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Abstract: - The paper considers the inverse problem in determining unknown coefficients in a linear elliptic
equation. Theorems of existence, uniqueness and stability of the solution of inverse problems for a linear
equation of elliptic type are proved. Using the method of sequential measurements, a regularizing algorithm is

constructed to determine several coefficients.
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1 Introduction

Inverse problems include the tasks of determining
some physical properties of objects, such as density,
thermal conductivity, elastic moduli depending on
the coordinates or as functions of other parameters.

The solution of inverse problems is carried out,

as a rule, within the framework of some
mathematical model of the object under study. It
consists in determining either the coefficients of
differential equations, or the domain in which the
operator acts, or the initial conditions.
Inverse problems have a number of features that are
unpleasant from a mathematical point of view. First,
they are usually non-linear, that is, an unknown
function or an unknown parameter enters an
operator or functional equation in a non-linear
manner. Secondly, the solutions of inverse problems
are usually non-unique. Thirdly, inverse problems
are not well-posed.

Inverse problems of mathematical physics are
currently a rapidly developing part of 1 modern
mathematics. An increasing part of mathematical
models is becoming harmonious and reliable
precisely due to the achievements of the theory of
inverse problems.Mathematical models of many
established processes of various physical natures
lead to elliptic differential equations.It is enough to
specify stationary problems of thermal conductivity
and diffusion, the problem of determining the
current in a conductive medium, and problems of
electrostatics.The problems of identification of these
models are investigated as inverse problems of
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mathematical physics.To date, the number of studies
of inverse problems for an elliptic equation, ranging
from theoretical to specific applied problems, has
increased significantly.

The papers [1], [2], [3], [4] present methods
for solving various inverse problems with boundary
conditions. In [5], the classical solution of a
nonlinear inverse boundary value problem is
studied.To solve the problem under consideration, a
transition is made from the original inverse problem
to some auxiliary inverse problem. Monograph [6]
is devoted to the theory of inverse problems of
mathematical physics and applications of such
problems.Modern results on the problem of
uniqueness in integral geometry and on inverse
problems for partial differential equations [7] are
presented very broadly. In [8], the inverse problem
for a second-order quasilinear elliptic equation with
an unknown coefficient was considered. In the class
of continuously differentiable functions, inverse
problems of determining the source and coefficient
of an elliptic equation in a rectangle are studied [9].
In [10], two inverse problems are considered. A
numerical method for solving these inverse
problems is proposed.

In this paper, we investigate the correctness of
one class of inverse problems of determining the
coefficients of an elliptic equation. A regular
algorithm for determining the coefficients is
constructed.
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2 Materials and Methods

Let D,D,— be bounded regions (n-1)-
dimensional and n— dimensional Euclidean spaces,
respectively, and an arbitrary point D, of the region
can be represented in the form

(X, Y) = (X0 Xpreees X g0 Y), where
X=(X,,Xy,...., X, ;) €D. By ['denote the
boundary of the area D,, which is assumed to be
sufficiently smooth. Let y,,,—be the parts of the

boundary ['such that their projections on the
dimensional (n—1)-subspace coincide with the

domain D and there are sufficiently smooth
functions F, (X) such

7 ={(xy):y=F (x,xeD}
i =1,2. that it is obvious y;,i =12 that it can be,
for example, a piece of the boundary I" such that
their projections on the (n—21)—dimensional space
cover the domain D.
Let I, ={2,..n=1},1, ={Ln}, i, e,.
Consider  the  problem of determining
iaio (x), c(x), u(x,y)} from the following

conditions:

-3 a,(0u,,, ~a,00u,, +c()u =h(x,y),

(x,y) €D, &
u Y|z = &), (Em) A, )

a, (U, (), =0.En). Emern O
[, 00U, (%, y) —c(p(x. )] . = 8, (E ),
Emer. (4

here

0<a (x)eC*(D),
i=12,...,i,~Li,+1,..,n,h(x,y) e C*(D,),
f(&m)eC (D),

9,(&,n) e N*(5,), i =1,2 - set functions,

0 < a <1, v - direction of the internal normal of

the surface »,, u,(X,y) =12

ou
e = E (X’ y)

Definition.Functions {ai (x),c(x),u(x,y)} are

)
%

called the solution of the problem (1) —(4), if there
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0<a, (x),¢(x) eC(D),u(x,y) e C*(D,) "C(D1)
are limits of
u,(x,y),i=12,...,n, X, =y at

functions

(X, y) > (&) ey, i=12 and the correlations
are satisfied (1) —(4).

Below, everywhere constant numbers that do not
depend on the estimated values are denoted by

N,,i=12,..,n

It is not difficult to verify that if a solution to the
problem (1) — (4)exists, then under accepted
assumptions about the smoothness of the problem
data, a, (x),c(x)eC“(D), u(x,y)eC**(D).
Indeed, under accepted assumptions from the
general theory of elliptic equations, it follows,
u(x,y)eW;(D,)cC*“(D,) that p>n
therefore, from the additional (3) and
(4) conditions &, (x),c(x) e C*(D).1t follows

that therefore u(x, y) € e C2*“(Dx)
Task (1) can also be written in the following form

ip—1 n

_zai(x)uxixi _aio (X)uxioxio - z ai(x)uxixi +

i:io+1 i
+c(X)u =h(x,y)
(x,y) e D,.

Suppose, in addition to the task (1) —(4), there is
also a task (1) —(4), where all the functions that

() —(4), are input to are replaced by the
corresponding functions with a dash.
Let's put
U(X! y) = U(X! y) - U(Xa Y) )
/Iio (X) = gio () - a'io (X), 65 (X) =& (x) — a;(X),

1=12,..,i,—1i,+1...,n, z(x) =Cc(x) —c(x),
8,(x,y) =h(x, y) = h(x,y),

5,&m) =& - T(&m),
55(5,1) = ¢ (5,m) = (& 1),

6..5(&:m) = Gi(&.1) = 9;(S,m), 1 =1.2.
The uniqueness of the solution of the inverse
problem (1) —(4)under the assumption of its

existence is proved by Theorem 1.

Volume 22, 2023



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2023.22.35

Theorem 1.

Let, 0,(&,7m)=0,6(&,17) =0, NmesD, <1,then
the solution of the problem (1) —(4) is unique and
the following estimate is true:

“aio (x) - aio (X)"c(ﬁ) + "C(X) - C(X)HC(B) + ”U - u”wg(ol) <

<N [ Ioi & () -2 (e 5 +

+ Z &) —a (e s+

i= I0+1

[h(x ) =h(x,y)|

L (D)

+[fEm-t&n), .
[.m-p&m|,, +

+Z”G| (5177)_ g|(§1f7)” C(7i):|’ p>n,

N, N, — positive constants, depending on the data of
the solution set.

Proof. From (1) —(4), respectively, we
subtract (1) — (4) .Then we get

W(F)

()

—Za (X)an . 251| (X)uxx + Z 51' (X)UXIXI

i=ig+1

+6,(%,Y) =TS0+ A, (U, — (U,

(x,y) e D, (6)
oY), =8&En). Em el (7)

(&.m) €71, (8)

p(x)=a (v, (x, )|, ¢~ (& n) +
AU, (004 (9], 67(Em) -

~e)|,, 8, Em+aEmPEn).
&mey, ©))

For a function (X, y) satisfying the equation
(6) and the condition (7), the estimate is true (10):
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o0 Vg < Ne L 3(Emgy * 220 000, +
+z Gy (X, +6,(%, Y) =T+ 4 (Xu,
00U [0} (10)

Let's put it
¥ = r%zx|u(x, y)|+ mxaxMio ()| + mxax|y(x)| :

Then from the embedding theorems, under the
conditions assumed above, we obtain

||U(Xl y) cl(py) < N3||U(X' y)||W2(D1) <
ip—1
<N 316 0y 2 e+

L0, gy 0Dl + 28 D] (11

If we take (11) account the estimate in the right
part (8)and (9) then under the assumptions of the
theorem we get:
‘ﬂ’io (X))”C(5) < Ny (6 + ymesD,),

44035, < N5 (8 + ymesD;) (12)

where ¢ —is the value contained in curly brackets on
the right side (5) . It (11) follows from the obtained
(12) estimate that  y < N(5+ ymesD, ).Thus,
under the condition NmesD, <1 that the evaluation
is performed » <NoS. From the evaluation
(11) and (12) the validity of the evaluation follows
(5). The uniqueness of the solution of the problem
(D — (4) directly follows from the evaluation

L — & (U (X, ), (X, y)t;}l) Theorem proved.

The existence of a solution to the problem (1) — (4)
is proved under additional assumptions.

Lemma. Let h(x,y) <0, f(&,77) >0, to solve the

problem 3", (), =0, 0(xy), = f(£.1) the
estimates -

@, (% V)|, , >0,
a;(x),i=12,...,n c(x)— and the strictly positive

continuous functions given are correct.Then , to
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solve the problem of determining u(X,y) from the
conditions (1) — (2), the estimates are correct:
|

’uv (X’ y) % S

[ulls sy <1 Flecry
<w,(XY) ; Jd=12.

Proof. The evaluation of a function u(x,y) in a
uniform metric follows from the maximum
principle. Now let's prove the validity of the
y <w,(XY) - i=12. Let's

v =U—®. Assume that the function w(X,y) is a

solution to the Dirichlet problem, so it follows from
the maximum principle f(&,7) >0, provided that

the w(Xx,y)>0. Function o(X,Yy)satisfies the
equation:

_Zn: a (X)v,, +e(X)o=h(xy)—

—c(X)o(x, y)
and a homogeneous boundary condition.The right
side of the equation (11)is negative, therefore

C(D)

(13)

estimate u,(X,Y)

(14)

v(X,y) <0.Hence, v,(x,y), <0 and

u,(x,y) L S0, (X, y)‘ y i=12. The Lemma is

also proved.

Theorem 2. Let where
h(x,y)<0, f(&,7)=0,9,(£,7) <0,
9,(&,m) =0,¢(&,m) >0,

NmesD, <1, here N — be a positive number
determined by the data of the problem (1) — (4),

for solving Zai (X)a)XiXi =0, ox, y)\r =f(&n)
i=1

the problem the estimates are correct

@, (X, y)‘y1 <0, then the problem (1) — (4) has at

least one solution.

Proof. The proof is carried out by the method of
successive measurements. Let the functions

a® (x),c® (x),u® (x, y) have already been found
and 0<a”(x), ¢ (x) e
e C*(D), u®(x,y) e C***(D,). Let's consider

the problem of determining u®*(x,y) from the
conditions:
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ip—1 n
—> 3 (U ~a® (ouls - > & (ul +
i=1 i=ig+1
+¢00u®? =h(x,y),
(x,y) € Dy, (15)

ut(x ), = fEm, Emely, (16
This problem has a single solution belonging to
C**(D). Function u®*® (x, y) in the ratio

a;" ()u,™? (x,y)

(&men,

"o 9,(&.m),
(17)

[ 0ul™ (x, y) = (x)g(x, ) |
= 92(5777);
& m) ey,

72

(18)

are used to determine , a**(x),. c®V(x). It
follows from the statement of the lemma that the
sequence {u(s)(x, y)} is uniformly bounded,
ul (x, y)‘ L So,(x, y)‘ ..~ And therefore, from

the condition (17)—(18) under the assumptions
assumed above, we obtain that:

0<a™?(x) <max g,(&,m)| @, (6 Y)|, T "9

=As=12,..,
0<c®(x) <

<max Alg(£,m)] " [o,(x )], = (20)
—B,s=12,..
Now let 's evaluate Hu(s)(x, y) ooy THe

function oI (x,y) =u®? (x,y) — (X, y)
satisfies a homogeneous boundary condition and the
equation:

= & a(x) (s+)) _

O, .
i%l aiis) (X) XX

_ &U(su) (s
i—1 ai(OS)(X) i %o

_]_ 4
~[a® 00 [hx, y) —c® (gu]
Therefore, the estimate is correct for the function
U(s+1) (X, y) :
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(s+1)

Jo

LNé(Dl) =N H[a{f’(x)]_l[h(x, y) _C(X)U(s+l)] ‘Lp(Dl)

Hence , taking into account the uniform limitation
of sequences {aiff)(x)}, {u ©)(x, y)}, we obtain:

A

Hu(s+l)

‘U(sﬂ)

W3 (D) = ||0)||W3(D1, +‘ W3 (D)

<[ @lyz 0, + NymesD, [ ],

W5 (D)
where N, is determined by the data of the problem
and a (x) > >0.Then from the embedding
theorems we have the following estimate:

U ) g, <

ci(b)
—1
< N Ju® < N3b+ mesD, [ | J

W (D)

pb1

where N, > 0 is determined by the data of the

problem (1) — (4).

Let a® =N,'[g, — N;mesD,]=a, >0, where

Jo = min |0,(&,77).  Prove that under the
(&mer

conditions «® =a,,s=12,...,. of the theorem,
the proof is carried out by induction.Let us
a® =a,, k=12,..,s., check a®? =a,., that
it follows from the relation (17), (19) that:

a(s+l) —
-1
i 90[N3+ Nsmele(a(s)) 1} =
2 1t
=0 [NS +N;mesD, (g, — N;mesD, ) } =a,,

Therefore,
Ju® (x,y)
Given this estimate in (17), we get
0<a,<a”(x)<A

Then it follows from the general theory of
elliptic equations that, under the conditions of the

theorem, the sequence {u(s)(x, y)} is uniformly
bounded by the norm sz(Dl), p > n., therefore

-1
iy <N;(@+mesD,a,").

u®(x,y) compact in C*(D,)., while from the
condition (17),(18), it follows that the sequence
{ai(os)(x)}, {C(S)(X)} will be compact in C(D).
Hence and from follows (13) —(14) compactness in
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the system (15)—(18) moving to the limit
S —+o0, we obtain that there is a function
satisfying the conditions {aio (X),c(x),u(x, y)} of
the problem . The theorem is proved.

Let i, € |,. The Problem (1) also be written in
the following form

_aﬂ (X)uxnxn

i io io

- aio (X)uXi0 H

XlO

n-1
- Zai (X)ux-x- +
i— 17 ,
+c(u=h(x,y) (x,y)eD,
Theorems 1,2 are proved anologically.

3 Results

Thus, the inverse problem in determining unknown
coefficients in a linear elliptic equation was
considered. Existence, unigqueness, and stability
theorems for the solution of inverse problems for a
linear equation of elliptic type are proved. Using the
method of successive approximations, a regularizing
algorithm is constructed to determine the
coefficients.
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