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Abstract: - In a recent study, we introduce the concept of orthogonality and transversality according to an
index, obtaining some results on linear dependence and independence in semi-normed spaces. In this paper, we
discuss the concept of orthogonality in semi-normed spaces.
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1 Introduction

This paper derives from our previous work, [1].
Specifically, to carry over Hilbert space type
arguments to the theory of Banach spaces, [3],
constructed on a vector space a type of inner
product, named semi—inner product (s.i.p), [9], with
a more general axiom system that of Hilbert space,

[4].

Definition 1.1

Let X be a real vector space. We say that a real
semi-inner product (in short s.i.p.) is defined on
X if for every there corresponds a real number
and the following properties hold, [3]:

W)GQ) FHy2 = &2+ .2)
(i) (hxy) = Mxy), for XV, ZEX qhER
(2) (%) > 0, gy x#0

(3) (xy)* <{xx) vy

The pair %)) is a semi-inner product space (in
short, s.i.p.s.).

A s.ip.s. is a normed vector space with

lI=ll = {X,X}H:, [3].
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For Lumer the importance of an s.i.p. space is
that every normed vector space can be represented
as an s.i.p. space so that the theory of operators on
Banach space can be penetrated by Hilbert space
arguments, [4].

Aiming to generalize condition (2) in the
definition of s.i.p., we have introduced in [1], the
semi-pre-inner product function, which is a
generalization of the s.i.p. function’s concept.

Definition 1.2
Let X be a real vector space. Consider a function

XXX

defined on as follows, [2]:

Xw¥X—= R

(xy) = [xy]

If [x,¥] satisfies the conditions:

(1) [#x] = 0,x X
@) =yl = AMxyl LER g xy EX

@) [xtwz =[xzl + [y.zlxy € X
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4) [xy]* = [xx] vyl

then, we say that is a semi-pre-inner product on X
(in short s.p.i.p.).

The pair (X, [+ ,-]) is called a semi-pre-inner product
space (in short s.p.i.p.s.).

In [2], it proved that for every semi-norm function p

in the vector space X, there is a s.p.i.p. [ ], such

that p?(x) = [x.x], xEX

Let X be a real vector space and (X, {p,},-.4) be a
semi-normed space, where {p_}, . is a family of
semi-norms on X and <A is an index set. For every
€A, let us denote by [-,], the s.p.ip.,

corresponding to the semi-norm p,.

In [1], we defined an orthogonality relation in
s.p.i.p. spaces as follows:

Definition 1.3

Let be x,¥ € X and « € «A. The vector x is called

orthogonal according to the index o over the vector

y, if [, %], = 0. In this case, the vector y is called

transversal according to the index o over the vector
X, [1].

Definition 1.4

Let be x, v € X. The vector x is called orthogonal
over the vector y, if the vector x is orthogonal

according to every index w € = over the vector y.

In this case, the vector y is called transversal over
the vector x, [1].
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Definition 1.5
Let (V , |) be a normed linear space. Denote by S
the unit sphere in V. The normed space (V, |) is
called Gateaux differentiable [4], if for all
X,y €Sandreal A:

A-0
Definition 1.6

Let (X, < ) >) be a s.i.p. space. Denote by S the unit

sphere in X. The s.i.p. space (X,<','>) is called a

continuous s.i.p. space if for all X,y €S and real

A, [4]:

li Ay) = .
lino<y,X+ y)=(y,x)

Theorem 1.1

An s.i.p. space is a continuous s.i.p. space if and
only if the norm is Gateaux differentiable, [4].

Theorem 1.2

In a continuous s.i.p. space (X, < ) >) X is normal to

¥, which is equivalent to (x,y)=0, if and only if

| X+ Ay||=[|x| for all scalar A, [4].

2 Main Results

Our first main concern is to define the class of
continuous s.p.i.p. spaces. We will show that in such
spaces the orthogonality [5] according to an index is
a generalization to the orthogonality relation as
studied by J. Gilles in Theorem 1.2. Also, we show
that in continuous s.p.i.p. spaces, it holds similar
results compared with the results of Theorem 1.1.

In the end, we will get some good results for
orthogonality according to an index on separable
semi-normed spaces, [6].
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Definition 2.1
Let be (X, [-,-]) an s.p.i.p. space and p the semi-

norm, corresponding to the s.p.i.p. [+ ,-].

The s.p.i.p. space (X, [,]) is called a continuous
s.p.i.p. space if the s.p.i.p. [+ ,-] has the property:
For every xy €X, such that p(X): p(y):l,

lim[y . x+ky] = [y .x].

Let X be a real vector space and (X, {p,}, ;) be a
semi-normed space, where {p_}.. 4 is a family of
semi-norms on X and <A is an index set. For every
€A, let us denote by [-,]. the s.p.ip.,

corresponding to the semi-norm p,.

Theorem 2.1

Let be o €A, such that the s.p.i.p. space

(X, [ -],) is a continuous s.p.i.p. space.

Letbe %,y € X, such that p, (%) = p,(v) = 1.

The vector x is orthogonal according to the index o

over the vector y, if and only if for every A € R,
Pa(x) < p,(x +1y).

Proof: Let be ot € <A, such that the s.p.i.p. space

(X, [ -],) is a continuous s.p.i.p. space.
Letbe %,y € X, such that p, (%) = p,(y) = 1.

Assume that for every 1€R, p,(x) < p,(x+4iy).
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For all, AER, it’s true that

Pa(x) pux+hy) = (pu(x+y))".

On the other hand, using (3) and (4) properties of

semi—pre—inner product, for every 4 € R we have:

([ex +25], ) € (p.(3) “(pax+23))° =
| [x+ iyl | = p(x) pu(x+iy) =
[xx+hy], < [pn(xH.}r)): = [xx+hyl, +Ayx+hy], =

Ay.x+ihy], = 0.

From here it follows that:

if A = 0, then [y,x + Ay], = 0 and if A < 0, then

[v.x+hy], =0.

It’s true that:

yx], = limy,x+4yl,= lim [yx+hyl, = lm [yx+iyl,
=0 =0 =0t

From the above equations, the following inequalities
hold:

[v.x],< 0and [y,x], =0,

So, [v,x],= 0. As a result, the vector x is

orthogonal according to the index cx over the vector
V.
Assume that the vector x is orthogonal according to

the index c over the vector y. For every, & € R we
have that:

-

p,(xtiy)-plx) 2| [x+hysl, = |[xs], +1ysl, |= ’ () |= (b.8)"
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from which, forever A € R, it’s held the inequality

P, (%) < p,(x+Ly).

Corollary 2.1

Let's assume that for every ot € <A, the s.p.i.p. space

(X, [- ~],) is a continuous s.p.i.p. space.

Let be x,vy € X, such that for every index

@ €Ap,(x)=p,(y) =1

The vector x is orthogonal over the vector y, if and

only if for every index o € <A and for every A € R,

P, (%) < p,(x+ Ly).

Theorem 2.2

Let be a € «A. The s.p.ip. space (X [-,].) is a
continuous s.p.i.p. space if and only if for every

%, ¥ € X, such that pa(x)z pa(y)zlz

lim Po (X+ﬂ“y)_ Pa (X)
A—0 A

exists.

Proof: Let be o € A.

Assume that the s.p.i.p. space (X, [-,],) is a
continuous s.p.i.p. space.

Since p, is a semi-norm on X, we have that

p, {0} = {x € X/p,(x) = 0} is a closed subspace
of the vector space X. We note that the relation:

x~y e (x — ye p, {0}
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is an equivalent relation in X. Let denote by X the
quotient set X/ b0} with respect to this

equivalence relation and by i an equivalence class
with a representative x. The function:

P : X, — R¥,such that for every
X €X,p.(x) = pa(x),
is a norm in X_, [2]. Then, by [3], there exists a
s.ip.oni :

(" et X XX, >R

such that (£ %), = (5;(£))", for every £ € X,..
Let us consider the function:
[ e

X ®x X — [E, such that

[x,vy], = {(%,§), forevery (x,y) EX XX

The above function is a s.p.i.p. function, [2].

Let be %,y € X, such that p_(x) = p.(v) = 1, so
p.(%)=p,(¥)= 1. Since:

Im(§,8+1¥),=

=0

by

im [yx+ 3], = [y, = (7, %),

have that the norm function

(4],

we

b, * X, — R™ is Gateaux differentiable, i.c.,

B +RF)—pu(E)
lim -
A= D I

exists.

On the other hand, since for every A € R the
following equations are true:
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P.(X +AF)=p,(x+2iy)and
Pa(®) =p.(x),

polxtiy) —pg (=)

it follows that it exists lim
A= 0 A

pglxtdy) —pg (=)

Let us assume now that exists }lim S ,
-0

for every two points =X, ¥ € X, such that

p.(x) = p,(v) = 1. From here, it follows that

B (T +AF ) —py ()

exists lim

L ; , for every two points
-0

%,y € X, such that p_( %) = p,( ¥) = 1. So, the

P, : X, - RY is Gateaux

differentiable. By [4], we have that the s.i.p. space

norm function

(X
where it

(-, ).) is a continuous s.i.p. space, from
that

(s
follows

Im(%, T +a7), = (¥, %),

A= 0

On the other hand, since for all L€ B hold
equations:

we get that for every two points x, ¥ € X, such that

p.(x) =p.(y) =1,
limly . x+hyl, = [y.x.

Thus, the s.p.i.p. space (X, [-,],) is a continuous
S.p.i.p. space.
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As the semi—normed space (X, {p,},c.s) can be

considered filtered, [2], we have that X C Xa,

where o, B € A, if p,(x) < pg(x), forallx € X.

Definition 2.2

Let be x € X, B — X and o € -A. The vector X is

called orthogonal according to the index a over the

set B, if the vector x is orthogonal according to the

index o overall vectors b € B.

In this case, the set B is called transversality, [7],

[8], according to the index o over the vector x.

Definition 2.3

Let be x € X and B — X. The vector x is called
orthogonal over the set B if the vector x is
orthogonal according to every index o € A over
is called

the set B. In this case, the set B

transversality over the vector x.

Definition 2.4

Let be B,C < X and o € c4. The set B is called
orthogonal according to the index a over the set C,
if all vectors b € B are orthogonal according to the

index oo over the set C. In this case, the set C is
called transversality according to the index o over

the set B.
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Definition 2.5

Let be B, C = X. The set B is called orthogonal over
the set C, if the set B is orthogonal according to
every index o € <A over the set C. In this case, the

set C is called transversality over the set B.

Let be ot € 4 and B — X, Denote by B the set of
all vectors x € X, which are orthogonal according to
the index a over the set B and denote by B~ the set
of all vectors x € X, which are orthogonal over the

set B. It is clear that B~ = [, 4 B

Theorem 2.3

Let's assume that semi—normed space (X, {p,},c.q)

is separable, i.e., we assume that this set satisfies the
condition:

Let be x € X and x # 0, then there is an index

a € A, such that p, (x) # 0.

Let be & € =4 and B — X. The following inclusions
are true:

() BN By c p,~ {0}
(i) BnB-=Bn {0}

Proof: (i) Let be x € BN B. Then, [x,x], = 0.
From here it follows that p_(x)= 0, thus

x€p, {0}
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(ii) Let be x € B n B~. Then, for all index ot € A,
x € B n B . From (i) it follows that for every index
a €A ,p,(x) =0. Since the semi—normed
space(X, {p,}ye.q) 18 separable, we get x = 0. So,
x € Bn{0}. On the other hand, it is clear

Bn{0}cBnB~.

We note that if B is a linear subset of X, then

BEnB- ={0}L

Theorem 2.4

Let (X, {p,},cq) be a separable semi-normed
space.

The following statements are equivalent:

(i) If for points x,¥ € X there is a o € <4, such
that [x,¥] x, = 0, then for every o € A, we have
that [x,y], = 0.

(i) If for two points %, ¥ € X, where ¥ # 0, there is
only one A € R, such that for every o € A, we
have that [x + Ay, ], = 0.

Proof: (i) = (ii)

Let be x, ¥ € X, where ¥ #= 0. Since the semi—

normed space (X, {p,},c.q) i separable, there is a

ag €4, such that p, (y)#0. Denote
. Lexla,
A, = — ——=. We have that:

[pﬂnl:yj}
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[y,
(p% (yl]

[l
(b))

[X‘I'}.}F,y]un =|x- :}I’}F = [X,F]ED - [}’r}’]un =

Thus, exists ay € <4, such that [x + Ay, y], = 0.

Since the statement (i) is true, we take that for every

a €A, [x+hyy], =0.

Let's suppose that except the A € R, exists also
another scalar u € R, such that for every o € A,
[x + Ay, ¥], = 0.In particular:

[x+hy.¥l,, = 0.
We have:

E+iyyl, =E+wyl, o [(A-uvs]

1, 1, 1,
so, the scalar A is unique.

(i) = (i)

Let's assume that for point x,¥ € X exists an

a € A, such that [x,y], = 0.
If y = 0, then for all a € A, [x,y], = 0.

Let's suppose that ¥ # 0. Since the semi—normed
space (X, {pstac.q) is separable, then exists a

cty € oA, such that p,_(y) # 0. On the other hand,

since the statement (ii) is true, we get that exists a

unique scalar A€ R, such that for every

o €A, [x+2Ay,y],=0. In particular,

[x+ iy, v] o, = 0. We have:

E-ISSN: 2224-2880
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[x-l-}.y,y]un =0 e [x,y]nn + }.(pun(y)]_ =0 i=0.

For all o E A , we have

[x¥y], =[x+ iy, y],= 0.

Theorem 2.5

Let (X {p,},cq) be a separable semi—normed
space.

The following statements are equivalent:

(i) For every two points x,v € X, there ¥y # 0,
exists a unique scalar A € R, such that for every

a € A, we have that [x + Ay, y], = 0.

u(ii) For every two points x, v € X and for every two

indexes [, v € <A, have:

eyl (,5) = Loyl (ps))

Proof: (i) = (ii)
Letbex,v EXand [, v € A.

If y = 0, then it is clear

-

s (0, 0) = v, (05 ))

Let's suppose ¥ #= 0. Since the semi—normed space
(X, {pytac.q) is separable, then exists oy € <A,

such that Pa, () # 0. On the other hand, since the

statement (i) is true, we get that exists a unique
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scalar A € R, such that for every o € A, we have

[x+ Ay, ¥], = 0.Forall @ € A, we get:

x+iyyl.=0 & [xyl, =—A(p.(»)"
We have:
il = =2 (0p3)) ., [x31, = =2 (p, )

) ) 25

(1}
and

[x.v].,

[x,¥]a,

(o, )

If A =0, then [%,y]s = [x,y], = 0, from where it

follows:

-

s (b, ) = By, ()

Let suppose that A #= 0. We will prove that for
every o € A, [x,y], # 0. Assume the contrary, so
we assume that exists an € <A, such that
[x,¥] , = 0. Since the statement (i) is true, based
on Theorem 2.3, we will get that for every a € <A,
[x.¥], = 0. In particular, [x,y] 5 = 0,50 A=0,
which contradicts the assumption A # 0. Thus, for
every a € A, [x,y], # 0. From here it follows

that [x,y]g # 0 and [x,y], # 0. Moreover, we
have that:

(Pg(}’]): + 0 and (p_f[}r]): = 0.

Dividing side by side the equations (1) and (2) we
will get:

E-ISSN: 2224-2880
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[ Y],

[x.y],

(Ps )
(p, ()’

eyl (,0) = Loyl (ps))

(i) = (i)
Let be x, ¥ € X, wherey # 0. Assume that exists

By € <A, such that [x,}r]ﬁn =0.

Since the statement (ii) is true, for all ¥ € <4 and
v # B, we have:

-

=0

b

oy, (s, @)

from where it follows [x,y], =0, for every
yEA and y =By, ie, [xy], =0, for all

v E A

By Theorem 2.4 we get that exists a unique scalar

A € R, such that for all o € A,

[x+ Ay, ¥], = 0.

3 Conclusions

This research grew out of our earlier work and our
goal was to see what new advancements may be
achieved for classes of s.p.i.p. spaces formed by
placing additional constraints on the s.p.i.p.
function. We defined the class of continuous s.p.i.p.
spaces. We demonstrated that orthogonality
according to an index in such spaces is a
continuation of the orthogonality relation studied by
J. Gilles. We also demonstrated that the continuity
limitation on the s.p.i.p. function is equal to the
norm's Gateaux differentiability. In continuous
s.p.i.p. spaces, we obtained similar findings to other
outcomes. Finally, using an index on separable
semi-normed spaces, we confirmed robust
orthogonality discoveries.
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