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1 Introduction

The multiple-sets split feasibility problem (MSSFP)
is to find x* € H; such that

.
el )G, Ax*e ﬂQj, (1)
j=1

t
i=1

where C;,i = 1,2,--- ,t CH,Q;,j=1,2,---,r C
H, are nonempty, closed and convex subsets of
Hilbert spaces H; and Hs, respectively, and A
Hi — H> is a bounded linear operator.

It is obviously that if r = ¢ = 1, the MSSFP is
reduced to the split feasibility problem (SFP).

The SFP and the MSSFP were first proposed by
Censor and Elfving in [|I] and [2] for modeling cer-
tain inverse problems, which have been widely used
in many application fields, such as, medical image re-
construction, []l], 3, 4], intensity-modulated radiation
therapy (IMRT), [§, 6], and gene regulatory network
inference, [[7], etc. Many authors have also made a
continuation of the study on the MSSFP and its vari-
ant form, for instance, see, [8-16].

Recently, Reich et al. proposed the split feasibil-
ity problem with multiple output sets in [14]. Let
H,Hj,j=1,2,---,r, be real Hilbert spaces and let
Aj:H—H; j=1,2,---,r, be bounded linear op-
erators. Let C and Q; be nonempty, closed and con-
vexsubsetsof Hand H;, j = 1,2, --- ,r, respectively.
Find an element x*, such that

xes=cn(()A7N(Q)). )
j=1

They also provided algorithms for solving this prob-
lem.
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In this paper, we study a slightly generalized
multiple-sets split feasibility problem with multi-
ple output sets: Let H, H;,j = 1,2,---,r, be
real Hilbert spaces and let A; : H — H;,j =
1,2,---,r, be bounded linear operators. Let C; and
Q ; be nonempty, closed and convex subsets of H and
H;,j=1,2,---,r, respectively. Find an element x*,
such that

X" eS:QC,-ﬂ(QAJTI(Qj)). 3)
i= Jj=

In other words, the aim is to find an x* € C; such that
Apx*eQ foralli=1,2,---,0,j=1,2---,r.

If t = 1, the problem (B) reduces to the problem
@. 1f A; = A,H; = Hy, the problem (B) reduces to
the MSSFP ([l]).

Many iterative methods have been proposed for
solving the SFP. One of the well-known algorithms
is the CQ method proposed by Byrne, [3], which is
formulated as follows

Xps1 = Pc(xy — apA™(I = Pg)Axy), “4)

where the step size @, € (0, W), and Pc and Pg

stand for the metric projection onto C and Q, respec-
tively.

Since the projections onto a general nonempty
closed convex subset is hard to be implemented, Yang
[IL5] proposed the half-space relaxation projection CQ
algorithm. Yu et al. [16] introduced the ball-relaxed
projection CQ algorithms.

Since the norm estimation of ||A ;|| for step size is
hard to get, Several choice of the self-adaptive step
size have been presented, see for instance, Yang [|17],
Lopez et al. [|L8], Gibali et a.l. [[19], etc.
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To achieve a faster convergence of the algorithms,
many references have investigated the inertial tech-
nique, see for example, Suantai et al. [20], etc.

In this paper, we adopt the ball-relaxation, a new
self-adaptive step size and inertial acceleration tech-
nique to the algorithm solving the problem (B). Since
the orthogonal projections onto balls and the self-
adaptive step size can be directly calculated, the pro-
posed algorithm is easy to implement.

The rest is outlined as follows. Some useful con-
cepts and lemmas for our analysis are reviewed in the
next section. In section 3, we present our algorithm
and prove its strong convergence. Finally, in section
4, we exhibit a numerical example in order to illus-
trate our results and observe the performance of our
algorithm.

2 Preliminaries

In this section, we introduce some definitions and ba-
sic lemmas that will be used in the sequel. Let H be a
real Hilbert space, and its inner product and norm be
expressed by (-, -) and || - ||, respectively. Besides, we
use the symbol x;,, — x (x,, — x) to express that the
sequence {x,} converges strongly (weakly) to x.

Definition 2.1 Let C be a nonempty closed convex
subset of H. Then the mapping T : C — H is said to
be:

(1) nonexpansive if

ITx =Tyl < llx=yll. Vx,yeC. )

(2) firmly nonexpansive if
ITx = Tyll* < llx = ylI* = (2 = T)x = (1 = Dy,
Vx,y € C, (6)

or equivalently if
ITx = Ty||* < (Tx = Ty,x - y),

Vx,ye C, (7)

where [ is the identity operator.

Definition 2.2 Let C be a nonempty, closed and con-
vex subset of H. The metric projection Pc : H — C
defined by

Pc(x) = argmin |lx — y||?, xeC.

yeC

®)

Definition 2.3 Let f : H — (—o0,+0c0] be a proper
function. Then f is said to be weakly lower semicon-
tinuous at x if x,, — x implies

f(x) < liminf f(x,). 9)
n—oo

f is lower semicontinuous on H if it is lower semicon-

tinuous at every point x € H and f is weakly lower

semicontinuous on H if it is weakly lower semicon-

tinuous at every pointx € H.

E-ISSN: 2224-2880

101

Yaxuan Zhang, Yuming Guan

Lemma 2.1 [21] Let C be a nonempty closed and
convex subset of H. Then for all x,y € Hand z € C,
we have the following statements:

(1) (x = Pc(x),y = Pc(x)) < 0;

(2) Pc and I — P are both firmly nonexpansive;
(3) (x,y) = 5llxlI” + 51yl = 5llx = ylI%

(4) be + Y117 < flell® + 2¢y, x + ).

Lemma 2.2 [21]] Let f : H — (—o0,+] be a
strongly convex function with constant 1. Then for
allx,y e H,

FO) 2 F@+Ey=x)+ 5l -l £€af)
(10

Lemma 2.3 [4] Let H; and H5 be real Hilbert spaces
and f : Hi — Ris givenby f(x) = %H(I—PQ)AxH2
where Q 1is closed convex subset of Hs and
A : H;y — H> be a bounded linear operator.
Then

(1) the function f is convex and weakly lower
semicontinuous on Hi;

(2) Vf(x) =A"(1 — Pg)Ax, forx € Hy;

(3) Vf is ||A||>-Lipschitzian continuous,
IV 7@ = VI < AP - yll, Vx, v € H.

1.e.,
Lemma 2.4 [22] Assume that {s,} is a sequence of
nonnegative real numbers such that

Sp+l < (1 - a’n)sn +a,0n, n2=1,
Spe1 S Sp —Nn+VYn, h21,

(11)
(12)

where {a@, } is asequence in (0, 1), {n,,} is a sequence
of nonnegative real numbers, {6, } and {vy, } are two
sequences in R such that
(1) Z?:l ay = 095
(2) lim y, = 0;
n—oo
(3) klim 1Nn, = 0 implies lim sup 6,,, < 0 for any sub-
—0 k—o0
sequence {ny} of {n}.
Then lim s, = 0.

n—oo

3 Algorithm and its convergence

In this section, we introduce ball-relaxed algorithm
with a new self-adaptive step size and inertial acceler-
ation for solving the problem (B)) and prove its strong
convergence.

Set

Ci={xeH:cix) <0}, (13)
Q;j={y€eH;:q;(y) <0}, (14)
where ¢;(x),i =1,2,--- ,tand ¢q;(y),j =1,2,--- ,r

are convex, weakly lower semi-continuous functions,
respectively.
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If c;(x),i =1,2,--- ,tand q¢;(y),j = 1,2,--- ,r
are A;- and ;- strongly convex, define a series of sets
b b
Ci,n and Qj’n, n2z 1, by

Clp={x € H: ciun) + (& x = xn)
/l.
+ 5'||x —xall* <0}, (15)
0, ={y € H; : qj(Ajxn) +({}y — Ajxy)
Y,
+ ?]”y —ijn||2 <0}, (16)

where &' € dci(xy), i ,t and {}1 €
aq](A]'xn)v.] = 1’2’ s r

It is easy to verify that Cf’n,i =1,2,---

1,2,

,t and

Q?n,j = 1,2,---,r are closed balls containning C
and Q, respectively, see, [23].
Define that

dn = __I{laX ”x - PC,t (x)”a

17
v, = r111ax |Ajx — Po,;(Ajx)]l, 17
j=
Then the problem (f]) is equivalent to the following
minimization problem:

1 t
min f(x) = §Zlil|x — Pc,(x)|1?
=1

1 r
+ 5;@||A,~x ~Po, (AP, (18)

Whereli,izl,---,tand/lj,j—l ,r are all pos-
itive constants such that }/_, ; + Z A =1

Using ([L7), the problem (.) is equlvalent to the
following minimization problem:

min f(x) = %@3. (19)
where ®@,, = max{d,,v,}.

In the sequel, we assume that the following three
assumptions hold.

(A1) The solution set S of () is nonempty

(A2) The functions ¢; : H — Rand g; : H; —
R defined in ([[3) and (.) are A;- and y ;- strongly
convex lower semicontinuous functions.

(A3) Forany x € H and y; € H}, at least one sub-
gradient & € dc;(x) and {; € dq;(y;) can be calcu-
lated. The subdifferentials dc; and dq; are bounded
on the bounded sets.

Algorithm 3.1 For any initial point xg, x; € H, the
sequence {x,} be defined as follows:
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1. Compute yj,

Yn = Xn + Bn(Xn — Xp-1). (20)
2. Compute d,, and define L,,
dy= max llya=Pes ()l @D)
Ly={ie{L,2,-- .t} tllyn = Pcp (yn)ll = dn}-
(22)
3. Compute v,, and define H,
vn = max [Ajyn = Pgr (Ajyn)ll; (23)

H, = {] € {1’ 2, ar} : HAjyn _PQ;”n(Aj)’n)H = Vn}-
(24)
4. 1f d, vn, then choose i,, € L,, and let A = I,
Hn = P yna fn(yn) = 2”(1_ Ch ))’n”

else choose jn € H, and let A = A, , Un =

ijnn JjnYns fn(yn) 2”(1 PQ;_’n’")AjnynH .
5. Compute x,41

- Tann(yn))’ (25)

Xn+l = ang(yn) + (1 —an)(yn

where

Ay, — ,un|l2

1A*(Ayn = ) 12 + 61
an € (0,1), pn € (0,2) and {6,} is a bounded
sequence of positive real numbers. g : H — H

is a strict contraction mapping H into itself with
the contraction coefficient ¢ € [0, 1).

n = Pn (26)

Now we establish the strong convergence for Al-
gorithm B.1].

Theorem 3.1 Let H and H; be real Hilbert spaces,
Ci,i = 1,2,---,t and Q;,j 1,2,---,r be
nonempty, closed and convex subsets of H and H,
respectively. Let A; : H — Hj,j = 1,2,---,r be
bounded linear operators with their adjoint denoted
by Aj.. Assume that {a,}, {8,} and p, satisfy the
following conditions:
(ChH ,}1_13010 @, =0and )", @, = o;
(C2) inf pu(2 - pn) > 0;

neN

(C3) {B.} < [0.8],
lim 22 [x,, - x, 1| = 0;
n—oo In

(C4)0 < inf{6,} < sup{6,} < +oo.

Then the sequence {x,} generated by Algorithm
converges strongly to z € S, and z is the unique solu-
tion to the variational inequality:

((I-2)(2),y—2) 20,

where 8 € [0,1) and

Vyes, (27
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Proof Note that g : H — H is contractive, so Psg
is also contractive, thus Psg has a unique fixed point
z@which by Lemma P.1/(1) is the unique solution of
€.

Notice that

141 = 2|
= Ha'ng(yn) +(1- a’n)(yn
< anllg(yn) -zl

+ (1= an)llyn

=7 Vin(n)) = zll

=TV fu(yn) = zl|.
(28)
Next, we consider the following two cases.
Case A: d,, > v,.
Prll(I=Pcp n)yn||2
TPy JyaTra,» InOm) =

sl - Pcp )yall® and an(yn) = =Pcp Iyn.
Applying Lemma (2-3) and the nonexpanswﬁy of
Peb  that

in,n

In this case, 7,, =

”yn - Tnvfn(yn) - Z||2

= llyn = 2P + TNV fu ) 1P
- 27n<vfn(yn)a Yn — Z>

= llyn = 2l* + 2117 = P yal?
= 20((I = P )YnsYn = 2)
= llyn = 2l* + 7211 = P Jyal?
=2t = Pcp Jz=(I=Pcp )yn,yn=2)
< llyn =2l + 7212 = Peo )yall?
=211 = Pcy )= (I =Pcr Iyall®
= llyn = 2l* + 7211 = P )ynll®
— 25/l = Py )yull®
17 = Pco ynll*
(T = Pcp yall? +6,)2
(17 = Pco Jynll® +6n)
I = Pco Jyall®
(I=Pcp )yall? +6n
I(7=Pco )yl
1T =Pep yall?+6n°

2 2
_Z” + 0y

< lyn

- 2pn “

=|lyn - Z”2 = Pn(2 = pn)

(29)
Case B: d,, < v,,.
PnllI=Pgyp  )Aj,yull?
In this case, 7, = - Jn-2
> n 1A%, T=Pg,p )Aj,,yn||2+9n’
n

falyn) = 31U - Py VA, yall® and Via(yn) =
A* (I- PQb YA, Vn. Slmllarw1th the deduction of
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Case A, we obtain that

190 = 70V fu(¥n) — 2l
) II=Pop )Ajpynll?
Jn,n
< ||yn_z|| _pn(2_pn)”A3n(1 PQI? )Ajn)’n||2+0n'
Jn.n
(30)
From (C2), (29) and (B() we have that
Iyn = taVin(n) —2ll < llyn—zll. (1)
By (20), we also have
”yn =zl = [lxn +:8n(-xn —Xp-1) — 2|l (32)

< lxn = zll + Bullxn — xp-1ll.
Combining (28), (81]) and (B2)

xn+1 = zll < @nllg(yn) — (D] + anllg(z) - zl|

+ (1 - an)llyn - Tnvfn(yn) - ZH

< ancllyn — zll + anllg(2) —z||
+(1=an)lly. - zll

< [1=an(I=0o)]llx, -zl
+ [1 - an(l - C)]ﬁn”xn
+anllg(z) — |l

= [1-an(1=-)]llxn = zll + @n(1 =)

llg(2) = zll + =228 B [, — 1 |

1-¢

_xn—lll

(33)
see that ¢, =
— (. Hence the sequence ¢,
is bounded "There exists some M > 0 such that

According to (C3),
[1-an(1- C)]ﬁnllxn Xn-1ll

w¢e

tn —zll < [1 = an(1=)]llxn -zl + (1 - )M
< ma’X{”xn _ZH’M}

< max{||xg — z||, M}.
(34)
We conclude that {x,} is bounded and hence {y,} is
bounded.
According to the definition of y,, it holds that

lyn = 2l1* = xn + B (xn = xp-1) — zlI?
= ||xn - Z”2 + 2ﬁn<xn —Xn-1,Xn — Z>
+Ballxn — xn-1]1?.

(35)
By Lemma P.1(3), the following equation holds.

1 1
(Xp = Xp-1,Xp—2) = _§||xn—1 - Z||2 + §”xn - Z||2

(36)

1 2
+ —||Xn — Xn- .
b = -1
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Substituting the equality (B€) into (B3), we obtain

2 2 2
lyn = zlI" = llxn = zlI” + Bu(=Ixn-1 -zl
+ |lxn = 21 + llxn = xp-1[%)
+ﬁ3;”xn _xrl—l”2
2 2 2
< lxn = zl” + Bu(llxn — 217 = llxn-1 = 2lI7)
+ 2B, ||xn _xn—lll2
< lxn = Z||2 + Bnllxn = xp—1l(llx, — 2|l
— llxn-1 = zl1) + 2Bullxn = xu-1I?
= [lxy = zlI* + Ep,
(37)
where Ey, = Bn||lxn — Xp-1[(llxn — zll = |Ixp-1 = zl}) +
2Bnllxn = X1l
ﬁn n n-1
According to the boundedness of {6,} and {y,},
put

L = max{sup{||(/ = Pcv )yal* +6a},
n n.n

sup(l143, (1 = Pgn )Aj,vall? +6,}}. (38)

It follows from (29) and (B0) that

L
pn(1=pn)

where ®@,, = max{d,, v,}.

Using (B1)) and (B9), we have

Uyn=2l*=llyn=7aV fn(yn) —zI*),
(39)

lIx+1 —Z||2
={ang(yn) + (1 = an)(yn =tV () — 2, Xp41 — 2)
= (1= an)(Vn =tV fun) = 2 X041 — 2)

+@n(g(Yn) = 2, Xn41 — 2)

1-«a
< 2 (nsr = 2l + lyn = 7V (yn) = 2l1)

+an{g(yn) — 8(2)s Xns1 — 2)

+an(8(2) — 2, Xp41 — 2)

l-«a
< = (nsr = 2l + lyn = 7V (n) = 2l1?)

n 2 2 2
+7"(c lyn = zll” + [lxn+1 = 2II7)

+an(8(2) = 2, Xp41 — 2)

l1-«a %
< S (e = 2l + v = 20 = pa(1 = pu) =)

a 2 2
+ ?n((fllyn = z||" + lIxpe1 = 2lI7)

+ @, {g(2) — 2, Xn+1 — 205
(40)
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which is rearranged to obtain

X1 = 2l

< (1= an)llyn = zIl?
4

(<)
- (1 =an)pa(1 _pn)_n +auc|lyn - Z”2
L
+2ay, <g(Z) — 4, Xp+l — Z) (41)

= [1-au(1=)llyn -zl
4

)
-(1- n/Fn 1- n =
(1 —an)pon(l=pn)—
+2a,(g(2) = Z,Xp41 — 2).
Substituting (B7) into (#1]) yields that

xXne1 = zlI* < [1 = @n(1 = )] (llxn = zl|* + En)
@,
L
+20n(g(2) = 2, Xn41 — 2)
=[1-an(1=)llx, -zl
+[1-a,(1-0)]E,
@4
— (1= au)pn(l _pn)Tn

- (1 =an)pn(1 - pn)

+20,(g(2) = 2, Xn41 — 2)-
(42)
Set
sn = |lxn — zlI%;
Yn=[1=-an(1=0c)]E,+2a,(g(2) = 2, Xn41 — 2);
E,
o, =11- 1- _—
= L= an(1- 0] "
2
+ 1—<g(Z) — Z,Xns1 — 2);
—C
@4
M = (1= au)pn(l - Pn)Tn

(43)
From (42) and (#3), we derive that
Spr1 S [1—an(1=0)]sp+a,(1=c¢)6,, n=>1,
(44)
Sn+l S Sp —NMn+Yn, n2=1 (45)
Let {n;} be a subsequence of {n} such that
limsupn,, <0. (46)
k—o0
That is
4
. njy
hin sup(1 — ;) pn, (1 - pnk)Tk <0, (47
which by conditions (C1) and (C2) implies
klgrolo ®,, =0. (48)
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By the definition of ®,,, it indicates that

Hm [[(1=Pcp  Iymll =0, (49)
—00 lnk,n -
lim ||(1=Pgr  VAjymll=0.  (50)
k—oco Jng Nk

The definitions of i, and j,, ensure that

klirn (I =Peo Iynll=0, i=1,2,---,t, (51)

—00 L,ng

kh_r)%oll(l_PQl;’nk)A])’nk||=0, j:1’2,"',r.
(52)

Since dq;,j = 1,2,---,r are bounded on
bounded sets , there exists a constant u > 0 such
that ||§J'.“‘|| < u,j = 1,2,---,r, k € N, where

{;lk € 0q;(yn, ). Note that PQ?’nkA_iynk € Q?,nk and
from (52) we obtain

Qj(Aank) < <§7k7Ajynk _PQ?nkAj)’nk>

Vi
< NG INAjym, — PQ?nkAjynk”

< /J“(I_PQ;?’nk)Ajynk” —0, k— oo,

(33)

Since {yp, } is bounded, there exists a subsequence
{¥nx,, } € {yn; } such thaty,, ~— x*and

limsup(g(2) =z, yn, —2) = lim ((2) =2, yny,, —2)-

k—o0
(54)
Since g (-) is convex and weakly lower semicon-
tinuous and that A;y,, ~— A;x*, by (53) we have

qj(Ajx") <liminfgq;(A;yn,,) < 0. (55)

Hence Ajx* € Q;.
By the definition of C7, , the assumption (A3) and
(51)), there exists a constant & > 0 such that

Ci(ynk) < <§?k9ynk _Ple’nk (ynk)>
A
e Per P

< sllym ~ Pep, ()l =0, k= .

(56)

By the weakly lower semi-continuity of ¢; and
Yn,, — X*, we have

ci(x*) < liminf ¢;(yy,, ) < 0. (57)
m—00

Therefore x* € C;(i = 1, ...,1). Sox* € S.
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From Lemma R.1|(1) and (54) we obtain:

lim sup{g(z) = 2, yn, — 2)

k—oo

= lim (¢(2) = 2, yn,, = 2) (58)
=(g(z) —z,x"—z) <0.
On the other hand, by (C3), we have
lyn = xall = Bullxn = xn-1ll > 0, n— oo (59)
So we have

[IXp+1 = Xnll
= llan(g(yn) = xn) + (1 = @) (Yn = TaVfu(yn) — xn) |l
< aullg(yn) = xull + (1 = a@n)|lyn — xull

+ (1= a)tlIViH(ya)ll.

(60)
Note that
o}
e VA0, 1)
< inf{@n}q)?‘ —0, n—o oo
Thus
[Xn41 = xull = 0, 1 — oco. (62)
From (58), (59) and (62), we derive that
lirg:sup(g(z) = Z,Xm41 — 2) < 0. (63)
Then (C3) and (63)) implies that
li1;(n sup d,, < 0. (64)

Using Lemma @ , we conclude that x,, — z. The
proof is complete. O

4 Numerical experiments
In this section, we provide some numerical experi-
ments to show the efficiency of Algorithm and
compare the convergence rates of our algorithm and
other algorithms. The codes are written in Matlab
R2018b and run on Inter(R) Core(TM) i19-12900H
CPU @ 2.50 GHz , RAM 16.00 GB.
The inertial coefficient 3, is given by

En [ I>1
_— Xn — Xn—
ﬂn={ w —xpal” ! (65)

€ns ||xn_xn—l|| <L

It is easy to check that 8,, < &, and that B,||x, —
Xn—1|| < &,. Tt also can be proved, see [24], that if
g, 2 0and 3" &, < +00, the corresponding algo-
rithms are strongly convergent.
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Example 4.1 Consider the following problem: find
an element x* € R such that

X' es= Qc,- n (ﬁl A7NQ)),  (66)
i= J=

where the closed convex subsets C; and Q; are given
by

N

(67)
k=i
N(j+1)
Q;={y eRNU™ . N 10WTHTy2 ~1 <0},
k=j
(68)

It is obvious that C; and Q; are ellipsoids (see

[25]), and ¢;(x) = I, 10~ 1x2 - 1 and ¢;(y) =
NG+ 1 NOT o2

> k= 10~NG+D-1y# — 1 are both 2-strongly convex

functions, see [[16]).

Set N =5t =10, r = 20, p, = 0.1, a, =
%, &y = nl%’ 0, = 0.1, g(x) = 0.8x, and e denotes
the vector of corresponding dimension of which the
coordinates are all 1. Let A; : RN — RNU*D pe

bounded linear operators, of which the elements are
randomly generated in the closed interval [0, 10]. Set

1 < 2
TOL = 7(2‘ o = Pl

,
+ D Ajxn = Po,Ajxal®) (69)
j=1

for all n > 1. Note that if at the nth step, TOL = 0,
then x,, € S, that is, x,, is a solution to this problem.
We use TOL < 1072 as a stopping criteria.

First, we consider the impact of inertial term on
the convergence rate under different initial values xq
and x1. We use Alg.3.1 to refer to Algorithm B.1| and
Alg.3.2 to refer to Algorithm B.1| without inertial term.
The results of numerical experiments are reported in
Table |l and Fig.1.

From Table [l| and Fig.1, we can see that Alg.3.1
has advantage over Alg.3.2 in both the iteration num-
ber and the CPU time. This shows that the inertial
perturbation can improve the convergence of the al-
gorithms.

Next, we consider the impact of p, in the self-
adaptive step size on the convergence rate. For p,, =
0.1, pp=0.3,p0,=0.6, p, =09, p=1.2, p=1.5,
and p = 1.9, with other parameters retaining the same
values as above, we examine the convergence of the
sequence {x,} which is generated by Algorithm B.1].
The results as shown in Fig.2(e).
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Fig.1: Comparison of Alg.3.1 and Alg.3.2 under
different choices of initial values.
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Table 1:
Alg.3.2

The numerical results for Alg.3.1 and

Alg3.1  Alg3.2

Initial Point n Time(s)| n Time(s)
Xg=x1 = 55 *rand(N,1) 4 0.0223[7 0.0330
28 0.0823 [33 0.0941

35 0.0986 |40 0.1218
94 0.1500 |59 0.1495

xolez%*e
xolezﬁ*e
Xp=X1=¢€

0 10 20 30 40 50 60
Number of iterations

(e) Different choices of p,,

3 Alg.3.1
4 *- Alg.3.3

i . . . . .
0 50 100 150 200 250 300 350
Number of iterations

(f) Different choices of step sizes

Fig.2: Comparison of different choices of p,, and
step sizes.
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It seems that Algorithm . 1| converges faster if p,
takes values around the midpoint of the interval (0, 2).
Finally, we consider the convergence rate under
different choices of self-adaptive step sizes. We de-
note by Alg.3.3 the algorithm the same as ours except
that the the step size is the ordinary self-adaptive one:

ay
Th =Pn—>
as

(70)

where

t r
ar= Y 1= Pep Iyall® + 31T = Pgy YA vall’,
i=1 ’ j=1 ’

(71)
t r
ay= | ) (I =Pep Jyn+ ) Aj(I = Pop YAyl
i=1 ’ j=1 ’
(72)

with other parameters retaining the same values as
above, we provide the results in Fig.2(f).

From Fig.2(f), we see that our algorithm with step
size defined as in (R€) is more effective in that it
used fewer iterates in the experiment. The reason
may be that we applied the largest distance among
||A_]yn - PQl,’n(A]yn)”’l = 1’2" et and ||A]yn -

Poy (A il j = 1,2,---,r while Alg.3.3 use the
sum of them.
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