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Abstract: Our starting point is the measure ߝ௑ െ ௑ߩ௑ߙ

ఠభ ൅ ௑ߩ௑ߚ
ఠమ ,  where ߩ௑

ఠ೔ is the harmonic measure relative 
to ߱߳ݔଵ ⊂ ഥ߱ଵ ⊂ ߱ଶ and ߱௜ are concentric balls of Թ௡; ߙ௑, ߚ௑ are functions depending on ݔ and the radii of ߱௜ 
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relation to biharmonic functions.  
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1 Introduction 
The characteristic mean value property of harmonic 
(respectively parabolic) functions involves the 
measures	ߣ ൌ ௑ߝ െ ௑ߩ

ఠ, where ߝ௑ is the Dirac 
measure at ߱߳ݔ and ߩ௑

ఠ is the harmonic 
(respectively parabolic) measure relative to ߱ 
and	߱߳ݔ, supported by the sphere ߲߱ (respectively 
by the level surface ߲߱ of the heat kernel). The 
adjoint potential of these measures is equal to zero 
on ∁ ഥ߱ (the complement of ഥ߱), or equivalently, their 
swept measures satisfy	ߣ∁ఠഥ 	 ൌ 0.  
 
In 1944, G. Choquet and J. Deny generalized the 
measure	ߝ௑ െ ௑ߩ

ఠ, and introduced the normal 
distribution. Moreover, they proved some 
characteristic properties of solutions of the 
equations	ݑ߂ ൌ 0, and ߂௣ݑ ൌ 0 in	Թ௡. Next, in 
1967, de La Pradelle following an idea of [8], 
extended the notion of normal measure to the setting 
of Brelot's theory, [3]. Finally, in 1971, E. 
Smyrnelis, using the extended notion of normal 
measure, proved several characteristic properties of 
normal measures and harmonic functions in Brelot 
spaces, applicable to solutions of	ݑܮ ൌ 0, where ܮ is 
a second-order linear elliptic operator in	Թ௡. 
 
On the other hand, biharmonic functions (that is, 
solutions of ߂ଶݑ ൌ 0) satisfy a mean value property 
which involves the measures ߝ௑ െ ௑ߩ௑ߙ

ఠభ ൅ ௑ߩ௑ߚ
ఠమ ,   

where ߙ௑, ߚ௑ are functions of ߱߳ݔଵ ⊂ ഥ߱ଵ ⊂ ߱ଶ and 
of the radii ܴଵ, ܴଶ of the concentric spheres ߲߱ଵ, 
߲߱ଶ (cf., [17]). The scope of this article is to 
generalize this property and study some related 

issues, for the solutions of the equation	ሺܮଶܮଵሻ݄ ൌ
0, where ܮ௜ ሺ݅ ൌ 1,2ሻ is a second-order linear 
elliptic differential operator. The idea is to work in a 
biharmonic elliptic space, and use special general 
measures, applicable to the above equation, in 
particular; note that to this biharmonic elliptic space, 
we associate a 1-harmonic and a 2-harmonic space 
that in the applications correspond respectively to 
the solutions of the equations	ܮଵ݄ ൌ 0, and ܮଶݑ ൌ
0. 
 
To this end, we first introduce in Section 2, the 
binormal pair of measures ߆ ൌ ሺߣ,  ሻ supported byߤ
the compact set ߈, as the pair such that the swept 
measures on ∁߈ of ߉ ≔ ሺߣ, 0ሻ and ߊ ≔ ሺ0,  ሻߤ
vanish. Since	߆ ൌ ߉ ൅ߊ, it follows that ߆∁௄ ൌ
௄∁߉ ൅ ,ߣ௄ or ሺ∁ߊ ௷∁ሻߤ ൌ ሺߣ, 0ሻ∁௷ ൅ ሺ0,  ,.ሻ∁௷  (cfߤ
[15]). 
 
The pair ሺߣ, 0ሻ is called a pure biharmonic pair if 
ሺߣ, 0ሻ∁௷ ൌ ሺ0,0ሻ or equivalently if the pure adjoint 
potential pair vanishes on ∁ܭ. 
 
The pair ሺ0, ,ሺ0	ሻ is called 2-normal ifߤ ሻ∁௄ߤ ൌ
ሺ0,0) or equivalently if the 2-adjoint potential 
vanishes on ∁ܭ (see, [14]). 
 
Several examples of the aforementioned pairs of 
measures are given in Section 3. 
 
In Section 4, we prove the characteristic mean value 
properties of biharmonic pairs in relation to 
biharmonic pairs of measures. 
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Section 5 is devoted to the study of the properties of 
binormal pairs of measures. Furthermore, we show 
that the linear combinations of the pairs ሺߝ௑ െ
,௷∁௑ߤ  ௑∁௷ሻ are dense for the vague topology, in theߥ
space of the pure binormal pairs of measures, where 
,௷∁௑ߤ) ௑∁௷ሻߥ ൌ ሺߝ௑, 0ሻ∁௄. Analogous results hold 
for the measures ߝ௑ െ ௑ߝ	௑∁௷ (respectivelyߤ െ
௑ߣ

∁௷) in the space of 1-normal (respectively 2-
normal) measures, where ߤ௑∁௷ is the swept 
nonnegative measure of ߝ௑ in the 1-harmonic space 
(respectively ߣ௑

∁௷ is the swept nonnegative 
measure of ߝ௑ in the 2-harmonic space). Finally, we 
examine the relation between binormal and normal 
measures. 
 
Note. In this work, we use the term `measure' for 
`signed measure'.  
 
 

2 Reminders, Definitions, and 
Preliminary Results 
Let us first point out there are equivalent views of 
potential theory. We refer for instance to [1], [11]. 

In this paper, our setting is a general biharmonic 
space, as the space of solutions of the system 
ଵݑଵܮ ൌ െݑଶ, ܮଶݑଶ ൌ 0, where ܮ௜ ሺ݅ ൌ 1,2ሻ is a 
second-order linear elliptic or parabolic differential 
operator (cf., [15]). From this space, one can 
construct using Green’s pairs, the associated adjoint 
space corresponding to the system ܮଶ

∗ ݄ଶ ൌ െ݄ଵ, 
ଵܮ
∗ ݄ଵ ൌ 0, which is in duality with the initial space 

(cf., [20]). In this context, the potential theory of the 
harmonic case can be extended, and appropriate 
tools are provided to study boundary value 
problems. We also point out in [21], [22], two 
different approaches to the study of the biharmonic 
boundary value problem. 

In what follows, we briefly present the main facts 
about biharmonic spaces. These spaces have been 
inspired by the classical biharmonic equation ߂ଶݑ ൌ
ሻݑ߂	ሺ߂ ൌ 0, and we point out that the polyharmonic 
case can be studied with the same approach. For 
more details, we refer to [12]. 

We consider a locally compact, connected space ߗ 
with a countable basis. We denote by ࣯ 
(respectively	࣯௖) the set of all nonempty open sets 
(respectively the set of all nonempty relatively 
compact open sets) in ߗ. 

Let ࣢ be a map that associates to each ܷ ∈ ࣯ a 
linear subspace of ܥሺܷሻ ൈ  ሺܷሻ which is composedܥ
of compatible pairs ሺݑଵ, ଵݑ ଶሻ in the sense that ifݑ ൌ
0 on an open set, then ݑଶ also vanishes there. The 
pairs of ࣢ሺܷሻ are called biharmonic on	ܷ. 

On the other hand, a set ߱ ∈ ࣯௖ with ∂߱ ് ⌀ is 
called ࣢-regular if the following conditions hold: 

• The Riquier boundary value problem has 
only one solution ൫ܪଵ

ఠ,௙, ଶܪ
ఠ,௙൯ associated 

to the pair ݂ ൌ ሺ ଵ݂, ଶ݂ሻ ∈ ሺ∂߱ሻܥ ൈ  .ሺ∂߱ሻܥ

• The inequalities ௝݂ ൒ 0 ሺ݆ ൌ 1,2ሻ imply that 

ଵܪ
ఠ,௙ ൒ 0, while the inequality ଶ݂ ൒ 0 

implies that ܪଶ
ఠ,௙ ൒ 0. Hence, for every	ݔ ∈

߱, there exists a unique system 
ሺߣ௫ఠ, ,௫ఠߤ  ௫ఠሻ of Radon nonnegativeߥ
measures on ∂߱, such that ܪଵ

ఠ,௙ሺݔሻ ൌ
׬ ଵ݂ ݀ߤ௫ఠ ൅ ׬ 	 ଶ݂ ݀ߥ௫ఠ, while ܪଶ

ఠ,௙ሺݔሻ ൌ
׬ ଶ݂ ݀ߣ௫ఠ. 

Next, we recall that a pair of functions ሺݒଵ,  ଶሻݒ
defined on	ܷ ∈ ࣯, is called hyperharmonic if 

:௝ݒ • ܷ → ሺെ∞,൅∞ሿ, 

 ,௝ is lower semi-continuousݒ •

• and the inequalities ݒଵሺݔሻ ൒ ׬ ௫ఠߤ݀ ଵݒ ൅
׬ ሻݔଶሺݒ ௫ఠ, as well asߥ݀ ଶݒ	 ൒ ׬  ,௫ఠߣ݀ ଶݒ
hold for every regular set ߱ ⊂ ߱ ⊂ ܷ, and 
every ݔ ∈ ߱. 

Let us also mention that if the function ݒଵ is finite 
on a dense subset of	ܷ, then the hyperharmonic pair 
ሺݒଵ,  ܷ. Finally, a	ଶሻ is called superharmonic onݒ
nonnegative superharmonic pair ݌ ൌ ሺ݌ଵ,  ଶሻ will݌
be called potential pair (on	ܷ), if ሺ݄ଵ, ݄ଶሻ ൌ ሺ0,0ሻ is 
the only biharmonic pair satisfying	0 ൑ ௝݄ ൑
ሺ݆	௝݌ ൌ 1,2ሻ. 

The space ሺ࣢,ߗሻ with the axioms I, II, III, and IV 
introduced in [15], is called biharmonic. A 
biharmonic space is called elliptic if, for every ݔ ∈
߱ and every regular set ߗ ∋  we have ,ݔ
suppሺߣ௫ఠሻ ൌ suppሺߤ௫ఠሻ ൌ suppሺߥ௫ఠሻ ൌ ∂߱; it will 
be called strong if there exists a strictly positive 
potential pair on ߗ. In a biharmonic space, we 
associate the underlying harmonic spaces ሺ࣢,ߗଵሻ 
and	ሺ࣢,ߗଶሻ, which correspond respectively to the 
solutions of the equations	ܮଵݑଵ ൌ 0, and ܮଶݑଶ ൌ 0 
in the classical case. We use respectively the 
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prefixes 1 or	2, to refer to the harmonic spaces 
defined previously. 

We shall say that the hyperharmonic (respectively 
superharmonic/potential) pair ሺݒଵ,  ଶሻ is pure, ifݒ
given a nonnegative 2-hyperharmonic function ݒଶ 
on ܷ, ݒଵ is the smallest nonnegative function such 
that ሺݒଵ,  ଶሻ is a nonnegative hyperharmonicݒ
(respectively superharmonic/potential) pair on ܷ. 
The ݆-harmonic (respectively biharmonic) support 
of a ݆-hyperharmonic function (respectively 
hyperharmonic pair) is defined as the smallest 
closed set such that the function (respectively the 
pair) is ݆-harmonic (respectively biharmonic) in its 
complement (݆ ൌ 1,2). We call Green’s pair, a pure 
potential pair with punctual biharmonic support. We 
also recall that if ߮ is a numerical function on an 
open set ܷ, the function ො߮  is defined as follows: 

ො߮ሺݔሻ ൌ lim
௬→௫
೤∈ೆ

inf ߮ሺݕሻ. 

In [20], we define and study the adjoint biharmonic 
spaces corresponding to the adjoint 
equation	ሺܮଶܮଵሻ∗݄ ൌ 0, that is, to the system: 

ଶܮ
∗ ݄ଶ ൌ െ݄ଵ,	ܮଵ

∗ ݄ଵ ൌ 0. 

The asterisk symbol is used in the sequel to refer to 
adjoint spaces. 

Our setting will be a strong biharmonic elliptic 
connected space. We assume the proportionality of 
݅-Green’s potentials and ݅-adjoint Green’s 
potentials, and also the existence of a topological 
basis of completely determining domains for the 
associated ݅-harmonic spaces	ሺ݅ ൌ 1,2ሻ. For the 
notions and notations not explained in this work, we 
refer to [15], [9]. 

Definition 1.  Let ߣ,  be Radon measures supported ߤ
by a compact set	ܭ ⊂ ߣ	and let ,ߗ ൌ ଵߣ െ ߤ	,ଶߣ ൌ
ଵߤ െ ௝ߣ ଶ, withߤ ൒ ௝ߤ ,0 ൒ 0, ሺ݆ ൌ 1,2ሻ. 

• The pair ሺߣ,  if ܭ ሻ is called binormal forߤ
ሺߣ, 0ሻ∁௄ ൌ ሺ0,0ሻ and	ሺ0, ሻ∁௄ߤ ൌ ሺ0,0ሻ. 

• The pair ሺߣ, 0ሻ is called pure binormal for ܭ 
if	ሺߣ, 0ሻ∁௄ ൌ ሺ0,0ሻ. 

• The pair ሺ0,  ܭ ሻ is called 2-normal forߤ
if	ሺ0, ሻ∁௄ߤ ൌ ሺ0,0ሻ. 

Let us consider the open subset	߱ ⊂  the ,ߗ
points	ݔ, ݕ ∈ ,௬ݓthe Green’s pair ൫ ,ߗ  ௬ଶ൯ of݌

biharmonic support ሼݕሽ and the adjoint Green’s pair 
ሺݓ௫∗,  ሽ (cf., [19], [20]). We denoteݔ௫ଵ∗ሻ of support ሼ݌
by ൫ ௬ܹ

ఠ, ௬ܲ
ଶ,ఠ൯ the swept pair on ߱ of the former 

pair, and by ൫ ௫ܹ
∗,ఠ, ௫ܲ

ଵ∗,ఠ൯ the swept pair on ߱ of 
the latter pair. We also consider the adjoint pure 
potential pair ݌ఔ∗ ൌ ሺݓఔ∗,  ఔଵ∗ሻ with associated݌
nonnegative measure	ߥ, where 

ሻݑఔ∗ሺݓ	 • ൌ ׬  ,ሻݔሺߥሻ݀ݑ௫∗ሺݓ

ሻݑఔଵ∗ሺ݌ • ൌ ׬  ,ሻݔሺߥሻ݀ݑ௫ଵ∗ሺ݌

and ൫ ఔܹ
∗,ఠ, ఔܲ

ଵ∗,ఠ൯ the swept pair corresponding to 
the open set ߱. 

Lemma 2. We assert that 

ఔܹ
∗,ఠሺݕሻ ൌ ׬ ௫ܹ

∗,ఠሺݕሻ݀ߥሺݔሻ ൌ ׬ ௬ܹ
ఠሺݔሻ݀ߥሺݔሻ. 

Proof. If ൫ߙ௬ఠ,  ௬ఠ൯ is the adjoint swept pair ofߚ
൫߳௬, 0൯ on	߱, then it holds: 

ఔܹ
∗,ఠሺݕሻ ൌ ׬ ሻݑ௬ఠሺߙሻ݀ݑఔ∗ሺݓ

        ൅׬ ሻݑ௬ఠሺߚሻ݀ݑఔଵ∗ሺ݌

ൌ ׬ ሺ׬ ሻݑ௬ఠሺߙሻሻ݀ݔሺߥሻ݀ݑ௫∗ሺݓ

        ൅׬ ሺ׬ ሻݑ௬ఠሺߚሻሻ݀ݔሺߥሻ݀ݑ௫ଵ∗ሺ݌

ൌ ׬ ሺ׬ ሻݔሺߥሻሻ݀ݑ௬ఠሺߙሻ݀ݑ௫∗ሺݓ

        ൅׬ ሺ׬ .ሻݔሺߥሻሻ݀ݑ௬ఠሺߚሻ݀ݑ௫ଵ∗ሺ݌

 

On the other hand, since we have	 ௫ܹ
∗,ఠሺݕሻ ൌ

׬ ሻݑ௬ఠሺߙሻ݀ݑ௫∗ሺݓ ൅ ׬  ,ሻ, using, [20]ݑ௬ఠሺߚሻ݀ݑ௫ଵ∗ሺ݌
Lemma 4, and a remark after the proof of [20], 
Proposition 4.2, we obtain	 ௬ܹ

ఠሺݔሻ ൌ ௫ܹ
∗,ఠሺݕሻ, 

which completes the proof.  

Theorem 3. Let ሺߣ, 0ሻ be a pair of measures 
supported by the compact set ܭ. Then, the following 
properties are equivalent: 

(i) ሺߣ, 0ሻ is pure binormal relative to ܭ. 
(ii) The adjoint pure potential pair ൫ݓఒ

∗, ఒ݌
ଵ∗൯ 

vanishes on ∁ܭ. 

Proof. First, we notice that as the pair ൫ݓఒ
∗, ఒ݌

ଵ∗൯ is 
adjoint biharmonic on	∁ܭ, and therefore compatible, 
if ݓఒభ

∗ ఒమݓ = 
∗ holds on	∁ܭ, then ݌ఒభ

ଵ∗ = ݌ఒమ
ଵ∗ also holds 

on	∁ܭ. In other words, if ሺߣ, 0ሻ is pure binormal, 
then ߣ is 1-normal. 

ሺ݅݅ሻ ⇒ ሺ݅ሻ. The equality ݓఒభ
∗ ൌ ఒమݓ

∗  on ∁ܭ implies 

that the respective reduced functions satisfy ఒܹభ
∗∁௄ = 
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ఒܹమ
∗∁௄ in	ߗ, and it follows from Lemma 2 that 

׬ ௬ܹ
∁௄ሺݔሻ݀ߣଵሺݔሻ=׬ ௬ܹ

∁௄ሺݔሻ݀ߣଶሺݔሻ. In view of 
[15], Theorem 7.11, we have 

׬ ௬ܹ
∁௄ሺݔሻ݀ߣ௜ሺݔሻ ൌ ׬ ௜,ଵܤሻ݀ݔ௬ሺݓ

∁௄ሺݔሻ

        ൅׬ ௜,ଶܤሻ݀ݔ௬ଶሺ݌
∁௄ሺݔሻ,

 

where ߉:ൌ ሺߣ, 0ሻ, ܤ௜:ൌ ሺߣ௜, 0ሻ and ߉∁௄ ൌ
൫߉ଵ

∁௄, ଶ߉
∁௄൯, ܤ௜

∁௄ ൌ ൫ܤ௜,ଵ
∁௄, ௜,ଶܤ

∁௄൯, are the respective 

swept pairs on ∁ܭ; therefore ߉௜
∁௄ = ܤଵ,௜

∁௄ െ ଶ,௜ܤ
∁௄, 

ሺ݅ ൌ 1,2ሻ. Finally, using [15], Theorem 7.1, (cf. 
also, [14]), we deduce that ܤଵ,ଵ

∁௄ ൌ ଶ,ଵܤ
∁௄, and 

׬ ଵ,ଶܤሻ݀ݔ௬ଶሺ݌
∁௄ሺݔሻ = ׬ ଶ,ଶܤሻ݀ݔ௬ଶሺ݌

∁௄ሺݔሻ or equivalently 

஻ܲభ,మ
∁಼
∗ଶ  = 

஻ܲమ,మ
∁಼
∗ଶ  in ߗ; it follows that ܤଵ,ଶ

∁௄ = ܤଶ,ଶ
∁௄, hence 

ଵ߉
∁௄ = ߉ଶ

∁௄ = 0. 

ሺ݅ሻ ⇒ ሺ݅݅ሻ. The previous arguments can be reversed 
to prove the converse implication.  

Remark 4.  The case of the pair ሺ0,  ሻ withߤ
ሺ0, ሻ∁௄ߤ ൌ ሺ0,0ሻ was studied in [14], and it was 
established that ሺ0, ሻ∁௄ = ሺ0,0ሻ ⇔ ఓܲߤ

ଶ∗ = 0 on	∁ܭ. 

Corollary 5.  We suppose that ࣢ଵ ൌ ࣢ଶ (that is, 
Lଵ ൌ Lଶ in the classical case). Let ሺλ, 0ሻ be a pure 
binormal pair for the compact set	K. Then, λ is 1- 
and 2-normal, while ሺλ, λሻ is binormal for	K. 

Proof. It follows from Theorem 3 that ݓఒభ
∗ ൌ ఒమݓ

∗ ; as 

the pair ൫ݓఒ
∗, ఒ݌

ଵ∗൯ is adjoint biharmonic on ∁ܭ, and 
therefore compatible, we have ݌ఒ

ଵ∗ ൌ 0 on ∁ܭ, and 
by assumption, ݌ఒ

ଵ∗ ൌ ఒ݌
ଶ∗. We also know 

that	ሺߣ, ሻ∁௄ߣ ൌ ሺߣ, 0ሻ∁௄ ൅ ሺ0,  ߣ ,ሻ∁௄. Consequentlyߣ
is 1- and 2-normal, while in view of Definition 1, 
ሺߣ,   .ሻ is binormalߣ
 
 

3 Some Examples 
The functions ݑ such that ߂ଶݑ ൌ 0 on an open set ܷ 
of Թ௡ satisfy a characteristic mean value property 
(see, [17]): 

ሻݔሺݑ ൌ ׬௫ߙ ௫ߤ݀ݑ
ఠభሺݖሻ െ ׬௫ߚ ௫ߤ݀ݑ

ఠమሺݖሻ, 

where ߱௜ሺݔ଴, ܴ௜ሻ, ሺ݅ ൌ 1,2ሻ, are concentric balls 

with 0 ൏ ܴଵ ൏ ܴଶ, ߱ଶ ⊂  = ௫ߙ ,ܷ
ோమ
మିఘమ

ோమ
మିோభ

మ, ߚ௫ = 
ோభ
మିఘమ

ோమ
మିோభ

మ, 

ݔ‖ = ߩ െ ݔ ,‖଴ݔ ∈ ߱ଵ and ߤ௫
ఠ೔, ሺ݅ ൌ 1,2ሻ, are the 

respective harmonic measures. 

Let ൫ݓ௬,  ௬ଶ൯ be the Green’s pair in Թ௡ (cf., [19]); it݌
is biharmonic on the open set	ܷ ൌ Թ௡\ሼݕሽ. If ߱ଶ ⊂
ܷ and	ݔ ∈ ߱ଵ, then we have 

ሻݔ௬ሺݓ ൌ ׬௫ߙ ௫ߤሻ݀ݖ௬ሺݓ
ఠభሺݖሻ െ ׬௫ߚ ௫ߤሻ݀ݖ௬ሺݓ

ఠమሺݖሻ 

or equivalently 

ሻݕ௫∗ሺݓ ൌ ׬௫ߙ ௫ߤሻ݀ݕ௭∗ሺݓ
ఠభሺݖሻ െ ׬௫ߚ ௫ߤሻ݀ݕ௭∗ሺݓ

ఠమሺݖሻ 

Example 6. We consider the compact set	ܭ ൌ ߱ଶ; 
the pair of measures ሺߣ, 0ሻ with	ߣ ൌ ଵߣ െ  ଶ, whereߣ
ଵߣ ൌ ߳௫ ൅ ௫ߤ௫ߚ

ఠమ ଶߣ , ൌ ௫ߤ௫ߙ
ఠభ is a pure binormal 

pair of measures. We can also take the 
decomposition	ߣ ൌ ଵߣ െ ଵߣ	ଶ, whereߣ ൌ ௫߳௫ߙ ൅
௫ߤ௫ߚ

ఠమ ଶߣ , ൌ ௫߳௫ߚ ൅ ௫ߤ௫ߙ
ఠభ. Moreover, we observe 

that the pair ሺߣ,  .ሻ is a binormal pair for Kߣ

Example 7. Let ߥ be a measure with compact 
support in	߱ଵ. If	ݕ ∈ ∁߱ଶ, we obtain: 

׬ ሻݕఔ∗ሺݓ ൌ ׬ ׬ሻݕ௭∗ሺݓ ௫ߤ௫݀ߙ
ఠభ݀ߥሺݔሻ

        െ׬ ׬ሻݕ௭∗ሺݓ ௫ߤ௫݀ߚ
ఠమሺݖሻ݀ߥሺݔሻ

ൌ ׬ ሻݖሺߪሻ݀ݕ௭∗ሺݓ െ ׬ .ሻݖ௭∗݀߬ሺݓ

 

The pair	ሺߣ, 0ሻ, where ߣ ൌ ߥ ൅ ߬ െ  is pure ߪ
biharmonic, while the pair ሺߣ,  .ሻ is a binormal pairߣ

Note.  Obviously, since every compact set is 
contained in a ball, we can construct pure binormal 
(respectively binormal) pairs from a given measure. 

Example 8. Starting from a measure ߣ supported by 
a compact set ܧ ⊂ Թ௡, G. Choquet and J. Deny (cf., 
[6]) have constructed another measure	ߣ′ such that 
′ߣ݀ ൌ ܷఒ݀߬ on  ܧ෠ ൌ ܧ ∪ ሺ∪௜  ௜ܧ ௜ሻ, where the setsܧ
are the connected components of ∁ܧ ,ܧ௜ is compact, 
ܷఒ is the potential generated by ߣ, and ݀߬ is the 
volume element (and so on for the polyharmonic 
case). The potential ܷఒ´ is defined as follows: 

ܷఒ´ሺݔሻ ൌ ׬ ,ݔଵሺܩ ሻݕሺ′ߣሻ݀ݕ
ൌ ׬ ,ݔଵሺܩ ሻݕሻ݀߬ሺݕሻܷఒሺݕ
ൌ ׬ ׬ ,ݔଵሺܩ ,ݕଵሺܩሻݕ ሻݖሺߣሻ݀ݕሻ݀߬ሺݖ
ൌ ׬ ,ݔଶሺܩ ,ሻݖሺߣሻ݀ݖ

 

where ܩଵ is the Newtonian kernel, and ܩଶሺݔ, ሻݕ ൌ
׬ ,ݔଵሺܩ ,ݖଵሺܩሻݖ  ,ሻ is the iterated kernel (seeݖሻ݀߬ሺݕ
[12]). If	ܷఒ´ሺݔሻ ൌ ׬ ,ݔଶሺܩ ሻݖሺߣሻ݀ݖ ൌ 0, on	∁ܧ, then 

׬௫߂ ,ݔଶሺܩ ሻݖሺߣሻ݀ݖ ൌ ׬ ,ݔଵሺܩ ሻݖሺߣሻ݀ݖ ൌ 0	on	∁ܧ. 

Therefore, the pair ሺߣ,  .ሻ is binormalߣ

WSEAS TRANSACTIONS on MATHEMATICS 
DOI: 10.37394/23206.2023.22.39 Emmanuel P. Smyrnelis, Panayotis Smyrnelis

E-ISSN: 2224-2880 333 Volume 22, 2023



Example 9. Let	ሺݑଶ
∗, 1ሻ be a strictly positive adjoint 

biharmonic pair and let ଶܸ
∗ be the associated kernel 

of the potential part of	ݑଶ
∗ . If ݒଵ

∗ is a nonnegative 
adjoint 1-hyperharmonic function, the adjoint pair 
ሺ ଶܸ

ଵݒ∗
∗, ଵݒ

∗ሻ is a pure hyperharmonic pair; it will be 
an adjoint pure potential pair, if ݒଵ

∗ is an adjoint 1-
potential, continuous with a compact harmonic* 
support. Let ߣ be a measure supported by a compact 
set	ܭ ⊂ ఒ݌	we have ;ߗ

ଵ∗ሺݔሻ ൌ ׬  ሻ, asݖሺߣሻ݀ݔ௭ଵ∗ሺ݌
well as	 ଶܸ

∗1ሺݕሻ ൌ ׬  is the ߦ ሻ, whereݔሺߦሻ݀ݕ௫ଶ∗ሺ݌
nonnegative measure associated with the adjoint 
potential	 ଶܸ

∗1. Now, let ߣ′ be another measure with 
density ݌ఒ

ଵ∗ relative to	ߦ; we consider the following 
function: 

ଶݍ
∗ሺݕሻ ൌ ׬ ఒ݌ሻݕ௫ଶ∗ሺ݌

ଵ∗ሺݔሻ݀ߦሺݔሻ

ൌ ׬ ሺ׬ ሻݖሺߣሻሻ݀ݔሺߦሻ݀ݕ௫ଶ∗ሺ݌ሻݔ௭ଵ∗ሺ݌
ൌ ׬ ሻݖሺߣሻ݀ݕ௭∗ሺݓ ൌ ଶܸ

ఒ݌∗
ଵ∗ሺݕሻ

ൌ ఒݓ
∗ሺݕሻ.

 

Therefore, if ଶܸ
ఒ݌∗

ଵ∗ ൌ 0 on	∁ܭ, we also have that 
ఒ݌
ଵ∗ ൌ 0. Consequently, the pair ሺߣ, 0ሻ is pure 

binormal for	ܭ. On the other hand, if ߤ is a 2-
normal measure for	ܭ, then the pair ሺߣ,  ሻ will beߤ
binormal for	ܭ. 
 
 

4 Some Mean Values Properties of 
Biharmonic Pairs 
Let us recall some further results on harmonic and 
biharmonic spaces (cf., [15], parts X, XI). In a 
harmonic space, we consider a potential ܲ on ߗ, 
which is finite, continuous, and strictly 
superharmonic. Let ߦ be its associated nonnegative 
measure. We define Dynkin’s operators	ܮ, and ܮ′ 
relative to	ܲ, as 

ሻݔ௉݂ሺܮ ൌ limsup
ఠ↘௫

݂ሺݔሻ െ ׬ ௫ఠߩ݂݀

ܲሺݔሻ െ ׬ ௫ߩ݀ܲ
ఠ 				ሺ1ሻ  

ሻݔ௉݂ሺ′ܮ ൌ liminf
ఠ↘௫

݂ሺݔሻ െ ׬ ௫ఠߩ݂݀

ܲሺݔሻ െ ׬ ௫ߩ݀ܲ
ఠ 				ሺ2ሻ  

where	ݔ ∈ ߱‾ is an open set with ߱ ,ߗ  compact, ݂ is 
a numerical function on ߗ such that the numerator 
in (1) and (2) is defined, and ߩ௫ఠ is the harmonic 
measure. We can see that ܮ௉݂ሺݔሻ ൌ  ሻ on theݔ௣ഘ݂ሺܮ
harmonic space	߱, where	݌ఠ ൌ ܲሺݔሻ െ ׬  ,௫ఠߩ݀ܲ
and	ݔ ∈ ߱. Moreover, if ܸ is the kernel associated 
with	ܲ, then we have ܸܮ߶ ൌ ߶ᇱܸܮ ൌ ߶, for	߶ ∈
ሻݔሺݑܮ ሻ. The following inequalityߗ௕ሺܥ ൒ 0 

(or	ݑ′ܮሺݔሻ ൒ 0) on an open set ܷ ⊂  is also ߗ
characteristic of hyperharmonic functions on	ܷ. 

Let	ܮ௝, ܮ௝´ be the operators in (1)-(2) associated to 
the space ൫࣢,ߗ௝൯ (݆ ൌ 1,2). We say that the pair 
ሺ ଵ݂, ଶ݂ሻ of finite and continuous functions in the 
open set	ܷ ⊂ ଵܮ is regular if ,ߗ ଵ݂ and ܮଶ ଶ݂ (or 
equivalently ܮଵ´ ଵ݂ and	ܮଶ´ ଶ݂) are finite and 
continuous in	ܷ. 

Next, we define the operators: 

ሻݔଵ݂ሺ߁				 ൌ limsup
ఠ↘௫

݂ሺݔሻ െ ׬ ௫ఠߤ݂݀

׬ ௫ߥ݀
ఠ   ,  

ሻݔଵ݂ሺ′߁ ൌ liminf
ఠ↘௫

݂ሺݔሻ െ ׬ ௫ఠߤ݂݀

׬ ௫ߥ݀
ఠ . 

Since on a relatively compact open set, there exists a 
strictly positive biharmonic pair	ሺݒଵ,  ଶሻ, we canݒ
assume, without loss of generality, that	ݒଶ ൌ 1. The 
Riesz decomposition yields	ݒଵ ൌ ଵ݌ ൅ ݄ଵ, where ݌ଵ 
is a 1-potential and ݄ଵ is a 1-harmonic function on 
߱. We have	ܮ௣భ݂ሺݔሻ ൌ ሻݔ௣భ݂ሺ′ܮ	ሻ, andݔଵ݂ሺ߁ ൌ
ଵݓଵ߁ ሻ. Moreover, the inequalityݔଵ݂ሺ′߁ ൒  ଶ (orݓ
ଵݓଵ′߁ ൒  ଵ is finite, is aݓ ଶ), at the points whereݓ
characteristic property of the hyperharmonic pairs 
ሺݓଵ,  .ଶሻݓ

Proposition 10. ሺߣ,  ሻ be a binormal pair ofߤ
measures supported by a compact set ܭ ⊂ ܷ, where 
ܷ is an open subset of ߗ, and ሺݑଵ,  ଶሻ a biharmonicݑ
pair of functions on ܷ. Then,	׬ ߣଵ݀ݑ ൌ 0, and 
׬ ߤଶ݀ݑ ൌ 0. 

Proof. We know that ׬ ߤଶ݀ݑ ൌ 0 if ߤ is a 2-normal 
measure relative to a compact set ܭ ⊂ ܷ (cf., [14], 
Proposition 1]). Thus, it remains to prove the other 
equality. Let us consider a relatively compact open 
set	߱, such that	ܭ ⊂ ߱ ⊂ ߱ ⊂ ܷ. By [18], 
Proposition 1.7, there exist continuous potential 
pairs	ሺ݌ଵ, ,ଵݍሺ	ଶሻ, and݌  ଶሻ, which are biharmonicݍ
on	߱, and such that	ሺݑଵ, ଶሻݑ ൅ ሺݍଵ, ଶሻݍ ൌ ሺ݌ଵ,  .ଶሻ݌
We have the decompositions: ሺ݌ଵ, ଶሻ݌ ൌ ሺ݌′ଵ, ଶሻ݌ ൅
ሺݏଵ, 0ሻ, as well as ሺݍଵ, ଶሻݍ ൌ ሺݍ′ଵ, ଶሻݍ ൅ ሺݐଵ, 0ሻ, 
where ሺ݌′ଵ, ,ଵ′ݍଶሻ, ሺ݌  ଶሻ are pure potential pairs inݍ
 ଵ are 1-potentialsݐ ଵ andݏ biharmonic on ߱, while ,ߗ
in ߗ (see, [18], Proposition 2.8 and Proposition 2.2); 
moreover, ݏଵ and ݐଵ are 1-harmonic on ߱, since 
ଵ݌ଵ߁ ൌ ଵ′݌ଵ߁ ൌ ଵݍଵ߁ ,ଶ݌ ൌ ଵ′ݍଵ߁ ൌ  while ,ߗ ଶ onݍ
ଵ݌ଵሺ߁ െ ଵሻ′݌ ൌ ଵݍଵሺ߁ ,0 െ ଵሻ′ݍ ൌ 0 on ߱, (cf., [15], 
Corollary 11.4). Therefore, we have on	߱: ݑଵ ൌ
ଵ݌ െ ଵݍ ൌ ଵ′݌ െ ଵ′ݍ ൅ ݄ଵ, where ݄ଵ ൌ ଵݏ െ -ଵ is 1ݐ
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harmonic on ߱. Finally, the nonnegative measures ߞ 
and ߦ associated with the pure pairs ሺ݌′ଵ,  ଶሻ and݌
ሺݍ′ଵ,  .߱∁	ଶሻ (cf., [18], (3.13)), are supported byݍ
As	׬ ݄ଵ݀ߣ ൌ 0, (cf., [14], Proposition 1), we obtain: 

׬ ߣଵ݀ݑ ൌ ׬ ݄ଵ݀ߣ ൅ ׬ ሺ݌′ଵ െ ߣଵሻ݀′ݍ
ൌ ׬ ׬ ሻݔሺߣሻ݀ݕሺߠሻ݀ݔ௬ሺݓ

ൌ ׬ ሺ׬ ሻݕሺߠሻሻ݀ݔሺߣሻ݀ݔ௬ሺݓ ൌ 0,
 

where	ߠ ൌ ߞ െ ׬ since ,ߦ ሻݔሺߣሻ݀ݔ௬ሺݓ ൌ 0 holds on 
ܭ∁ ⊃ ∁߱.  

Next, we shall study the converse of Proposition 10. 

Proposition 11.  Let ܷ be an open subset of ߗ and 
let ሺݑଵ,  ଶሻ be a pair of regular functions satisfyingݑ

׬ ௜ߣଵ݀ݑ ൌ ׬,0 ௜ߤଶ݀ݑ ൌ 0 for a family ሺߣ௜,  ௜ሻ ofߤ
binormal pairs of measures relative to compact sets 

௜ܭ ⊂ ߱௜ with ߣ௜ ് ௜ߤ ,0 ് 0, such that ఒܲ೔,భ
ଵ∗ ൒ ఒܲ೔,మ

ଵ∗ , 

ఓܲ೔,భ
ଶ∗ ൒ ఓܲ೔,మ

ଶ∗ , for all ݅ ∈  the open sets ߱௜ forming a ,ܫ

basis of ܷ; then, the pair ሺݑଵ,  ଶሻ is biharmonic onݑ
ܷ. 

Proof. Let ߱ be an open set with ߱ ⊂ ܷ and ߱ 
compact. There is a strictly positive biharmonic pair 
ሺݒଵ,  ଶሻ on ߱ (cf., [15], Theorem 6.9); without lossݒ
of generality, we may assume that	ݒଶ ൌ 1, and we 
may replace ܷ with ߱. In the associated 1-harmonic 
space, the Riesz decomposition implies that	ݒଵ ൌ
ଵ݌ ൅ ݄ଵ; we consider the kernel ଵܸ

ఠ associated with 
the potential ݌ଵ and the associated operators	ܮଵ, ߁ଵ 
(cf., [15], parts X, XI). The pair ሺ ଵܸ

ఠݑଶ,  ଶሻ isݑ
biharmonic since	ܮଵ ଵܸ

ఠݑଶ ൌ ଵ߁ ଵܸ
ఠݑଶ ൌ  ଶݑ ଶ, andݑ

is a 2-harmonic function (cf., [14], Proposition 2)1. 

It follows from Proposition 10 that ׬ ଵܸ
ఠݑଶ݀ߣ௜ ൌ 0 

holds for all ߣ௜ satisfying the assumptions of 
Proposition 11. At this stage, we consider the 
function ߶ ൌ ଵܸ

ఠݑଶ െ  ߱; since the functions	ଵ onݑ

ଵܸ
ఠݑଶ and ݑଵ are continuous on	߱, ߶ will also be 

continuous on	߱. Therefore, we obtain	׬ ௜ߣ݀߶ ൌ 0. 

In addition, since ݌ఒ೔
ଵ∗ ൌ 0 on ∁ܭ௜ (see the beginning 

of the proof of Theorem 3), ߶ is in view of [14], 
Proposition 3, a 1-harmonic function, that we 
denote by	ݎଵ. Therefore, ݑଵ ൌ ଵܸ

ఠݑଶ െ  ଵ is the firstݎ

                                                 
1 Analogous notions and results are available in the 
adjoint case. 

component of a biharmonic pair on	߱, namely, of 
the pair	ሺ ଵܸ

ఠݑଶ െ ,ଵݎ  ଶሻ. Finally, since the pairݑ
ሺݑଵ, ߱	ଶሻ is biharmonic on every open setݑ ⊂ ߱ ⊂
ܷ, with ߱ compact, it will also be biharmonic on ܷ.  

Corollary 12.  Let ܮ௝ (݆ ൌ 1,2) be a second-order 

linear elliptic operator with regular coefficients 
defined on a domain ߗ ⊂ Թ௡ (݊ ൒ 2). We consider 
the biharmonic space of the solutions of the 
system	ܮଵݑଵ ൌ െݑଶ, ܮଶݑଶ ൌ 0 on ߗ. We suppose 
that there exists a positive potential pair; therefore, 
there exists a positive ܮ௝-potential (݆ ൌ 1,2) (cf., 

[15], part XI, [9], Chap. VII). Then, ݑଵሺݔሻ ൌ
׬௫ߙ ௫ߤଵ݀ݑ

ఠభ െ ׬௫ߚ ௫ߤଵ݀ݑ
ఠమ  holds for every	ݔ ∈  ,ߗ

where	߱ଵ, ߱ଶ are concentric balls such that ݔ ∈
߱ଵ ⊂ ߱ଶ ⊂  This property is .(cf. Section 3) ߗ
characteristic of biharmonic2 functions on	ߗ. We 
notice that if	ܮଵ ൌ  ଶ, then we can also writeܮ

ሻݔଶሺݑ ൌ ׬௫ߙ ௫ߤଶ݀ݑ
ఠభ െ ׬௫ߚ ௫ߤଶ݀ݑ

ఠమ .  
 
 

5 Properties of Binormal Pairs of 
Measures 
Let ߣ, ߣ ,be measures ߤ ൌ ଵߣ െ ߤ ,ଶߣ ൌ ଵߤ െ  ,ଶߤ
with ߣ௜ ൒ ௜ߤ ,0 ൒ 0, ሺ݅ ൌ 1,2ሻ, and consider the 
pairs ߉ :ൌ ሺߣ, 0ሻ, ܤ௜ : ൌ ሺߣ௜, 0ሻ, as well as the pair 
ܯ :ൌ ሺ0, ௜߉ ሻ. Therefore, we haveߤ

∁௄ ൌ ଵ,௜ܤ
∁௄ െ ଶ,௜ܤ

∁௄ 
and ܯ∁௄ ൌ ሺ0,  ሻ∁௄ (cf. Section 1 and the proof ofߤ
Theorem 3). 

Theorem 13. The following are equivalent: 

(i) The pair ߉ ൌ ሺߣ, 0ሻ is pure binormal and 
the pair ܯ ൌ ሺ0,  .ሻ is 2-normalߤ

(ii) ߉௜
∁௄ ൌ 0, and	ܯ௜

∁௄ ൌ 0 ሺ݅ ൌ 1,2ሻ. 

(iii) ׬ ሺ݌ଵ െ ߣଵሻ݀ݍ ൌ 0 and	׬ ሺ݌ଶ െ ߤଶሻ݀ݍ ൌ
0, where ሺ݌ଵ, ,ଵݍଶሻ, ሺ݌  ଶሻ are potentialݍ
pairs in ߗ with support in ∁ܭ. 

(iv) The previous potential pairs could be 
pure potential pairs. 

(v) ׬ ߣଵ݀ݑ ൌ 0, and ׬ ߤଶ݀ݑ ൌ 0 hold for 
every biharmonic pair of functions 
ሺݑଵ, ߱	ଶሻ on an open setݑ ⊃  .ܭ

                                                 
2 The function ݑଵ is called biharmonic on	ߗ, if it is 
the first component of a biharmonic pair on	ߗ. 
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(vi) ߣ ൌ ߦ െ ଵߌ
∁௄, and ߌଶ

∁௄ ൌ 0, where 
ሺߦ, 0ሻ∁௄ ൌ ൫ߌଵ

∁௄, ଶߌ
∁௄൯ with ߦ the part of 

 ܭ supported by the set of points of ߣ
where ∁ܭ is 1-thin; ߤ ൌ ߬ െ ଶܶ

∁௄, where 
ሺ0, ߬ሻ∁௄ ൌ ൫ ଵܶ

∁௄, ଶܶ
∁௄൯, with ߬ the part of 

 supported by the set of points where ߤ
 .is 2-thin ܭ∁

Proof. (i) ⇔ (ii). We have already established the 
first part of Theorem 13 in the proof of Theorem 3. 
Concerning the second part, we can see that these 
implications are well-known in harmonic spaces 
(cf., [14]). 

(i) ⇒ (v). This is proved in Proposition 10. 

(v) ⇒ (i). Suppose there exist points ݕଵ, ଶݕ ∈  ܭ∁
where ݓఒభ

∗ ሺݕଵሻ ് ఒమݓ
∗ ሺݕଵሻ, ݌ఓభ

ଶ∗ሺݕଶሻ ് ఓమ݌
ଶ∗ሺݕଶሻ; we 

take as ሺݑଵ, ,௬ݓଶሻ the Green pair ൫ݑ  ௬ଶ൯ and we݌
have ׬ ሻݔଵሺߣሻ݀ݔ௬భሺݓ ൌ ׬  ሻ as well asݔଶሺߣሻ݀ݔ௬భሺݓ
׬ ௬మ݌

ଶ ሺݔሻ݀ߤଵሺݔሻ ൌ ׬ ௬మ݌
ଶ ሺݔሻ݀ߤଶሺݔሻ, therefore we 

get ݓఒభ
∗ ሺݕଵሻ ൌ ఒమݓ

∗ ሺݕଵሻ and ݌ఓభ
ଶ∗ሺݕଶሻ ൌ ఓమ݌

ଶ∗ሺݕଶሻ, 
which contradicts our assumptions (cf. Theorem 3). 

(iii) ⇒ (v). By [18], Proposition 1.7, there are two 
continuous potential pairs ሺ݌ଵ, ,ଵݍଶሻ, and ሺ݌  ,ଶሻݍ
which are biharmonic on a relatively compact open 

set ߱′, with ܭ ⊂ ߱′ ⊂ ߱′ ⊂ ߱, and such that ݑ௜ ൌ
௜݌ െ  .௜ on ߱′, (i=1,2)ݍ

(v) ⇒ (iii). We choose an open set ܷ ⊃  such that ܭ
the supports of the potential pairs	ሺ݌ଵ,  ଶሻ, and݌
ሺݍଵ,  ଶሻ are not contained in ܷ; hence, these pairsݍ
are biharmonic on ܷ. 

(iii) ⇒ (iv). This is straightforward because (iv) is a 
particular case of (iii). 

(iv) ⇒ (i). Suppose there exist two points ݕଵ, ଶݕ ∈
ఒభݓ	such that ܭ∁

∗ ሺݕଵሻ ് ఒమݓ
∗ ሺݕଵሻ, and	݌ఓభ

ଶ∗ሺݕଶሻ ്
ఓమ݌
ଶ∗ሺݕଶሻ. We take as pure potential pairs supported 

on	∁ܭ, the Green’s pairs ൫ݓ௬, ,௬ݓ௬ଶ൯, and ൫݇݌  ,௬ଶ൯݌݇
where ݇ ൐ 0, ݇ ് 1. Therefore, we obtain 

׬ ቀ݇ݓ௬భሺݔሻ െ ሻቁݔ௬భሺݓ ሻݔଵሺߣ݀ ൌ

׬																	 ቀ݇ݓ௬భሺݔሻ െ ሻቁݔ௬భሺݓ   ,ሻݔଶሺߣ݀

and	ሺ݇ െ 1ሻ݌ఓభ
ଶ∗ሺݕଶሻ ൌ ሺ݇ െ 1ሻ݌ఓమ

ଶ∗ሺݕଶሻ; clearly, this 
contradicts our assumptions (see also Theorem 3). 

(ii)⇒(vi). ሺߣ, 0ሻ ൌ ሺߦ, 0ሻ ൅ ሺߪ, 0ሻ, with ߪ the part of 
-is not 1 ܭ∁ supported by the set of points where ߣ
thin. Setting	ߑ : ൌ ሺߪ, 0ሻ, we have	ሺߣ, 0ሻ∁௄ ൌ
൫߉ଵ

∁௄, ଶ߉
∁௄൯ ൌ ൫ߌଵ

∁௄, ଶߌ
∁௄൯ ൅ ൫ߑଵ

∁௄, ଶߑ
∁௄൯. On the 

other hand, we know that	ߑଵ
∁௄ ൌ ଵ߉	As .ߪ

∁௄ ൌ 0, we 
deduce that	ߑଵ

∁௄ ൅ ଵߌ
∁௄ ൌ 0; consequently, it 

follows that	ߣ ൌ ߦ ൅ ߪ ൌ ߦ െ ଵߌ
∁௄. Furthermore, 

since	߉ଶ
∁௄ ൌ 0, we obtain	ߌଶ

∁௄ ൅ ଶߑ
∁௄ ൌ 0. Finally, 

in view of [16], Remark 2.12, we conclude that 
ଶߑ
∁௄ ൌ 0 (see also, [15], Theorem 7.13). 

(vi)⇒(i). We know that	׬ ଵܲ
∁௄݀ߦ ൌ ׬ ଵߌଵ݀݌

∁௄ ൅
׬ ଶߌଶ݀݌

∁௄, where ሺ݌ଵ,  ଶሻ is a potential pair; since݌
ଶߌ
∁௄ ൌ 0, it follows that ׬ ଵܲ

∁௄݀ߦ ൌ ׬ ଵߌଵ݀݌
∁௄. 

Now, if ሺ݌ଵ, ,௬ݓ൫	ଶሻ is the Green’s pair݌  ௬ଶ൯, then݌

we have	׬ ௬ܹ
∁௄ሺݔሻ݀ߦሺݔሻ ൌ ׬ ଵߌሻ݀ݖ௬ሺݓ

∁௄ሺݖሻ. That 

is, ׬ ௫ܹ
∗∁௄ሺݕሻ݀ߦሺݔሻ ൌ ׬ ଵߌሻ݀ݕ௭∗ሺݓ

∁௄ሺݖሻ, in view of 
Lemma 1. As for	ݔ ∈ it holds that ௫ܹ ,ܭ

∗∁௄ ൌ  ∗௫ݓ
on	∁ܭ, so we deduce that	׬ ሻݔሺߦሻ݀ݕ௫∗ሺݓ ൌ
׬ ଵߌሻ݀ݕ௭∗ሺݓ

∁௄ሺݖሻ; therefore, ݓఒ
∗ ൌ 0 on	∁ܭ. 

Note.  We point out that the implication (vi)⇒(ii) 
can be established, by reversing the arguments in 
the proof of (ii)⇒(vi). We can see in the proof of 

[4], Proposition 3, that ߪ ൌ െߌଵ
∁௄ holds for every 1-

normal measure.   

Theorem 14.  Let ܭ be a compact subset of	ߗ. The 
following are equivalent: 

(i) There exists a pure binormal pair of 
measures ሺߣ, 0ሻ for the compact set	ܭ, 
with ߣ ് 0. 

(ii) ∁ܭ is	1-thin for at least one point of ܭ. 

Proof. (i)⇒(ii). In view of Theorem 13, we 
have	߉௜

∁௄ ൌ 0, (݅ ൌ 1,2), and by assumption ߣ ് 0. 
If ∁ܭ is not 1-thin at any point of	ܭ, then we will 
obtain ߣ ൌ ଵ߉

∁௄ (cf., [14], Proposition 3); 
since	߉ଵ

∁௄ ൌ ଵ,ଵܤ
∁௄ െ ଶ,ଵܤ

∁௄ ൌ 0, it follows that	ߣ ൌ 0. 
This is a contradiction. 

(ii)⇒(i). Given a pure binormal pair	ሺߣ, 0ሻ, suppose 
that ߣ ൌ 0. By assumption and in view of Theorem 
13, we will obtain ߣ െ ଵ߉

∁௄ ൌ ߦ െ ଵߌ
∁௄ ൌ 0 and ߦ ്

0 (since ∁ܭ is 1-thin for at least one point of	ܭ). As 
the measure ߦ is supported by the set of unstable 
points of	ܭ, and ߌଵ

∁௄ is supported by the set of 
points where ∁ܭ is not 1-thin, we deduce that ߦ ്
ଵߌ
∁௄ (see, [1], Proposition 4.6, [4], Lemma VIII, 2); 

therefore, ߣ ് 0, which is a contradiction.   

We denote by ࣧ the set of measures on	ߗ. We 
endow it with the vague topology, that is, the 
topology of the simple convergence on the space of 
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continuous functions with compact support. 
Similarly, we consider the set ࣧൈࣧ with the 
respective vague topology. We also denote by ௜ࣥ 
the set of points of	ܭ, where ∁ܭ is ݅-thin, and by ࣨ 
(resp. ௜ࣨሻ, the set of pure binormal pairs of 
measures (resp. the set of ݅-normal measures, ݅ ൌ
1,2) for ܭ. Finally, we recall that	ሺ߳௫, 0ሻ∁௄ ൌ
൫ߤ௫∁௄,  ௫∁௄ is the swept measure of ߳௫ߤ ௫∁௄൯, whereߥ

on ∁ܭ in the 1-harmonic space, and	ሺ0, ߳௫ሻ∁௄ ൌ
൫0,  ௫∁௄ is the swept measure of ߳௫ onߣ ௫∁௄൯, whereߣ

 .in the 2-harmonic space ܭ∁

Theorem 15.    

(i) The pairs	൫߳௫ െ ,௫∁௄ߤ ݔ	௫∁௄൯, whereߥ ∈

ଵࣥ, form a total subset of ࣨ. 
(ii) The measures	൫߳௫ െ ݔ	௫∁௄൯, whereߤ ∈ ଵࣥ, 

form a total subset of ଵࣨ. 
(iii) The measures	൫߳௫ െ ݔ	௫∁௄൯, whereߣ ∈ ଶࣥ, 

form a total subset of	 ଶࣨ. 

Proof. (i) First, it is well known that the swept pair 
൫ߌଵ

∁௄, ଶߌ
∁௄൯ of ሺߦ, 0ሻ on	∁ܭ, is expressed by 

ଵߌ
∁௄ሺ݂ሻ=׬ ଶߌ ,ሻݔሺߦ௫∁௄ሺ݂ሻ݀ߤ

∁௄ሺ݂ሻ =׬  ,ሻݔሺߦ௫∁௄ሺ݂ሻ݀ߥ
where ݂ is any continuous function with compact 
support. Next, we recall that by definition of the 
integral, there exist points ݔ௡ of ଵࣥ such that 

∣ ׬ ሻݔሺߦ௫∁௄ሺ݂ሻ݀ߤ െ ∑
௡ୀଵ

ே
௫೙ߤ௡ߣ

∁௄ሺ݂ሻ ∣൏ ߳′                (3) 

with	 ∑
௡ୀଵ

ே
௡ߣ ൌ ሺߦ ଵࣥሻ. Note that by considering a 

suitable partition of	 ଵࣥ, we can choose the (same) 
coefficients	ߣ௝, such that relations (3) and (4) are 

satisfied (cf. [5, p. 109-109], [2] and [7, p. 126-127]. 

Moreover, according to [2], Theorem 1, chap. III, 

§2, No. 4, there exists a linear combination ∑
௝ୀଵ

௣

 ௝߳௫ೕߣ

such that 

∣ ∑
௝ୀଵ

௣

௝߳௫ೕሺ݂ሻߣ െ ሺ݂ሻߦ ∣൏ ߳″	and	 ∑
௝ୀଵ

௣

௝ߣ ൌ ሺߦ ଵࣥሻ.  (4) 

Consequently, by combining (3) and (4), we can 
write 

∑
௜ୀଵ

௤

௜൫߳௫೔ߣ െ ௫೔ߤ
∁௄൯ሺ݂ሻ െ ߳ ൑ ሺ݂ሻߦ െ ଵߌ

∁௄ሺ݂ሻ

൑ ∑
௜ୀଵ

௤

௜൫߳௫೔ߣ െ ௫೔ߤ
∁௄൯ሺ݂ሻ ൅ ߳, 

and െ߳ ൑ ∑
௜ୀଵ

௤

௫೔ߥ௜ߣ
∁௄ሺ݂ሻ ൑ ߳ with ∑

௜ୀଵ

௤

݈௜ ൌ ሺߦ ଵࣥሻ. 

Since, by Theorem 13, ሺߣ, 0ሻ ൌ ሺߦ, 0ሻ െ ൫ߌଵ
∁௄, ଶߌ

∁௄൯, 
the result follows. Assertions (ii) and (iii) can be 
proved in the same way.  

Finally, we shall examine how normal and binormal 
measures are connected. 

Proposition 16.    

(i) If ሺߣ, 0ሻ is a pure binormal pair for the 
compact set	ܭ, then the measure ߣ is 1-
normal for ܭ. 

(ii) Conversely, suppose that ߣ is a 1-normal 
measure for	ܭ. Then the pair ሺߣ, 0ሻ is not 
necessarily a pure binormal pair, even if 
the ݆-harmonic spaces coincide (݆ ൌ 1,2). 

Proof. (i) Since the pair ൫ݓఒ
∗, ఒ݌

ଵ∗൯ is biharmonic 
adjoint on	∁ܭ, and therefore compatible, then the 
equality ݓఒభ

∗ ൌ ఒమݓ
∗  on ∁ܭ implies that ݌ఒభ

ଵ∗ ൌ ఒమ݌
ଵ∗ 

holds there. Consequently, ߣ is 1-normal for	ܭ. 
(ii) If ݌ఒభ

ଵ∗ ൌ ఒమ݌
ଵ∗ on	∁ܭ, then we assert that ݓఒభ

∗ ൌ
ఒమݓ
∗ ൅ ݄ଶ

∗  on	∁ܭ, where ݄ଶ
∗  is an adjoint 2-harmonic 

function on ∁ܭ. Indeed, since the pure potential 
pairs satisfy the relations ߁ଵ

ఒభݓ∗
∗ ൌ ఒభ݌

ଵ∗ and ߁ଵ
ఒమݓ∗

∗ ൌ
ఒమ݌
ଵ∗ on	∁ܭ, we obtain ߁ଵ

∗൫ݓఒభ
∗ െ ఒమݓ

∗ ൯ ൌ 0 on ∁ܭ, 
that is, ݓఒభ

∗ െ ఒమݓ
∗ ൌ ݄ଶ

∗ , where	݄ଶ
∗  is an adjoint 2-

harmonic function on the complement of ܭ.	 

Let us now take for the elliptic operator, the 
Laplacian. We have the following inclusion: 

ሼߣ: ሺߣ, 0ሻ	is	pure	binormalሽ 																																											
⊂ ሼߣ: 1	a	is	ߣ െ normal	measureሽ. 

For instance, the measure	ߣ ൌ ߳௫ െ  ௫ఠ, where ߱ isߤ
a ball, is normal for	ܭ ൌ ߱, but the pair ሺߣ, 0ሻ is not 
a pure binormal pair. On the other hand, the 
measure ߣ ൌ ߳௫ െ ௫ߤ௫ߙ

ఠభ ൅  ఠమ is 1-normal, andߤ௫ߚ
the pair ሺߣ, 0ሻ is also pure binormal (߱ଵ, ߱ଶ are 
concentric balls, and	߱ଵ ⊂ ߱ଵ ⊂ ߱ଶ).  

Nevertheless, in general, we have: 
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Proposition 17.  Let ߣ be a 1-normal measure for	ܭ. 
Then, ሺߣ, 0ሻ is a pure binormal pair if and only 

if	ߌଶ
∁௄ ൌ 0. 

Proof. This follows immediately from Theorem 13.  
 
	

6 Conclusion and Future Work 
In the present paper, we consider a biharmonic 
elliptic space, corresponding in	Թ௡ to the solutions 
of the system ܮଵ݄ଵ ൌ െ݄ଶ, ܮଶ݄ଶ ൌ 0, where the 
second-order linear elliptic differential operators ܮ௜ 
ሺ݅ ൌ 1,2ሻ (cf., [15]), have adjoint operators ܮ௜

∗ ሺ݅ ൌ
1,2ሻ satisfying ܮଶ

∗ ݄ଶ ൌ െ݄ଵ, ܮଵ
∗ ݄ଵ ൌ 0 (cf., [20]). 

By introducing binormal pairs of measures, we have 
extended the normal measures from the harmonic 
case (cf., [6], [10], [14]) to the biharmonic context.  
 
More specifically, by using pure adjoint potential 
pairs, we have studied the binormal pairs of 
measures satisfying the equivalent properties of 
Theorem 3. We have also established some 
characteristic properties of biharmonic pairs and 
binormal pairs of measures. In addition, we have 
pointed out in Theorems 13 and 14, the connection 
between binormal pairs of measures and the fine 
topologies of the associated harmonic spaces 
(corresponding in	Թ௡ to the solutions of equations 
ଵ݄ܮ ൌ 0 and  ܮଶݑ ൌ 0 respectively). On the other 
hand, Theorem 15 provides an approximation of 
pure binormal pairs of measures by normal 
measures.  
 
Finally, Example 6 generalizes a characteristic 
property of the classical biharmonic case for the 
equation ߂ଶݑ ൌ 0 (cf., [17]). It is an important 
result that may be useful to study some boundary 
value problems, for the above systems. For instance, 
it would be interesting to   examine the following 
biharmonic problem in Թ௡. Can we determine a 
biharmonic function in the interior of a smooth 
domain if its values and the values of its normal 
derivative are known on the boundary? Here, a 
biharmonic function is the first component of a 
biharmonic pair. Another interesting open problem 
would be the extension of the results in [13], in the 
context of the heat equation, to more general 
parabolic operators.  
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