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1 Introduction use a novel strategy termed the "simplest equation
Fractional partial differential equations have drawn method”, [1], 2. _ _
significant interest from a wide range of specialists In the context of applied sciences like mathematical
in applied sciences and engineering, including modeling and fluid mechanics, this work focuses on
acoustics, control, and viscoelasticity. In many areas Burger's equation. Burger's equation was initially
of mathematics and physics, partial differential brought up about steady-state solutions, in fact, [3].
equations are crucial. To examine several time- Burger later changed the approach to characterize
fractional partial differential equations, the authors the viscosity of certain fluid types, [4]. The

conformable double Laplace transform approach,
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which was first proposed in [5], was improved and
used to solve fractional partial differential
equations. This method has been used by a number
of academics to obtain precise and numerical
solutions to this type of equation. To precisely solve
time-fractional Burger's equations, other scholars
used the first integral technique, [6]. Another set of
researchers developed the coupled Burger's equation
solution using the generalized two-dimensional
differential transform approach, [7], [8], [9], [10].
The ARA transform is a revolutionary integral
transform that Saadeh and others introduced in,
[11]. ARA is a new transform; it is not an acronym.
It has novel properties, including the ability to
generate numerous transforms by varying the value
of the index n, a duality with the Laplace transform,
and the capacity to get around the singularity at time
zero. Many researchers have studied the new
approach and implemented it to solve many
problems by merging it with other numerical
methods or other transforms, such as ARA-Sumudu
transform, [12], [13], Laplace-ARA transform, [14],
double ARA transform, [15], [16], ARA residual
power series method, [17], [18].

In this article, we choose to build a unique
combination of Adomian’s decomposition method
and the double ARA transform, so that we obtain
the advantages of these two methods and fully
utilize these two potent techniques. The
conformable double ARA transform method will be
introduced in this research in combination with
Adomian’s decomposition method, [19], to solve
systems of conformable fractional partial
differential equations.

With the help of the conformable double ARA
decomposition approach, this study aims to provide
analytical solutions for the coupled, one-
dimensional, singular, and regular conformable
fractional Burger's equations (CDARADM). The
following space-time fractional order coupled with
Burger's equations were described in [20], and are
given below:

09%u  9%Pu 2 oPu N P (ww)
ota oxzp U T Yo
xP t1
-k (m)'
09y 9%*Pvp oPv ar (1)

+Av—axp+ E—axp(uv)
xP t4
_ z(_,_>.
p q

This article is organized as follows, in the following
section, we present the ARA transform with the

at1  9x2p

E-ISSN: 2224-2880

Amjad E. Hamza, Abdelilah K. Sedeeg,
Rania Saadeh, Ahmad Qazza, Raed Khalil

main characteristics. In Section 3, we introduce
some preliminaries about the conformable fractional
derivatives. The conformable ARA transform and
some related results are presented in Section 4. In
Section 5, we introduce some numerical
experiments to prove the efficiency and applicability
of the new method.

2 ARA Integral Transforms, [11]

Definition 1. If h(x) is a continuous function on
(0, ), then the ARA transform of order n

Galh(I() = Q)

= rf x"le ™ p(x)dx, 1 >0, 2)
0
and the inverse ARA transform is defined as
gﬁh [gn+1[h(x)]]
(_1)21’1 c+ioo (3)
= - f e™ Q(r)dr = h(x),
2 J i
where

[o0]

Q(r) =J;) e ™ h(x) dx.

Theorem 1. Let h(x) be piecewise continuous in
every finite interval 0 < x < a and satisfies the
condition

|x""1h(x)| < Me®*.
where M is a positive constant. Then, ARA integral
transform exists for all r > a.
Proof. Using the definition of ARA transform, we
get

Q)| = |r f e~ h(x) da.
0
Thus, we get
B
0P = |r f x"te X h(x) dx
0

+rf x" e "™ h(x) dx
B

<r

f x"te ™ h(x) dx
b,
< rf e ™ |x" Th(x)| dx
Bw
< rf e ™*Me*™ dx
B

= er e~ (r—Ox gy
B

_ ™ o)

r—a
Hence, the integral exists for all r > a, and

Gna1[h(x)] exists.
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Now, we present some properties of ARA
transform.

If Hin,7) = Gp[h(x)] and G(n, 1) = G,[g(x)] and
a,b € R, then

o Gnlah(x) +bg(x)]

= a Gplh(x)] 4
+ b Gulg(x)].
e G, MaHMn1r)+bGnr)]
=aG, '[H(n1)] )
+b G, G,
¢ Gl = D g ©
a1 rI'(n)
e G,le ]_(r—a)n' a € R. @)
. Galsinax] = =T(n )((r o
(8)
C(r+ la)”) a &R

* Gn [h(n) (x)]

(9)

_ Z Tn—k h(k—l) (0) ,

k=1
where G;[h(x)] is the ARA transform of a
continuous function h(x) of order one on [0, ),
and it is given by

G:i[h)] = H(r) =7 j

0

[oe]

e "™ h(x) dx, (10)

r>0.
In this research, we denote G, [h(x)] for G[h(x)].

3 Conformable Fractional Derivatives
(CED), [21], [22], [23], [24]

Conformable fractional derivatives are investigated
and expanded in [15], [16], respectively. The
following definitions of CFD are utilized in this
study.

Definition 2. The CFD of h( ) order p, where h :

(0,00) = R, is given by

dp xP
— hl=—
dxP (p)
p p
h(=+6x1"P) - h(=
G )16 w
§-0 1)
xP
— >0, 0<p<l
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Definition 3. The conformable space fractional

. R R P t4
partial derivative of h(%,%) order p, where

h(’;p tq) R x (0,0) — R, is defined as
aP xP t4

— _nl=— —

oxP (p'q)

h (J;.Tp + 5x1_p'%) —h (%p%) (12)

5§-0 ) ’
xP t4
—,— >0, 0<pqg<1l

p q

Definition 4. Let h(— —) R % (0,0) — R. Then,

the conformable fractional partial derivative of
xP t4 .

h (?,;) of order, g is given by

04 xP t4
ﬁh(?z)

(S S +ge) —n(5,5)

_ 1 P q (13)
fim g ’

xP t4

—,— >0, 0<pq=<1

P q

3.1 Conformable Fractional Derivatives of
Some Basic Functions
In the following arguments, we introduce the CFD
for some basic functions.

. Lth(ﬁ ﬂ)_ﬁﬂ Then
¢ axp(xptq)
c G =Y

i Lth(ﬁ %): %) . Then

c @) =)
- &)
il Let h(2,5) = (’%’)n ()" Then
¢« &) n(5) ()"
o« 2w (E) =m(
iv. L th(ﬂ %) = sinl(ﬁ sinﬂ(tq). Then
2

aP .
o — | SIn
axP
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P td
xP t4 iy
V. Lth( ):e p " a4, Then
pla q P q
p x* ptt X ot
° 667 e)lp+ﬂq :Aelp-l—ﬁq,
P tq xP tq
q LAY S AN T
° %(elpﬂgq):ﬁelpﬂgq_

Property 1. If h(x,t) is a differentiable function of
order a and S at the points x and t > 0, where 0 <
a,B <1.Then

aph xP t7\ 1-p ah xP t4
v \p'q)” " \pq)
09 (xP t4 a9 [«xP t1
—h(=—,—)= 7 —n(=,—).
ot1 \p’q ot \p q
Proof. Using Definition 3 and putting k = &§ x1™P
in Equation (12), we get

2 (2 0) -yt )
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P 4 2Pt

a,b €R, %,%> 0, e“?*"a.Under
conditions the conformable double ARA transform
is given by

xP t4
gxgt [ ( ’_)] pq(r s)
(15)

xRt (xP td
_rsf f P qh(— —>xp 1ta-1dx dt,
p q

wherer,s €eC,0<p,q <1 and the integrals
with respect to xP and t4 respectively, are taken by

conformable fractional derivative.
xP t4 xP

Property 2. Let h(— ;) =f (?)g (tq—q),x >

0,t > 0. Then

GrG¢ [h (ﬁ :
p

%)] = Gx[f(]Gelg(®].  (16)
Proof. The definition of CDARAT implies

these

—_— , xp tq
oxP P q 6-0 10) gxgt Al )9\ —
) (2 :
— lim h(p +k Q) (P ’ q) =rs f f _r__ @ ( )g(%)xp_ltq_ldth a7
k-0 kxP~1 ) w @ /4
h(£+k,ﬂ)—(£,ﬂ) —rf e_r7f<x?>xp'1dx sf e_57g(q>tq Ldt.
= x17P lim —7F 1 L ’ %P * a
k=0 Substituting u = SV du = xP~ldx and

Similarly, we can easily prove that
09 (xP t4 a0  [xP t4
—h(—,— )= t1"1 —h[—,—).
at4 P q at \p gq

4 Conformable Double ARA

Transform (CDARAT)

In this part of this study, we present the conformable
double ARA transform using the following
definitions.

Definition 5. Assume that h(x) is a real-valued
function defined on [0,0) to R, then the

conformable ARA transform of h ( 5 ) is given by
xP
6 [ <p )]
o xP 14
G T
0 p

vr > 0,
If the integral exists.
xP t4

Definition 6. Let h(?,;) be a piecewise

continuous function on the interval [0,0) X [0, o)
of exponential order, that is considered for some

E-ISSN: 2224-2880

dv = t?71dt in Equation (17) and simplifying, we
obtain

ot ()9 (7).
GxG¢ [f<p z q i}
=rf e T4 [f(w]du sf e SVg)dv
0 0
= G [f ()] Ge[g ()]

4.1 CDARAT of Some Elementary Functions
In this section, we present the conformable Double
ARA Transform for some basic functions.

i. Le th(— —)_1 Then

GxGe 1] = rsf f %_

From Property 2 and Equation (6), we get
GxG¢ 111 = Gx[11 Gelg(D)] = 1.

. Leth (fn%)qz (%p)n (%)m. Then
= [() (3) o
—rsf f e K%) (;) ]xp‘ltq‘ldxdt.

From Property 2 and Equation (6), we get
P xp tq m n m . nim!
Gr G q = Gx[x"] Gc[t™] = g’

a xP~1ta-1dx dt.
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/4 td

iii. Leth(xp tqq) =" "% 7. Then

P

td
et ]

© o _ X LB
:rsf f e P q [ q]xp 1ta-1qx dt.
o Yo

From Property 2 and Equation (7), we get

Grgs [el v 7] = G[e?] Ge[e"]
_ s
“r-DG-p)

iv. Leth (%p,t:) = sml( )smﬁ ( ) Then
Grg! [sin A (x_) sin B (t—)]
[ [

From Property 2 and Equation (8), we get

x__ xP
a sml(p)smﬁ( )x” 1ta-1dyx dt.

Grg! [sm (’%) sin 8 (%)] = G.[sinAx] G[sin B ¢]

TP+ (2 + A2

4.2 Existence Condition for the Conformable

Double ARA Transform

xP 1\ . .
If h(;,?) is an exponential order a and b as

xp

q
> - oo,% — oo, If 3 a constant K > 0, such that
forallx > Xandt > T
xP t4
55)
p q
it is easy to get,

T oy pd P ¢
h(—’—)zO e r 9] a — — oo,— — 00,
p’aq P q

xP td

<Ke'? "4,

Theorem 2. Let the function h(?p %) be

continuous on the region (0,X) x (0,T) and are of

exponential orders yand , then the conformable
double ARA transform of h(’%,i{—q) exists for all

Re(r) > y, Re(s) > t.
Proof. Using the definition of the CDARAT of

h (%p %) we have
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|G q(r s)|

_.xP ﬂ xP t4

rsf f r (— —)xp 1ta-1dx dt
P q
X xP t4

rsf f rSST (—,—) xP~1ta gy dt
P q

IA

—(r—)/)—— (s—r)ﬂ —1,9-1
<rsK e P a xP~ 1t dx dt
_ rsK

r—=v)(s—-1)

For Re(r) > y,Re(s) > 7.
Theorem 3. Let G, (r,s) = GEG/ [h (ﬂﬂ)]

then pa
i 6P 2R (Z,5)] =
x t( 67 g(p[ E)] D)
xJt p’q
o ]
-5 (Gorat [ (G DN)
ii.  GPGa (%”)Zh(%pg)] :aZGgfz(r,g_
%acpgjns) + riz Gp.q (r,s).
a0 )] -
%acpgs(m) +5 7 Gpq(r,5).
o R -
i f EaGpaqr(rs) _%acpgs(r,s) +T—156p,q(1', 5).
roof.

Proof of (i). Using the definition of CDARAT of
h (ﬁ ﬂ) we get
p’aq
Gpq(r,s)

xP 4
—r——s—
f f '

By differentiating both 5|des with respect to r in
Equation (18), we have
0Gy 4(1,5)

or

© 1 © 0 2P xP t4 L
=5 e " atildt —(re P h(— —) xP~dx.
0 o Or P q

Calculating the partial derivative of the second
integral, we can get

0G, 4(1,5)
_¢H *© xP
*q tq_ldtf <—r—
0 p

ar
xP P +4
T7h<x— t—)xp ldx.
p q

p tq
x q)xp‘ltq_ldxdt. (18)

(19)

=sf e
0
“1)e

Therefore,
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xP  [xP t4
6:6¢ |5 (??)]

0G, ,(r,s)
= %+ Gpq(1,5) (20)

20 (1 xP 4
— - |ZcPca o
vt o (57 )
Proof of (iii). Differentiating the both sides with

respect tor in Equation (19), we have
0%Gy 4(r,s)

)
o tq
= sf e atd” 1dt —[(
0
xp —Tﬁ xp tq
—r—)e ) ]h(—,—) xP~ldx
p P q
© .t ® xP\?
= sf e a tq_ldtf r<—>
0 0 p

xp _rﬁ xp tq
—2—e Ph(— —)xp ldx.
p P q
Thus,

el 3)
i

_0%Gpqe(r,s) (21)
B or?

xP  [(xP t4
5t 5 (57|

From Equation (20), we have

2
D
gxgt [<p p’q
26
_%p+ Gpq(r,s)
ZE)qu(r s)

o r or
Similarly, we can easily prove that:

tq xP tq
an (?7)]
0 (1 xP t4
== (setst (5 5)
t\?  [xP td
676 [( ) (p.;)]

_ _0%Gpq(r,s)
ds?

2 aGp @ s)

s ds
Proof of (v). Differentiating both sides with respect
to s in Equation (19), we have
0%Gy 4(r,s)

dros

+— p.q(1,5)
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Therefore,
0%G, 4(r,s)
ords

T R A e

=f s—e 4 (f r—e'p h(—,—)x”‘ldx>tq‘1dt
0 q 0 p p q
@t xP _ xP P gl

—j e °a (j r—e’® h(— —)x” 1dx)tq‘ldt
0 0 p p q
® 4 (e P P

—f s—e ' <f e v h(— —>xp 1dx>tq'1dt
0 q 0 P q
@ e P xP td

+f e a U vh(— —)xp 1dx]tq Ldt.
0 0 p q

From (i) and (ii), we have

xP t4 (xp tq>]
G pq \r’'q

6 Gpq(T,s)

~ 9rds + rs Gpq(r:s)
106G, 4(r, s) 1 a(;p T s)
s or T Js

The proof of (ii) and (iv) can be obtained by similar
arguments of (i) and (iii).

Theorem 4. LetG,,(r,s) = GEG/ [ ();p tqq)]
then
2 gng [axvh(i: -
rge [ (05)]
i, G268 [xomh (55)] =12 Gpalrs) -
r2gd h( tq_q)]_rgt [axv ( tq_q)]

[ 949 Pt
ii. GPGl mh(x—,?)] =5Gpgq(r,s) —
0

)] =7 Gpgq(r,s) —

562 [ (50)]
v 626! [fh (7 )] = 5% Gar) -

52 68 [n (5 0)] = s 62 [ (5 0))
Proof.

i. Using the definition of CDARAT for
aP xP t
mh (7 ) we have
xP t4

G2G¢ axp (_ )]

— s f f sy (22)

t4
a]{ph(g,;) xP~ 1tq 1dth
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0 tq
ot
ZSJ- e atd?!
0

@ _.xP gp xP t4 1
r e p —h(— —)xp dx | dt.
0 q

axP \p

i aP xP t4
Applying Property 1, —=h (7’?) _
1-p i ﬁ ﬂ .
x7P —h ( i ) then Equation (22) becomes

P (xP td ®
GGl [ax,, <P';>]:Sfo e " atd

"o L hxtd “
rfo e P (x, t)dx ).
Thus, the integral inside bracket is given by
© 29 [xP td
rf e P —h< )dx
0 dx p’q
((05) 2
=r|—h|{0,—
q

@ X (xP td
+rf e ?h|l—,—|xP ldx
0 p q

Substituting Equation (24) into Equation (23), we
obtain

oP xP t4
<G [ax’” <P ?>]

=r Gp.q (T‘, S) (25)
tq
T [ ( Q>]
In the same manner, the CDARAT of
89 , (xP t1\ 9%  (xP t4 829  (xP td
ﬁh(;,?),ax—zph(g,?) andmh(y,?) can
be obtained.
Theorem 5. Let G, ,(r,s) = G¥G/ [h (xp tq)],
then
. p~q[xP 89 . (xP tI\] _
I GxG¢' D atd (p ?)]_
xp tq
—rs5-(686¢ [n (5 5)]) +
A (1ep[y (X2
rsdr(r x [h(p 'O)D
td 9P P t4d
n gfgtq q axph(x? q)] =
rsg-(5686¢ [ (5 9)]) +
tq
rs—( 6 [r(05)])
Proof of i. The conformable double ARA
transforms  definition  for  fractional partial
derivatives, implies
P 01 L xP t4
or GxG¢ at? '\ p’q 26
© _t1 g4 xP t1 (26)
=sf e a —h<— —)tq Ldt
0 Jat? \p ¢
E-ISSN: 2224-2880

304

Amjad E. Hamza, Abdelilah K. Sedeeg,
Rania Saadeh, Ahmad Qazza, Raed Khalil

0 r"p _
f re xP~ldx |.
0 or

we calculate the partial derivative in the second
integral as follows

0 i _
f re pr |xPldx
0 or
r (27

0
Substituting Equation (27) into Equation (26), we
get

9 [oppa 00, (X7 L1
gxgt atq p 4 q
© _ td o ﬁ 09 [(xP t4
= f e a f e h(—,—)xp‘l t1 ldxdt
0 0 q

datd p
e} td
¢
—rsf e 4
0
e
e P —
0 p
xP 04 xP t4
—h|—,—
p otd (p Q>]
6q xp t4
6q xP t4
ot [Za(25)]

Using Theorem 4, we have
xP t4

xp aqh (? ;)
p dat4

. i( gxgt[ (i; t;)D
S )

Similarly, one can prove that

t? 9P xP t4
gxgt qaxph<p q)]

i o)

In the following, we mtroduce the previous results
in the following table, Table 1, below:

p’4q
otd

P 14
wx”—1 t9 dx dt.

Thus,
GX6¢ |

Prq
gxt
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Table 1. Analysis of the presented results

xP t1 b q xP t1 _
"(532) 626¢ |1 (5 )] = 6ot
1 1
*P\" [\ n!'m!
&) ()
12454 5
er =D -p)
) xP\ | td rs
sin A (y) sm[? (;) m
P

xhxptq Blpqhxptq
p’'q Tar \r 9x5¢ p'q)l)

P

() weest o (59))
—h{—,— —-s—|- —,— ]| )
g \r’'q ds \s 7>t p’q

0%Gpq(r,s) 2 0Gyq(r,s)

(ﬁ)z h (ﬁ ﬂ) or? r or
’ 2
p pa + = Gpq(r,s)

0%G,q(r,s) 208G, 4(r,s)

(ﬂ)z h<ﬁ ﬂ) ds? s ds
q r'q 2

+ 2 Gpq(r,5).

092Gy 4(r,s) B laGp.q(r,s)

drds s ar
ﬁﬂh@,ﬂ) 10Gpg(r,)
b q b q r das

1
+ - Gp.q(1,5).

t4
T Gpg(r,s) —r g;’ [h <0, E)]

t4

72 Gpq(r,s) — 712G [ (0,;)]

q| 97 t7\]
-1G; [mh<0,;> .

xp
5 Gpg(r,s) —s gt h(p ,0)].
h

$2 Gy q(r,s) —s2 GF [h <3;7p 0)]

p |07 (xP ]
_ng [ﬁh<?’0> .

9 (1 , 4 B xP td
xP 99 [xP ¢4 TS5, rgx ¢ » ' q
h d

5 Applications

The CDARADM is used in this section of the study
to solve regular and singular one-dimensional
conformable fractional coupled Burger's equations.
The goal problem is the same as the problem
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examined in [1], when p =1 and g = 1. This is
what we mention here.

Example 1.

Consider the  One-dimensional  conformable

fractional coupled Burgers’ equation of the form
09  9%Pu oPu or

30a oxm T Mg Y 5 ()
%)
=\
09y 09%Py oPv P (28)
3td ez T AV T 5 (W)
xP t4
=z(—,—),
P q
subject to
xP xP
«(50)= 1 (5)
P (29)

xP 1 xP t4 xP
for t >p0. Here, k(?,;) ,l(?,;) , kl (?)
and [, (%) are given functions, A,a, and B are
arbitrary parameters depending on the Peclet
number, Stokes velocity of particles due to gravity
and Brownian diffusivity, see, [9]. Now, operating
the conformable double ARA transform to Equation
(28) and the single conformable single ARA
transform for Equation (29), to get

K(r,s)
U(r,s) = Ki(r) +
1, 07w orw o1 GO
5 530 |G T Mg T g (W)
L(r,s)

V(r,s)=L(r)+

1 pgal0®v_ v or 70 G
+ s 9x G ox2r "V oxp -k oxP ()]

The CDARADM defines the solution of the target
xP td xP tq\ .
problem u(p,q) and v(p,q) in the form of
infinite series as
xP t4 - xP t4
()= 29
p q ~ p q
B (32)
xP t4 xP t4
(50)= 2 e
p q ~ p q

Define the Adomian’s polynomials A, , B, and C,
as

Ay = Zunuxn' (33)

n=0
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[ee]

B, = Z UnVUxn
P

Ch = Zunvn.

We can compute the Adomian polynomials of the
nonlinear terms uu,, vv, and uv by the formulas
Ag = ugloy.
A1 = UgUyy + UgUoy,
Ay = UglUyy + U U1, + UsUgy-
Az = UgUzy + UUyy + UsUqy + UsUgy.
Az = UgUgy + UglUzy + Uplpy + Uzl + Ugloy,

By = vgvgy.
By = vgviy + V1Vgy-
By, = vgvy, + V1 + UV
B3y = VgV, + V1V + VU1, + V3V
B3 = voUsx + VU3 + VaVsy + U3V1x + VsV

Co = ugvyo,
C1 = ugvy + uqvy.
Cy; = ugvy + uqvy + uyvy.
C3 = ugvz + uqv, + Uy vy + Uzvg.
C3 = UgVy + U V3 + UV, + U3V + Uy,

Operating the inverse double ARA transform to
Equation (30) and Equation (31), utilizing Equation
(33), we get

iu <ﬁﬁ>—k(x)
n P,q - 1

n=0
K(r,s)

9;19;1[
+ 671G [ GrGe <az “”)
r JIs xJt x2P

- g6 [ 676t Ay

(34)

- G765 E 6267 (a 6|

and
c xP td
Z (— —)— e

+ 6716 [222] +
v 35
gr 1gs [ gyzc?gt (6:2;)] - ( )
G765 [z 6EGi (A BY)| -
G615 GE6R (B €.
Now, we compare both sides of Equation (34) and
Equation (35), to get
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o = ky () + G7lG51 [F(r’ )|
(36)
L(r,
vo = L)+ G165 [@]

Following that, the recursive relation can be
expressed as

_ 11|l pg 0% vy
- gr 1gs ! [S gxgt (axza >]
—grg [z gretaay] @D
1
~ 67165 ¢ 6¥6 @ ),

and
v‘l’l

1 0% u,
= GG [g GxG¢ ( T )]
G161 [ 6268,
rJs g IxIe n
1
- 67165 | 6E6 s e,

Herein, we should state that the solutions in (37) and
(38) exist, provided the inverse double ARA
transform exists vVp and s.

xP t4

Putting A=-2, a=f=1 and k(— ;):

(20 n caton 1 0 13-

l (?) = sin (?p) in Equation (29), we obtain the

one-dimensional homogeneous coupled Burgers
fractional equation is the conformable sense

(38)

09u 9%Pu ) 6pu+ ar () = 0
9ta  ox2p | “Yoxp T oxp VT (39)
0%v  9%Py oPv p

- -2
0td  0x?2p dxP  JxP
with initial condition

xP xP
u <? O) = sin <?>
P P (40)
v (—,0) = sin (—)
p p
By using Equations (36)—(38) , we have

) 5)
Ug = sin| —|, vy = sin|{— |,
° p ° <p
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1 0%p aP
Uy = 9519;1[;9}?@ [a o 2
oP
—M(uovo)”
11| Y pal| ﬁ
= G:65 [nggt[ sm(p
—r
— —1--1
=9r°Gs [s(r2 + 1)]
t? xP
= ——sin|{—,
()
92p op
v = GG [ g6t [a o+ 20y =
oP
—M(uovo)”
— r—1--1 l Prqd|_ o ﬁ
=676 [nggt[ sm(p
—r
— r—1--1
=9r°Gs [s(r2 + 1)]
tq . <xp>
=——sin|—|,
q p
1 9P
u, = G7G;" [; 626¢ [ e
0Pu, dPu,
+ 2| ug o? +uy P
aP

= (Uvy + uyvp)

]
N O T
()]
L r
:grlgsl[sz(r2+1)]

) (@)

2 p
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2
0°Pv,

vz = gr_lgs_ [ gxgt [apr
0Pv, Py,
+ 2 vo—axp +v1—axp

P
~oxP ~— (Uovy + uﬂ’o)]

1 t4 p
= 67165 [; G267 [;sin (%)”

=GrGs” [sz(r:+ 1)]
ta

<_>(_)

and
2
6 puz

1
uz = G765 [; GxG¢ [ 27

apuZ
+ 2| ug an? +u

apuo
+ Uy 9xP

0Puy
L gxp

9P
"~ OxP

6 p

—— (Upvy + Uy vy + uzvo)”

2
0°Pv,

1
vy = GGt [— 626! [ 27

0Pv, dPv,
+2 voa - + v, P

N dPv,
V2 oxP
P

"~ OxP

6, )

Therefore, using Equation (32), we can express the
series solution as

—— (uovy + vy + uz”o)”
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and hence the exact solutions become

xP t4 _t xP
u(—,—) =e¢e 4sin (—)
p q p
xP t4 _ xP
v(—,—) =e 4 sin<—>.
p q p

By taking p = 1 and g = 1, the fractional solution
of Equation (39) becomes
xP td
u(—,—) = e tsinx,
p q
xP t4
v(—,—) = e tsinx.
P q
The behavior of the velocity field of the two-
CDARADM (28) and (29) is depicted in Figure 1
for (a) the approximate and exact solutions of

u(%p,tq—q) for Example 1, when p=gq, at p =
0.8,0.9,1, and (b) the approximate and exact
solutions of u (%p%) for Example 1, when taking

various values of fractional order q (¢ = 0.8,0.9,1)
andp = 1.
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0.30 Pt

0.25 e

0.20

X
06 0.8 1.0

p=09 —— p=08

0.2 04 0.8 1.0

Exact

p=1.q=09

(b)
Fig. 1: The figure of (a) The approximate and exact
solutions of u(x?/p,t?/q) for Example 5.1, when
p = q, (b) The approximate and exact solutions of
u(xP/p,t1/q), for Example 1, when taking various
values of g and p = 1.

Table 2 below, presents the absolute errors
considering p=q =1, x=1,t€[0.1,0.5]. We
compare the obtained results by exact solution.
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xP td

Table 2. Analysis of error to u (? —) for Example
1,onx =1,t €0.1,0.5]

SExag:t Approximat |u<ﬂ ﬁ)_ 5<£ t_")|
olution e Solution P’ q P'q
0.1 0.761394 0.761394 1.64894 x 10~11
0.15 0.724261 0.724261 2.80003 x 10710
0.2 0.688938 0.688938 2.08481 x 107°
0.25 0.655338 0.655338 9.88052 x 10~°
0.3 0.623377 0.623377 3.51889 x 1078
0.35 0.592975 0.592975 1.02897 x 1077
0.4 0.564055 0.564055 2.60452 x 1077
0.45 0.536546 0.536546 5.90459 x 1077
0.5 0.510378 0.510379 1.22715 x 107°

Example 2.

Consider the singular one-dimensional conformable
fractional coupled Burgers’ equation with the Bessel
operator of the form

0% p 0P (xP 9P + 2 0Pu
Jt? xPoxP\ p axp” ”axp
P
+a a—p(uv)

d9% p 0P [xP 9P N dPv (41)
at? xPoxP\ p axp” ”axp
P
B o5 w)

xP t4
=_l_<?z>'
xP xP
“(?’°>= . (?)’ )
X

here the i 0% (22 9% \is k
Where the linear terms—pa—p(—a—p)ls nown as a
conformable Bessel operator where 4, a, and 8 are

real constants.
Multiplying both sides of Equation (41) by%p , we
get

xPo9u 9P [(xP 9P L2 xP  0Pu
p 0t1 0xP\p axpu ”axv
xP 9P
+a ?ax—p(uv) (43)

xP  [xP t4
=—k<—,—),
p P q
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xP9ly 9P [(xP 9P N xP 9Py
p d0t4 OxP\ p OxP Uaxp
xP P
+p ?ﬂ(u )

Applying conformable double ARA transform to
both sides of Equation (43) and single conformable
ARA transform for the initial condition, we get

[xpaqu] oP (xP gP
gt p atq gxgt axp p axpu
xP  0Pu
p OxP
xP 9P
— O g (W)

xP  [(xP t4
= Pgl _k -y )]
b t[p (p q)]

P ~q xP 0 P ~q aP (xP oP
GxG¢ [?m] —G6x6¢ [ﬁ(;ﬁv)
xP 0Py
P oxr
xP 0P ]

(44)

- B ——(uv)

xP  [xP t4
‘gng[ (?3)]‘

Applying Theorem 3 and Theorem 5, we have
0
—rsa ( U(r, s)) + rs— ( G? [kl(x)])

dP (xP 9P xP 9Pu
= Gx6¢ axp<p ﬁ”)_ 7 Yoxp
xP 9P
—a ?M(uv)
Jd (1 xP t4
S
0
_TS§< V(r, s)) +rsd—( P, (0] )
B xP oP xp apu
= GxG¢ [6xp<p 0xP ) ) Voxp
xP 9P
- B ——(uv)

0 /1 xP t4
‘WW’ ‘ [l (?3)])

Simplifying Equation (45), we obtain
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0 1U( )

o r,s
d

2 (Zcp

= 2 (£62 M)

1 poa| 2 o (xF 97
s dxP p OxP

xP 0Pu xP oP

- }L? a—p—a ?a—p(uv)

10 xP 4
Sl ()
d (1
g(;V(T,S))
d (1
= —(z62m @)
1 g aP (xP oP
s %9t [axp<p ﬁv)
xP 0Pu xP oP

AV P e ()

10 xP t4
+Sar<r 5 (p q)D
Applying the definite integral fo
r to both sides of Equation (46)

1U

; (T,S)
rd 1

_ [ 2 (zcp

- [ (gt @) ar
1f1pqap xP oP AxpN
s)\r 9 d0xP paxp“ p !
0

(o

0

(46)

with respect to

Lyans)
- TS

r

d /1
- [ S (Catmeor)ar
0
1 r oP (xP oP xP
f( GxG¢ axp<,p M”>— A > Ns
Oxp
-p —NZDdr
p

G Gea [ ()

Multiplying both sides of the equations by r , we get
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U(r,s)

= [ £ (Feztacon)ar

0
3
_ff 1 quﬁ xPor
s) \r7*7t |oxP \ p oxP
0

xP xP
-1 ?Nl —-a ?NZ]>dT
(1 , 4 xP t1
[(GGetse [ (55 )
0
2 (ormeon)ar
T 1 aP (xP 0P
s (rgxgt axp<p Mv)
p xP
— A —N;— B8 —N,| |d
p TP 2]) '

5 GGt G2

Utilizing the CDARADM to present the solution of

u (%) and
xP t4 - xP t4
((25)- 2u(28)
p q p q

n;o (48)
xP t4 xP t4
(59 30(55)
P q ~ P q
Define the nonlmear operators as

N1=2An, NZ_ZCTU
n=
Ng—ZB

Operating the double mverse transform to Equation
(47) and making use of Equation (48) and Equation
(49), we have

i (xp ttz)
Uy | —,—
= P q

o arisa [Hazat (2]

(1
- GG [g ;<9§’93

(47)

P 4 P .
(x ;t_) by infinite series as
p q

(49)

+G71G5!

ooepesel
+Grigst [g Of %(959? [a al 2. cn])dr].
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L L) + G7igs [ ( %6¢ [ (:%)D]
- 66 |- } foderd aa,, (’%(Z”))Ddr] (51)

Now, we can express the f| s t few components as
Ug
=k (x)

+G7G:t E( gt[ <9;P t:)D]

v = 13 (x)

w57 (ot (7))

And

x”J tq
Un+1

P q

(52)

=—-G/'Gst

r oo

el ok 25

In addltlon we assume that the double inverse

transform in (53) and (54) exist, and substitution

__ - PEY (22 EY =

A=-2, a=f=1 and k( q)—l(p,q)—
2 td td

(%p) ed —4ed in Equation (41) and kl( )—
I (?) = (%p)z in Equation (42), we obtain the

singular conformable coupled Burgers fractional
equation of one dimensional
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0%u P daP (xP 9P dPu
atd  xP dxP p axp” dxP
FY
+—(uv)
xp 2 fq tq
= <—> ed —4ea,
’ (55)
d%v p 9P [(xP 0P oPv
at? xPoxP\ p axv” "axp
FY
+m(uv)
xP\? [
= (—) ed —4eaqa,
p
subject to

xP xP\?
()= ()
o 2 (56)
(50)= (5).
p p
By following similar steps, we obtain
- xP td
3 (5 5)
& T\p g
N Y N 1 A N
=G;165" [§< 2 Gt [(;) ed —4eq]>]

- GGt

- GGt

+6:1651

Yl
vn
n=0 p

=67 1651

- GGt

- G/t

+Grigst IT f (gxgt[ )

Using Equatlons (52) - (54) the components are
given by

P\? 1 P\? @
&) serin Pt () 1)

= (’;;)2 +6:7G5" E (Tiz G - 1)~ ;i)]

| =
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2 [1/2 [ s? s
—1,-1 |22 _ _
+ G Gs s(rz(s—l s)+4s(1 s—1)>]
[ 52 452 25+4
s—1 s—1 712 $
[/ 2 s 4s 2
—1q-1( 2 _ _Z
+6rGs _(rz(s—l) s—1 r2+4)]
2 xP\? o« @ (xP\?
) +(—) eQ—4eQ—<—> +4
14 14

Zaowa
) e1 —4ea +4,

Il Il
~
123

Uy

_ 1 aP xpapuo xP 9Py,
—gr gs f gxgt axp p axp +2?uom

xp aP
> 9 — (uo vo)]) dr]

P d
= - GG “ <gxgt [4x—eq
<xv Zaou
+4 <?> ed —4eq +4>

xP\? @@
—4<<?> e1 —4eq +4> >dr]
= - Grig:! [g f % Grg? [(4’%’£>Ddr]
1r 4/ s?
—grlgs [Sof dr}—grlgs [ (S_1_5>]

—4eq —4,

uz — 0 — u3 — e

In a similar way, we obtain
xp 2 ﬂ td

vo=|—) e1 —4dea +4.
p

td

Following that, one can express the solution as

xP t4

u<?,;> = U +uy,
xP t4

v<?,5> =Vy+ v

Therefore, the exact solution is given by

xP t4 xP\?
TENCE

P q p

xP t4 xP\? ¢
(55)= ) <

p q p

By taking p = 1 and q = 1, the fractional solution
becomes

u(x, t) = x%et ,  wv(xt) =x2et.
The behavior of the velocity field of the two-
CDARADM (41) and (42) is depicted in Figure 2
for (a) the approximate and exact solutions of u for

E-ISSN: 2224-2880 312

Amjad E. Hamza, Abdelilah K. Sedeeg,
Rania Saadeh, Ahmad Qazza, Raed Khalil

Example 2, at p=q =0.8,09,1, and (b) the
approximate and exact solutions of u(%p%) for

Example 2, when taking various values of g (g =
0.8,0.9,1) andp = 1.

(>3
.
g q

5

4 s
3
2 A .
1 - e
- f' - -“‘ X
02 0.4 06 0.8 1.0
= Exact p=1 p=09 —— p=08
(@)
{73
d= =
P q
35 ’
//
3.0 )
25 S
20 S
15 S
1.0 .;f:‘;/’
05 5 :_";A:‘: ol
."‘J"’ g
.—:ﬁ«‘—.-”l X
02 0.4 06 0.8 1.0
—— Exact p=1.g=1
p=1.9=09 =1,q=08
(b)

Fig. 2: The figure of (a) The approximate and exact
solutions of u (%ptq—q) for Example 5.2, when p =
q, (b) The approximate and exact solutions of
u(%p %) for Example 2, when we take different
values of fractional order g and p = 1.

Table 3 below, presents the absolute errors with

respect to p=qg=1, x=1,t €[0.1,0.5]. We
compare the obtained results by exact solution.
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. xP t4
Table 3. Error analysis of u (?,?) for Example 2
onx =1,t € [0.1,0.5]

Exact  Approximate Pty Pt
Solution Solution |u<p ’ q) s <p 'q)|

0.1 1.10517 1.10517 2.00924 x 1011
0.15 1.16183 1.16183 3.45471 x 10710
0.2 1.2214 1.2214 2.60461 x 10~°
0.25 1.28403 1.28403 1.24994 x 10°8
0.3 1.34986 1.34986 45076 x 1078

0.35 1.41907 1.41907 1.33467 x 1077
0.4 1.49182 1.49182 3.42086 x 1077
0.45 1.56831 1.56831 7.85295 x 1077
0.5 1.64872 1.64872 1.65264 x 107

6 Conclusion

In the current study, we defined and went over some
of the characteristics of the conformable double
ARA transform. The conformable double ARA
decomposition method is a novel approach that we
present for the solution of nonlinear conformable
partial differential equations. We used the proposed
approach, a novel amalgamation of the conformable
double ARA transform and Adomian decomposition
methods, to present solutions to the one-dimensional
regular and singular conformable fractional coupled
Burgers' problem. Additionally, two intriguing
examples were given to demonstrate the
applicability of the novel approach. Different types
of nonlinear time-fractional differential equations
with conformable derivatives can be solved using
this technique. We want to answer more fractional
integral equations and fractional nonlinear problem
classes in the future.
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