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1 Introduction

A Throughout of this paper, all graphs and multisets
considered have vertices in Z,,. Let G be a graph of
order v, a near-k-factor of G is a spanning subgraph
in which all vertices have a degree k with exception
of one vertex (isolated vertex) which has a degree
zero. An analysis of graph G involves a list of
subgraphs H = {H,,..., H;}, in which the edge sets
split the edge set of G as a whole. Another name for
it is a (G,H)-design. A subgraph is called a
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(G,H) —design if every subgraph in H is
isomorphic to a predefined subgraph H.

Let IT be a group of permutation on V(G) = v
leaving the multiset of subgraphs H invariant. If

there is a permutation m € II of order v, then

(G,H)-design is called a cyclic. Thus, the
permutation can be represented by =
©,1,..,v-1).

A complete multigraph AK,, is a graph where
any two vertices are joined by A distinct edges. The
fundamental theorem for the existence of (K, H)-
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design has been stated by, [1]. There have been
several research papers relating to decomposing of
complete multigraph AK,, into different subgraphs.
For example, into crowns, [2], paths, [3] or cycles,
[4].

Furthermore, (1K), Kj)-design is known as a
balanced incomplete block design denoted by
(v, k,1)-BIBD. On other words, (v, k,A1)-BIBD is a
pair (V, B) where V is a finite set of v points and B
is a list of k-subsets (called blocks) of V such that
each pair of distinct points of V is contained in
precisely A blocks. A A-fold triple system of order v,
denoted by TS(v,A), is (v,3,1)-BIBD.
The TS(v, 1), (V,B), is called cyclic triple system,
CTS(v,A), if B={cy,cy,c3} €EB then B+1=
{c1+1,c,+1,¢c3 + 1} is also in B. The ensemble
of triplets generating all triplets within CTS(v, 1)
through the addition of one modulo v is termed
starter triplets.

The orbit of triple B, represented by orb(B), is
the set that contains all unique triples in the
collection {B + i|i € Z,}, where B is a triple.
The length of the orbit, written as orb(B) = k, is
the cardinality of this orbit, represented as |orb(B)|,
the smallest positive integer, denoted by k in this
case, for which B + k = B. B is said to be
precisely defined if its orbit matches v; if not, it is
deemed short. There is no block's short orbit when v
is not equivalent to 0 (mod 3), [5].

The existence of CTS(v,A) is an interesting
open problem of combinatorics due to its vast
applications. In, [6], they studied the existence of
cyclic triple system over Z, when v = 1,3 (mod 6).
While Colbourn and Rosa have given the spectrum
of CTS(v, A), [7]. Recently, in, [8], they introduced
a new type of triple system called compatible

factorization. They employed the near-one-factor to
v-1 T . .

arrange v X (T) distinct triple into v rows

according to certain conditions for v =

1,5(mod 6). In, [9] they developed the compatible
v-1 2

factorization to display v X( > 5) triples with

minimum repetition for v = 3 (mod 6 ).

The primary aim of this paper is to devise a
novel decomposition for the complete multigraph
8Kin4o utilizing wheel graphs of distinct orders.
Then we will employ this decomposition to define a
new cyclic triple system to arrange v X 2(v — 1)
triples satisfying certain constraints.

2 Preliminaries and Definitions
Here, we introduce some key ideas in
(v, k,A) —BIBD and graph decomposition that are
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relevant to our conclusions. The primary goals of
this research will be achieved by applying the partial
difference approach, which is described in this
section and has been successful in creating cyclic
(AK,, H)-designs in many cases,[9].

Definition 1 A wheel graph of order n > 4, written
asW, =co+ (cy,¢3,...,€n_1), 1is a graph that
contains a cycle of order n — 1, and each vertex in
the cycle is joined to a new vertex, ¢y, which is
known as center, [10].

Definition 2 A starter of cyclic (AK,,, H)-design is
the collection of subgraphs of 1K, that generates all
the subgraphs in H, [11].

Definition 3 Let H be a subgraph of AK,,. The list of
differences from H is the multiset, [12],

A(H) ={d(x,y) =mim{|x —y|,v—[x —yl},xy
€ E(H)}

In general, given a multiset § = {Hy, H,, ..., H;} of
subgraphs of AK,, the list of differences of the
multiset & is defined by:

A(8) = A(H,) U A(Hy) U ... UACH,).

Definition 4 Let H be a subgraph of AK,, the
stabilizer of H wunder Z, is stab(H)={z €
Z, | z+ H = H} and is called trivial if stab(H) =
{03,[12].

As a particular result of, [13], we have the
following lemma.
Theorem 5 Let v be even and § be a multiset of
subgraphs of AK, and every subgraph of & has
trivial ~stabilizer. Then & is a starter of
cyclic( AK,, Y)-design if and only if A§ covers each

nonzero integer of Zv exactly 4 and (g )occurs %
2

times, [14].

Definition 6 Let B be a k-subset of Z,,. The list of

difference of B is the multiset,[6],

D(B) = {min{la — b|,v—|la—»b|}, a,b €
B,a # b}.

Generally, if A = {By, B, ..., B;} is a multiset of
k-subsets of Z,, then the list of differences of
multiset A is defined as

D(A) =D(B;) UD(B,) U ... UD(B:).

Theorem 7 Let v be even and A be a multiset of 3-
subsets of Z,. An A is a starter of cyclic A-fold
triple system if and only if D(A) covers each
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nonzero integer,[6], of Zv exactly A times and the
2
middle difference (g) precisely %times.

Definition 8 Let H and F be two m-cycles of a
graph G of order v. Then H and F are called parallel
m cycles if they have the same difference set, [15].

Definition 9 Let H and F be two m-cycles of a
graph G of order v. If the sum of each two
corresponding vertices of them is v, then it is called
adjoined m-cycles,[15].

Lemma 10 Any two adjoined m-cycles of a graph G
are parallel m-cycles, [15].

3 Cyclic (5%, (4n)", (2n + 3)*)-wheel
System of 8K 15,,42

In this section, we consider how to decompose the

complete multigraph 8K, into wheel graphs for v =

12n + 2. According to the Definition 1, the edges

set of wheel graph W,, = ¢y + (cy, ..., cp—1) Will be

expressed below:

E(Wy) = E(K(1,n—1)) U E(Cp—) such that:
E(Kn-1)) = {coc; |1<Si<sn—1}

E(Cp-—1) ={ciciy1 |1 <i<n-—1}wherec, =
.
So, the list of difference from W, isD(W,) =
D(Cp-1) YD(K(1n-1y).- We will call D(C,_;) and
D(K(Ln_l)) the cycle differences (CD(W;,)) and
internal differences (ID (Wn)), respectively, of W,.
As usual, any C,, is written as a permutation:

Crn = (Co) C1y vy Crp—1)-

To simplify determining a vertex set and computing
the list of differences of m-cycle, we will write C,,
of high order, whenm =5, as linking paths as
follows:

Cm = (co, €1y eenry Cm—1) = (o, Py, P;), where n, s are
positive integers and 1 + n + s = m in which P,and
P are paths and ¢ is a point such that:

B, =[c1,rcnl, Bs = [ cpg1s ooer Cm—1l
We represent a path of even order as follows:

PZTL = [al, bl,az,bz, ...,an,bn] = [U?ZI a;, bl‘],
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Therefore, the list of difference and vertex set of P,
determined as:

d(a;, by),
d(a;41,by),

1<i<n,
1<i<n-—1,

D) =

V(Pzn) = {Uj=1 a3 U {Ui, b},

Moreover, the difference between P, and P, that
located in the same cycle, denoted by D(B,, P; ), is
defined as the difference between the last vertex in
the path P, and the first vertex in the path P;. As a
result, the vertex set and list of difference for an m-
cycle G, = (co, Py, Bs), n, s € N, will be written as:

V(Cn) = {co} UV (B) UV (F),

D(Cm) = D(Pn) UD(PS) UD(COIPn) UD(Pans)
UD(PS'CO)

Definition 11 A (mj,m3, ..., m{)-wheel system of
AK,, is (AK,,, H)-design where F is a collection of
wheels in which the order of each wheel graph
belong to {m, m,, ..., m;}.

We will denote of a cyclic (mj, m3, ..., m;)-wheel
system of AK,, by CWS(AK,,, W) where W is its a
starter set. Following Tian and Wei,[13], we will
use the notation H = {H:,lfl,Hgfz, ...,H:,ll’; to
describe a set of subgraphs H{ meaning that there
are n, subgraph of order m,, n, subgraph of order
m,, etc. For more see, [16].

The following results will be used to prove the
existence (mj,mj,...,m;)-wheel system of 8K,
[17].

Lemma 12 Let G be graph of order v. Let k be a
positive even and C be a set of cycles of G. Then C
is near-k-factor if and only if the vertex set of C

k .
covers every element of G exactly 5 times except

one vertex.

Proof. We will prove the first part of this lemma.
The second part can be shown similarly. Let C =
{C1,C,, ..., Cp,} be a set of cycles that forms a near-
k-factor, then each vertex of G has a degree k
except the isolated vertex. Let x € V(G) and x is
not isolated vertex in C. Then, the degree of x in G
is

degg(x) = Xitidegc,(x).

Where degg(x) and degc,(x) denote the degree of
x in G and C; respectively. Since a cycle graph is a
2-regular graph, then degc,(x) = 2 or 0 according
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to whether x is a vertex of C; . Suppose the number
of cycles in C that contains x is n. Then, we have:

dege(x) =2+2+-+2=2Xn.

Since degg; (x) = k, thenn = g

Lemma 13 Let v and n be even integers and W =
{co + CnyyCo+ Gy s Co + Cmt} be a set of
wheels of AK,,. If the cycles {le,CmZ,...,Cmt}
satisfy a near-n-factor, then the internal
differences, (ID), of W covers each element of
Zy+2 exactly n times except the middle difference

2
(g), which occurs (2) times.

Proof. Let W = {cy + Cn,, o + Cnyr oves Co + Ci, }
be a set of wheels of AK,, such that the set of cycles
{Cmp1<i<t} with
isolated cy. The internal differences of W, (ID), is
determined as follows:

satisfies  near-n-factor

D(K(,my) = {min{lc; — col.v = |¢; — o}, ¢; €
Cnpl<istl<j<m},

D(K(l:mi)) =

4
|C]'_C0, |Cj_C0|SE,C]ECmi,lslSt,].S]S m;,

v—|cj—co|,|cj—c0|>;,cj€Cmi,15iSt,1 <j< my

Since the cycles {Cmi, 1<i< t} form a near-n-
factor, then the vertex set of set of cycles {le., 1<
i< t} covers each element of Z,, exactly g times

except ¢y based on Lemma 12, [18].

Now if we label ¢, by "0", then every vertex of
v v v
12,.,(2-1).5(3+1),..v - 2), (- 1}
will appear as ¢; € Gy, exactly % times. Therefore,

(ID) can be written as:

D(K(l.mi)) =
v .
i <3, GECy,1si<t,
v .
v =g ¢G>, GECy,1si<t
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Thus, every element in the multiset of {1, 2, ., G —

1) ,g, (g — 1) ) s 2, 1} will be shown g times. Then

D(K (l,mi)) covers all the nonzero elements of Zy+
2

precisely n times except the middle difference g

occur g times, [19].

Lemma 14 Let W,,, 1 be a wheel graph of 1K,,. If
the W,,,, is formed as Wy, =0+ C,, then
W,,+1 has a trivial stabilizer.

Proof. Let W,,11 = 0 + (¢4, ¢y, ..., ) be (m + 1)-
wheel of AK,,, the stabilizer of W, is represented
as follows:

stabWiny1) ={z2 € Z, | 2+ Wiy1 = Winyq}
suppose z € stab(Wy,41), then.
Wint1 +2 = Wnyy,

z+ (1 +z,c,+2,..,c;p, +2) =0+

(c1,€2) ey Cm)

This implies that z = 0. Hence, stab(W,,,+1) = {0}.

Now, we will present the existence cyclic
(mi,m3,...,mi)-wheel system of 8K, for v =
12n + 2.

Theorem 15 For n > 1, there exists a cyclic
(5%, (4n)*, (2n + 3)*)-wheel system of 8K;5,45.

Proof. We construct the starter of cyclic
(5%, (4n)*, (2n + 3)*)-wheel system of 8K;,,,, as
follows:

Casel.n = 2.

Consider that W = {W& Wg, W7} is a wheel set
of 8K, such that:

Ws, =0+ (1,25,14,12), Ws, = 0 +
(2,24,15,11),

Ws, = 0+ (3,23,16,10), Ws, = 0 +
(4,22,17,9),

Ws, = 0+ (5,21,18,8), Ws, = 0 + (6,7,20,19),

Wy =0+ (13,2,12,3,11,4, 10),

Volume 22, 2023



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2023.22.104

Wg* = 0 + (13,24, 14,23, 15,22, 16),
W: =0+ (6,1,517,19,18),
W™ =0 + (20,25,21,9,7, 8).

It is straightforward to check that W =
(Wé,wg, w2} is the starter of cyclic
(5%, (8)", (7)*)-wheel system of 8K,.

Case 2. n = 3is odd.

Consider that W = {W™, W2, W5} is a set of
wheel of 8K ,,,4,, where the list of wheels of order
5 is:

0+ (,12n+2—-i,6n+1+i,6n+1—-1i),1<i
< 3n,

., n+l
L+ —.
2

Wheni = nTH, let

Wy, =0+ (25 12n+2 -2 6n+1-
n+1 n+1
T,6Tl+1+ T)

Whereas, W, =0+ (4n+ 2,P;,_,) and W,, =
0 + (8n, P;,_,) are wheels of order 4n in which the
paths {P;,,_,, P;n_,} are represented below:

Pin_s=[6n+1,2,6n3,..,4n + 3,2n]
= [uZten+2—ii+1],

Py, =[6n+1,12n,6n+2,12n—-1,...,.8n —
1,10n + 2],

=[uten+i12n+1—1i].
Meanwhile, W;,,3 = (8n+1,P3,P;,_,) and
Winsz =0+ (4n+ 1,P3%, Py;_,) are considered
the wheel graph such that the paths
{P3, P;p_5, P, P5y_5} are written as:

P;=[2n+212n+1],

Py, =[4n,2n+3,4n—-1,2n+4,..,3n
+3,3n,3n+2,3n+ 1]
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= [Ukt4n+1—i2n+2+1],
P;* =[10n,12n + 1,10n + 1],

Py _,=[8n+2,10n—1,8n+3,10n —
2,..,9n— 1,9+ 2,9n,9n + 1],

= [U!8n+1+i,10n —i].

In order to prove that W = {W", W2, W5}
is a starter set of cyclic (5%, (4n)*,(2n+ 3))-
wheel system of 8K;,,,4,, the differences list of W

will be determined as follows:
D(W) = CD(W;) UID(W,), W, ew

we begin with the cycle differences CD(W;) as

follows:
CDW;) =

UiZy D(Ca;) Ut D(Cian-1y,) Ukt D(Cianea,):
Such that
D(Cy,) = D(c1iCapC30€a1), 1<i<3n
= d(c1iC20) Vd(ca¢3:) Ud(csCa)

U d(C4,L', Cl,i)'

1 <i < 3n, where

d(c1i C2i) = {min {| coi —cril, 12n+2 -

| C2i — C1,i|}}

. . n+1
=2i ,1<i<3n,

ii—z ,

={2,4,..,6n}—{n+ 1}.

d(czli,c&i) = {min {| C3;— cz’i|,

12n+2—|c3; — c2,i|}}

—6n+1—-2i, 1<i<3n, i;e”T“,
={6n—-1,6n-3,..,3,1} — {5n},

d(C3,i' C4,i) = {min {| Caji— C3_i|, 12n+2

- | Cai — C3,i|}}

=2,1<i< 3n,i+—,
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={2,4,..,6n—2,6n} —{n+ 1},

)

d(c4,l-, C1,i) = {min {| C1i— Cq

12n+2— | o — ca ]}

—6n+1-2i, 1<i<3n, iinTH,

={6n—-1,6n-3,...,3,1} — {5n}.

wheni = ">, D(Cy)={n+1,6n+1,n+

1,6n + 1}

Since {Cin_1,Can—1} and {Coniz, Conya} are
adjoined (4n — 1)-cycles and (2n+ 2)-cycles
respectively, then D(C;,—,1) =D(C4;—q) and
D(C5p42),= D(C5y47) based on Lemma 10. Hence,
it is sufficient to determine the lists of D(C,,_;) and
D(C5p47) as follows:

D(Cin-1) = D(4n+2,Py_5) UD(Pyp—3)

g D(szn—z' 4n + 2)

D(4n+2,Pj,_,) =d(4n+2,6n+1) =
{2n —1}.

D(Pin-2) = D(PZ*(Zn—l))

_ {d(ai,bi), 1<i<2n- 1,
- d(ai+1,bi), 1Sl£2n—2,
_{6n+1—2i, 1<i<2n-1,
—len — 2, 1<i<2n-2,
_ {{611 —1,6n-3,...,2n + 3},
T len—2,6n—4,..,2n+ 4}

D(Pyp_z,4n+2) =d(2n,4n + 2) = {2n + 2}.
For simplicity, A(Cy;,,—1) can be written as:

D(Csp_y) ={6n—1,6n—2,....2n+3,2n+ 2} U
{2n -1}

Equally, A(C3,,42) is computed as:
D(C3p42) =D(@Bn+1,P;) UD(P;) U

D(P3,Pyp_3) U D(P3p_3) U
D(P;,_5,8n+ 1).
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Such that
D@Bn+1,P;) =d(Bn+1,2n+ 1) = {6n},
D(P;) = {2n,2n + 1},
D(P:, P3n_y) = d(2n + 2,4n) = {2n — 2}.

D(P3p-2) = D(Pj(n_1))

_{d(ai,bi), 1<i<n-—-1,
 ld(aj41, b)), 1<i<n-2
_{Zn—Zi—l, 1<is<n-—-1,
T R2n-2i-2, 1<i<n-2,

_ {{Zn -3,2n-75,...,3,1},
“{2n—-4,2n-6,...,4,2}.

D(P;,_5,8n+1)=d(9n+1,8n+1) = {n}.

Furthermore, the differences list of C;,,, can be
expressed as:

D(C;n+2) = {1l 2; ey 2n — 3, 2n — 2} U
{n,2n,2n + 1, 6n}.

In view of the former investigations, it can be
noticed that the cycle differences of W,
CD(W;), W; € W, covers each nonzero integer of
Zgn+1 four times and the middle difference {6n +
1} occurs twice.

On the other hand, it is easy to prove that the
vertex set of cycles associated with the set of wheel
graphs W contains each element in Z7,,,,, precisely
twice, then it satisfy a near-four-factor by Lemma
12. Based on Lemma 13, the internal differences of
W covers each element of Z¢,,,; four times and the
middle difference {6n + 1} occurs twice, [20]

Since wheel graph in W has a trivial stabilizer by
Lemma 14, then the set of wheel graphs is the
starter set of (5%, (4n)*, (2n + 3)*)-wheel system of
8K, based on Theorem 5.

Case 3.n = 4 is even.

Consider that W = {W™, W2, W 3} is a set of
wheels of 8K;,,4+,. Where the wheels of order 5
and (4n), {WS™, W2}, are the same wheels that
mentioned in Case 2 with slightly different in the
list of wheels of order 5 as follows:
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Ws, =0+ (i, 12n+2—i,6n+1+i,6n+1-1),

1<i<3n, i#22
Wheni = y , let
Wy =0+ (=2 6n+1- 22 12n 42—
5n+4 5n+4
T, en+1+ )
Meanwhile, the wheels of order (2n+ 3) are
Winez = (8n+1,P5, Py ) and  Wypys =
(4n+1,P3" Py in  which the paths

{P;, Pyp_2, P53, P3y_5} are represented below:
P;=[2n+21,2n+1],

Py,_,=[8n+1,10n—1,8n+2,10n —2,...,9n
- 1,91 + 1]

= [Ul 8n+i,10n — i,

P3* =[10n,12n + 1,10n + 1],
Py, =[4n+1,2n+3,4n,2n+4,..,3n+
3,3n+ 1],

= [U4n+2—i2n+2+ i

Similarly, by following the same strategy used Case
2, it is easy to check that the set of wheel graph
W = {W", Wi, W3} is a starter of cyclic
(5%, (4n)*, 2n + 3)*)-wheel system of 8Kjzp42
whenn > 2 is an even.

4 Cyclic Triple Factorization

We provide a new idea in this section called cyclic
triple factorization, which is a kind of cyclic triple
system. The decomposition of all Z, triples into
cyclic triple systems will be based on this novel
method, [21].

Definition 16 A cyclic triple factorization with
order v, labelled as CTF(v), involves the
arrangement of v X 2(v — 1) triples into v rows
while meeting the specified conditions:

(i)  Object r appears precisely 2(v — 1) times
in each row 7.
(i)  Each object except r appears four times in

each row r.
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(iii)

The triples associated with row r contains
no repetitions.

Note that condition (iii) in Definition 16 means
that the triples in row 7;, for 0 < i < v are distinct
but not in whole v X2(v—1) array. The
construction of cyclic wheel system of 8K,, will be
employed to prove the existence of a cyclic triple
factorization of order 12n+ 2 in the following
theorem.

Theorem 17 For n > 1, there exists a near triple
factorization of order v = 12n + 2.

Proof. To construct CTF(12n + 2), we need to have
12n+ 2 rows and 2 (12n+ 1) columns based on
Definition 16. Consider the starter set W =
(W™, Wi, W s} of (5%, (4n)*, (2n + 3)*)-wheel
system of 8K, that constructed in Theorem 15.
To construct CTF(12n + 2), we partition the wheel
graphs of W into separated triangles (triples) by
combining the centre of each wheel with every edge
of its cycle. Hence, the number of triples of each
row is equal to the number of edges of the cycles
associated with the wheels in W. Since the cycles
set associated with the wheel graphs of W is
{c2" c2,_,,C%,,,}, then the number of the
columns is computed as the following formula:

4x3n+2xUn—-1)+2x(2n+2)=
2(12n + 1).

Therefore, the center vertex r in eachrow r,0 <
r<wv, will appears 2(2n+1) times in the
generated triples while other vertices will appear
four times since the cycles set satisfies a near-four-
factor. On the other hand, all the triples in each row
are distinct since there is no edge in
{C2",C%,_1,C%,4,} that it has the same endpoints.
Then all conditions of CTF (v) are satisfied for v =
12n + 2.

Example 18 Let G =8K,s and W =
{W56,W82,W72} be a set of wheel graph of G such
that:

Ws, = 0+ (1,25,14,12), Ws, =0+
(2,24,15,11),
Ws, = 0+ (3,23,16,10), Ws, =0+

(4,22,17,9),
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Ws, =0+ (5,21,18,8), Ws, = 0 + (6,7, 20,19),
Wg =0+ (13,2,12,3,11,4,10),

Wg* =0 + (13,24, 14,23, 15,22, 16),

W: =0+ (6,1,517,19,18),

w7 =0+ (20,25,21,9,7,8).

From Lemma 12, W = {W56, W82,W72} is a
starter set of cyclic (5%, (8)", (7)*)-wheel system
of 8K,4, CWS(8K,6, W) that generates its wheels
by adding one modular 26. To construct CTF(26),
we partition all wheel graphs of CWS(8K,s W)
into separate triangles (triples). Figure 1 shows that
how the wheel graph 0 + C,, can be partitioned into
separate triples.

0 + (1,25,14,12)

(0,1,25),{0,25,14)
» l{0:14.12), ©0.12,1)

Fig. 1: Partition wheel graph into triples

Similarly, we can partition the remaining wheels
of CWS(8K,s, W) into triples in the same way.
Clearly, it can be noticed that the center r of the
wheels in each row r, 0<r<25 of
CWS (8K, W) will appear in 50 triples, the
number of edges of cycles {C2,C% CZ} that
associated with W, and other vertices appear four
times since the cycles set satisfies near-four-factor.
Table 1 (Appendix) shows the construction of
CTF(26).

In a A-fold triple system, denoted as CTS(v, A1),
it is important to revisit the definition, wherein it is
characterized as a pair (V,T). Here, V represents a
set of v elements, and T constitutes a collection of
3-subsets of V, referred to as triples. Notably, each
pair of distinct elements from V is precisely found
together in A triples within T. Therefore, no
collection of triples may be regarded as a CTS(v, 1).
Consequently, it is reasonable to inquire if the A-
fold triple system, CTS(v,A), is formed via the
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creation of cyclic triple factorization. We must
demonstrate that CTF(v) has a balanced quality,
namely that each pair of unique elements of v
belongs to exactly A triples, in order to demonstrate
that CTF(v) is CTS(v,A). The difference set
approach will be used in this manner.

Definition 6 and Theorem 7 state that building an
appropriate triples set A is equivalent to the
presence of a A-fold cyclic triple system, CTS (v, 4).
such that the list of differences D(A) covers every
nonzero element of Zv+2 exactly A times except the

2
middle difference (g), which occurs (%) times.

Theorem 19 For n > 1, there exists a 12-fold
cyclic triple factorization of order 12n + 2.

Proof. Let W = {W2", W2, W2,,3} be the starter
of (5%, (4n)*, (2n + 3)*)-wheel system of 8K;zp42
mentioned in Theorem 15. Then, the list of
differences:

D(W) = CD(W,) U ID(W,),W; € W

covers each nonzero integer of Zg,,, eight times
and the middle difference four times in which the
cycle differences (CD(W;)) and the internal
differences (ID(Wi)) have the same list of
differences. Let A be the set of the generated triples
from partition of the wheels in W, then the triples of
A will be formed by linking every two internal
edges with an edge that connected them. As shown
in Figure 1, each internal edge of W will appear
twice in A while the edge set of cycles associated
with W will occur once. Hence, the list of
differences of A, D(A), contains ID(W;) twice and
CD(W;) once. D(A) covers
nonzero integer of Zgz,,q twelve times and the

Therefore, each
middle difference 6n+ 1 six times. Based on
Theorem 2.8, the set of triples A is the starter of
cyclic 12-fold triple system of order v such that
satisfies near triple factorization conditions.

5 Algorithm of Starter Triples of

CTF (12n+ 2)
In this section, we use the starter cycles of
CWS(8Ki2142, W) to develop and formulate the
algorithm of starter triples A of CTF(12n+ 2).
The process of formulating an algorithm for the
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starter triples A will be split into three cases S10 = {{0,2n,4n + 2},{0,4n + 2,6n +

depending on 7. 1},{0,10n + 2,8n},{0,8n, 6n + 1}}.

Casel.n = 2.
n . Similarly, the produced triples from the wheels
See Example 4.3, and Table 1 (Appendix). of order (2n+3), {WZ.,3} that could be
Case 2.n > 1is odd. represented in the following subsets:
The starter of CTF(12n+2) is formed by Si={{0,2n+2+i,4n+1~1i}, 1<i<
partition the starter set W = {W3", W2, W, 3} of n—1)
(5%, (4n)*, (2n + 3)*)-wheel system of 8Kj;p4z. ’
Thus, we start with the generated triple from 6. = {02 2 tia ] l<i<
partition of wheels of order 5, {W53”}, as follows: 12— {{ pant+ 2t 4n }_ i, =Us
n—2f,
{0 n+1i 23n+3} {0 23n+3 11n+1}
_ ) 2 ) 2 ’ ) 2 ) 2 ) _ o . .
S, = {0 L 13n+3} {0 anss n_+1} , S;3 ={{0,10n—i,8n + 1 + i}, 1<i<
o2 2 o2 U o2 72 n—1},
52:{{o,i,12n+2—i}, 1<i<3niz Sia={{0,10n —i,8n +2 + i}, 1<is<
n+1 n—2},855={{0,3n+1,8n+1},{0,8n +
T}’ 1,2n+1},{0,1,2n + 1}, {0,1,2n + 2},{0,2n +
2,4n},{0,9n+ 1,4n + 1},{0,4n + 1,10n +
Sy = {{o, 12n+2—i,6n+1+i},1<i<3n,i# 1},{0,12n + 1,10n + 1},{0,12n + 1,10n},
n_ﬂ} {0,10n,8n + 2}}.
2 For simplicity, we will link the subsets together
which have a relationship between their triples. As a
Sy = {{0, bn+1—i6n+1+i}, 1<i<3ni# result, the algorithm of the starter triples A of
n+1} CTF(12n + 2), can be formulated as:
2 P
A = c/ql U c/qz
1 0,i,12n 4+ 2 — i}, 1<i<én s
> 0,12n+2—i,6n+1+i}, 1si53n,ifie{T}
1
Furthermore, the list of generated triples from {0,6n+1-4} l<is3nifié¢ {%}
wheels of order 4n, {W2}, could be expressed as 06n+2—-1ii+1} 1<i<3nif ie{2n2n+1}
follows: (0,6n+i,12n+1—-1i}, 1<i<3nifi¢{2n2n+1}
0,6n+1—1i,i+1} 1<i<3n-1,ifig{2n—1,2n}
. . . {0,6n+1+i,12n+1—1i}, 1<i<3n-1,if i¢{2n—1,2n}
Se ={{0,i+1,6n+2-1i}, 1<i<
2n = 1}’ 23n+3 11n+1 13n+3 n+1
Ay = {0,502, 1} o, B2 Y 0, 4 +
' ' _ 2 2 2 2
S;={0,i+16n+1-1}, l<is 2,2n},{0,4n + 2,6n + 1},{0,8n, 61 + 1},
2n — 2},
{0,3n+1,8n+1}{0,8n+ 1,2n +
Sg = {{O, 12n+1—-1i,6n+i}, 1<i< 1},{0,2n + 1,1},{0,2n + 1,1},{0,1, 2n + 2},
2n — 1},
{0,9m+1,4n + 1},{0,4n + 1,10n +
So={{0,12n+1—i,6n+1+i}, 1<i< 1},{0,10n + 1,12n + 1},{0,12n + 1,10n}}.
2n — 2},

Case 3.n > 2 is even.
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By following the same strategy of Case 2, the
algorithm of starter triples A of a CTF(12n + 2),
will be formulated as A = A; U A, such that

Sn+4 7n-2
0,i,12n+2— i}, 15i$6n,ifie{ s
{0,12n+2—i,6n+1+ijuf{0,6n+1—1i,i}, 1<i<3n,
{0,6n+i,12n+1—1i}, 1<i<3n-1,ifi¢{2n2n+1}
{0,6n+2—ii+1}, 1<i<3n—-1lifie{2n2n+1}
0,6n+1—ii+13U{0,6n+1+i12n+1—i}, 1<i<2n-2
{0,8n+i,10n —i}u{0,4n+2—i,2n+ 2 + i}, 1<i<n-1

|
|
|
|
(

= ({05522 o, 2228 2 10 4

2,2n}, {0,4n + 2,6n + 1},{0,8n,6n +
1},{0,8n,10n + 2}, {0,9n + 1,9n}{0,9n,2n +
21,{0,2n+ 2,1}, {0,1,2n+ 1},{0,2n + 1,8n +
1}4,{0,3n + 1,3n + 2},{0,3n +
2,10n},{0,10n,12n + 1},{0,12n + 1,10n +
1},{0,10n + 1,4n + 1}}.

6 Conclusion

In this paper, we have investigated new
decomposition of complete multigraph. Especially,
we have decomposed of 8K, into wheel graphs for
v = 2 (mod 12). We have also defined and proven
the existence of cyclic triple factorization, CTF (v),
for v = 2 (mod 12) along with the construction of
CTF(12n + 2) has been demonstrated that is a
cyclic 12-fold triple system. Then, the algorithms of
the starter triples of CTF(12n+ 2) have been
formulated. We expect the construction of
CTF(12n + 2) will be simple and can be extended
it for all even cases, v = 0 (mod 2).
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APPENDIX

Table 1. Case 1. n = 2.

(=}

{0,1,25} | {0,25,14| {0,14,12| {0,12,1} {097} | {0,7,8}

{0,8,20}

-

{1,2,0} {1,0,15}| {1,1513| {1,13,2} {1,108} {1,8,9}

1,9,21}

8]

{2,3,1} {2,1,16}| {2,16,14] {2,143} {2,119} {2,910}

2,10,22}

IR

=

25

{25,0,24}| {2524,1] {25,13,1] {25,11,0 {25,8,6}| {2567}

(25,7,19}
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