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Abstract: - Some studies related to the topological structure of semigroups are provided. In, [3], considering
and investigating the properties of the collection A of all the proper uniformly strongly prime ideals of a I' -
semigroup S, such study starts by constructing a topology 7.4 on A using a closure operator defined in terms of
the intersection and inclusion relation among these ideals of I'-semigroup S, which is a generalization of the
semigroup. In this paper, we introduce three other classes of ideals in semigroups called maximal ideals, prime
ideals and strongly irreducible ideals, respectively. Investigating properties of the collection M, B and S of all
proper maximal ideals, prime ideals and strongly irreducible ideals, respectively, of a semigroup S, we
construct the respective topologies on them. The respective obtained topological spaces are called the structure
spaces of the semigroup S. We study several principal topological axioms and properties in those structure
spaces of semigroup such as separation axioms, compactness and connectedness, etc.
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1 Introduction and Preliminaries topological axioms and properties in those structure

In [4], the notion of uniformly strongly prime ideals spaces of semigroup are investigated.

in T-semigroups is introduced. Chattopadhyay and Recall first t.he basic terms and definitions.

Kar, [3], considering and investigating the Let we consider the semigroup (H,).

properties of the collection A of all proper A nonempty subset B of a semigroup H is called

uniformly strongly prime ideals of a I-semigroup S, a sub-semigroup of H if B - B < B. _

a topology 7.4 on A was constructed by means of a /A nonempty subset I of a semigroup H is called

closure operator defined in terms of intersection and aright (left) ideal of H if forallx e Handr € I, -

inclusion relation among these ideals of TI- x €l(x-r€l. _ _

semigroup S. The topological space (A, T.;) is often A nonempty subset I of H is called an ideal (or

called the structure space of the T-semigroup H. '_[WO—Slded ideal) if it is both a left ideal and a right

Since ' semigroups are generalizations of ideal. . . . o

semigroups, all the results obtained in, [3], hold for ~Anelement e in a semigroup H is called identity

semigroups. This kind of topological space has been ifx-e=e-x= x,Vx € H. )

studied in different algebraic structures, [1], [2], [4], An element 0 in a semigroup H is called zero

[5], [6], [71, [8], [9], [10], [11]. Several principal elementifx-0=0-x=0,Vx € H.

topological axioms and properties in this structure An element a in a semigroup H is called

space, such as separation axioms, compactness, and idempotent elementifa = a - a.

connectedness, were studied. The set of all idempotents of the semigroup S is
In this paper, we study three other classes of denoted by E(S).

ideals in semigroups called maximal ideal, prime A proper ideal P of a semigroup S is called a

ideal and strongly irreducible ideal, respectively. prime ideal of S if A- B < P impliessA < Por B <

Properties of the collection M, B and § of all P for any two ideals A, B of H.

proper maximal ideals, prime ideals and strongly An ideal I of a semigroup H is said to be full if

irreducible ideals respectively of a semigroup S are E(H)c I

investigated. We construct the respective topologies An ideal I of a semigroup H is said to be a prime

on them using a closure operator defined in terms of full ideal if it is both prime and full.

the intersection and inclusion relation among these In, [3], the following theorem is proved.

ideals of the semigroup S. Some principal

E-ISSN: 2224-2880 779 Volume 21, 2022



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2022.21.89

Theorem 1.1 [3, Theorem 2.8] Let H be a
semigroup and P be an ideal of H. Then the
following statements are equivalent:

1. If A and B are ideals of H such that A -
B € P, theneither A€ Por B € P.

2. If < a > and < b > are principal ideals of
H such that < a >-< b >C P, then either a € P or
b eP.

3. Ifa-H-b < P,theneithera€ePorb eP
(a,b € H).

4. If I; and I, are two right ideals of H such
thatI; - I, € P, theneither I; € Por I, € P.

5. If J; and J, are two left ideals of H such
thatJ; - J, € P, then either /; € PorJ, € P.

Definition 1.2 [3], [4] An ideal P of a semigroup
H is called a uniformly strongly prime ideal (usp
ideal) if H contains a finite subset F such that for all
x,y€H,x-F-y < Pimpliesthatx € Pory € P.

Theorem 1.3 [3], [4] Let H be a semigroup.
Then every uniformly strongly prime ideal is a
prime ideal.

Throughout this paper H will always denote
a semigroup with zero.

2 On Structure Space of Uniformly

Strongly Prime Ideals of Semigroup
In this section, let us recall some of the results and
definitions obtained in [3]. The philosophy of them
and their proofs will be useful for the results
obtained in this paper.

We denote by A the collection of all uniformly
strongly prime ideals of a semigroup H. For any
subset A of A (that is, subcollection), we define

A={I€A:Njea] €I
It can be easily seen that @ = @.

Theorem 2.1 Let A, B be any two subsets of A.
Then

1. ACA
2.A=4A
3. ACB=> ACB.
4, AUB =AUB.

Definition 2.2 The closure operator A — A gives
a topology 7.4 on A. This topology 7.4 is called the
hull-kernel topology and the topological space
(A,T4) is called the structure space of the
semigroup H.
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Remark 2.3 Let {I,} be a collection of prime
ideals of a semigroup H. Then N I, is either empty
or it is an ideal of H but it need not be a prime ideal
of H, in general. The following example shows it.

Example 2.4, [13], Let we consider the
semigroup (M,-), where M = {m € Z|m > 2}. The
sets I(p) ={p,2p,3p,...} (p is prime) are
obviously prime ideals of M. It is clear that the set
N{I()Ip prime} = @.

In [12] it is proved that the intersection of prime
ideals of a semigroup H if it is not empty, is a
semiprime ideal of H.

We have the following proposition:

Proposition 2.5 Let H be a semigroup and {/,}
be a collection of prime ideals of H such that {/,}
forms a chain. Then N I, is a prime ideal of H.

Definition 2.6 Let H be a semigroup. The
structure space (A, t4) of H is called irreducible if
for any decomposition A = A; U A,, Where A,
and A, are proper closed subsets of A (whether
disjoint or non-disjoint), we have either A = A, or
A= A,.

Theorem 2.7 Let H be a semigroup and A be a
closed subset of A. Then A is irreducible if and only
if @ # Ny ea I 1 aprime ideal of H.

We denote by C the collection of all uniformly
strongly prime full prime ideals of a semigroup H.
We find that C is a subset of A and hence (C, t¢) is
a structure space, where t is the subspace topology.

In general, (A,t4) is not compact and
connected. But in particular, for the structure space
(C,1e), we have the following theorem:

Theorem 2.8 Let H be a semigroup. (C,t¢) is a
compact space.

Theorem 2.9 Let H be a semigroup. (C,t¢) is a
connected space.

3 On Structure Space of Maximal

Ideals of Semigroup
In this section, the structure space of all maximal
ideals of a semigroup H with identity 1 is
considered and studied.

A proper ideal I of H is maximal in H if for any
ideal J of HwithI € J € H,then] = H.
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Example 3.1 Let p be a prime number. Let H =
pZ. Then (H,) is a semigroup. Let M = p?Z is a
maximal ideal of H.

Example 3.2 Theset M ={meNm > 2} is a
maximal ideal of the semigroup (N, +).

Example 3.3 [13], Let H = {ag,a4,a5,...,05}
be the set of all residue classes mod 6. Then (H,) is
a commutative semigroup with identity, where a; -
a, =a; and [ =ik(mod 6). We consider M =
{ag,a,,a3,a,4}. Then M is a unique maximal ideal
of H.

Let M be the set of all maximal ideals in a
semigroup H. We define two topologies on M. For
every x € H, we denote by A, the set of all maximal
ideals that contain x, by T, the set M — A,, that is,
the set of all maximal ideals not containing x. Let I
be an ideal of H, we denote by A, the set of all
maximal ideals containing /.

We choose the family {A,|x € H} as a subbase
for open sets of M. We shall refer to the resulting
topology on M as A-topology (in symbol, M,).
Similarly, we take the family {I,|x € H} as a
subbase for open sets of M (in symbol M.).

Let I; and I, be two ideals of the semigroup H.
We denote by I, v I, the set of finite products of
members of I; U [,.

Let M, M, be two distinct elements of M. Then
we have M; v M, = H. Therefore there are a,b
suchthat 1 =a-b and a € My, b € M,, so we have
A, 3 My, A3 M, and A, NA, =@. Hence, we
have

Theorem 3.4 The structure space M, is a T,-
space.

Let now M be an element of My, and M # M, €
M, then there is an element a such that a € M; and
a ¢ M. Therefore, M; € I, and M; & Nyen [y
This implies M = N,em . Hence we obtain the
following

Theorem 3.5 The structure space M is a T;-
space.

Let I be an ideal of H and {a;} a generator of I,
then we have

AI = nl Aal.

Therefore, the closed sets for the structure space
M have the form A, UA; U...U A, where [; are
ideals of H.

LetlI =N, ;,ifM € A,, for some i, then M S
I; and M o I. This implies A; 3 M and we have
Uiz; A, © A;. Suppose that there is a maximal
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ideal M such that M € Aj\ Uj.; 4, then M € 4,
and M & Ui, A;,. Therefore, M > 1 and M do not
contain all I;(i = 1,2,...,n). Therefore, since M is a
maximal ideal, there are elements a; € [; and m; €
M such that
1=q;-m(i=12,...,n).
Thus, we have
l=a,-ay...ap-mmeM
and a,-a,-....-a, € 1. This implies IVM = H.
Hence, by I ¢ M, we have M = H, which is a
contradiction. This shows the following relation:
Uisy Ay, = 4,
and we have the following

Theorem 3.6 The closed sets for M, are
expressed by sets 4;, where I is an ideal of H.

By Theorem 3.5, we prove the following
theorem.

Theorem 3.7 The space M is a compact T;-
space.

Proof. Let {A;,} be a family of closed sets in
My with the finite intersection property, where I
are ideals in H. Therefore, any finite family of I,
does not contain the semigroup H. Hence the ideal I
generated by {I;} does not contain the identity 1 of
H. This shows that I is contained in a maximal ideal
M. Hence M € N, A,,. Therefore, since N, A, is
non-empty, Mt is a compact space. O

4 On Structure Space of Prime Ideals

of Semigroup

In this section, the structure space B of all prime
ideals of a semigroup H with identity 1 is
considered and the relation of B and the structure
space M of all maximal ideals of H is investigated.
Throughout the section, we shall treat a
commutative semigroup H with identity 1. An ideal
P of Hisprimeifandonly if a-b € P implies a €
P or b € P. Since H has an identity 1, then any
maximal ideal is prime, therefore B 2 M. We
notice here that a maximal ideal in a commutative
semigroup without identity may not be prime.

Example 4.1 The ideal M of Example 3.3 is a
maximal ideal of H and it is a prime ideal of H.

The ideals M of Examples 3.1 and 3.2
respectively, are maximal ideals but not a prime
ideal of H.
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To introduce a topology 7 in B, we take 7, =
{P|x ¢ P,P € B} for every x € H as an open base
of B. We have the following.

Theorem 4.2 Let U be a subset of B, then

U ={P' € B|Npeu P c P},
where U is the closure of U by the topology .
Proof. Let P’ € {P' € B| Npey P © P'} and let 7,
be a neighbourhood of P’, then x ¢ P’, and we have
X & Npey P. Therefore, there is a prime ideal P €
U such that P does not contain x and 7, 3 P. This
shows that P € U. Thus we have proved that the U
contains {P' € B| Npey P € P'}.

If a prime ideal P’ is not in {P' € B| Npey P C
P'}, then Npey P—P' '+ ®. Hence, for x€
Npey P—P', we have x e P,P €U and x & P'.
This shows P ¢ t,, P € U and P’ ¢ 7,.. Therefore
7,NU=¢ and hence P’ ¢ U. The proof is
complete. O

A similar argument for M relative to the I'-
topology implies the following.

Proposition 4.3 Let U be a subset of M, then
U={M € M|Nyey M c M},
where U is the closure of U by the topology T.
In a similar way to the proof of the Theorem 2.1,
we can prove the following

Theorem 4.4 The closure operation U — U of B

satisfies the following relations:

1. U S U.

2. U="1U.

3. UUB =TUUB.
Proof. We shall prove only the last relation (3). By
Theorem 4.2, U < B implies U c B and hence U U
BcUUB.LetPgUUB, thenP ¢ Uand P ¢ B.
Hence P = Np,ey P' = Py and P 2 Np,ep P' = Pg.
The sets By, and By are ideals. If Py - Py P, for
any elements a, b such thata € P, — P,b € Pz — P,
we have a - b € P and since P is a prime ideal, a €
P or b € P, which is a contradiction. Therefore,
P =Py -Pg 2Py NPg=Py,g. Hence P € U U B.
O

Theorem 4.5 The structure space B is a Ty-
space.
Proof. To prove that the structure space B is a Ty-
space, it is sufficient to verify the following
conditions:
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3. UUB=TUUB
4. P, = P, implies P, = P,.

By the above theorem, it is sufficient to prove
that (P;) = (P,) implies P, = P,. By P, € (Py),
then P, o P,. Similarly P, o P, and we have P; =
P,. O

Theorem 4.6 The structure space B is a compact
T, -space.
Proof. Let U, be a family of closed sets such that
Na Uy = @, then we have V Py, = H, where Py, =
Npeu, P. Indeed: Let us suppose that V Py, # H.
Then there is a maximal ideal M containing V Py, .
Therefore Py, < M for every 4. Hence U, 3 M for
every A, and we have N; U; 3 M, which is a
contradiction. By V Py, = H, we have 1 = a; - a; -

n
sy, a; € P’Uzl-(l =1,2,...,n). Hence i\=/1 Pﬂai =

H. If N5, Uy, # @, then for a prime ideal P of
N, Uy, we have P> Py, (i=12,...,n) and

n
n —
hence P oV Puli. Therefore we have Ni=; Uy, =

@. 0

By the B-radical r(B) of the semigroup H, we
mean the intersection of all prime ideals of H, that
iS, Npep P. By the M -radical (M) of H, we mean
the intersection of all maximal ideals of H, that is,
Nymem M.

From M < B, we have r(B) € r(M). In the
following proposition we give a condition to be
r(B) = r(M).

Theorem 4.7 The subset M of B is dense in B, if
and only if, 7(B) = r(M).
Proof. Let M = B for the topology 7. Then we have

{P| Nyerc M € P} =B.
Hence
r(M) = Nyem M S Npep P =1(B).

Since r(B) < r(M), therefore we have r(B) =
r(M).

On the contrary, if P € B — M, then P € B and
P € M. Therefore, there is a neighborhood 7, of P
such that 7, N M = @. Hence r(B) = Npeg P iS a
proper subset of Nuyenc M. Therefore, r(B) #
(M), which completes the proof. O

Definition 4.8 If (M) is the zero ideal (0), then
A is said to be M — semisimple.

From the Theorem 4.7, we have the following

Theorem 4.9 If H is M -semisimple, M is dense
in B.
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5 On Structure Space of Strongly

Irreducible Ideals of Semigroup

In this section, the structure space § of all strongly
irreducible ideals of a commutative semihypergoup
H with identity 1 is investigated.

An ideal I of a semigroup H is called irreducible,
if and only if An B = I for two ideals 4, B implies
A=1or B=1. An ideal I of a semigroup H is
called strongly irreducible, if and only if AnB c I
for every two ideals A,B implies Ac I or Bc .
From A-Bc AnB for any two ideals A4,B, it
follows that any prime ideals are strongly
irreducible and any strongly irreducible ideals are
irreducible.

Let S be the set of all strongly irreducible ideals
of H. From the above, it is clear that M c B c S.
To give a topology o on §, we shall take o, = {S €
S|x ¢ S} for every x € H as an open base of S.

Theorem 5.1 Let U be a subset of S, then we

have

U={S"€S|Nsey S5}
where U is the closure of U by o.
Proof. Let F = {S' € S| Ngey S © S’} and let S' €
F. Let o, be an open base of S’, then, by the
definition of the topology o, x € S’. Hence, we have
X & Ngey S. It follows from this that there is a
strongly irreducible ideal S of U such that x is not
contained in S. Hence o, 3 S. Therefore S’ € U and
Fcl.

To prove that F D U, take a strongly irreducible
ideal S’ such that S ¢ F. Then Ngeyy S —S' # @.
For an element x € Ngeyy S—S', we have x €
S(SeU) and x € S". Hence S' € g, and S € o, for
all S of ‘U. Therefore, U N g, = @ and then we have
S" ¢ U. Hence F o U. The proof of the theorem is
complete. O

We shall prove that the structure space § for the
topology o is a compact T,-space. To prove that § is
a Ty-space, it is sufficient to verify the following
conditions:

1. UcU.

2. U="1.

3. UUB=UUB

4. S, =S, implies §; = S,.
Conditions (1) and (2) are clear and U U B implies
U c B. From this relation we have U UB c U U B.
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For some element of S of U U B, suppose that S &
U and S & B. From Theorem 5.1, we have

S = ns:eu S = Sfu and S = nSlEB S = SB'

Sy and Sp are ideals. If S;; NSz c S, by the
definition of S, S;; € S or Sz € S. Hence S = Sy N
Sg = Syug- Thisshows S ¢ U U B.

To prove that S; = S, implies S; = S,, we shall
use condition (1). Then S; 35, and by the
definition of closure operation, we have S; c §,.
Similarly, we have S; © S, and S; = S,. Therefore,
we complete the proof that S is a T,-space.

We shall prove that § is a compact space. Let U,
be a family of closed sets with empty intersection.
Let Sy, = Nseu, S, suppose that \/{Su/1 + S, then

there is a maximal ideal M containing the ideal
\/{Sul. Therefore, we have Sy, < M for every 1. By
the definition of Sy,,U; > M for every A. Hence
N, U, 3 M, which contradicts our hypothesis of U,;.
Therefore, \/{Sru/1 = H. Therefore, we have 1 = a; -
a ... ap(a; € Sy, (i =1,2,...,n)). Therefore, we
have H = Sy, V Sy, V...VSy, .If Nie, Uy, # 9,
for all strongly irreducible ideals S of N}, Uy, S D

n
Su, (i =12,...,m) and S 2V Sy, . If Ny Uy, =
L 1= i

H, we can easily prove that § is a compact space. If
Ni=1 Uy, contains a proper strongly irreducible

n
ideal S, we have 53.V15'u,1., which is a
1= i

n
contradiction to H =V Su, - Therefore
1= i

i=1 Uy, = O. Hence S is a compact space. Thus,
we have proved the following.

Theorem 5.2 The structure space (S§,0) is
compact T,-space.

By § —radical r(S) of a semigroup, we mean
the intersection of all strongly irreducible ideals of
it, that is, Nges S. From M c B c §, we have
r(M) o> r(B) o r(S).

Theorem 5.3 The subset B of § is dense in §, if
and only if r(B) = r(S).
Proof. Let B = S for the topology ¢, then we have

{SINpeg P € S} =S.
Hence, we have
7(B) = Npep P € Nges S =71(S).

On the other hand, r(B) > r(S). This shows
r(S) = r(B).

Conversely, suppose that § — B #, then there is
a strongly irreducible ideal S such that S ¢ B and
S € §. Therefore, there is a neighborhood o, of S
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that does not meet B. Therefore, r(S) = Nges SIS a
proper subset of Npep P, and we have r(S) #
r(B). O

Corollary 5.4 The subset M of § is dense in §,
if and only if r(M) = r(S).

Corollary 5.5 Let H be a semigroup with 0. If H
is M-semisimple, then M and B are dense in §.

6 Conclusions

In this paper, we investigated three other classes of
ideals in semigroups called maximal ideals, prime
ideals and strongly irreducible ideals, respectively.
Properties of the collection M, B and § of all
proper maximal ideals, prime ideals and strongly
irreducible ideals respectively of a semigroup S
were investigated. We constructed the respective
topologies on them using a closure operator defined
in terms of intersection and inclusion relation
among these ideals of the semigroup S. Some
principal topological axioms and properties in those
structure spaces of semigroup were investigated.

In future work, one can develop and extend the
study of these structure spaces in I'-semigroups or
further in semihypergroups, I'-semihypergroups and
other kinds of hyperstructures.
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