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Abstract: - This article describes a novel hybrid technique known as the Sawi transform homotopy perturbation
method for solving Caputo fractional partial differential equations. Combining the Sawi transform and the
homotopy perturbation method, this innovative technique approximates series solutions for fractional partial
differential equations. The Sawi transform is a recently developed integral transform that may successfully
manage recurrence relations and integro-differential equations. Using a homotopy parameter, the homotopy
perturbation method is a potent semi-analytical tool for constructing approximate solutions to nonlinear
problems. The suggested method offers various advantages over existing methods, including high precision,
rapid convergence, minimal computing expense, and broad applicability. The new method is used to solve the
convection—reaction—diffusion problem using fractional Caputo derivatives.
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1 Introduction Caputo fractional derivatives. The Caputo fractional
Various phenomena in physics, engineering, derivat.ive-, which is Widely recogni;ed as one of the
biology, and other disciplines are typically modeled most 51gn1ﬁca'1nt' definitions of fractlonql dgrlyatlves,
using fractional partial differential equations offers the distinct advantage of maintaining the
(FPDEs), [1], [2], [3]. Due to the nonlocal and beginning conditions in the classical sense, as
singular nature of fractional derivatives, however, support@d by rgferences .[9]5 [10] and [I1].
accurate or numerical solutions to FPDEs are Approximate series SOhm?“ for FPDEs are
frequently difficult to discover. The fractional generateq using the Sawi transform-l.lomotopy
power series method, the fast convolution algorithm, perturbation method (STHPM) combination, [12],
the fractional differential transform method, the [13], [14]; [15], [16]. )

finite difference method, and the fixed point and In th}s study, homotopy .perturbatlon methqu
upper and lower solution methods, [4], [5], [6], [7], are app}led to .solve fractlpnal Caputo partial
[8] are examples of analytical and numerical dlfferqntlal equations (PDEs) in a novel manner, as
methods that have been developed to solve FPDEs. noted in references [17] and [18].

In this paper, the Sawi transform homotopy According to references [19] and [20], the
perturbation method (STHPM) is introduced as a STHPM 'pr(.)duces extremely precise re§ults and
novel hybrid strategy for solving FPDEs with saves a significant amount of calculation time when

compared to other techniques like the variational
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iteration approach and the Adomian decomposition
method.

Additionally, a variety of complex and non-
linear partial differential equations (PDEs) can be
solved quickly and effectively with STHPM's
flexibility, something that is challenging to achieve
with conventional numerical approaches, [21], [22]
and [23]. Scholars and professionals alike will find
the STHPM to be a beneficial tool as it provides a
novel perspective on the analysis and solution of
fractional Caputo PDEs. The solution of the
convection-reaction-diffusion equation shows the
practicality and efficacy of the STHPM. We
compare our results with the accuracy,
computational expense, and convergence of known
numerical methods or solutions, as documented in
references [24], [25] and [26]. As shown in
references [27], [28] and [29], we also go over
potential STHPM extensions and uses to handle
other types of FPDEs.

It is crucial to acknowledge that the method has
limits, including the need for meticulous selection of
homotopy parameters. These constraints will be
thoroughly described in the subsequent portions of
this study, as referenced by [30], [31], [32], [33],
[34].

The Sawi transform homotopy perturbation
method is a significant improvement in the field of
fractional differential equations, addressing a critical
gap in the current literature and providing a more
generic, efficient, and accurate method for solving
fractional Caputo PDEs, [35].

2 Basic Concepts of Sawi Transform
This section is concerned with the presentation of
the Sawi transform. We out line some basic
properties regarding the existence conditions,
linearity and the inverse of this transform.
Moreover, some essential properties and results
regarding Sawi transform are discussed. We
introduce the Sawi convolution theorem and the
derivative properties. For more details about Sawi
transform see, [17], [18].

Definition 2.1. If w(t) is a function defined over a
positive domain. Then, Sawi transform of w(t),
denoted by S[w(t)], is given by

Siw@®] =¥) =

1 —t
—Zf w(t)evdt,t =0. (1)
v

0
The inverse Sawi transformation is provided as
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c+ico
_ _ 1 4
STHY(w)] = o _f 3¢ ¥Y(v)dv @)
=w(t), t>0.

Theorem 2.1. If w(t) is continuous function
defined for t > 0 and of exponential order p. Then
S[w(t)] exists for v > p and satisfies
lw(t)| < Me”t,

where M > 0, then Sawi transformation exists for
v>p.
Suppose that S[w(t)] = WY(v) and S[h(t)] = H(v)
and 4, # € R, then the following properties hold:

S[iw(t) +7 h(t)] =i S[w(D)] + 7 S[h(D)].

ST ¥ () +7 HW)]
=4iSTHYW)] + 7 STHH®W)].
S[t?] = v7T'(f + 1).

Sle?] = S s
S[cos(4t)] = v 17707
S[sin(jt)] = #;sz.
S[cosh(4t)] = m.
S[sinh(jt)] = %;sz.

. -1
[t0]-r0 Soo

Theorem 2.2. Let S[w(t)] = W(v). Then,

S[w(t — HH( — )] = e~ v W), 3)

where H(t) denotes the unit step function defined
by
~_ (1, t>],
H(t—7) = {0, otherwise.
Theorem 2.3. (Sawi Convolution Theorem). If
S[w(t)] = W(v) and [h(t)] = H(v), then
S[(w * ()] = v?> Y(W)H(v), 4)

where
t

(w=h)(t) = f w(t)h(t — 1)dr.

0
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3 Fundamental Facts of Fractional

Calculus
In this section, some definitions and properties of
fractional calculus that will be used in this work are
presented.
Definition 3.1. [35], The three - parameters Mittag-
Leffler function is defined as:

NGO
Eﬁ,](t) = z_—, ;t;/’ﬂi;:!5
= n! F(’l’"n + 7) (5)
€ C ,Re(8) > 0,Re(r)

> 0,Re(4) >0,
where (&), is the Pochhammer symbol.

Putting § =1 in Eq. (5), we have the new
function turns into the two - parameters Mittag-
Leffler function:

t" )
E,.;(t) = Z)m tLr,7€C,
n=
Re(#) > 0,Re(4) > 0.

(6)

Putting 4 =1 in Eq. (6), we have the new
function turns into the classical Mittag-Leffler

function:
n

c t
Er(t) = Z)m,t,’l” € C, Re(’l’“) > 0. (7)
n=
we note that E; 1(t) = Z;fzo% = et.

Definition 3.2. [36], Let w(t) be a continuous
function, and n—1 <+ <n. Then the Caputo
fractional derivative of the function w(t) with
respect to t of the order 7 is defined as:

r)f(t

- T)n'”'l w®(t)dr,a € R.

Dt W(t) = (8)

Theorem 3.1. Let W(v) be the Sawi transform of
w(t) .Then the Sawi transform of Caputo fractional
derivative of w(t) is expressed as:

@
SID7w(®)] = (ww Zw(m>

—1<7r<n.

)

Proof. By the definition of convolution integral, we
have:

f(t — )Ly ()dr =t w™ ().
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Therefore,
S[D{w(t)]

1 1 t
= Fof (F(n—/r)L (t
— ) ly™ (T)d‘[) e%tdt
S[en "1« w™ ()]

" T—r)
1
=——— (V2 S[t™ S[w®(@)]).
s 0 S s @)
Using the properties of Sawi transform, we have

172

S[D{w(t)] = Tn—r) v "2 (n
Yw) < wd(0)
—7) pn - pn—i+l

=0

ww Zme

v i+1 °

Thus,
@
S[D7w(®)] = &m Ewm)

<7 <n.

) nei

Corollary3.1. Let W(u, v) be the Sawi transform of
w(u,t) and 0 < # < 1 .Then the Sawi transform of
Caputo fractional derivative of w(u, t) is expressed
as

SIDFw(u, )] = — (‘P(u, V) — %W(u, 0)) . (10)

4 Analysis of Sawi  Transform
Homotopy Perturbation Method

In this part of the paper, we present the fundamental
idea of Sawi transform homotopy perturbation
method for solving fractional Caputo partial
differential equations. In order to show the
fundamental plan of the STHPM, we consider the
following general partial differential equation
Dfw(u,t) + L(w(u,t)) + N(W(u, t))

= R(u,t), (11
(u,t) €[0,1] X [0, T,n—1<# <n, andT
>0,
subject to the conditions
o'w(u, 0
——%Tl—km),i=QLwn—L (12)
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where L,N are linear and nonlinear differential
operators, D{ denotes the Caputo fractional
derivative with respect to the variable t, w(u,t) is
the unknown function and R(u,t) is a given
function.

Applying the Sawi transform for Eq. (11), with
respect to t, we obtain
Wu,v) = v“’(S[R(u, t) — L(w(u,t))

+ N(W(u t))])
1 [d'w(u,0) (13)
+ Zl 0 1= l< tl >

Thus, the homotopy parameter g is defined as

wm0=§ﬁ%ﬂwﬂ (14)
z=0

The nonlinear terms in Eq.(11) can be written as

N(w(w, £)) = Z 477, (15)
z=0

Where H, are He’s polynomials, which can be
calculated by using the following formula

H, = Z'O@ Z@ w; (u,t) ,Z (16)

=0

=0,12,..

We carry out the component of the Caputo
operator result by substituting Egs. (14) and (15)
into Eq. (13).

W, )
z=0

n-1 i
=v"S[R(u, t)] + Z vll l<a W(u 0)>
i=0

—qv” | S|L ZCLZWZ (u,t)

+ Z qH,
z=0

Appling the inverse Sawi transform to Eq. (17), we
have:

(17)
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[oe]

D amw, (o)

z=0

=§1 [W”S[R(u, )]

+z"—1 1 [dw(u,0)
i=0 pl-i ott

[00)

—gStv"S|L Z@ZWZ (u,t)

z=0
+ Z q’H,
z=0

Thus, Eq. (18) , when solved with respect to g, are
defined as

a%:wo(u,t) =S71 [v”’"S[R(u, )]

= 1 (0w(y,0)
S e
gt:w (u,t) =-81 [‘U'VS[L(WO(H, t))
+ 7{0]].
g% wy(u,t) = -S71 [va[L(Wl(u, t))
+ 7'[1]],

(18)

(19)

" iwyiq (u, t)
=-§1 [v”’"S[L(WZ(u, t))
+36,]],  z=0,

when g — 1 is applied, suppose that Eq .(19) is the
approximated solution to Eq. (11) , and the solution
is
w, t) =wo(u,t) + wi(u, t) + wy(u, t) (20)
+ eee,

5 Applications
In this section of this paper, we present some
examples to show the efficiency of the presented
method.
Application 5.1. Consider the
convection—reaction—diffusion equation

following
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"w(u,t)  0*w(u,t)

FIza gz @O
ow(u,t)
ou (21)
ow(u,t)
+w(u,t)———
Ju
—w?(u,t),
subject to the conditions
w(u,0) =e® (22)
Applying Sawi transform homotopy
perturbation method for Eq. (21), we obtain:
D W, ()
z=0
- vw(u' )
+gv”| S a*w, (u,t)
( <Z ) (23)

+ i 3w, (u,t) — <§: 3w, (u, t)) D
z=0 z=0 u
+ qv” (S [i a*H, (u, t)D.

Taking the inverse Sawi transform to Eq. (23) ,we
get

Z a*w, (u,t)

z=0

=s1 Ew(u, O)]

+q §‘1|v4”§ z a*w, (u,t)

l z=0

+ Z q*w, (u,t) — Z q%w, (u,t)
z=0 z=0 "

24

uu

+gStv"S [Z a?H, (u, t)]
7=0

Note that, the first few terms of H, in this case
is given by:
Ho = WoWo,, — (wo)?,
Hy = wowy,, + wywg,, — Zwowy,
Hy = wowy,, + wiwy, + wowg,, — ZwoWw;

- (Wz?z,

(25)
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The function of the Caputo derivative result is
achieved by calculating the powers of g

0 1 [L Y
GO wo(ut) = S [;W(u, 0)] =S [;e ] 26)
= e u’
4n+1: Wni1 (W, t)
=gt [W’S[Wnuu(u, t)
+ wn(u, t) — wy, (u, t)

+ 3.

27

Putting n = 0 into Eq. (27) , we get

gt:w,(u,t) =871 [v“’S[wouu(u, t) + wo(u, t)
—wp,(w, t) + 7{0]]
=S v"S[e* +et —e" +e?
—e Zu]] — S—l[v';’—le u]

t a

F(»+1)

Putting n = 1 into Eq. (27), we get

a*>wy(u,t) =S [va[wluu(u, t) + wy(u, t)
—wy, (W t) + 7-[1]]

t"e" t"et
+
F'(»+1) T(r+1)

— +
rr+1) Tr+1)
t"e 2u

CT(r+1)

sl

—pUu

= S_l

v“S[

= S_l

— §-1[p2r—1pU] = ’
e =m0

in the same way, we get
3 ) = —————=,
47 w3 ) = Fi Ty

trw'eu

n. R —
" wn (W, t) F(nr + 1)

Therefore, the solution of Eq.(21) is given by
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w, t) =wo(u, t) + wi(u, t) + wy(u, t)
+ -+ w,(ut) + -
-
=e't+tel——=
(»+1)

27
u t

r(2r + 1)
t 3r

Gren

t'ﬂ’i"eu

ror+n (28)
t’V"

—el(14—
€ ( MYTEEY

tZ/r’ t34"’
Ter D T TEr+ D

nv

u

+ eee + - + eee
F'nr +1)

tZ’V
—Lu

[(zr + 1)
z=0

at # = 1, then the exact solution is w(u, t) = e **t,
Below, we sketch the graph of the exact solution
w(u,t) = e **t in Figure 1, and the approximate
solution in Eq. (28) with different values of r, r =
1,0.9,0.8, 0.6 in Figure 2.

Fig. 1: The exact solution convection-reaction—
diffusion equation (21)
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- r=0.9

r=0.8

Fig. 2: The approximate solution in Eq. (28) with
different values of r

In Figure 3, the 3D plots showing the absolute

error between the solution of Eq.(21) and the exact
solution e¥** for each specified value of 7.
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The above plots show the difference between
the approximate solution and the exact solution
e"*t for different values of 7. This difference can
be interpreted as the deviation of the exact function
from a simple exponential function e**t.

As r decreases, the difference becomes more
pronounced, especially for larg values of u and t.
This suggests that the approximate solution deviates
more from e“*t as r decreases. The complexity of
) the surface increases as r decreases, indicating that
3 the function becomes more sensitive to changes in u
and t.

Di fference 20

Application 5.2. Consider the following
convection—reaction—diffusion equation:

0"w(u,t)  0*w(u,t) )
29
E = 1+ 4u*)w(u,t), (29)

subject to the conditions:

w(u,0) = e ¥, (30)
Applying Sawi transform homotopy perturbation
method for Eq. (29), we obtain:

Z a*W, (u,v)
z=0

)
—qu,

NRIA (31)
+qv”| S a*w,(w,t) | —(
z=0
u

u

+ 4u?) Z a*w, (u,t)
z=0

Taking inverse Sawi transform to Eq.(31) ,we get:

22@“%0L0
z=0

;gﬂgwwﬁﬂ

S0 N ';‘  2 - +4 S {v"S Z%ZWZ wt)y| —Q

Di f ference z=0

+ 4u?) i a*w, (u,t) ]|
7=0 |

O Difference forr=06 Thus, the function of the Caputo derivative result is

) o achieved by calculating the powers of:
Fig. 3: The absolute error of Application 5.1
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a’:wo(u, t) =St Ew(u, 0)]
-]
g™ w1 (U, t)
=§1 [v“’S[Wnuu(u, t) (33)
- (1+ 4u®)w, (u, t)]].

(32)

Putting n = 0 into Eq. (33), we get:
gt:w;(u,t) =S71 [v”S[wouu(u, -1
+ 4u®)wy (u, t)]]
=57 [v7S[2 + 4uP)e ¥ - (1
+ 4u?)e uz]] =51 [v" e ]
t r
F(r+1)
Putting n = 1 into Eq. (33), we get:
g% w(u t) = S [v7S[wy,, (1) - (1

+ 4u?)w, (u, t)]]

= uz

uZ t 27
r2r +1)
in the same way, we get:

3 2 t 37
: ,t) = u _—
@ ws(ut) =e TGr + 1)

B nr
m t)=e¥ ——.
G wn(ut) =e T(nr + 1)

Therefore, the solution of Eq. (29) is given by:
w(u, t) = wo(u, t) + wi(u, t) + wy(u, t)
+ o +w,(ut) + -

t’V’
(»+1)
t24"

r2r + 1)
t 3r

Grrn

tn’}"
tr+ 1) (34)
— euz 1 +L
- T(»+1)

+
Ter D T TEr+ D
nr

2
=el +e

2

+el

u2

+ I'(nr +1) )
eyt

['(zr +1)
z=0

At 7 = 1, the exact solution is w(u, t) = e ***t.
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In Figure 4, we sketch the exact solution of
Application 5.2, that is w(u, t) = e ¥t

2
wiv, )=

Fig. 4: The exact solution convection—reaction—
diffusion Eq. (29)

In Figure 5, we plot the approximate solution in
Eq. (34) with different values of r = 1,0.9,0.8,0.6.

r=1
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r=0.8

=l

B =09
=08
A H =06

3
Fig. 5: The approximate solution in Eq. (34) with
different values of r

Application 5.3. Consider the following
convection—reaction—diffusion equation
0"w(u,t)  9*w(u,t)
= +w(u,t)
at” du? (35)
it ow(u,t) 200t
w(u, )T—W (u, t),
subject to the conditions
wu,0)=1+e™ (36)
Applying Sawi transform homotopy

perturbation method for Eq. (35), we obtain
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Rania Saadeh, Ahmad Qazza,
Abdelilah Kamal Sedeeg

Z a*W, (u,v)
z=0
1

= ;W(u, 0)

(oo}

+qv”|S z g*w, (u,t)

z=0

+ Z g*w, (u,t)
z=0

+qv” <S [Z a*H, (u, t)D.

Taking inverse Sawi transform to Eq. (37) ,we get

> atw, w0
z=0

=§1 Ew(u, 0)]

(37

uu

z

=0
o 1
+ Z g*w, (u, t)‘ |
z=0 J

+gSt|vrs IZ 42K, (u, t)] .
z=0

+gSt lv“’S Z a*w, (u,t)

uu

Note that, the first few terms of J, in this case
is given by:
Ho = wowyp,, — (Wo)z,
Hy = wowy,, + wiwy,, — 2wowy,
Hy = wowy,, + wiwy, + wowy,, — 2wew,  (38)

- (Wz_)z.

The function of the Caputo derivative result is
achieved by calculating the powers of g;:

a%:wo(u,t) =St Ew(u, 0)]
=51 [%(1 p u)]
=1+eY

™ W (ut)
=81 [va[Wnuu(u, t) (40)
+ Wy, (1, ) + .‘]-[n]].

(39)

Putting n = 0 into Eq.(40) , we get
agtiw (u,t) =St [U“S[Wouu(u, t) +wo, (u,t)
+ 34|
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=S v S[e*+(1+e™)
+(L+eet —(1+e%)?]].

— S—l[vr—le u] =l

F(r+1)
in the same way, we get:
27
2 B =et——,
@ wa (w0 = e 5o
nv
m ) =et — .
" wn(wt) = e rar T

Therefore, the solution of Eq. (35) is given by:
w, t) =wo(u,t) +wi(w, t) + wy(u, t) + -
+w,(u,t) + -

r
=l+et+et——s
I'(»+1)

u + u
© Ter+ D * TBr+1)
t

+otet

=1
7 tZ/r'

u(q
te ( M CE M)

t3fr t

+ — + cen + —_—
rGr +1) F'nr +1)

Tar+10

+.o]l=14e¥ L,
I'(zr +1)
z=0

at 7~ = 1, then the exact solution is w(u,t) =1+
o Ut

Here are the 3D plots Figure 6 showing the
absolute error between the solution of Eq. (35) and
the exact solution e**t for each specified value of
r:

L Difference forr=1
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& Difference forr=0.9

B Difference forr=06
Fig. 6: The absolute error of Application 5.3

6 Conclusion

This paper provided a thorough analysis of the Sawi
transform homotopy method perturbation, a novel
and effective technique for solving fractional
Caputo PDEs. In terms of computational efficiency
and solution precision, the STHPM has
demonstrated significant gains over traditional
techniques like the Variational iteration method and
the Adomian decomposition method. Through the
integration of homotopy techniques and the Sawi
transform, we effectively resolved a number of the
most formidable challenges associated with the
solution of nonlinear PDEs.

Volume 22, 2023



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2023.22.108

One benefit of this undertaking is that it is possible
to decrease the processing time while maintaining
the precision of the solutions. For this reason,
researchers and professionals who need to solve
fractional Caputo PDEs rapidly and precisely will

find the

STHPM to be an extremely useful

instrument. There are numerous potential paths for
further investigation in the future. We feel that the
STHPM has the potential to transform how
fractional Caputo PDEs are treated and solved, and
we are hopeful about its future contributions to
academia and industry.
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