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1 Introduction

It is well known that various types of continuity for
functions and multifunctions play a significant role in
the theory of classical point set topology. Stronger
and weaker forms of open sets play an important role
in the researching of generalizations of continuity in
topological spaces. Using different forms of open
sets, many authors have introduced and studied var-
ious types of continuity for functions and multifunc-
tions. In 1983, Mashhour et al. [8] introduced the con-
cept of a-continuous functions. In 1986, Neubrunn
[9] extended the concept of a-continuous functions
to multifunctions and introduced the notions of up-
per and lower a-continuous multifunctions. In 1993,
Popa and Noiri [11] investigated some characteriza-
tions of upper and lower a-continuous multifunctions.
In [7], the present author introduced and studied the
notions of upper and lower x-continuous multifunc-
tions in ideal topological spaces. Some characteriza-
tions of upper and lower a(*)-continuous multifunc-
tions are investigated in [6]. In 2020, Viriyapong and
Boonpok [14] introduced and investigated the notions
of upper and lower (71, 72)a-continuous multifunc-
tions in bitopological spaces. The concept of 5-open
sets was first introduced by Abd El-Monsef et al. [1].
Noiri and Hatir [10] introduced and investigated the
notions of Ag,-sets, Ag,-closed sets and spg-closed
sets. In [5] by considering the concept of Ag,-sets,
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introduced and investigated the notions of (A, sp)-
closed sets, (A, sp)-open sets and (A, sp)-closure op-
erators. Moreover, some characterizations of upper
and lower (A, sp)-continuous multifunctions are es-
tablished in [5]. In [3], the present authors introduced
and studied the concept of weakly (A, sp)-continuous
multifunctions. The purpose of the present paper is to
introduce the concepts of upper and lower (A, sp)-
continuous multifunctions. In particular, several char-
acterizations of upper and lower a(A, sp)-continuous
multifunctions are discussed.

2 Preliminaries

Throughout this paper, spaces (X, 7) and (Y, o) (or
simply X and Y) always mean topological spaces on
which no separation axioms are assumed unless ex-
plicitly stated. Let A be a subset of a topological space
(X, 7). The closure of A and the interior of A are de-
noted by CI(A) and Int(A), respectively. A subset A
of a topological space (X, 7) is said to be S-open [1]
if A C Cl(Int(CI(A))). The complement of a -open
set is called 3-closed. The family of all 5-open sets of
a topological space (X, 7) is denoted by (X, 7).

Definition 1. [10] Let A be a subset of a topological
space (X, 7). A subset Ag,(A) is defined as follows:
Asp(A) =nN{U |ACU,U € B(X,7)}.

Volume 21, 2022



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2022.21.80

Lemma 2. [10] For subsets A, B and A,(a € V) of
a topological space (X, T), the following properties
hold:

(1) AC Agy(A).

(2) If A C B, then Agp(A) C Ayy(B).

(3) Asp(Asp(A)) = Agp(A).

(4) IfU € B(X, 1), then Ag,(U) = U.

(5) Agp(N{Aala € V}) € NfAg(Ad)|a € V).
(6) Asp(U{Aaler € V}) = U{Ayp(Aa)|a € V}

Definition 3. [10] A subset A of a topological space
(X, 7) is called a Agp-set if A = Agp(A).

Lemma 4. [10] For subsets A and A,(a € V) of
a topological space (X, T), the following properties
hold:

(1) Agp(A) is a Agp-set.
(2) If A'is 3-open, then A is a Ag),-set.

(3) If Ay is a Agp-set for each oo € V, then Nyev Aq
is a Ag)p-set.

(4) If Ay is a Agp-set for each oo € V, then Upev Aq
is a Agp-set.

Definition 5. [5] A subset A of a topological space
(X, 7)is called (A, sp)-closed if A = TNC, where T
is a Agp-set and C'is a [3-closed set. The complement
of a (A, sp)-closed set is called (\, sp)-open.

Let A be a subset of a topological space (X, 7).
A point z € X is called a (A, sp)-cluster point [S] of
Aif ANU # () for every (A, sp)-open set U of X
containing x. The set of all (A, sp)-cluster points of
A is called the (A, sp)-closure [5] of A and is denoted
by A,

Lemma 6. [5] Let A and B be subsets of a topologi-
cal space (X, ). For the (A, sp)-closure, the follow-
ing properties hold:

(1) AC ADsP) and [A(A,sp)](/\vsp) — Asp).
(2) If A C B, then ANsp) C B(Asp),

(3) AWsP) s (A, sp)-closed.

(4) Ais (A, sp)-closed if and only if A = AM5P),

Definition 7. [5] Let A be a subset of a topological
space (X, 7). The union of all (A, sp)-open sets con-
tained in A is called the (A, sp)-interior of A and is
denoted by Ay sp)-
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Lemma 8. [5] Let A and B be subsets of a topologi-
cal space (X, T). For the (A, sp)-interior, the follow-
ing properties hold:

(1) Ansp) © Aand [A(y sp)l(a,sp) = Aa,sp)-
(2) IfA C B, then A(A,sp) C B(A,sp)-

(3) A(a,sp) is (A, sp)-open.
(4) Ais (A, sp)-open if and only if Ay ) = A

wmx—amwzx—&mm
(6) [X — A(rgp) = X — AL,

Definition 9. [5] A subset A of a topological space
(X, 7) is said to be oA, sp)-open (resp. s(A,sp)-
open) if A C [[Apsp] P asp) (resp. A C
[A(a,sp)] ).

The complement of an «(A, sp)-open (resp.
s(A, sp)-open) set is called a(A, sp)-closed (resp.
s(A, sp)-closed). ~ The family of all «(A,sp)-
open (resp.  s(A,sp)-open) sets in a topologi-
cal space (X, ) is denoted by aAs,O(X,T) (resp.
sAgpO(X, 7).

Let A be a subset of a topological space
(X, 7). The intersection of all «(A, sp)-closed (resp.
s(A, sp)-closed) sets of X containing A is called the
a(A, sp)-closure [4] (resp. s(A, sp)-closure [13]) of
A and is denoted by A*(AsP) (resp. A5(AsP)) The
union of all a(A, sp)-open (resp. s(A, sp)-open) sets
of X contained in A is called the a(A, sp)-interior
(resp. s(A, sp)-interior) of A and is denoted by
Aa(A,sp) (resp. As(A,sp))-

A subset N, of a topological space (X, 7) is said
to be a (A, sp)-neighbourhood of a point x € X if
there exists a (A, sp)-open set U such that x € U C
Ng.

By a multifunction F' : X — Y, we mean a point-
to-set correspondence from X into Y, and always as-
sume that F'(x) # ) for all z € X. For a multifunc-
tion F' : X — Y, following [2] we shall denote the
upper and lower inverse of a set B of Y by F*(B)
and F'~ (B), respectively, that is,

FT(B)={re€ X | F(x) C B}

and F~(B) = {z € X | F(z) N B # (0}. In partic-
ular, F~(y) = {x € X | y € F(x)} for each point
y €Y. Foreach A C X, F(A) = UgeaF (). Then,
F is said to be a surjection if F(X) =Y, or equiva-
lently, if for each y € Y, there exists an x € X such
thaty € F(x).
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3 Characterizations of upper and
lower upper and lower «(A, sp)-
continuous multifunctions

In this section, we introduce the notions of upper and
lower a(A, sp)-continuous multifunctions. Moreover,
several characterizations of upper and lower a((A, sp)-
continuous multifunctions are discussed.

Lemma 10. For a subset A of a topological space
(X, 7), the following properties are equivalent:

(1) A€ ahy,0(X,T);

(2) UCAC [U(A’SP)](,LSP) for some (A, sp)-open
setU;

(3) U C A C UM for some (A, sp)-open set U;
(4) AC[Agp )",

Lemma 11. For a subset A of a topological space
(X, 7), the following properties are equivalent:

(1) A is a(A,sp)-closed in (X,T) if and only if
[A(Aysp)]s(/\,sp) - A;

(2) [A(A7Sp)]s(/\,sp) = [[A(A7sp)](A ](A78p);

+5P)
(3) Aa(A,Sp) — A U [[A(A’Sp)](/\’Sp)](A’Sp).

Definition 12. A multifunction F : (X, 7) — (Y, 0)
is said to be:

(1) upper oA, sp)-continuous at x € X if, for each
(A, sp)-open set V of Y such that F(x) C V,
there exists an a(A, sp)-open set U of X con-
taining x such that F(U) C V;

(2) lower oA, sp)-continuous at x € X if, for each
(A, sp)-open set V of Y such that F(z)NV # (),
there exists an oA\, sp)-open set U of X con-
taining x such that F(z) NV # 0 for every
zeU;

(3) upper (lower) a(A, sp)-continuous if F' has this
property at each point of X.

Theorem 13. For a multifunction F' : (X,7) —
(Y, 0), the following properties are equivalent:

(1) F is upper oA, sp)-continuous at a point x of

1

(2) v € [[F+(V)](A,sp)}S(A’Sp)for each (A, sp)-open
set V of Y containing F(x);
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(3) for each U € sAy,O(X,T) containing x and
each (A, sp)-open set V of Y containing F(x),
there exists a nonempty (A, sp)-open set Uy of
X such that Uy C U and F(Uy) C V.

Proof. (1) = (2): Let V be any (A, sp)-open setof Y’
such that F'(x) C V. Then, there exists an a(A, sp)-
open set U of X containing x such that F(U) C V;
hence x € U C F*(V). Since U is (A, sp)-open, by
Lemma 10,

7 €U C U apl™ S IFF (V)] p)] .

(2) = (3): Let V be any (A, sp)-open set of Y’
such that F'(z) C V. Then,

z € [ (V)] (a5 .

Let U be any s(A, sp)-open set containing x. Then,
Uun [F+(V)](A,sp) 7£ @ and U N [F+(V)](A,sp) is
s(A, sp)-open in X. Put

Uy = [U N [F+(V)](A,sp)](A,sp)a

then Uy is a nonempty (A, sp)-open set of Y, Uy C
Uand F(Uy) CV.

(3) = (1): Let sA;,O(X, ) be the family of all
s(A, sp)-open sets of X containing x. Let V' be any
(A, sp)-open set of Y such that F'(z) C V. For each
U € sAspO(X, x), there exists a nonempty (A, sp)-
open set Uy such that Uy C U and F(Uy) C V.
Let W = U{Uy | U € sA;,O(X,z)}. Then, W is
(A, sp)-open in X, x € W*AsP) and F(W) C U.
Put S = WU {2}, then W C S C W*AP)_ Thus,
by Lemma 10, z € S € aA,,O(X,7) and F(S) C
V. This shows that F' is upper (A, sp)-continuous at
T. U

Theorem 14. For a multifunction F' : (X,7) —
(Y, 0), the following properties are equivalent:

(1) F is lower oA, sp)-continuous at a point x of
X,

(2) & € [[F~(V))(ap) ") for each (A, sp)-open
set V of Y such that F(z) NV # ;

(3) for each U € sAy,O(X,T) containing = and
each (A, sp)-open set V of Y such that

F(x)nV #0,
there exists a nonempty (A, sp)-open set Uy of
X such that F(2) NV # () for every z € Uy and
Uy CU.

Proof. The proof is similar to that of Theorem 13. [
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A subset N, of a topological space (X,7) is
called an a(A, sp)-neighbourhood of a point x € X
if there exists an (A, sp)-open set U such that

zeUCN,.

Theorem 15. For a multifunction F' : (X,7) —
(Y, 0), the following properties are equivalent:

(1) F is upper a(A, sp)-continuous;

(2) F(V)is a(A, sp)-open in X for every (A, sp)-
open set V of Y;

(3) F—(V) is a(A,sp)-closed in X for every
(A, sp)-closed set V of Y;

(4) [[F~(B)]M)| oy C F(BNP)) for every
subset B of Y;

(5) [F~(B)]*Wsp) € F~(BWMP) for every subset
BofY;

(6) for each point x of X and each (A,sp)-
neighbourhood 'V of F(z), FT (V) is an
a(A, sp)-neighbourhood of x;

(7) for each point x of X and each (A,sp)-
neighbourhood V' of F(x), there exists an
a(A, sp)-neighbourhood U of x such that
F{U)CV.

Proof. (1) = (2): Let V be any (A, sp)-open set V'
of Y and let x € F (V). By Theorem 13, we have
€ [[FH(V)](a,sp)) 5P and hence

FH(V) CIFF (V)] a7

It follows from Lemma 10 that F'* (V) is a(A, sp)-
open in X.

(2 ) 3): This follows from the fact that

F*(Y — B) =X — F~(B) for any subset B of Y.

(3) = (4): Let B be any subset of
Y. Then, F~(B®™) is a(A,sp)-closed in X,

by Lemma 11, we have [[F~(B)|MP)] ) C
[E= (B2 oy © F(BAP),

(4) = (5): Let B be any subset of Y. By Lemma
11, we have

[F=(B)]*™) = F(B) U [[F~(B)] ™) )

C F=(BWs)),
(5) = (3): Let V be any a(A, sp)-closed set of

Y. Then, [F~(V)]*Msp) € F=(Vsp)) = F=(V).
This shows that '~ (V') is a(A, sp)-closed in X.
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(2) = (6): Letz € X and let V be a (A, sp)-
neighbourhood of F'(z). Then, there exists a (A, sp)-
open set G of Y such that F'(x) C G C V. Thus,
x € FT(G) C FY(V). Since F™(G) is a(A, sp)-
open in X, F*(V) is an a(A, sp)-neighbourhood of
x.

(6) = (7): Letz € X and let V be a (A, sp)-
neighbourhood of F(z). Put U = F*(V), then U is
an a(A, sp)-neighbourhood of = and F(U) C V.

(7) = (1): Let z € X and let V be any (A, sp)-
open set of Y such that F'(z) C V. Then, V is
a (A, sp)-neighbourhood of F'(z). There exists an
a(A, sp)-neighbourhood U of z such that F(U) C V.
Therefore, there exists an (A, sp)-open set G of X
such that z € G C U; hence F(G) C V. O

Theorem 16. For a multifunction F : (X, 1) —
(Y, 0), the following properties are equivalent:

(1) F is lower a(A, sp)-continuous;

(2) F~(V)is a(A, sp)-open in X for every (A, sp)-
open set V of Y;

(3) FH(V) is «a(A,sp)-closed in X for every
(A, sp)-closed set V of Y;

(4) [[FH(B)]M) oy © FF(BOP)) for every
subset B of Y;

(5) [FT(B)|*Wsp) C F+(BWMP) for every subset
BofY;

(6) F(A¥Asp)y C [F(A)]D5P) for every subset A
of X;

(7) F([A(A7Sp)]s(A,sp)) - [F(A)] (Assp) fOI’ every
subset A of X;

(8) F([ANP](y o] oP)) C
ery subset A of X.

[F(A)])A5P) for ey-

Proof. The proofs except for the following are similar
to those of Theorem 15 and are thus omitted.

(5) = (6): Let A be any subset of
X. Since A C  FT(F(A)), we have
Acthsp) C [FH(F(A)) M) C FH([F(A)]MP)
and F(A*Asp)) C [F(A)]Asp),

(6) = (7): This follows immediately from
Lemma 11.

(7) = (8): This is obvious by Lemma 11.

(8) = (1): Let x € X and let V be any (A, sp)-
open set of Y such that F'(x) NV # (). Then,

xe F (V).
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We shall show that F'~ (V') is a(A, sp)-open in X. By
the hypothesis, we have

F(IFHY = V)P 0] SP)
CFEHY -~ V)P Cy v

and hence [[[FT(Y — V)](A’Sp)](A’sp)](A’SP) C
FY(Y —V) =X — F~ (V). Therefore, F~ (V) C
[E~ (V)] (a5 ™)) (A sp)- This shows that F~ (V')
is a(A, sp)-open in X. Put U = F~(V). Then,
z €U € alg,O(X,7) and F(z) NV # () for every
z € U. Thus, F is lower a(A, sp)-continuous. O

Definition 17. A function f : (X, 7) — (Y, 0) is said
to be oA, sp)-continuous if, for every (A, sp)-open
set V of Y, f=Y(V)is (A, sp)-open in X.

Corollary 18. For a function f : (X,7) —
the following properties are equivalent:

(Y, 0),

(1) fis a(A, sp)-continuous;

(2) f~(F)isa(A, sp)-closed in X for every (A, sp)-
closed set F of Y;

3) [[F (B )](As”)] (Asp) C fHBWP)) for every
subset B of Y

(4) [f‘l(B)]a(A’s”) c f(B

Asp)) for every sub-

set BofY;
(5) for each z € X and each (A,sp)-
neighbourhood V of f(x), f~YV) is an

a(A, sp)-neighbourhood of x;

(6) foreachz € X and each (A, sp)-neighbourhood
V. of f(x), there exists an oA, sp)-
neighbourhood U of x such that f(U) C V;

(7) f(AXNsp)) C [f(A)A5P) for every subset A of

X;
(8) AN x o)) S [F(A) D) for every sub-
set Aof X;

(9) FIAN g 5] P)) C [FANAD for ev-
ery subset A of X.

Definition 19. A collection U of subsets of a topologi-
cal space (X, 1) is called (A, sp)-locally finite if every
x € X has a (A, sp)-neighbourhood which intersects
only finitely many elements of U.

Definition 20. A subset A of a topological space
(X, 7) is said to be:

(i) (A, sp)-paracompact if every cover of A by
(A, sp)-open sets of X is refined by a cover of
A which consists of (A, sp)-open sets of X and
is locally finite in X;
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(ii) (A, sp)-regular if, for each x € A and each
(A, sp)-open set U of X containing x, there ex-
ists a (A, sp)-open set V of X suchthatz € V C
vAsp) C U,

Lemma 21. If A is a (A, sp)-regular (A, sp)-
paracompact subset of a topological space (X, T) and
U is a (A, sp)-open neighbourhood of A, then there
exists a (A, sp)-open set V of X such that A CV C
V) C U,

A multifunction F' : (X,7) — (Y,0) is said to
be punctually (A, sp)-paracompact (resp. punctually
(A, sp)-regular) if for each z € X, F(z) is (A, sp)-
paracompact (resp. (A, sp)-regular). By F(Asp) .
(X,7) — (Y,0), we shall denote a multifunction
defined as follows: FNsP)(z) = [F(z)]*(A*P) for
each point x € X.

Lemma 22. If F : (X,7) — (Y,0) is punctually
(A, sp)-regular and punctually (A, sp)-paracompact,
then [F¥MsP) (V) = FH(V) for every (A, sp)-
open setV of Y.

Proof. Let V be any (A, sp)-open set of ¥ and let
x € [FOAs)H(V). Then, [F(z)]*®s) C vV
and hence F(z) C V. Thus, x € F*(V). This
shows that [FAsP)]+(V) C F*(V). Let V be
any (A,sp)-open set of Y and let x € F* (V).
Then, F(z) C V. Since F(x) is (A, sp)-regular
and (A, sp)-paracompact, by Lemma 21, there ex-
ists a (A, sp)-open set G such that F(x ) C G C
GWsP) C V' hence [F(x)]a(A’SP) Cc GWsp) C
V. This shows that z € [F*AP)]*(V) and hence
FH(V) C [FeAsp (V). Thus, [FHAsPH(V) =
FH(V). 0

Theorem 23. Let F : (X, 7) — (Y, 0) is punctually
(A, sp)-regular and punctually (A, sp)-paracompact.
Then, F is upper a(A, sp)-continuous if and only
if FeAsp) - (X 1) — (Y, 0) is upper oA, sp)-
continuous.

Proof. Suppose that F' is upper «(A, sp)-continuous.
Let x € X and let V be any (A, sp)-open set of
Y such that FoP)(z) C V. By Lemma 22,
x € [FeMsP]T(V) = FH(V). Since F is upper
a(A, sp)-continuous, there exists U € aAy,O(X,T)
containing z such that F(U) C V. Since F(z)
is (A, sp)-regular and (A, sp)-paracompact for each
z € U, by Lemma 21, there exists a (A, sp)-open set
H such that F(z) € H € H®*) C V. There-
fore, we have [F(z)]*AP) ¢ H(AP) C V for each
x € U and hence F*(AP)(]) C V. This shows that
Fo(Msp) is upper (A, sp)-continuous.
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Conversely, suppose that F@As) « (X 1) —
(Y, 0) is upper (A, sp)-continuous. Let z € X and
let V be any (A, sp)-open set of Y such that F'(z) C
V. By Lemma 22, € FH(V) = [FoAsp)|+(V)
and hence F*(P)() C V. Since F*(1P) is upper
a(A, sp)-continuous, there exists U € aAs,O(X,T)
containing 2 such that FAP)(/) C V; hence
F(U) C V. This shows that F' is upper a(A, sp)-
continuous. O

Lemma 24. For a multifunction F : (X, 1) — (Y, 0),
it follows that for each (A, sp)-open set V of Y
[FA@sP]=(V) = F= (V).

Proof. Let V be any a(A, sp)-open set of Y. Let
x € [FeWsP))=(V). Then, [F(z)]*MsP) 0V £ ()
and hence F(z) NV # (. Thus, x € F~ (V).
This shows that [F*AsP)]=(V) C F~(V). Let
x € F~(V). Then, we have ) # F(z) NV C
[F(z)]*®P) 0 V. Thus, z € [FeOsP]=(V)
and hence F~(V) C [F*MsP)]=(V). Therefore,
[Fe@sp))= (V) = F~(V). O

Theorem 25. A multifunction F : (X,7) — (Y, 0)
is lower a(\, sp)-continuous if and only if F*(Asp)
(X, 1) = (Y, 0) is lower a(A, sp)-continuous.

Proof. By utilizing Lemma 24, this can be proved
similarly to that of Theorem 23. O

A topological space (X, 7) is called Agp,-compact
[12] if every cover of X by (A, sp)-open sets of X has
a finite subcover.

Definition 26. A ropological space (X, T) is said to
be o\ gp-compact if every a(A, sp)-open cover of X
has a finite subcover.

Theorem 27. Let F' : (X,7) — (Y,0) be an up-
per o\, sp)-continuous surjective multifunction such
that F(x) is Agp-compact for each x € X. If (X, 1)
is algp-compact, then (Y, o) is Agp-compact.

Proof. Let{V, | @ € V} be a (A, sp)-open cover of
Y. For each z € X, F(x) is As,-compact and there
exists a finite subset V() of V such that

F(z) CU{Vy | a e V(x)}.

Put V(z) = U{V, | @ € V(z)}. Since F is upper
a(A, sp)-continuous, there exists an a(A, sp)-open
U(x) of X containing z such that F(U(x)) C V(x).
The family {U(z) | z € X} is an (A, sp)-open
cover of X and there exists a finite number of points,
say, 1, X2, ..., Ty in X such that

X =U{U(z;) |1 <i<n}.
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Thus, Y = F(X) = F(iQIU(:cZ-)) = ZQIF(U(%)) S

,QV(@-) = Ql[Uaewi)Va]' This shows that (Y, o)
= 1= D

is Ap-compact.

4 Conclusion

The field of the mathematical science which goes un-
der the name of topology is concerned with all ques-
tions directly or indirectly related to continuity. This
paper is concerned with the concepts of of upper
and lower a(A, sp)-continuous multifunctions. Sev-
eral characterizations of upper and lower (A, sp)-
continuous multifunctions are obtained. The ideas and
results of this paper may motivate further research.
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