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Abstract: - In this study, firstly the k-Chebsyhev sequence is defined, and some terms of this sequence are
given. Then, the relations between the terms of the k-Chebsyhev sequence are presented and the generating
function of this sequence is obtained. In addition, the Catalan transformation of the sequence is given and the
generating function of the Catalan k-Chebsyhev sequence is obtained. Finally, the Hankel transform is applied

to the Catalan k-Chebsyhev transform.
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1 Introduction

Many studies have been done on the Chebsyhev,
Fibonacci, and Lucas sequence (see for details, [1],
(2], [3], [4], [5], [6], [7], [8], [9], [10], [11], [12],
[13]). In [14], Chebsyhev polynomials of the first
and second kind are defined as follows,
respectively,

Thyp =2xTpy — T, n=20, with Ty o =1,T,; =
X,

Unyz = 2xUpy; —Upn =0, with Up g = 1, Uy 1 =
2x.

In [15], the relationship between Chebsyhev
polynomials and matrices was examined. In [16],
the authors defined the k-Fibonacci sequence and
gave the properties related to the k-Fiboonacci
sequence. Then the k-Pell, k-Jacobsthal, k-Pell-
Lucas, Modified k-Pell and k-Jacobsthal-Lucas

numbers were defined in [17], [18], [19],
respectively,

Piniz = 2Pgni1 + kPyyn =0, with Py =
0,Pp1=1,

Jem+z = 2kns1 tkfgnn 20, with  J =0,
Jk1 =1,

Qrn+z = 2Qn+1 + kQpnn =0, with Qg =
2' Qk,l = 2:
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Tin+z = 2qine1 T Qenn 20, with  qgo =
1,qr1 =1

and

Skn+2 = Skn+1 T 2kSg,n =0, with  Spo=
2,5 =1

In addition, in [20], [21], k-Fibonacci, Pell

numbers, Pell-Lucas numbers, Jacobsthal numbers,
and Jacobsthal-Lucas numbers sequences which are
a new generalization of the Fibonacci sequence
were defined, and their properties were found. In
[22], [23], [24], Hankel and Catalan's
transformations were defined and some of their
properties were brought to the literature.

In Chapter 2, we define the k-Chebsyhev sequence,
then give the characteristic equation, the Binet
formula, and some properties of the sequence. We
also show the relationship between the positive and
negative terms of the sequence, get a relationship
between three consecutive terms, and examine the
relationship between the terms in the limit infinite
case. Finally in this chapter, we give the Cassini and
the Honsberger identity for this sequence.

In Chapter 3, the Catalan transformation of the k-
Chebsyhev sequence is defined, and some properties
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are given. Finally, the Hankel transform for the k-
Chebsyhev sequence is calculated.

2 k-Chebsyhev Sequence

Let's take a positive real number k for the sequence
we are going to define. The k-Chebsyhev sequences
Ck n are as follows;

Cen+1 = 2k.Cp = Cgp—1, n21 (D

with Cy o = 1 and Gy, = k.

Then, let’s write the characteristic equation for the

sequence, the roots of the characteristic equation,

and the Binet formula.

The characteristic equation of the sequence is
r2—=2kr+1 =0.

The roots of the characteristic equation of the

sequence are as follows;

ri=k++k?-1

and
rz == k—\/kz_l
where 1 +1r, =2k, 1 —1,=2Vk%2—-1, 1%+

2 =4k?-2, 1.1, =1,
The Binet formula of the defined sequence Cy ,, is as

follows.
_ri+rg

Ck,n 2 (2)
Now let’s give the first elements of k-Chebyshev
sequence.

L Ck,Z = 2k. Ck,l - Ck,O = 2k2 -1

o Ck,3 = 2k. Ck,Z - Ck,l = 4k3 — 3k
For some n, we give some values of the k-
Chebyshev sequence in Table 1.

Table 1. k-Chebyshev sequence for 0 <n < 7
Ck,n
1
k
2k? -1
4k3 — 3k
8k* —8k?+1
16k> — 20k3 + 5k
32k® — 48k* + 18k? — 1
64k® + 80k5 + 32k* + 60k> + 8k

Nojnis|lw(iN|R|lolS

Theorem The Binet formula of the k-Chebsyhev
sequence is as follows;
ity
2
Proof The general solution of a sequence is

Ck,n = A.Tln + B.Tzn.

Ck,n =
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Here, the scalars A and B can be obtained by
substituting the initial conditions. It is obtained by
solving the given system of equations. For n = 0 it
is Cko=1and forn=11itisCx; = 1. Thus A =

% and B = % are obtained. From here

n n
_ntn
Cxn= o m|

Theorem Let r be the positive and big root of the
characteristic equation of k-Chebsyhev sequence.

. C
Lim -&m — pm
n-o Cgn
Proof
r1n+m+r2n+m
. Ck,n+m . 2
Lim = lim T
n—-oo kn n—-oo T+,
i n+m+r—n—m _
= lim & ! r, =11
N0 r1n+r1—n ( 2 1 )
=rm, O
Theorem The following relation is satisfied.
Ck,n = 2. Ck,—n .
Proof If the Binet formula of the sequence k-
Chebsyhev is used
_T e
Ck,—n 2
1 1
_ril ol
r{M+r,"
B Z.Erl.rz)“ ((pm)"=1"=1)
=% (G, = BT
Thus
Ck,n: 2. Ck,—n- ]

Theorem (Cassini Identity)
2 _ 2
Cin+1-Cion—1- Ck,n_ k= —1.
Proof From the Binet formula of the sequence k-
Chebsyhev, then we have
2 (r n+ly,. n+1) (r n-1_,, n—l)

Ck,n+1'Ck,n—1' Ck,n_ - 2 : = 2 : -
S YN R oA
(1 . 2 )( 1 . 2 )
_ .r.l2n+.r1n+1_Tzn—1+rzn+1_rln—1+T22n

T 22 Mty 2T

4
_ (rym)try + (rym)"ry _ 2.(ry. )"

471, 4ry 4
T P 2
4r, 4n 4
=k?—1. O

Theorem (Honsberger Identity)
Ckan+2 — Ck2n—2
Cl%,n+1 - Cl%,n—l = - 2 -
Proof By the Binet formula of the sequence k-
Chebsyhev, we obtain
Clg,n+1 - Clg,n—l = (Ck,n+1'Ck,n—1) (Ck,n+1+ Ck,n—l)

T e O o o L e

=0 ;)
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r12n+2 + 7,.1n+1_7,.2n+1 _ rlzn _ T1n+1_r2n—1
T2n+1.r1n+1 + T22n+2 _ r2n+1 rln 1 r22n

n o 1 7.2n+1 rlzn—z —7‘1"_1.7‘2"_1
Tt 2 el el gp2ne2

ZTL+2 +14+1+7 ZA!-n+2 T.12n—2 —1-1- ,),.2271—2

(T.12n+2 + 7,.22n+2) (T.IZn%Z + ,r.22n—2)
B 2.2

2.2
_ Cx2n+2—Ckz2n-2 O
EEEECT—

Theorem There is the following relationship
between the squares of consecutive terms of the
sequence Cy .

_ CkontCikon+2
Ck n+ + Ck n+1 — 2 + 1.

Proof C2, + CZnsy = (& ;TZ )2+ (&

_rEterft a4t i P22y o et p ALy 202

tlyppptl

)2

4

T2ty o4t pEMt24g4 202

4
_ 2n 4 p2n N p2N+2 | p2nt2 N 4
2.2 2.2 4
_ CrantCran+z +1. O

Theorem (Generating Function)

Clx) = 1—kx
@) S x2—2kx+1
Proof The following equations are written for the k-

Chebsyhev sequence,
C(x)—ZCknx —1+kx+2Ckn

—1+kx+2k2Ckn1x chnzx

=1+kx+ ka(C(x) —-1)—x? C’(x)

Thus
—kx

x2 2kx+1"

C(x) =

3 Catalan Number

In [23], [24], the nt* Catalan numbers where n is a
positive integer are as follows.
_ (2n)!
C, = —(Zn n) or Cp, = i

and the tensile function is given as

1—\/1 —4x

C(x) = (3)

n for some natural numbers n. Catalan numbers are
{1,1,2,5,14,132,429,1430,4862, ... } shaped.

E-ISSN: 2224-2880

505

Engin Ozkan, Hakan Akkus

3.1 Catalan Transformation for the k-
Chebyshev Sequences

Using the Catalan transformation, we define the
Catalan transformation of the k-Chebsyhev

sequences {Cy ,, } as followed.

CCyxn=

i (Zn—i 4)

‘ 0o2n—i n—i)Ck'i' nz1
with CCy o = 0.

Now we can give the Catalan transformation of the
first elements of the k-ChebsyheV sequence.

i (2 —
¢ CCu=Shogs(f ) Cui=1k=1k
i (4 —
o CCp= 10411(2 )Ckl—Zkz +k—1

Some values of the Catalan transformatlon of the k-
Chebsyhev sequence is given Table 2.

Table 2. Catalan transformation of the k-Chebsyhev
sequence 0 <n <6
CCk,n
0
k
2k +k —1
4k3 + 4k* —k +2
8k* + 12k3 — 18k? — 4k — 4
16k> + 32k* + 16k — 4k? — 8k — 14

32k® 4+ 80k> —48k* 4+ 124k3 — 10k? —
17k — 43

N N |WIN|=R[O|S

We can show {Cy ,,} as the n x 1 matrix Cj and the
product of the lower triangular matrix C as

CCe1] 11 1[Cka]
CCr2| |11 [[Crz2|
cck,3l=|221 |Ick,3
cck,4J 5531 J[CMJ
So, '
— k _|
2k*+k—1 |
Ak3 + 4k? —k + 2 I
8k* + 12k3 — 18k2 — 4k — 4J
1 o k
[1 1 ] 2k? -1
={221 4k3 — 3k
5531

J o -1
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3.2 The Generating Function Catalan k-
Chebsyhev Sequence

The generating function of k-Chebsyhev and
Catalan sequences are as follows, respectively,

e _ 1—kx
) T x2—2kx+1
and
1-Vi-4%
Clx) = ——.

Thus, the following equations are written for the
generating function of the Catalan k-Chebsyhev
sequence,

CCk,n(x) = Ck,n(x * C(x))

1-V1—4x
_ 1—k. >
(1—\/;—4x)2 _ ok, 1-V1—4x 41

2
_ 4-2k-2k.(V1-4x)
T 6—4x—ak+(4k-2)V1-4x

3.3 Hankel Transform of the Catalan k-
Chebsyhev Sequences

In [22], [23], let the set of the terms of a sequence
be A = {a,y,a,,as, ... }. The Hankel transform H, of
the terms of this sequence is defined as follows.

a, a,
Iaz a3 44 QAs ...
H, = det|a3 a, as Ag ...
la4 as ag A7 -

az a, ...

®)

e —|

For example, the Hankel matrix of the 3rd Lucas
sequence,

1 3 4
Hy=det|3 4 7
4 7 11

The determinant of this matrix H; = 0.

If we apply Hankel’s work to the Catalan k-
Chebsyhev sequence, we finally get;

HCC, = det[CCy]

= det[k]=k
cc, CC,
HCC, = det cc, CC3]
:det[ k 2k?+k—1
2k +k—1 4k3+4k?—k+2
= 2k +4k+1
CC, CC, CCs
HCC; =det [CC2 CC; CC,
cC; CC, CCs

= —240k° — 88k* — 339k3 + 86k? — 60k + 22.
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4 Conclusions

In this paper, we first defined the k- Chebsyhev. We
then gave the main features of this sequence. We
also examined the relationships between the terms
of this sequence. Finally, we introduced the Catalan
and Hankel transformation of the sequence. This
work can be further extended to Horadam numbers
and Mersenne numbers.
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