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Abstract: Motivated by the nonlinear dynamics of mathematical models encountered in power systems,
an investigation into the dynamical behaviour of the swing equation is carried out. This paper examines
analytically and numerically the development of oscillatory periodic solutions, whereby increases of the
control parameter, lead to a cascade of period doubling bifurcations, before eventually loss in stability
is exhibited and effective forerunners to chaos revealed. Gaining an understanding on the dynamical
behaviour of the system can help to produce a deeper insight of the bifurcations entailed, with the
appearance of the triggered sequence of the first period doubling’s acting as precursors of imminent
danger and difficult operations of a practical system.
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1 Introduction

Stability in a power system is closely tied to the
concept of disturbances, which are sudden or se-
quential changes to the system’s parameters or
operating quantities. Even a small disturbance
can have an interesting and rich effect in terms of
the dynamics of a system. Linearising the equa-
tions that represent a system [I], undertaking
eigenvalue and frequency response methods can
be employed to study the stability of the system
12, 13].

In this study, a single degree of freedom system
is considered that will allow for the study of non-
linear dynamics to be examined and to acknowl-
edge even chaotic attractors. This study focuses
on the nonlinear aspect of solving a system us-
ing methods such as perturbation techniques and
nonlinear methods. Initially in this study, an infi-
nite busbar is represented with the assumption of
constant voltage and frequency. A busbar system
is a metallic strip /bar used for high-current power
distribution. It is usually used in panel boards,
switchgear, and home circuits. In general, the
busbars are uninsulated and receive support from
the air by insulated pillars, allowing for enough
cooling for the conductors [4]. If a classical repre-
sentation is considered, that is with a fixed volt-
age behind a transient reactance, then the busbar
system is reduced to a second-order differential
equation but with constant coefficients. As this
resulting equation does not offer much useful or
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novel information about the response of the sys-
tem, the analogous swing equation is considered
here within, which includes parametric and ex-
ternal excitations allowing for the techniques of
perturbation theory to be employed under this
new formulation of the extended busbar system
[5), 6]

This newly formulated swing equation will be
analysed analytically and numerically to obtain a
better understanding of the stability of the model.

1.1 Brief Literature Review

A power system is stable at a particular op-
erating condition when it is able to maintain
a steady state. When the system experiences
a small disturbance, it is able to return to its
pre-disturbance operating conditions or achieve a
steady state once again. However, in the event of
a large disturbance, the equations that describe
the system’s behavior can no longer be linearised,
and it becomes necessary to use numerical sim-
ulation techniques based on geometric methods
to analyze the system’s behavior, which is now
considered to be a part of nonlinear dynamics
[6, [7]. The focus of this paper is the nonlinear as-
pect of systems which can be addressed through
various dynamical and perturbation techniques
[8,9]. Researchers have studied the swing equa-
tion which showed the rotor of the machine’s mo-
tion [6, [7, 10]. Although power systems have
been studied for quite some time now, the growth
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of the topic is tremendous. The power system
in electric applications has seen ongoing develop-
ment in many areas [LI]. With this growth, the
conservation of energy and renewing the existing
energy have been under the radar by many insti-
tutions. To help with the environmental concerns
the power systems must be studied further, and
new techniques should be introduced [12].

The swing equation which is studied initially
in this research work will play a vital part in
the analysis of the dynamics of a power system
[13]. It does exhibit similar characteristics as
other power systems, but it is imperative to anal-
yse it first in detail for a better understanding of
the concepts. Recent research has found that the
generalised form of the swing equation also helps
with understanding transient stability in power-
electronic power systems [14]. During any slight
disturbance, the rotor of the machine will show
some motion with respect to the synchronously
rotating air gap. This in turn starts a relative mo-
tion allowing for the swing equation to describe
and model this relative motion [I5]16]. Although
Tamura et al. [I0] initiated the quasi-infinite bus-
bar which is formulated in phase and magnitude,
Hamdan and Nayfeh [3], 8] improved the idea to
have quadratic and cubic nonlinearities. This
helps in applying techniques such as perturba-
tion analysis to the single-machine-quasi-infinite
busbar system.

As it is well known, bifurcation occurs when
a small change to a parameter value of a system
causes a change in the behaviour whether this is
a topological or qualitative change occurring in
both discrete and continuous systems. A bifurca-
tion has significant effects on power systems, in-
cluding oscillation and voltage collapse [17, [I§].
Eigenvalue analysis may be further utilised to
consider stability and to determine the nature
of the system [19]. Bifurcations can be studied
using both mathematical models and computer
simulations involving oscillators [20]. Some au-
thors have pointed out the limitations of using
physical oscillators for this purpose and have sug-
gested computer algorithms as an alternative for
more accurate and efficient analysis of bifurca-
tions. Matlab software, specifically the packages
MATCONT and CLMATCONT, can be used to
analyse dynamical systems with bifurcations. In
a study [2I, 22], the unique nature of a para-
metrically pressurized system was characterized
using a pinched cylinder, and the mechanism of
symmetry-breaking pitchfork bifurcation was ex-
amined. It has been shown that the stability and
behavior of the swing equation can be affected by
various factors, and that increasing the time de-
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lay can cause limit cycle branches to move and
combine through bifurcations [23].

In [24 25] bifurcation analysis is employed
to estimate the boundary of the chaotic precur-
sors of a parametrically excited pendulum sys-
tem, considering the effect of a bias term inclusion
in the model that breaks the symmetry of the sys-
tem, gaining deeper insights into bifurcations en-
tailed with the purpose of growing a higher reali-
sation for any unique problem. The authors also
explain that the easy uneven equation of move-
ment proposed in the study ends in diverse non-
linear phenomena, inclusive of cascades of period
doubling bifurcations, which had been tested and
compared with different models.

2 Methodology
2.1 Analytical Work

The swing equation studied here depicts the mo-
tion of rotor of machine as reproduced below as
Figure 1 [26].

e

G

Fig. 1. Swing equation describing the motion of
the rotor of the machine. Figure reproduced from
[26].

Considering the damping term, the swing
equation that describes the motion of the rotor
of the machine employed in this study is as fol-
lows [6), [, [10],

~ VaVe
Xa

2
2H d°0 Dd9

- 27 -~ _p
wRdt2+ dt mn

sin(0 — 6g) (1)

Ve = Vpo + Vpicos (U + ¢y) (2)

O = Opo+ Op1cos(QUt+ ¢o)

with

wgr = Constant angular velocity,
H= Inertia,

D= Damping,

P., = Mechanical Power,

Vg = Voltage of machine,

Xa = Transient Reactance,

Vp = Voltage of bus,
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0 = phase of bus.
V1 and 01 magnitudes assumed to be small.

Mathematical analysis is performed on this
equation for further investigation whereby alge-
braic techniques, Taylor expansion and substitu-
tion are undertaken so as to obtain a final equa-
tion that will be used for the perturbation anal-
ysis.

Allowing consideration for the transforma-
tions,

0— 0= 0o + 1 (4)

(50 = 90— 930 (5)

n= Af0— 0p1 cos(wt+ ¢p) (6)
equation (4) becomes,

sin (0 — 0p) =sin(dp + n) (7)

with first differential and second differential
equations of (4) being substituted into equations
(1), (2) and (3) to derive the modified swing equa-
tion with excitation to:

@
dt?

Gineos (U + ¢,) + Gan’cos(Qt+ ¢) +
Gsndeos(Q+ ¢y) +  Qrcos(Q+ ¢g) -+

wrD dn

2 L K= 2 3
5H dt+ 7 aon” + asn +

Qg sin (Qt+ ¢0)+Q3 COS (Qt+ QZ)U) (8)
and with,
1 1
g = §K tan dg, ag = 6K,
—VBl —VBl
! Veo > g o
VB
Gq =
T 6Vpo
QDwR931
Q1= 2%0p, Q= oH
Qs = —Vi K tandy,
VBo
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K — VGvBowR COS 50
N 2HX ¢ ’

here
Qcos(U+ ¢e) = Qrcos(Q+ ¢p)+
Qosin (U + ¢g) + Q3cos (Q + &),

equation (8) reduces to,

d2n

e

Gincos (U + ¢,) + Gan?cos(QU+ ¢p) +
G3n3 cos (U + ¢y) + Qcos (Q+ ¢ ).
(8a)

wrD dn 9 3
AT Ky =
5H dr + K7 agn” + asn -+

Perturbation Analysis

Initially, the focus of the analysis is on primary
resonance. To study this, a technique called mul-
tiple scales is used to find a uniform solution for
equation (8a). A small, dimensionless parameter
¢ is introduced to account for the effects of damp-
ing, nonlinearities, and the excitation frequency,
which occur in a specific order.

Letting

D
5 =0 ()

n=0 (e,
and
V1 = O(®) and 0p1 = O(&?),
then the final equation from the swing equa-

tion derivation above has the following coeffi-
cients,

Gi= g1, Ga= ga, G3 = g3

Q =&
Also, considering the equation with detuning
parameter o.

wi = QF + &%

to allow for the derived final swing equation
(8a) to be re-written as,

i+ 28 + (2 + E%0)n = o’ + agn’ +

e3gincos (U + ¢y) +e3gan? cos (U + ¢,) +
e3g3n? cos (Qt + ¢y)+ e3gcos (At + ¢e) (9)

Volume 22, 2023



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2023.22.9

The solution to this above equation is of the
form:

n(t;e) = em(To, Th, To) + *n2(To, Th, To) +

e3n3(To, T1, To) + ... (10)

where Tj is a fast scale describing motions of
frequencies and 717, T» are slow scales describing
amplitude variation [26].

The first derivative of this equation will be,

d
% = DO —|—€D1 +E2D2—|—.... (11)

The second derivative of the equation is,

d2
25 = Db +2D1 + (2D Dot DY) +...... (12)
where 5
D, = —.
"ToT,

Equation (10) can be rewritten as;

n = em+e*ny + 33+ .. (13)

Finding the first derivative with respect to ¢
for equation (13) and substituting equation (11)
gives,

n (Do + €Dy + 2Dy + ...... ) = en (Do +
€D1 + €2D2 4+ ...... ) + 82’[72(D0 + EDl =+
€2D2 + e ) + 637]3 + (DO + eDy + €2D2 +
...... ) (i1a)

Differentiating for the second derivative with
respect to t for equation (13) and substituting
equation (12) to obtain,

n (D(Q) + 2€DOD1 + 62(2D0D2 + D2) =+
)= em(D3 +2eDyDy + €2(2DoDy + D?) +
+ 82772(D% +2eDgDq + 82(2D0D2+ D )+
+ 53773(D(2) +2eDy D1 + 52(2D0D2+ 1?1)4-

11b

Substituting equations (11a), (11b) and (13
into equation (9) and comparing coefficients of ¢
gives,

—— —

~——

e'/: mDi+mQ* =0 (14)

€2/ mDE 4 mQ? +2DyDiny = agni (15)
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€3/ Dins+ 2DoDing + (D} + 2DgDa)my +

20m + %3 + om = 200mme + aznd +
qcos(Qt+ ¢e) (16)

From equations (14), (15) and (16) it can be
seen that the parametric terms do not have key
effects on the system. Hence only the external
forcing term remains [26].

The solution to equation (14) is of the form:

m = A(Tl, Tg) eiQTO + A(Tla T2) 6_iQTO (17)

where A is an undetermined function. Given
that

0 0
D Dy= —
"Toan, YT AT
by integration,
1
Ty = —.
0 Dy

Substituting equation (17) into (15),

772D(2] + T]QQ2 = — 2DOD1(A(T1, T2) GiQTo +

/:1(T1, T2> ei’LjQTO + OQ(A(Tl, Tg) eiQTO =+
A(Tl, Tg) e Q) T0)2
and expanding the brackets,

mDE + mQ® = — 2DgDA(Ty, Ty) 0

__2D0D‘1 A(Tla T2) einTO + 0{2((_/42 €2iQTO +
A2 72O Ty + 24A).

Due to Dy = aiTo and

6(2DOD1A eiQTo)

= 2iQD;A o
8T0 (3 1 (&

0(2DgD1 A =T0)

= 20D, Ae 0
T, nrae

substituting into the equation and rearranging
leads to,

mD2 + mQ? = — 20D A 4 4

Volume 22, 2023



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2023.22.9

where ¢ is the complex conjugate.In this equa-
tion D1 A = 0, to avoid secular terms 7 and
hence A = A(T3) so that replacing equation (14)
into (18) and simplifying,

ag(A2 eQz‘QTO ) aQ(Zp 6721‘QTO )

QOCQAA
+

= 302 302 02

which is also echoed in [26].
Replacing equations (17) and (19) into equa-
tion (16),

i D%Ug + 2D0D1§—7a2(Az3éziQTo) -
(4 S - 20284 ) 4+ (D} +

27D0D2) (A o 4 fle’mTf’) + 2uD0(AemT° +

A e—iQTo )+ 92773_ ' '
+ U(AeMT0 + Ae_ZQTU) 205(A o 4

az(A2 e—2iQTo )

= QT o (A2Z €21970 )
A" ) (- - Tt
20(21414 )

92

+ az(AeTo + A e*iQTf’)3 + qcos(QU+ )
and importing the cubic bracket separately of,

. — s 3 .
Oég(A@ZQTD + Ae zQTo) _ a3A3€3fLQTo +

3a3 A2 Aet o 4 3a3AA2AeiQT° + g A3e3 0T
eliminating terms that lead to secular terms
and D1A = 0 then,

2iufY (A" + pA) + — %gew +8a,A%A =0 (20)

where

3 5a3
Qe = ——-Q3 —

8 1202°

Expressing A in polar form,

A = 1 ae— B+ ¢e) (21)
2

and substituting equation (21) into equation
(20) gives,

1, T
282 (5 a'e 1Bt de) 4 ,u(§ ae 1Pt 9))y 4

0(%a€—i(ﬁ+ ¢>e)) _ %geiqﬁ +
1 ge—iB+ ¢ )2 (L gro=i(B+ o)y _
8o (5 ae ) (5 de ) =0.

Separating real and imaginary parts,

1
Qd + pa) + iqsinﬁ =0 (22)
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1 1
—Qaf + a.a® — 34 cos 3 + 3= 0. (23)

Equation (21) can also be written in the form:

A = %a cos(B + ¢e)

Substituting A and its conjugate into equation
(17) leads to:

m = acos(2Q + B + @)

Similarly replacing into equation (19) gives:

a2a2 a2a2

2= 502 602

cos (20t + 28 + 2¢)

Substituting the above to derivations for
and 792 in equation (10) to obtain the second ap-
proximation,

52(120[2

602

-cos(20t + 28 + 2¢,)] +..... (24)

Setting € = 1 and letting ” a” be the pertur-
bation parameter, using equation (24), equation
(6) maybe rewritten as,

n = ea cos(Q + B + ¢) +

3

Al = Op1 cos(Qt + pg) + a cos(Q + B+ ¢e) +

a2a2

602

(3—cos(2Qt + 28 + 2¢¢)) + ...

with ‘1225‘22 defined as the drift term, which be-
cause of its quadratic nonlinearity the oscillatory
motion is not centered as seen also in [26].

To understand the character of equations (22)
and (23), fixed points are found in align with o’ =

B = 0 to reduce to:

gsin g
= — 24
pa 50 (24a)
ao aea’ qcos
20 + a = 20 (24b)

Squaring and adding equations (24a) and
(24b) will give,
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2)2 _ q2

40242

o Qe

20 0

T (25)
which is an implicit equation for o (amplitude)
as a function of o (the tuning parameter).

In order to compare the analytical results with
the numerical simulations for the case of pri-
mary resonance, the following figure, Figure 2,
presents phase portraits and time histories when
1 = 8.61 rad/sec. Runge-Kutta and Newton
Raphson method were both employed for the sim-
ulation of the perturbation analysis and both
compared with its numerical counterpart, to con-
clude that the Newton Raphson algorithm gives
a better approximation to the numerical solution.
The calculated numerical error of the Runge-
Kutta method versus the Newton Raphson tech-
nique compared to the actual simulation error
was 0.0884 and 0.0747 respectively, exemplifying
that the Newton Raphson method is a more ap-
propriate fit due to the smaller error value.

Fig. 2: Perturbed solution employing Runge-
Kutta and Neton Raphson algorithms in com-
parison to numerical simulations for the case of
primary resonance in the phase plane and time
history for 0 = 8.61 rad/sec.

2.2 Numerical Analysis
Graphical Representation

The free undamped oscillation of the machine
is given by,

L
dt?

wrVa Vo
2H X¢

wRPm

= 0.
2H

sin (0 — Opo)

When the damping term is introduced into
the system, the phase plane alters diagrammat-
ically. Matlab was employed to numerically de-
termine the phase space plots for the undamped
and damped oscillator.

Figures 3 and 4 pictorially show the phase por-
traits for a variation of ¢ values, ¢ being the value
of the solution of the differential equation. The
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I
\\

Fig. 3: Phase portrait: undamped oscillation for
the different stated c values.

damped oscillation is given by the following equa-
tion, with D representing the damping term,

d’0  wrD df wrP, wrVaVao . (0 — O50)
_ RN S11 —
a2 " 2H dt  2H 2H X, 5o
—0
= 4,,,//

Fig. 4: Phase portrait: damped oscillation for
the different stated c¢ values.

The phase portraits of free oscillations show
saddle point separating its closed orbits from the
trajectories which go off to infinity [0, [26] 27].

The equations (1), (2) and (3) were configured
and solved using the fourth-order Runge-Kutta
method in Matlab, focusing on the effect of vary-
ing the excitation frequency ().

Fig. 5: Phase portrait, frequency-domain plot
and Poincaré map when 2 = 8.61 rad/sec.

Figures 5, 6, 7, 8 and 9 were obtained by
plotting the phase portraits, frequency-domain
plots, and Poincaré maps when this excitation
frequency is varied in the swing equation (1). As
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Froquency(e)

Fig. 6: Phase portrait, frequency-domain plot
and Poincaré map when {2 = 8.43 rad/sec.

Frequency(H)

Fig. 7: Phase portrait, frequency-domain plot
and Poincaré map when Q = 8.282 rad/sec.

ST T I

Fig. 8: Phase portrait, frequency-domain plot
and Poincaré map when = 8.275 rad/sec.

8
o(t)

Fig. 9: Phase portrait (loss of synchronism) when
2 = 8.2601 rad/sec.

it is decreased the system begins to lose stability
and cascades towards chaos. Each plot represents
the different period doubling and how the system
loses its synchronism. Figure 5 shows that there
exists only one steady-state attractor when there
is a large 0, Q = 8.61 rad/sec. The phase orbit
has a closed form and is a period-one attractor.
This can be verified using the frequency-domain
plot and the Poincaré map.

As the value of Q) is decreased it can be ob-
served that the graphs undergo dynamical trans-
formations including period-doubling solutions
and eventually as €2 is decreased to further around
2 = 8.2601 rad/sec a chaotic attractor is exhib-
ited as exemplified in Figure 9.
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The bifurcation diagram presented as Figure
10, was constructed by solving the swing equa-
tion for a specific value of 2 = 8.27 rad/sec and
by numerical time integration using the classical
fourth order Runge-Kutta algorithm. The forcing
r value is incremented slightly and time integra-
tion continues plotting the maximum amplitude
of the oscillatory solution versus r,

VeVe .
r = X. sin (0 — 0p).

Figure 10 indicates the initial period doubling
occurrence just before r = 0.9, also justified by
the Poincaré maps of Figure 11 and at around r
approximately 2.36, the first period doubling in a
sequence of period doubles is exhibited leading to
chaotic behaviour. This numerical analysis shows
that the swing equation moves towards loss of
synchronisation as the value of r is increased.

4

w
-
0
= )
St
ST )

0.5 1 15 2 25

Fig. 10: Bifurcation diagram when r value is var-
ied and constant 2 = 8.27 rad/sec.

The corresponding Poincaré maps are plotted
as shown below, Figure 11. They clearly depict
the points where period doubling occurs and how
as r is increased the phenomenon of chaos is ver-

ified.

When r=0.9 (Period 2)

Poincare map.

When r = 2.36 (Period 4)

mmmmm

When r = 2.4 (Chaos)

Fig. 11: Poincaré maps for the different r values.
It is observed that at approximately r > 2.4,

the chaotic region has commenced where the Lya-
punov exponent generally takes positive values.
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This behaviour is depicted and presented as Fig-
ure 12, where it is the case when two nearby
points, initially separated by an infinitesimal dis-
tance, typically diverge from each other over time
and this is quantitatively measured by the Lya-
punov exponents. The bifurcation diagram of
Figure 10, also verifies this behaviour, where at
approximately the same value of r, the cascade
of period doubling sequence leads to chaos such
that is suffices to say that a chaotic attractor can
be identified by a positive Lyapunov exponent.

o

Walues of estimated Lyapunov exponent

Fig. 12: Lyapunov exponents as r is varied.

3 Discussion and Conclusion

This paper highlights the dynamical behaviour of
the swing equation as control parameters are var-
ied. The entailed work provides analytical meth-
ods, specifically perturbation techniques which
are compared with the numerical simulation to
verify the validity of the perturbed solution for
the case of primary resonance.

The swing equation is used to predict the be-
havior of the system under various conditions,
such as changes in load. This information is used
by power system operators to maintain the stabil-
ity and reliability of the system. It may be used
in the design and analysis of control systems for
power systems, such as automatic generation con-
trol and load frequency control, preventing black-
outs and even more so, catastrophic effects.

The numerical analysis incorporating a nu-
merically constructed bifurcation diagram, Lya-
punov exponents, phase portrait, frequency do-
main plots and Poincaré maps, all confirm that
an appearance of the first period doubling in its
sequence triggers chaos, and should be regarded
as a precursor of the imminent danger and diffi-
cult operations of a practical system. It is im-
portant to note that the bifurcation diagrams
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do examine pre-chaotic or post-chaotic changes
in a dynamical system under different parame-
ter variations and whilst period doubling is the
most recognised scenario for chaotic behaviour,
there are also other scenarios to reach this phe-
nomenon, such as intermittency or the break-up
of the quasi periodic torus structure. It is bene-
ficial however, to identify a pre-chaos pattern of
motion in order to offer a better understanding
of the under study chaotic physical phenomenon.
The aim of this paper is to compliment current
literature of this model utilised in power systems,
yet gaining a better understanding of the under-
lying swing equation.
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