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1 Introduction

In 1983, Abd El-Monsef et al., [1], introduced the
concept of S-continuous functions as a generalization
of semi-continuity in the sense of Levive, [14], and
percontinuity due to Mashhour et al., [16]. Borsik
and Dobos, [9], introduced the notion of almost
quasi-continuity which is weaker than that of quasi-
continuity in the sense of Marcus, [15], and obtained
a decomposition theorem of quasi-continuity. More-
over, Popa and Noiri, [23], studied some characteri-
zations of S-continuity and showed that almost quasi-
continuity is equivalent to S-continuity. The equiv-
alence of almost quasi-continuity and [S-continuity
is also shown by Borsik, [8], and Ewert, [10]. In
1997, Nasef and Noiri, [17], introduced and investi-
gated the concept of almost 3-continuity. Several dif-
ferent forms of continuous multifunctions have been
introduced and studied over the years. Many au-
thors have researched and studied several stronger and
weaker forms of continuous functions and multifunc-
tions. The notions of upper and lower -continuous
multifunctions were studied by Popa and Noiri, [22].
In 1999, Noiri and Popa, [20], obtained some char-
acterizations and several properties concerning upper
and lower almost (-continuous multifunctions. In
2008, Noiri and Popa, [18], introduced and studied
the notions of upper and lower C-m-continuous mul-
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tifunctions as multifunctions defined on a set satisfy-
ing some minimal conditions. In 2018, Boonpok et
al., [7], introduced and investigated the concepts of
upper and lower almost (71, 72)-precontinuous mul-
tifunctions. In 2020, Laprom et al., [13], intro-
duced and studied the notions of upper and lower al-
most (71, T2)-continuous multifunctions. The no-
tion of (A, sp)-continuous multifunctions was intro-
duced in [6]. In [5], the present authors introduced
and studied the concepts of upper and lower slightly
(A, sp)-continuous multifunctions. Quite recently,
Khampakdee and Boonpok, [12], introduced and in-
vestigated the notions of upper and lower (A, sp)-
continuous multifunctions. The purpose of the present
paper is to introduce the concepts of upper and lower
almost B(A, sp)-continuous multifunctions. More-
over, several characterizations and some basic prop-
erties of upper and lower almost (A, sp)-continuous
multifunctions are discussed.

2 Preliminaries

Throughout this paper, spaces (X, 7) and (Y, o) (or
simply X and Y') always mean topological spaces on
which no separation axioms are assumed unless ex-
plicitly stated. Let A be a subset of a topological
space (X, 7). The closure of A and the interior of
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A are denoted by CI(A) and Int(A), respectively. A
subset A of a topological space (X, 7) is said to be
B-open [1] if A C Cl(Int(C1(A))). The complement
of a S-open set is called B-closed. The family of all
B-open sets of a topological space (X, 7) is denoted
by B(X, 7). Let A be a subset of a topological space
(X, 7). A subset Ag,(A) [19] is defined as follows:
Ap(A) =nN{U |ACU,U € B(X,7)}.

Lemma 1. [19] For subsets A, B and A,(« € V) of
a topological space (X, T), the following properties
hold:

(1) AC Agy(A).

(2) If A C B, then Ayp(A) C Agy(B).

(3) Aup(Asp(A)) = Ag(A).

(4) IfU € B(X,T), then Ay, (U) = U.

(5) Ap(N{Aala € V}) € NfAg(Aa)lar € V).
(6) Ap(U{Agla € V}) = U{Agp(Aa)|a € V)

Recall that a subset A of a topological space
(X, 7) is called a Agp-ser [19] if A = Agp(A).

Lemma 2. [19] For subsets A and A,(a € V) of
a topological space (X, T), the following properties
hold:

(1) Agp(A) is a Agp-set.
(2) If Ais B-open, then A is a Agp-set.

(3) If Ay is a Agp-set for each oo € V, then Nyev Aq
is a Ag)p-set.

(4) If Ay is a Agp-set for each o € V, then Upev Aq
is a Agp-set.

Definition 3. [6] A subset A of a topological space
(X, 1) is called (A, sp)-closed if A = TNC, where T
is a Agp-set and C'is a [3-closed set. The complement
of a (A, sp)-closed set is called (A, sp)-open.

Definition 4. [6] Let A be a subset of a topological
space (X, 7). A point x € X is called a (A, sp)-
cluster point of A if ANU # () for every (A, sp)-open
set U of X containing x. The set of all (A, sp)-cluster
points of A is called the (A, sp)-closure of A and is
denoted by AN5P),

Lemma 5. [6] Let A and B be subsets of a topologi-
cal space (X, 7). For the (A, sp)-closure, the follow-
ing properties hold:

(]) A g A(A,Sp) and [A(A,sp)](/\,sp) — A(A,sp).
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(2) If A C B, then ANsp) C B(Asp),
(3) AsP) s (A, sp)-closed.
(4) Ais (A, sp)-closed if and only if A = AMsP),

Definition 6. [6] Let A be a subset of a topological
space (X, 7). The union of all (A, sp)-open sets con-
tained in A is called the (A, sp)-interior of A and is
denoted by Ay sp)-

Lemma 7. [6] Let A and B be subsets of a topologi-
cal space (X, 7). For the (A, sp)-interior, the follow-
ing properties hold:

(1) A,sp) € Aand [A sp)l(a,sp) = Aa,sp)-
(2) ]fA C B, then A(A75p) - B(A,sp)'

(3) Aasp) is (A, sp)-open.
(4) Ais (A, sp)-open if and only if Ay sp) = A.

(5) [X — A]Asp) = X — A(p sp)-
(6) [X — Alpsp) =X — AWssp),

Definition 8. [6] A subset A of a topological space
(X, 1) is said to be:

(i) (A, sp)-open if A = [ARP)](y )
(ii) s(A, sp)-open if A C [Ap )],
(i) p(A, sp)-open if A C [A ]y o

(iv) a(A7 Sp)'open lfA C [[A(A,sp)](A’sp)](l\,sp);

)}(Aﬁp)‘

)

(v) B(A, sp)-openif A C [[A(A’Sp)](/\ sp

The family of all 7(A, sp)-open (resp. s(A, sp)-
open, p(A, sp)-open, B(A, sp)-open, a(A, sp)-open)
sets in a topological space (X,7) is denoted by
rAspO(X,T) (resp.  sA;pO(X, 1), pAg,O(X, 7),
BApO(X, T), aMg,O(X,7)). The complement of
a r(A,sp)-open (resp. s(A,sp)-open, p(A,sp)-
open, [B(A,sp)-open, a(A,sp)-open) set is called
r(A, sp)-closed (resp.  s(A, sp)-closed, p(A,sp)-
closed, B(A, sp)-closed, a(A, sp)-closed).

Let A be a subset of a topological space
(X, 7). The intersection of all s(A, sp)-closed (resp.
p(A, sp)-closed, B(A,sp)-closed, a(A,sp)-closed)
sets of X containing A is called the s(A, sp)-closure
[24] (resp. p(A, sp)-closure [3], B(A, sp)-closure
[12], a(A, sp)-closure [4, 25]) of A and is denoted
by As(AsP) (resp. AP(AsP) AB(Asp) - pa(Asp)y The
union of all s(A,sp)-open (resp. p(A,sp)-open,
B(A, sp)-open, a(A, sp)-open) sets of X contained
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in A is called the s(A, sp)-interior (resp. p(A, sp)-
interior, (A, sp)-interior, (A, sp)-interior) of A
and is denoted by A (a sp) (r€SP. Ap(a,sp)> AB(A,5p)»
Aa(A,sp))'

Definition 9. [11] A subset N, of a topological space
(X, 1) is said to be (A, sp)-neighbourhood of a point
x € X if there exists a (\, sp)-open set U such that
e U C N,.

Lemma 10. For a subset A of a topological space
(X, 7), the following properties are equivalent:

(1) ABPLsp) g B(A, sp)-closed in X;

(2) Ais B(A, sp)-closed in X if and only if A =
ABA,sp)

(3) [X = AP = X — Ag(y o).
Lemma 11. Let A be a subset of a topological space

(X, 7). Then, z € APMsP) ifand only if ANU # ()
for each (A, sp)-open set U containing x.

Lemma 12. Let A be a subset of a topological space
(X, 7). Then, A5(AsP) = AU [A(A’Sp)](msp).

Proof. Since A*M5P) is s(A, sp)-closed, we have
[As@sp](Asp)) o C AS@AsP) Therefore,
[AWsP)] ) © A*(N5P) and hence

AU [A(A,sp)](msp) C As(Aysp)
To establish the opposite inclusion we observe that

[[A U [A(A7sp)](A,sp)](msp)](/\,sp)
= [A(A,sp) U [[A(A“gp)}(A,sp)](Aﬁp)}(A,sp)

c AWMsp) Yy [[[A(A,sp)}(A Sp)](/\,sp)}

) (A7Sp)
= A(A’Sp) @] [A(A78p)](A,sp)
— Asp)
Thus, HA U [A(A7Sp)](A,sp)](Aﬁp)](A»SP) <
[A(A’Sp)](A,Sp) c AU [A(Aﬁp)](/\,sp) and  so

AU [A(A’Sp)](,\ﬁp) is s(A, sp)-closed. This shows that
4500 € AU[AGD)] 0

Lemma 13. Let (X, 7) be a topological space. Then,
Vs(Asp) — [V(A’Sp)](A’Sp) for every p(A, sp)-open set
Vof X.

Proof. Let V. € pAgy,O(X,7). Then, V C
[V(A’SP)](AW) and by Lemma 12, we have V3(4:5P) —
VU [V(Aysp)](A,sp) = [V(Aﬁp)](A,sp)- O
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By a multifunction ' : X — Y, we mean a point-
to-set correspondence from X into Y, and always as-
sume that F'(x) # () for all z € X. For a multifunc-
tion F' : X — Y, following [2] we shall denote the
upper and lower inverse of a set B of Y by F'7(B)
and F'~(B), respectively, that is,

FT(B)={r € X | F(x) C B}

and F~(B) = {x € X | F(z) N B # (}. In partic-
ular, F~(y) = {x € X | y € F(x)} for each point
y €Y. Foreach A C X, F(A) = UgeaF (). Then,
F is said to be a surjection if F(X) =Y, or equiva-
lently, if for each y € Y, there exists an x € X such
that y € F(x). Moreover, F' : X — Y is called up-
per semi-continuous (resp. lower semi-continuous) if
FH(V) (resp. F~(V)) is open in X for every open
set V of Y [21].

3 Characterizations of upper and
lower almost (3(A, sp)-continuous
multifunctions

We begin this section by introducing the notions of up-
per and lower almost (A, sp)-continuous multifunc-
tions. Furthermore, several characterizations of upper
and lower almost (A, sp)-continuous multifunctions
are discussed.

Definition 14. A multifunction F : (X, 7) — (Y, 0)
is said to be:

(i) upper almost B(A, sp)-continuous at v € X
if, for each (A, sp)-open set V of Y containing
F(x), there exists a B(A, sp)-open set U of X
containing x such that F(U) C [V(A’Sp)](msp);

(ii) lower almost B(A, sp)-continuous at © € X
if, for each (A, sp)-open set V of Y such that

F(x) NV £ 0, there exists a (A, sp)-open set
U of X containing x such that

F(Z) N [V(A7sp)](/\,sp) 7é @
forevery z € U;

(iii) upper (lower) almost (A, sp)-continuous if F
has this property at each point of X.

Lemma 15. Let A be a subset of a topological space
(X, T). Then, Aﬁ(A,sp) = A U [[A(Avsp)](A’sp)](Aﬁp).
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Proof. We observe that

(A,sp)]

—

[AU [[Ap o)) P
(A,

Nrspl(rsp)]

P A spy] P

)] (Avsp)] (A7sp)]

(A,sp)
)] (A,sp)
(A,sp)

N

[AUTAQ, )]

N

[l

[[A ASP)U[ (A;sp
[AA50)] ™ P](a5p)
AU [[Ap )8

N

)](A,sp) .

Thus, A U [[A(A’sp)](A’SP)](A’sp) is B(A, sp)-closed
and hence AP(AsP) C A U [[A( Sp)](/\ Sp)](
On the other hand, since A%(MsP) is B(A,
closed, we have [[A(A,sp)]( ,p)]( A,sp)

[HAB(A,SP)](A,SZJ)](A7Sp)](A,sp) C A'B(A’Sp) and
hence A U [[A(s o)) ] (a,5p) © AP, O

P)-
sp)-
c

Theorem 16. For a multifunction F : (X,7) —
(Y, 0), the following properties are equivalent:

(1) F is upper almost B(A, sp)-continuous at x €
X;

(2) @ € [[FH(ve@se sy )] for any
(A, sp)-open set V of Y contaimng F(x);

(3) foreach (A, sp)-open neighbourhood U of x and
each (A, sp)-open set V of Y containing F(x),
there exists a (A, sp)-open set G of X such that
0 # G CUandG C [F+ (V)] (Asp),

(4) for each (A,sp)-open set V of Y contain-
ing F(x), there exists a s(A,sp)-open set
U of X containing x such that U C
[F+(Vs(Asp) )| (Asp),

Proof. (1) = (2): Let V be any (A, sp)-open
set of Y containing F(xz).  Then, there ex-
ists U € [A;O(X,7) containing = such that
FU) < ve@sp = [yAsp)), o0 Then,
U C FrsWs)  Since U is B(A, sp)-open,
we have = € U C [[U(A’Sp)](A,sp)}(A’Sp) C
[[F* (V)] 00,

(2) = (3): Let V be any (A,sp)-
open set of Y containing F(z) and let U be
a (A,sp)-open set of X containing z.  Since
€ [[FHysher)esp)) o ]0sP) - we have
U N [[FHvs@se))(sel] g # 0. Put
G = U n [[FHys@seh)dse)) oo then G is
a nonempty (A,sp)-open set, G C U and G C
[[F+(VS(A78P))](A sp)](A ) C [F+(VS(A sp))](/\ 5P)

(3) = (4): Let V be any (A, sp)-open set of
Y containing F(z). By U(z), we denote the fam-
ily of all (A, sp)-open neighbourhood of z. For
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each U € U(x), there exists a (A, sp)-open set
Gy of X such that ) # Gy C U and Gy C
[FH(VsWsp))(Asp) put W = U{Gy | U € U(z)},
then W is (A, sp)-open set of X, z € W(AsP) and
W C [FT(vs@Wsp)](Asp) - Moreover, if we put
Uy = W U {z}, then we obtain Uy is a s(A, sp)-open
set of X containing z and Uy C [F*(V5(Asp))]|(Assp),

(4) = (1): Let V be any (A, sp)-open set
of Y containing F'(z). There exists a s(A,sp)-

open set G of X containing x such that G C
[F+(Vs(Asp) )] (Asp)  Thus,

reGNFT(V)

C F(ysspyn NG ](A,sp)

C F-i-(vs (A, sp)) [[[F-‘r(vs(A sp))](A,sp)](Ajsp)](A,sp)
[F+(VS(A Sp))]ﬁ(A sp)*

Put U = [FH(Vsh SP))]ﬁ(A sp)» then U is a B(A, sp)-

open set of X containing z such that F(U) C
[V 51’)]( Asp)- This shows that F' is upper almost
B(A, sp)-continuous at . O

Theorem 17. For a multifunction F : (X,7) —
(Y, 0), the following properties are equivalent:

(1) F islower almost (A, sp)-continuous at a point
rof X;

(2) @ e [[F (VoW e 12D for any
(A, sp)-open set V of Y such that F(x)NV # ();

(3) for each (A, sp)-open neighbourhood U of x
and each (A, sp)-open set V of Y such that
F(x) NV # 0, there exists a nonempty (A, sp)-

open set G of X such that G C U and G C
[Ff(VS(A,sp))](A,sp)’.

(4) for each (A, sp)-open set V. of Y such that
F(x) NV # 0, there exists a s(A, sp)-open
set U of X containing x such that U C
[F— (V3(Asp) )| (Asp),

Proof. The proof is similar to that of Theorem 16 and
is thus omitted. O

Definition 18. A function f : (X,7) — (Y,0) is
called almost B(A, sp)-continuous at a point © € X
if, for each (A, sp)-open set V of Y containing f(x),
there exists a B(A, sp)-open set U of X containing
x such that f(U) C [V(A’Sp)](msp). If [ has this
property at each point of X, then f is called almost
B(A, sp)-continuous.

Corollary 19. For a function f : (X,7) —
the following properties are equivalent:

(Y, 0),
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(1) f is almost B(A, sp)-continuous at a point = of
X;

(2) @ € [[[f7H VD)) ) IAP) for any
(A, sp)-open set V of Y containing f(x);

(3) foreach (A, sp)-open neighbourhood U of x and
each (A, sp)-open set V of Y containing f(x),
there exists a nonempty (A, sp)-open set G of X
suchthat G C U and G C [f~1(V3(Asp) )| (Asp),

(4) for each (A, sp)-open set V of Y contain-
ing f(x), there exists a s(A,sp)-open set

U of X containing x such that U C
[f—l(vs(/\,sp))](/\,sp)‘

Theorem 20. For a multifunction F : (X,7) —
(Y, 0), the following properties are equivalent:

(1) F is upper almost 3(A, sp)-continuous;

(2) for each v € X and each (A, sp)-open set V
of Y containing F(x), there exists a S(A, sp)-
open set U of X containing x such that F(U) C
vs(A,sp),.

(3) foreach x € X and each r (A, sp)-open set V of
Y containing F(x), there exists a 3(A, sp)-open
set U of X containing x such that F(U) C V;

(4) FY (V) is B(A,sp)-open in X for every
r(A, sp)-open set V of Y;

(5) F7(K) is B(A,sp)-closed in X for every
(A, sp)-closed set K of Y;

(6) FH(V) C [F*(VS(A’SP))]B(A,SP) for every
(A, sp)-open set V of Y;

(7) [F_ (KS(A,sp))]B(A’Sp) c F~ (K) for every
(A, sp)-closed set K of Y;

([ ](A sp))|BAsP) € F=(K) for every

(8) [F~
(A, sp)- closed set K of Y;

(9) [F=([BW#)] (5 gpy) o)) FA52) C
F~(BWsP)) for every subset B of Y ;
(10) [[[F_ ( [K(A,sp)] (A.5p) )] (A,sp)] (A,sp)] (A,sp) -

F~(K) for every (A, sp)-closed set K of Y ;

(]]) H[F_ (Ks A,sp))](A,sp)](A@p)](A,sp) c (K)
for every EA, sp)-closed set K of Y;

(12) FH(V) C [[[F+(VS(A,sp))](Avsp)](Aﬁp)](A,sp)for
every (A, sp)-open set V of Y.
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Proof. (1) = (2) and (2) = (3): The proofs are
obvious.

(3) = (4): Let V be any r(A, sp)-open set of Y’
and x € FY(V). Then, F(z) C V and there exists

(A, sp)-open set U, of X containing = such that

(Ux) C V. Thus, z € U, C F*(V) and hence

FT(V) € BA;,O(X, 7).

(4) = (5): This follows from the fact that
FH(Y — B) = X — F~(B) for every subset B of
Y.

(5) = (6): Let V be any (A, sp)-open set of Y’
and z € FH(V). Then, F(z) C V C V54sP) and
hence

ze FHvsWheny = x — p=(y — vsep)y,
Since Y — V(M) s p(A, sp)-closed in Y,
F=(Y — VAP is B(A, sp)-closed in X. Thus,
FH(vs(Asp)) is a B(A, sp)-open set of X containing
x and hence = € [F“‘(VS(A’sP))]B(A’Sp). This shows
that F+(V) C [FH(VEAP)]gx .

(6) = (7): Let K be any (A, sp)-closed set of Y.
Then, Y — K is (A, sp)-open in Y and by (6),

X —-F (K)=F"(Y - K)

C [FH[Y = KM 500 60
= [FT(Y — Kyap)]5(0,50)
= [X = F (Kys(a,5p)]80,5p)
=X —[F~ (KS(A,sp))]B(A7sp)'

Thus, [F~ (K o) P09 € F~(K).
(7) = (8): The proof is obvious since K4 sp) =

[K(Aﬁp)](A’S ?) for every (A, sp)-closed set K.

(8) = (9): The proof is obvious.

(9) = (10): It follows from Lemma 15 that
[[A(A,sp)}(Avsp)](A,sp) C AP(sP) for every subset A.
Thus, for every (A, sp)-closed set K of Y, we have

[~ (K a5 ), s ) )

C [P ([K () ) 5)
= [F([[K ASP]Asp]ASp)] (hos)
C P (KM = P (K
(10) = (11): The proof is obvious since
S(A sp) = [K(A,s )](Avsp) for every (A, sp)-closed set

(11) = (12): Let V be any (A, sp)-open set of

Y. The — Vis (A, sp)-closed in Y and we have
[[[ ([ ] (A sp))](A,sp)](A’Sp)](A,sp)
CF(Y-V)=X-FH(V).
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Moreover, we have

[F~([Y = Vsl asm)) ] (a.sp)

= [[F~(Y = VO] 0 1P
= [[[X — Fr(vsts] spﬂ )] (A.sp)
= X — [[[Fr(vetepyhenl)  ]ihep),

Thus, 1 (V) C [[[F (VA )] [0
(12) = (1): Let = be any point of X and V
any (A, sp)-open set of Y containing F'(z). Then,
x € FH(V) C[[FH (vl hor)]y o] and
hence F' is upper almost (A, sp)-continuous at x
by Theorem 16. This shows that F' is upper almost
B(A, sp)-continuous. O

Theorem 21. For a multifunction F' : (X,7) —
(Y, 0), the following properties are equivalent:

(1) F is lower almost B(A, sp)-continuous;

(2) for each x € X and each (A, sp)-open set V
of Y such that F(x) NV # 0, there exists a
B(A, sp)-open set U of X containing x such that
UCF~ (VS(A,sp));

(3) for each x € X and each r(A, sp)-open set V
of Y such that F(x) NV # 0, there exists a
B(A, sp)-open set U of X containing x such that

UCF (V)

(4) F=(V) is B(A,sp)-open in X for every
r(A, sp)-open set V of Y ;

(5) FY(K) is B(A,sp)-closed in X for every
r(A, sp)-closed set K of Y;

(6) F=(V) C [F(Vslsp)y B(A,sp) Jor every
(A, sp)-open set V of Y;

(7) [F* (Kya,sp)IP&P C FH(K) for every
(A, sp) closed set K of Y;

(8) [ ([K(nsp)] B 7))/ P) C FH(K) for every

(A, sp)-closed set K of Y;

(9) [FH([BW#P)] (o)) op)) ]I 5) c
F+(B(A’Sp)) for every subset B of Y ;
(10) [[[F+([K(A,sp)](Aysp))](A,sp)](A78p)](A,sp) c

F*(K) for every (A, sp)-closed set K of Y ;

(1) ([[F* (Ksasp) a0 Pasp) S FHE)
for every (A, sp)-closed set K of Y;

(12) F—(V) C H[F—(VS(A,SI)))](A,sp)](A7sp)](A,sp)for
every (A, sp)-open set V of Y.
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Proof. The proof is similar to that of Theorem 20 and
is thus omitted. O

Corollary 22. For a function  : (X,7) —
the following properties are equivalent:

(Y, 0),

(1) f isalmost B(A, sp)-continuous;

(2) for each v € X and each (A, sp)-open set V
of Y containing f(x), there exists a (A, sp)-
open set U of X containing x such that f(U) C
vs(A,sp),.

(3) foreach x € X and each r(A, sp)-open set V of
Y containing f(x), there exists a (A, sp)-open
set U of X containing x such that f(U) C V;

(4) f~5(V) is B(A,sp)-open in X for every
r(A, sp)-open set V of Y ;

(5) f~YK) is B(A,sp)-closed in X for every

r(A, sp)-closed set K of Y;

6) f~1(v) c [ffl(Vs(A’Sp))]B(Aﬁp) for every
(A, sp)-open set V of Y;

(7) [f~ 1(Ks p))]ﬁ(Asp) C fYK) for every
(A, sp)- closed set K of Y;

(8) [f UK (a,sp)] MP)PAsP) C 1K) for ev-

ery (A, sp)-closed set K of Y';
(9) [ ([BOD] g7 0e0) c
f=Y(BWsP)) for every subset B of Y ;
(10) [[[f (K a5 )] a5 () C

FHK

(11) [[[f_l(Ks(A,sp))](A,sp)](A )} A,sp) - f ( )
for every (A, sp)-closed set K on

(12) 7Y (V) C [[[fH(vshsp)))(Asp)]
for every (A, sp)-open set V of Y.

) for every (A, sp)-closed set K of Y';

(Avsp)](/\,sp)

Theorem 23. For a multifunction F : (X,7) —
(Y, 0), the following properties are equivalent:

(1) F is upper almost (A, sp)-continuous;

(2) [F~

V)P P (V)Y for every

(A sp)-open set V of Y ;

(3) [F-(V)IPAs - Fo(VAP)) for every
s(A, sp)-open set V of Y;
(4) FH(V) C [FH([VAP) s )] (a,sp) for every

p(A, sp)-open set V of Y
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Proof. (1) = (2): Let V be any (A, sp)-open set of
Y. Since V(AsP) js T(A sp)-closed in Y and by The-
orem 20, F~ [V (AsP) ] is B(A, sp)-closed in X. Thus,
[F—(V)]fWsp) € p-[v(Asp)],

(2) = (3): This is obvious since sAg,O(Y,0) C
BA,OY, o).

(3) = (4): Let V € pAs,O(Y, o). Then, we have
V € V(g and Y=V D [[¥ ]y ] 7).
Since [[Y — V](Aﬁp)](A’sI’) € sA,O(Y, o), we have

[[Y - V](A sp)](A,Sp))
[ ](A sp)])ﬂ(/\ +P)

_ [V(A SP)](A,
=[x - PV,
=X - [F+([V(A’Sp)](A,sp))}ﬁ(A,sp)

and hence FH(V) € [FF (VO] 4 )] s0n

(4) = (1): Let V be any r(A, sp)-open set of
Y. Since V € pAs,O(Y,0), we have FT (V) C
[FJF([V(A’SP)](A,SI)))]ﬁ(A,sp) = [F+(V)]ﬂ(A,sp) and
hence FT(V) € BA,O(X,7). It follows from
Theorem 20 that F is upper almost [(A,sp)-
continuous. O

))]B(A +SP)
Sp))}ﬁ(/\ ,SD)

Theorem 24. For a multifunction F' : (X,7) —
(Y, 0), the following properties are equivalent:

(1) F is lower almost B(A, sp)-continuous;

(2) [FEWV)PAsp) o FHVNP)) for every
B(A, sp)-open set V of Y;

(3) [FH(V)fsr)  C FH(VAP)) for every
s(A, sp)-open set V of Y;

(4) F_(V) C [F_([V(A7sp)](A,sp))]B(A,sp) fOl" every
p(A, sp)-open set V of Y.

Proof. The proof is similar to that of Theorem 23 and
is thus omitted. U

Corollary 25. For a function f : (X,7) — (Y,0),

the following properties are equivalent:

(1) f isalmost B(A, sp)-continuous;

2) [f~H(V))pAe) (vl

) Asp)) for every
B(A, sp)-open set V of Y;

(3) [fHV))pAse) o YV ASP)) for every
s(A, sp)-open set V of Y;
(4) f_l(v) [ ([V(A Sp)](/\ sp))]B(A,sp) fOl" ev-

ery p(A, sp) -open set V of Y.
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For a multifunction F’ (X,7) — (Y,0),
by F(Asp) (X,7) — (Y,0) we shall denote
a multifunction defined as follows: FMP)(z) =

[F(x)]=P) for each z € X. Similarly, we can de-
fine F5(Asp) pr(Asp)  pa(Asp) gnd FA(Asp),

Theorem 26. A multifunction F : (X,7) — (Y, 0)
is upper almost (A, sp)-continuous if and only if
FsWsp) (X 1) — (Y, 0) is upper almost B(A, sp)-
continuous.

Proof. Suppose that F' is upper almost [5(A,sp)-
continuous. Let x € X and V be any (A, sp)-
open set of Y such that F*(*P)(z) C V. Then,
F(z) € V and by Theorem 20, there exists a
B(A, sp)-open set U of X containing = such that
F(U) C VAWsp) Foreach z € U, F(z) C Vs(Asp)
and hence [F(U)]*"sP) C Vs(Asp) - Therefore, we
have F*Asp)(1) C V*AsP) and by Theorem 20,
Fs(A-sp) js upper almost 3(A, sp)-continuous.
Conversely, suppose that F5(AsP) js upper al-
most 3(A, sp)-continuous. Let z € X and V be
any (A, sp)-open set of Y containing F'(z). Then,
F(z) C V and [F(z)]*®s2) C vsAsp)  Since
Vshsp) — [V(Aﬁp)}(A’Sp) is (A, sp)-open, there ex-
ists a B(A, sp)-open set U of X containing x such
that Fs(Asp)(U) C  [VsQsp))s(Asp)  — s(Assp),
Thus, F(U) C V*"*P) and hence F is upper almost
B(A, sp)-continuous. O

Definition 27. [11] A subset A of a topological space
(X, 1) is said to be:

(i) (A, sp)-paracompact if every cover of A by
(A, sp)-open sets of X is refined by a cover of
A which consists of (A, sp)-open sets of X and
is locally finite in X;

(ii) (A, sp)-regular if, for each x € A and each
(A, sp)-open set U of X containing x, there ex-
ists a (A, sp)-open set V of X suchthatx € V C
v sp) C U,

Lemma 28. [11] If A is a (A, sp)-regular (A, sp)-
paracompact set of a topological space (X, T) and U
is a (A, sp)-open neighbourhood of A, then there ex-
ists a (A, sp)-open set V of X such that A C 'V C
V) C U,

Lemma 29. If ' : (X,7) — (Y,0) is a multi-
function such that F(x) is (A, sp)-regular (A, sp)-
paracompact for each © € X, then for each (A, sp)-
opensetV of Y, GH (V) = FT(V), where G denotes
FBWsp) pp(Assp) - pa(Assp) o [(Assp),
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Theorem 30. Let F : (X,7) — (Y,0) be a multi-
function such that F(x) is (A, sp)-paracompact and
(A, sp)-regular for each x € X. Then, the following
properties are equivalent:

(1) F is upper almost 3(A, sp)-continuous;

(2) FPWAsP) s upper almost B(A, sp)-continuous;
(3) FPsP) s ypper almost B(A, sp)-continuous;
(4) F*LsP) js ypper almost B(A, sp)-continuous;
(5) FNsP) s upper almost B(A, sp)-continuous.

Proof. Similarly to Lemma 29, we put G = FA#(Asp),
Frhsp) - pa(Asp) op F(Asp) - First, suppose that F'
is upper almost 3(A, sp)-continuous. Let x € X and
V be any (A, sp)-open set of Y containing G(z). By
Lemma 29, z € GT (V) = F*(V) and there exists
a B(A, sp)-open set U of X containing x such that
F(U) € VW) Since F(z) is (A, sp)-paracompact
and (A, sp)-regular for each z € U, by Lemma 28
there exists a (A, sp)-open set H such that F'(z) C
H c HWsp) € vsAsp): hence G(z) € HMP) C
V#(A5p) for each z € U. This shows that G is upper
almost B(A, sp)-continuous.

Conversely, suppose that (G is upper almost
B(A, sp)-continuous. Let z € X and V be any
(A, sp)-open set of Y containing F'(z). By Lemma
29, we have z € F*(V) = G*(V). Therefore,
G(x) C V. Then, there exists a S(A, sp)-open set
U of X containing = such that G(U) C Vs(hsp),
Thus, F(U) C V*5P) and hence F is upper almost
B(A, sp)-continuous. O

Lemma 31. If ' : (X,7) — (Y,0) is a mul-
tifunction, then for each (A, sp)-open set V of Y,
G=(V) = F~(V), where G denotes FPsp),
Fssp) po(Assp) - pa(bsp) op p(Assp),

Theorem 32. For a multifunction F' : (X,7) —
(Y, 0), the following properties are equivalent:

(1) F is lower almost B(A, sp)-continuous;

(2) FPWNsP) s lower almost B(A, sp)-continuous;
(3) F3MsP) s lower almost B(A, sp)-continuous;
(4) FPsp) s lower almost B(A, sp)-continuous;
(5) FNsp) s lower almost 8 (A, sp)-continuous;

(6) FAsP) s lower almost B(A, sp)-continuous.
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Proof. Similarly to Lemma 31, we put G = FP#(Asp)
FsWosp) - pp(Asp) - pa(Asp) or F(ASP) - First, sup-
pose that F' is lower almost 3(A, sp)-continuous. Let
x € X and V be any (A, sp)-open set of Y such that
G(z)NV # (. Since V'is (A, sp)-open, F'(z)NV # ()
and there exists a 5(A, sp)-open set U of X contain-
ing x such that F'(z) N V*AsP) £ () for each z € U.
Thus, G(z) N VsAsP) £ () for each z € U. This
shows that G is lower almost 3(A, sp)-continuous.
Conversely, suppose that G is lower almost
B(A, sp)-continuous. Let z € X and V be any
(A, sp)-open set of Y such that F(z) NV # (.
Since F(z) C G(x), G(x) NV # ) and there ex-
istsa B(A, sp)-open set U of X containing x such that
G(z) N V*WsP) £ ) for each z € U. By Lemma 13,
ylhen — (VOS] Cand F(z) 0 VA %
for each z € U. Thus, by Theorem 21, F' is lower
almost 3(A, sp)-continuous. O

Definition 33. Let A be a subset of a topological
space (X, T). The B(A, sp)-frontier of A, denoted by
BAgpFr(A), is defined by

BApFr(A) = APRSP) [ x — A)PAsp)

— AP(Asp) Ap (A sp)-

Theorem 34. A multifunction F': (X,7) — (Y,0) is
not upper almost (A, sp)-continuous at x € X if and
only if x is in the union of the (A, sp)-frontier of the
upper inverse images of r(\, sp)-open sets containing

Proof. Let x be a point of X at which F' is not up-
per almost (A, sp)-continuous. Then, there exists a
r(A, sp)-open set V of Y containing F(x) such that
UnN(X — FT(V)) # 0 for every 8(A, sp)-open set
U of X containing z. By Lemma 11, we have

ze[X — FH(V)Phsp),

Since = € F+(V), we obtain 2 € [F+(V)]#(A5P) and
hence x € SAg, Fr(FT(V)).

Conversely, suppose that V' is a (A, sp)-open set
of Y containing F'(z) such that

x € BAs, Fr(FT(V)).

If F' is upper almost (A, sp)-continuous at z, then
there exists a 5(A, sp)-open set of X containing x
such that F(U) C V. Therefore, z € U C
[EF (V)] g(a,sp)- This is a contradiction to

x € BAs, Fr(FT(V)).

Thus, F' is not upper almost 3(A, sp)-continuous at
x. O
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Theorem 35. A multifunction F' : (X,7) — (Y, 0)
is not lower almost B(A, sp)-continuous at x € X if
and only if x is in the union of the B(A\, sp)-frontier of
the lower inverse images of r(A, sp)-open sets meet-
ing F(x).

Proof. The proof is similar to that of Theorem 34 and
is thus omitted. U

4 Conclusion

Semi-open sets, preopen sets, a-open sets and 3-open
sets play an important role in the researching of gen-
eralizations of continuity in topological spaces. Using
different forms of open sets, many authors have intro-
duced and studied various types of weak forms of con-
tinuity for functions and multifunctions. This work
is concerned with the notions of of upper and lower
almost B(A, sp)-continuous multifunctions. More-
over, some characterizations of upper and lower al-
most 3(A, sp)-continuous multifunctions are estab-
lished. The ideas and results of this work may mo-
tivate further research.
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