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Abstract: - This article is devoted to solving the problems of applying Monte-Carlo algorithms to filtration
problems. The "random walk by spheres" and "random walk by boundary" algorithms of Monte-Carlo methods
are used to solve the stationary problem of filtration of two immiscible inhomogeneous incompressible liquids
in a porous medium. Estimates constructed using the "random walk by spheres" and "random walk by
boundary" algorithms of Monte-Carlo methods will bemostly € —biased. Unbiased estimates are in most cases
unrealizable on a computer, since with a probability of 1 they do not go to the boundary of the region, and
therefore are of little use. In practice, they are usually limited to only the first two points of evaluation.
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1 Introduction
Numerical implementation of mathematical models
challenges the construction of effective algorithms
for the solution of engineering problems related to
filtration of liquids. To date, such challenges are
approached by state-of-the-art computational
methods based on the Monte Carlo algorithm. The
algorithms of the Monte-Carlo methods well
implement, firstly, multidimensional problems, and
secondly, with the help of the algorithms of the
Monte-Carlo methods, it is possible to find a
solution at a single point in a complex area, which is
a very relevant problem in underground hydraulic
mechanics (for example, determining the point of
greatest pressure in the area). In this paper, solutions
and derivatives of solutions to the above two-phase
filtration problems are evaluated by Monte-Carlo
methods. Estimates constructed using the "random walk
by spheres" and "random walk by boundary" algorithms
of Monte-Carlo methods will be mostly & —biased.
Unbiased estimates in most cases are unrealizable on a
computer, since with a probability of 1 they do not go to
the boundary of the region, and therefore are of little
use. In practice, they are usually limited toonly the first
two points of evaluation [1-5].

We consider the mathematical model of filtration
process of two immiscible liquids (water and oil)
through the porous medium.
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2 Formulation of the Problem in
Saturations and Pressure (s, p)
From the equation of continuity follows that

diw =0, V =V, +V, (1)
Here V- velocity vector of mixture filtration
and }\7‘ - total flow intensity of mixture.Let

introduce the new function of “reduced”
pressure

p=pi-[ T2 pgn @

where k =k, +k,,, gVh = g, we present vector

022

V through Vp and S, and it is independent of s:

V=—(KVp+f)=V(s,p), K=k-Ky, (3)

where
1

F=K[9, Pk gzt k,vp, + Ko, - p) - 6.
S

Here K, =K, -k, (s)— symmetric tensor of
phase permeability, K (x)— filtration tensor for

homogeneous liquid. In the same way, using
(2), we have
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- ~ op, k o op, k
-V, =K/(Vp,+p,-0) =K(Vp——=-2.Vs+ |V, —=-2d&).
=KV + - §) = K(Vp——= = gxaské)
By a:_%.M and f = KJLVX P, ,@d £ condition is set only for saturation S(X,t):
05 Ky + Ky, s 05 K s(x,0)=5%(x), x e Q, (12)
we receive

Components 0Q or 0 on 0o can absent, i.e.

Q=00 oro2=0Q),. In case of 0Q=0Q, the

~Vi =KgaVs + K\ Vp + fy =-Vi(s,p).  (4)

Using (3) we find K,vp=-KK7(V + f)and
considering K, =k, K, and K =k - K, we receive
K, K™ =k, K" =b(s). Then (4) will be as follows following necessary condition:

law of conservation of mass on the area Q need for

_V, = KgaVs—bV +E E = f, -bf. 5) g{p(x,t)dx:@{j(x,t)dx:o, te[0,T]. (13)
In the equation of continuity (1), substituting for

) Coefficients of th ti d bound
the first phase of expression (4), we come to the OeHHeIents o © cduation and bothdaty

system relative to {s, p}: conditions (8) — (12) have the form:
os z o Pc(X,8) Ko1(8)-koa(s)
ma:dlv(?oasz lfle+ f,) =—divV, (s, p),(6) a=a(x,s)=- cﬁs 2ol k(s)02 )
div(KVp + f)=-divW (s, p) =0. (7) Ko ()

k(s)=ko1(5)+Kop(5),b=b(s)="- K™

For the initial boundary value problem (6)-(7), k(s)
we consider the filtration flow in the fixed finite Ki =Ko (X)-koi (),
area Q with piecewise-smooth border 6Q [6-7]. K =kKq =Ko (X)(Ko1(s)+Kp2(5)),
LetQ=Qx[0,T], S; =0, x[0,T], ni—external f=f(xs)=K(x5) K (xs) fo(x5)+

normal to 0Q. We determine boundary data in
relation to functions S, p. The impermeability
conditions on 0€2 for both phases are as follows

+ Ko (X, )V Pe (%,5) + K5 (X,8)(02 — 1) G
K = K(x,8) = K{(%,9)+ K5 (X,5),
F =F(x5)= fo(x 8 -b(s)- f(x,5) =Ko kook ',

Vei=Viei=0, (6 €Sy = x[0T].  (8) KolVx Pe +(p2 —p1)-Gl,

The boundary conditions are respectively Ko (X, 8) =Kgi (8)- Ko (%), =12,
rearranged to the form - foop(xs k
p=Po(kD.5=Sg(xD), (xS =2 x[0.T] )  fo=fo®=Ko[Vs pi’ﬁs, e ﬁig)dé 4
S

~(KoVp+f)-ii=V-i=R(xt), (xt)eS; =aQ x[0,T], (10)

. Further assume that total velocity of filtration
—(KopaVs+KVp+fy)-i=V,-i=b-R(xt), (x,t)eS;(11)

V=V, +V, orV =—~(KVp+ f)=V(s, p)

At R(X,)=0 equality (10) and (11) are is independent ofS, in other words. if
equivalent (8), and 0o add in 6Q; and assume that coefficients K = K, (S)k(s) and ]?(X,S) are
0Q consists of several components, on parts as independent of S, and system of equation (6), (7) is

R=0. separated and can be consistently determined
Therefore, 0Q=0Q,wdQ,. The initial V and s (X,1).From
i\ M)
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1
s Pc(X,5) Ko2(&) _
f(x,s)=k-Kyg|V,—C g dé+ K, -Vp. +K -p)-8.
(X,9) o! o [55 keo) $+Ky-Vpe +Ka(pa-p1)-8
follows that this assumption is right: Therefore, we obtain the problem:
1) as k=const for miscible liquid. For B ,
immiscible liquids the significant deviation k from APO) ==y (), in €, (23)
a constant is observed only near limit values s=0,1 P(X) = Po, onQy, (24)
given saturation; V-i=R ondQ)y, (25)

2) as p, = p,(s), in other words
op,

OX:

op, o)
0s

3) if gravity is not considered, i.e. =0 or liquids
have identical density p, = p,.The assumptions 2)

=0orV,p, :0£VX

and 3) provide the condition fulfillment gf— =0.
S

3 Formulation of the

Problem
Stationary boundary value problem for (S(X),p(X))
will be as follows:

Stationary

div(KgaVs —bV + F) = —diw; =0 inQ, (15)
s =50(X) ondQ,, (16)
V,-i=b-R onoQy, (17)
div(K -Vp + f) = —diw =0 inQ,(18)
P = Po onoQy, (19)
V.-i=R on dQy, (20)

If coefficients K = K, (X)k(s)and f(x,s)
are independent of s, it follows from (18) that

div(K - Vp+ T) = div(C;Ky(X)- VP(X) + F (X)) =

. 1)
= Cidiv(Ky(¥) - Vp(x)) + h(x) = 0,

where C, =k(s)=const, h(x) = divf (x).

Further we suppose that we have homogeneous
and isotropic earth. Then from (21) we receive
Ko (X) = C, = constand C5A3(Xx) = —h(x) or

he)

Ap(X) = —hy(x),where C; = C,C, and hy(x) = c
3

V = CiKo()Vp() + f(¥) = C3Vp(x) + F(x) (22)

if the medium is homogeneous and isotropic.
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(23) - (25) is Dirichlet problem for Poisson
equation [8-11]. Further we consider the case,
when 0Q =0Q,. Then from the conditions (13) we

receivej p(x)dx = jR(X)dX =0.
Q oQ

As 0Q=0Q, VoQ,then 0Q=0Q,, we
further suppose that 0Q2, = Q. Then from (23) —
(25) we obtain Dirichlet problem for Poisson
equation:
in Q,
on Q.

(26)

Ap(X) = —hy (%),
(27)

P(X) = Po(0),

Solution, the first and second derivatives from

solutions of this problem, in other words

p(x), Vp(X) and Ap(X) are estimated by the
Monte-Carlo method.

4 Evaluation of the Solution and
Derivatives of the Solution by Methods
Monte Carlo

We formulate algorithms of Monte-Carlo

methods for evaluating the solution and
derivatives of the solution of the problem (26) —
(27).

Using a special Fredholm integral equation
of the 2nd kind with a degenerate kernel, the form
of which is determined by the "ball" Green
function of problem (26), (27) we construct an
algorithm for solving the Dirichlet problem for the
Poisson equation. It is known that this Green
function will take the form

1 1 1
G(r,d)=—I| ———
r.d) 47r£|r—r’| dJ’

Then, for a ball of radius do centered at a
point Xo, the solution of the problem (26), (27) at a
point Xocan be represented as

r—r|<d(r)=d.
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_9G(r,X%p)

POxp) = [
S(Xo)

where d, =d(x,). The first integral in (28) is the
integral over the surface of the sphere. S(x,), the
second one is all over the sphere |r —x,|<d,,.

Relation (28) can be considered as a
conjugate (according to the terminology accepted
in the theory of Monte-Carlo methods) Fredholm
integral equation of the 2nd kind with a
generalized kernel representing a uniform
probability distribution on the sphere S(x,);after

the introduction of this kernel, the first integral in
(28) becomes three-dimensional. Let's return to
equation (28). It is not difficult to understand that
the standard Monte-Carlo algorithms apply to
such integral equations if the kernel features are
included in the transition density of the modeled

Markov chain. In this case, from this point X, we

should move to the surface of the sphere.
S(x,);we call such a chain "random walk by
spheres". The relation (28) must be supplemented
with the following equality:
P(X,) = Py(¥); X,

which means that the kernel of the integral
equation vanishes if the first argument X e O0Q.
Thus, after reaching the border, the chain should
be cut off, adding the value to the estimate
p, (x) with the appropriate weight.

(29)

These considerations lead to an unbiased
probabilistic evaluation of the solution at the

point. x,, which is unrealizable, since with

probability 1, "random walk by spheres" do not
reach the boundary in a finite number of steps.
This is due to the fact that the norm of the
integral operator in the space we are considering
L1 equal to 1.

Next, we will construct a "biased", but
realizable estimate of the solution of problem
(28) and estimate the amount of bias.

Suppose that the solution of the Dirichlet
problem is known at every point of the set
0Q, —&—surrounding area of the border 0Q.
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p(y)dy +
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j G(r, Xo) - hy(rydr,

[r—xo|<do

(28)

Then for the function p(r) we can write the
following integral equation:

p(r) = [ k(r,r)p(r)dr (), (30)
Q

o, (r"),if r £0Q,

where K(r,r") ={ 0.if r 220

L ;,—l h(r’dr',if r ¢ 0Q,
o(r) = 4”\r—r'\sd r-r| d (

p(r), if r e 0QY
d=d(r),o,(r')— generalized density
corresponds to a uniform probability distribution
on the sphere S(r). It is obvious that the
Neumann series for equation (30) converges,
since the norm of the integral operator. K in a

natural space for this task L1 will be less than 1.
Really,

31)

Here

J'_[ k(r,r)k(r’,r"dr'dr” <
Q

< j 5r(r’)[J.5rr(r")dr”]dr’=

Q-0Q, Q

- J&r(r')dr’sl-u(g).
Q-0Q,
82
Here u(g):4d—2,where d,. - the exact

upper bound of the radii of spheres lying entirely
in Q. From here we obtain
<7

<l-v(g)<l. this
L(©)

relation ensures the convergence of the Neumann
series and, thereby, the possibility of using
Monte-Carlo methods for equation (30). Equation
(30) has the form of a conjugate integral
equation, so to estimate p(Xo) we can apply the
ratio

Consequently,

N
P(Xo) =ME, & =p(X0)+ D p(Xi),  (32)
i=l
where ¢(x,)— determined from (31). Here {xi} -
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Markov chain, which we determine as follows:
q(r)=5(r —x,)—the density of the initial
distribution; q(r,r’)=0,(r')— transition density
from r inr’;g(r)— the probability of a chain
termination, determined by the expression:
0, reo0Q,,
9() = {1, redQ,.

Such a chain is called "random walk by
spheres".

We assumed that the solution p(r) known in
0 Q,. This allows us to get € - biased evaluation

of the solution. Indeed, instead of exact values
p(r) in 0, we can use approximate values, for

example, taking them from the nearest border
points, i.e., assuming:
PN~ p,(r), redQ,,
r'edQ, r—r*‘zd(r)Sg.

Then |p - p€|:‘M((p(rN)—go(r*))‘SC-g, where

¢ — is some constant that is finite due to the
limitation in the area Q derivatives of the
solution.

It turns out that the integral expressing
o(r) byrgoQ,_, it can be estimated by the

Monte-Carlo method by one random "node"
distributed with density
I sin@ 6x(1-x/d)

X)=—

Appropriate random evaluation ¢(r)has the

,0<x<d.

2

form ¢, (7, p,®) = %- h (F + p- @), with

M(DI(F’ P> 5)) = (D(F)
We construct an algorithm of Monte-Carlo
methods for estimating the solution of problem
(26), (27) at a given point X, :
1) from the point x, € O modeling the chain
{x,} of Markov before the first hit in the & is the
neighborhood of the

determine the point x; eoQ. Here x; is the

boundary 0Q,, we

point of the boundary closest to the last state x,
point of the boundary, N is the random number of
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the last state of the Markov chain;
2) respectively, the density

sind 6x(1-x/d)
2 d2

in each random sphere S(x), entirely lying in the

areca Q, the value of the function is calculated
2

O(F, p,0) = % -h(F + p-®). Here

1
X)=—:- ,0<x<d

F— radius
vector of a point X, p =|F —F/|— random distance

between the centers of the spheres, @ — isotropic
random unit vector, |F-F|<d(F)=d, the

density g, ,(x) is given in the polar coordinate

system.
3) We calculate a random variable & by the

formula
N-1
&, = D(Xy, P> W 1+ Z(D(Xnopnawn) + Py (Xy)-
n=1

The desired estimate of the solution p(x,) at
a given point X, is obtained by averaging over all
trajectories of the quantity & , thatis

P.(X) =1 X (E):

where L is the number of trajectories outgoing
from the point x,.

(33)

The theorem. Variance of a random variable
&, uniformly bounded by & therefore,
D¢, <const < oo.

As proof, due to the limited initial pressure
and initial saturation, i.e. due to the limited
function p,(x) and s,(x)it is enough to assume
that p,(x)=0. We obtain (it is sufficient to
consider the case of the Dirichlet problem for the
Poisson equation, i.e. in the Helmholtz equation
we use ¢=0).

1 1 1
— ———— [h(rdr’,if r£oQ,,
o(r) = 47TrF[Sd£|r_r| dJ ‘

p(r)3

if r e 00y,

Because of Q, <ling|  <¢_, itis enough
to consider the case c=0, in which Q, =1. In this
case, the algorithm under study is a direct
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modeling for the integral equation (30) [9].

The corresponding variance is expressed by
the following Ermakov - Zolotukhin formula
[10]:

D&, = (f,. 012 — 1) (34)

where f_ — density of the centers of spheres, and

f, — solution of the problem for a given

value &. It can be shown that f (d)< % (see, for

example, §3.4, [11]). At the same time
f’ <c,,p(d)<c,d?, by virtue
determination ¢(X), i.e.(31).
From here we obtain the statement of the theorem
by integrating the variance (34) along a fairly
narrow "border layer".

Now we estimate the derivative with respect
to the x, (i =1,2,3), solution of problem (26) -
(27) at that point x,. For this purpose, using

of the

X,.,» We denote a point (x(1)+x, xg,xg) by

(temporarily, the upper index will correspond to
the number of the independent variable, and the
lower one - to a fixed point). Then the solution to
problem (26), (27) at the point x,, for a sphere of

radius d(x,)has the form

P(xox) = | W@, p(y)dy+
S(Xp)
+ IGX(r,dO)hl(r)dr. (33)

|r—xp|<d

The spherical Green's function G, (r,d,) and

its normal derivative W(w,X) are expressed by
the formulas:

Gx(r,do) =

2 152
W) — G030

T 37

(dg +(x1)2 —2dg - x! ~aF
where w — the unit vector of the direction from
X, toX,,and a =a(x,®)— the cosine of the angle

between o and the axis x, x, — 1is the magnitude

E-ISSN: 2224-2880
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of the projection of the vector r—x, onto the
axis x, x<d(x,)=d,. We differentiate relation

(35) with respect to X, taking into account the
expressions for the definition
G, (r,d,)and W(w, X), by setting x=0, we obtain:

X (dg —|F—x0|3) .

apg(XO) :L J'

. 3 3
6XI 47[ \f—x0\<d0 dO|r - X0|
N
x hy (F)dF + M Sifsh 1 (36)
do| & 4nd ;
j=1 ]
dj—|F —X;
J J . *
x _[ #'hl(r)d"+ Po(XN)
[F—xol<dj ‘r _Xj‘
Here | =1(x,,@) 1s the cosine of the angles

between @ and coordinate axes x,,i=1,2,3, M

is the expectation operator. The first integrals in
expressions (36) can be estimated by the Monte-
Carlo method from one random "node" with
density

X (dg —|F—X0|3)

3| 3
dg|F —Xo|
To evaluate all three derivatives by x; it is

r—X0|<d0

(37)

b

advisable to use density

1
3 2 d3 —[F — x|
[Zf%m} zfxim:%, (38)
i1 dg|F —xo

1

where | —X,| < dy, (X, + X, + X, )2 =[F = x|

In this case, the quality of the algorithm is
estimated by the sum of the variance of the
estimates of the corresponding integrals.

Integrals standing wunder the sign
mathematical expectation in (36) can also be
evaluated by one random "node" distributed with
density

of

d3 - -x

f,(F)= , [F-%<d. (39)

d2[F - %
In work [8] algorithms for modeling random
variables with given distribution laws, namely
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with densities, are given:
1 sind 6x(1- x/d)

1)9p,9,¢(x)25 5 5 ,0<x<d.
d® —|r - 3
2) f (f)=—————, [F-%<d.
T -

Random variables with such densities are
encountered when evaluating the solution p(X)

Pp(x)

ox ,(1=123).

Dirichlet problems for the Poisson equation.
First, let's consider the algorithm for

constructing a random variable with density

g, ()= 6x(1;3x/d)

and derivatives of the solution

,0<x<d. Replacement

y =2 leads t
= — 1¢eads 1o
d

f,(y)=6y(d-y), 0<y<l (40)

This expression corresponds to the distribution
of the second ordinal statistic of three sample
values of a random variable evenly distributed in
the interval (0, 1). And the guiding cosines
I, (i=1273),1.e. the cosines of the angles
between the unit vector @(d,¢)and coordinate
axes X,,X,,X, are modeled using the algorithm:

Du=1-20;&=1-2ay; n=1-2c3;

2)q=¢&2 +72%, ifq<l, that
3)'1—/,!, |2— —ﬂ |3_
otherwise, paragraph is done Here

a;, €(0,1)for i =1,2,3—
random variable a, evenly distributed in (0,1).
Now let's consider the algorithm for modeling a
random variable 7, distributed with density

3
() - d’ —|F - x|
d*-|F - x|
Moving on to the polar coordinate system
with the center Xand, making a replacement
F-¥
y= q

sample values of a

Xl <d.

we find the density
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Hence, the modeling

fa(y)=
formula is obtained
n=a '4\/ 2%)

Note that formula (36) makes it possible to
evaluate and Vp_(X).

3
w,ogyﬂ.

(41)

5 Assessment of v (x).

. . P
Using the estimates pg(x)T,(l =1,2,3) from
formula (36), we find Vp, (x). Further, formula

(22) for a homogeneous isotropic medium gives
us

V. (X) = C3Vp(x)+ T (X). (42)

To determine the saturation s(x), we consider
equations (15) - (17).

Let us denote by the vector W

W =—bV + F. (43)

We remind that

b=b(s)=K, K",

F=F(x,5) =K, Ky, -k -K,.

V. pe+(0: =) Gl=Fy(x.9) = b(s) - F(x.9).
from (14) and K, =k-K,, we assumed that
k = const K,=C, Then
b=C, =const. We also assumed that f(x,s)
does not depend on s, i.e. f(x,s)= f(x). If the
condition is satisfied 2) with respect to the
filtration tensor for a homogeneous liquid

K, (X), that s, if —
m(x)

and = const.

-detK, (X) = const,

Pe _o, (i=123).
From here and from (4) it follows
- : op, k
f =K|V ._C.ﬁ.d — f (X
0 =KV &= 1,0
Therefore, under some of the above

assumptions, we obtain the estimate
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W, =W, (x) = -bV, +F. (44)

Now, substituting (44) into (15) and taking into
account K, =C, =const, we obtain
in Q
on oQ2

(45)

%
dif (C,aVs+We) =0,
(46)

S =50 (X),

6 Conclusion

In this paper, the issues of applying Monte-Carlo
algorithms  to  filtration  problems  are
investigated. We were able to apply the
algorithms of "random walk by spheres" and
"random walk by boundary" Monte-Carlo
methods to solve the stationary problem of
filtration of two immiscible inhomogeneous
incompressible liquids in a porous medium. We
have constructed a & —biased estimate of the
solution and derivatives of the solution (the first
derivative of saturation, the first and second
derivatives of pressure) of the stationary problem
of two-phase filtration of incompressible
immiscible liquids in a porous medium. Using
the same Monte-Carlo algorithms, it is possible
to solve the filtration problem taking into
account temperature (i.e. the energy equation is
added to the filtration equations). The scientific
novelty of the research consists in the fact that,
theoretically and practically, the method of
statistical testing (Monte-Carlo) for solving
boundary value problems of stationary and non-
stationary filtration in areas of arbitrary
configuration, which has positive possibilities of
implementation on modern computers, is being
developed.
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