (9)

1
o ah*’)FflO) + O(hﬁ) 27)

Further on, substituting the equations ([L§)-(20)
into equations ([L1))-([17), we get

ZS: bik; = Z b9 4 Z bic;hF\7 4 ;Z bic2h2F®)
=1 =1 =1 =1

T~ .- ,
+ 5 2 b + +0(°),

Similarly,

>k =y r + i () + 53R
Py ; ; i=1
3' Z WehPF)

where p is the derivative i.e. p =0,1,2, .....

Using equatlons (11)-([17) and equatlons (.) (@)

the local truncation errors equation (21)) will be rep-
resented as

94 ro(n’) (28)

Tusr = KOy biki F(6)+ hF<7)+ h F<8)+9 W FO+..)]

29)
Tosr = BO[Y ki F(G’+ hF<7’+ h F(S)—i— RO .)]
| (30)
Tuir = [y bi ki F(6)+ hF(”+ h F<8)+ HEF )]
)
11 1
i = B b=+ D+ g 2 E 4 g )
(32)
i = W Wk FO SRR+ bR e
(33)
Tipr = h[Y b ki= 6>+ {hF 7)+3|h2F(8>+ RAEO 4]
(34)

3 RKSD7 Method Order Conditions

The order conditions of RKSD7 are:
The order terms of v:

Siath order : Z b; = (35)

720’
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1
S th order : bic; = ——. 36
eventh order Z c 010 (36)
The order terms of v :
/ 1
Fifth order : Z b; = 1207 (37)
/ 1
Sizth order : » bc; = a0 (38)
1 ;o 1
Tth order : Zb C;, = ﬁ 1%] = M
(39)
The order terms of v”
" 1
F : L= — 4
ourth order E b; 51’ (40)
" ].
F' N i Ci — ———, 41
ifth order Zblc 120 (41)
1" ]. 1 ].
Sixth order : Zb 2 = %’Zbi aij = 30"
(42)
Tth order : Y. b;c 840, Sob; diic; = sam
> bz aij = 50407 2o by cidij = 64&‘43)
The order terms of v
117 ].
Third order : b, = — 44
ird order Z i 5 (44)
1’ ].
Fourth order : Z b; ci = EYR (45)
nr 1
Fifth ord b ¢ = 46
ifth order : Z =50’ (46)
1"t ]_ 11"t ].
Sixth order : Zb 3 1—20,2@ ajj = 20"
(47)
Tthoorder : Y. b, ¢t = 210, Sob; dije; = =35
> b;”aij = M> Zb;//cia_ij = 1216618)
The order terms of v* :
. 1
d order : b = — 4
Second order Z i 5 (49)
. 1
Third order : be; = —, 50
ird order Z i C 5 (50)
1
Fourth order : Y bi'c} = 51
ourth order Z 1 (51)
1
Fifthorder : Y bl'c? = — 52
ifth order Z 50" (52)
1
Sixth order : Zb“’ t = 30 wa dij = 7o
(53)
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. w5 __ 1 W — 1
Tthorder : ) b°c} = 45, bi'aijc; = g515,

>0 aij = sgp50 20 b cidij = 150654)
The order terms of v" :
First order : Z by = (55)
1
Second order : beci =5 (56)
) 1
Third order : Ebf 12 =3 (57)
1
Fourth order : Z bfc? =1 (58)
, 1 1
szthorder:Zb%’?:?be i1 = 150"
(59)
6th order : Sbve? = %7
b = 7,
S bagcic; = 1 (60)
Tth order : Zb 7; > biaije; = 50140’
Zb;)aij = 5010 2 Ui Cidi; = gigs
beaijcicj = % (61)

4 Zero-Stability of RKSD7 Method

The most important precondition for obtaining the
convergence of numerical problem is evaluating zero-
stability of the system, as explained by [[l]. The
methodology used in current research paper be writ-
ten in an array representation as:

1 00000 Un+1
01 0000 hv%l
001000 hv, 4
000100 h3v, 4
000010 Ao,
_000001__h5v;j+1_
'11%%%@"%"
0115%ﬂ hv,,
:00115% h*v,
0001 1 3 hv,
0000 1 1 hivi
LO O 0O 0 0 1 ][ Ay

L n 4

The characteristic equation represented by p(&)
can be presented as:

pl€) = |16~ 4]

Hence, p(¢) = (¢ — 1)% we we get the roots to be
& =1,1,1,1,1,1, which is the zero-stability of the
given proposed method.
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5 Construction of RKSD Methods

5.1 A Third Stage Seventh Order RKSD
The motive of current section is the derivation of
a third stage with 7th order RKSD method, where
we use the conditions of Equations (35)-(61) respec-
tively, as simultaneous equations for calculating the
values of ¢;, oY fori = 1,2, 3 as follows:

1 (1 — 563) 28cocg — 4(co +c3) + 1
Co = — =
2T B\l —de3 ! 20160czc3
463 -1 1— 462
ba

~ 20160c2(c3 — ¢2)’ 8 20160c3(cs — ¢2)’
b — 378cocy — 63(02 + 63) + 18
e 45360cac3 ’
, 63c3 — 18
b2 = )
4536002 (03 - 02)
. 18 — 63co
3 45360c3(c3 — c2)’
15¢9c3 — 3(ca +¢3) + 1
3606263 ’
"o 1-— 302
3 36063(63 — CQ)’

7
bl -

b — 20coc3 — 5(ca + ¢3) + 2
L= 1206203 ’
" 563 -2
b2 = Ton. /.. \
12062(63 - 62)
b/// i 2 — 502
3 12003(03 — 02)’
60263 — 2(62 + 63) +1
120203
v 203 -1
2 - 1202(63 — CQ)’
v 1-— 262
3 1263(63 - 62)7
6cacs — 3(ca +¢3) +2
66263
b;v _ 363 -2 7
6co(cg — c2)
bv _ 2 — 362
3 603(63 — 62)7

o
b’ =

)

vo__
bl_ 5

~ The errors norms of v(u), v'(u), v (u), v" (u),
0" (u), v¥(u) are as

E-ISSN: 2224-2880
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For evaluating the minimal value to the error
norms of 7th order Equations (5.1)-(5.6) we find the
value of parameters c;, b;, b;, b;', b;”, b3, by for
1 = 1,2, 3 and arranged in mnemonic device known
as Butcher tableau. Hence, the result values of er-

ror norms are HT(7)H2 =0, 7'/(7)H2 = —3.70074 %

5040 (5 - 20(33)2
| 70 ]|, = 1 [(=3+ 5eg — 5040bsc3(1 — 10es + 20c2))?
T 12T 5040 (5 — 20c3)? ’
|0 |, = 1 [(—84 25c3 — 252065 c3(1 — 103 + 20¢2))?
T 27 2520 (5 — 20c3)2 ’
| 7@ ||, = 1 [(=13 + 45c3 — 840by c3(1 — 10c3 + 20c3))?
T 27 840 (5 — 20c3)? ’
|| 72 ||, = 1 [(=18+ 65¢3 — 210b5 3 (1 — 10c3 + 20¢3))?
4 27 210 (5 — 20c3)2 ’
o || L [(=23+85c5 — 42b5cR(1 — 10c3 + 20c3))?
H T ||2_E (5—2003)2 ’
10719, ||7"D||, = -1.5873 « 1074, ||7" ||, =

—4.42177 % 1074, |[77(D]|, = —4.198251 % 1073
and ||7v(D]|, = —4.2635 102,

The global error of three stage seventh order is cal-

culate as follows:

Volume 23, 2024
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e H2 — 4.284379 % 102 (68)

Figure 1: Butcher Table of 3 Stage 7th Order RKSD
Method

5.2 Construction of 4-stage Seventh Order
RKSD Methods

Similar to section f.1], the current section is designed

for the derivation of 4-stage 7th order RKSD method,

where we have used conditions of Equations (33)-(61))

respectively as simultaneous equations for calculating

the values of ¢;, b;, b., b, , b, , bV, bV fori = 1,2,3,4

[ A B A )

as follows
. 5— 2463 . 126364 — 3(63 + 64) +1
T oL 005 2 T T 60480ca(ca — c3)(ca — ca)’
by = — 12¢9¢4 — 3(ca +¢4) + 1
6048063(62 — 63)(63 - 64)’
by = 12¢9¢3 — 3(ca +¢3) + 1

B 6048064(63 — 64)(04 - 02)7

. 28cgcy — 8(c3 +¢4) + 3
2 _2016002(02 —c3)(cy — c2)’
; 28cacy —8(catcq) +3
3 _2016063(62 —c3)(es — )’

b 28cocg — 8(ca + ¢3) + 3

4= _2016064(03 — 64)(64 — Cg)7
2legeqy — T(e3 +¢q) + 3
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21cocy — 7(62 + 64) +3

b3 N _252063(62 — 63)(63 - 04)7
b 21cocg — T(ea +¢3) + 3
47 252004(03 — 04)(04 - 02)’
b;/ _ Segeq — 2(es +eq) + 1
120co(ca — c3)(cs — c2)’
R Segeqy — 2(ca +¢4) + 1
3 120¢3(co — c3)(c3 — ¢4)
b;l” _ Seacs —2(ca +c3) + 1
12004(03 — C4)<C4 - Cg)’
b%v _ 10c3cq — 5(c3 + 04) + 37
6002(62 — 63)(04 — 02)
b — — 10c2cs — 5(ca + cq) + 3’
60cs3(co — c3)(c3 — ¢q)
bff} _ 10coc3 — 5(62 + Cg) + 37
60c4(cg — cq)(ca — ¢2)
b — _66364 —4(cg+ca)+3
1202(62 — 03)<C4 - CQ) ’
b — _60264 — 4(62 + C4) +3
3 1263(62 — 63)(03 — 04) ’
o — _ 0cacs — 4(ca +c3)+3
4 12¢4(c3 — c4)(cq — c2)’
1,1 —6(c2 + 6¢3) + 30cacs
Cy — *(

6 —5(02 + 663) + 20cac3

5’2’ = _ 7 The errors norms of v”(u) with p = 0,4, ....,v as an
2520c2(c2 — ¢3)(ca — c2) derivative.
0], = 1 [(11 = 73c3 — 5040(55b1 + 55b3 + 31by — 24byc3 — 48bscs + 66bycs + 90bzc2))? ©9)
T 127 5040 (24 — 90c3)? ’
[RCRTI 1 [ (=13 + 12c3 — 5040[byca(5 — 48¢3 + 90c2) — b, (19 — 66¢3)])2 70)
E L TV (24 — 90c3)? :
|70 ], = 1 [(—374 102c3 — 2520[b3c3(5 — 48c3 + 90c2) — by (19 — 66¢3)])? 1)
T 127 950 (24 — 90c3)? ’
|7 ||, = 1 [(=61 + 192¢c3 — 840[b5 c3(5 — 48¢3 + 90c3) — by (19 — 66¢3)])? 72)
T 27 840 (24 — 90c3)2 ’
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| riv ||, = 1 [(=85 +282c3 — 210[bc3(5 — 48c3 + 90c3) — bl (19 — 66¢3)])? 73)
T 27 210 (24 — 90c3)? ’

o(7) 1 [(—109 4 372c3 — 42[b4¢3(5 — 48cs + 90c3) — b3(19 — 66¢3)])2 4

7= 5 (24 — 90c3)? ’ 79

For the least value of error norms of 7th or-
der Equations above we find value of the parame-

1"

ters ¢;, b;, by, by, b; , b, b? for i = 1,2,3,4 as
shown in the Butcher Figure [l Hence the result
values of error norms are HT(7)H2 = 3.250539 *
102, ||~ ||, = —2.97306 « 10719, ||7"(D]|, =
—1.33788 x 10718, ||7" (||, = 2.65617 = 1074,
|[7*D]|, = —2.23367 » 102 and ||7*(]|, =
—1.166532 x 1072,

The global error of four stage seventh order is cal-
culated in Figure 2 as:

H 0 H2 — 34608381072 (75)

Figure 2: Butcher Table of Four Stage Seventh Order
RKSD Method

6 Numerical Example

The results of the given methods discussed in the Sec-
tion and Section are tested with the help of
example of sixth order. The result were also tested
shown in Figure [§ to compare it with existing implicit
RK methods of the same order and with the direct
method of solving the sixth order differential equa-
tion with constant coefficient.

Example 1. Consider the homogeneous linear
equation given as:

v (u) + v (u) =0
with initial conditions as

v(ug) =0,v"(up) = 1,v" (up) = 1,v"(ug) = 0,

0™ (ug) =1, v% (up) = 2.

The exact solution is

E-ISSN: 2224-2880

V10 - 25

v(u) =c1 +coe™ ™ + e(1+4ﬁ)“[03cos( 1 Ju
10 — 2 15
+ C4sm(04\/5)u] 1 (5
10 + 2 10 + 2
[%cos(M)u + c6sin(M)u]
4 4
where
. _ 5242880 + 5242880v/5
"7 16(163840 + 163840y/5)
10485761/5
Ccy =

(40 — 8v/5) (163840 + 163840+/5)
_ 256(—256 — 512v/5)

“ 7163340 + 1638405

o — 44/10(204800 + 40960+/5)
5(163840 + 163840/5)(v/5 — v/5)

. 32v/5(—11796480 — 1310720+/5)
® 7 5(163840 + 163840+/5)(640 — 128+/5)
(83886080+/10)

Ce —

(163840 4 163840+/5)(640 — 128v/5)(v/5 — v/5)

7 Conclusion

This paper gives Runge-Kutta technique for solving
and assessing the local truncated error for sixth or-
der ODE of form v¥* = f(u,v,v) possessing ini-
tial conditions. The initiative of introducing the three
and four stage seventh order RKSD7 to the sixth or-
der ODE is proved to be beneficial for evaluation of
values of norms of zero stability and error of RKSD7
with efficient values of the weights b; and the nodes
¢; and arranged them in the form of Butcher tableau.
The objective of providing accurate solution by min-
imizing error in shorter time, number of operations,
use less memory space for ODE of sixth order has
been attained in numerical form. Hence, the cur-
rent paper findings proved be beneficial for analyzing
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many problems related to engineering, science, med-
ical areas with more accuracy by minimizing the er-
rors. From numerical results, the best outcome been
received is that the number of function evaluations of
both RKSD7 methods are less than number of func-
tion evaluations for other existing RK methods.

0.6
0.5
0.4
0.3

0.1

Log {Max. Error)

0.10 0.20 0.25 0.40 0.50

Value ofh

—&—Three stage RKSD7 RK  —&— Four stage RKSD7

Figure 3:  Efficiency curves for RK, three
and four stage RKTF7 with step size h =
0.1,0.2,0.25,0.4,0.5
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