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1 Introduction

Since ancient times (in 1963) the notion of bitopo-
logical spaces was introduced and studied by Kelly
[5], who defined essential separation axioms such as
pairwise Hausdorff, p.w regular, pairwise normal and
generalized several standard results such as Urysohn’s
Lemma.

Since then several mathematicians have studied
bitopological spaces and their properties. In 1986,
Hdeib and Pareek introduced the notion of L-closed
spaces to be the spaces in which Lindeldf sets are
closed [6]. Recently, in 2019, Almohor studied p.w.L-
closed spaces as a generalization of L-closed spaces
[1]. In this paper, we define the pairwise P-closed
spaces and derive the relationship between p.w.L-
closed and p.w.P-closed spaces then find under what
conditions they are equivalent. After that, we study
when the p.w.P-closed space is P-space and vice-
versa. Afterward, we verify that the p.w-closed spaces
are invariant under the p-homeomorphism function
and establish nice related results. However, we also
conclude some results about the product topology of
p-w.P-closed spaces. Eventually, we obtained some
results on p.w.P-closed spaces with p-normality prop-
erty and generalized the important result that every 75
paracompact space is normal in sense of bitopological
spaces.

2 Preliminaries:

Definition 1 (2.1, [I]) In the bitopological space
(X, 71,72), if each T1-Lindeldf subset of X is a Ta-
closed and each To-Lindeldf subset of X is a T1-
closed, then it is called pairwise L-closed space, how-
ever, we will denote to such a space by p.w.L-closed
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space.

Definition 2 (2.26, [2]) The 1i72-0pen cover U is a
cover for the bitopological space (X, 11, T2) such that
U C 7 Uy, while it is called a p-open cover if it
has at least one nonempty T1-open proper set and one
nonempty To-open proper set of X.

Definition 3 (2.5, [2]) The p-Lindeldf (s-Lindeldf)
space (X, 11, 72) is bitopological space such that for
each p-open (T1m2-0pen) cover for it, there is a count-
able p-open (T1T9-open) subcover.

Definition 4 (2.4, [3]) The bitopological space
(X, 11,72) is called pairwise Ty or shortly p.w.Ty if
for each x = y two distinct points in X there is a 11-
neighborhood U of x that does not contain y and a
To-neighborhood V of y that does not contain x.

DeﬁnitionS/ (2.6, [3]) The bitopological space
(X, 71,72) is called pairwise Ty (p-Hausdorff) or
shortly p.w.T if for each two distinct points x = y
in X there are disjoint T1-open neighborhood U of x
and To-open neighborhood V of y.

Definition 6 [4] The bitopological space (X, T ,/7'2)
is called pairwise P-space or simply p.w.P-space if a
countable intersection of T1-open subsets is a T2-open
subset in X and a countable intersection of T9-open
subsets is a T1-open subset in X.

Definition 7 [2] The bitopological space (X, T1,72)
is called Lindeldf (resp.compact) (resp.paracompact)
space if it is both T\-Lindeldf (resp.Ti-compact)
(resp.T1-paracompact) and To-Lindeldf (resp.To-
compact) (resp.To-paracompact).
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Definition 8 [5] Considering the bitopological space
(X, 11, 72), then we mean by Ty is regular with respect
to Ty if for each T1-closed F and x ¢ F there are dis-
Jjoint Ty-neighborhood U for x and To-neighborhood
V' for F. Here we denote to such space by 1-regular
W.L.L. To.

Definition 9 [5] The bitopological space (X, T1,T2)
is called p-regular if | is regular with respect to T
and To is regular with respect to T.

Definition 10 (2.18 [3]) The bitopological space
(X, 11, 72) is called p-normal if for every two disjoint
subsets in X where one of them is T -closed subset
F'1, and the other is m-closed subset I, then there
are two disjoint open subsets G1 and Go such that G
is a Ty -open containing Fy and G is T9-open contain-
ing F. In other words for a T1-closed subset I\ and a
To-closed subset I such that F1 N Fy = O, there is a
T1-open subset G1 and a To-open subset G such that
Fy C Go and F5 C Gy satisfying G1 N Gy = ©.

Definition 11 (2.24, [I])The bitopological space
(X, 11, 72) is called hereditary pairwise Lindelof if ev-
ery 11 or T2 subspace of X is Lindelof.

Definition 12 (3.1,  [I])Ler (X,71,72) and
(Y,01,02) be two bitopological spaces, and let
f:(X,711,m) = (Y,01,02) be a function, then f is
called p-continuous function if the induced functions
S (X,m) = (Y,o1) and fa : (X,72) = (Y, 02)
are continuous.

Definition 13 (3.3,  [I])Let (X,7,72) and
(Y,01,02) be two bitopological spaces, and let
f o (X,m,m) — (Y,01,02) be a function, then
f is called p-homeomorphism iff it is a bijection,
p-continuous as well as f~".

Definition 14 (2.45, [2])Ler (X,71,72) and
(Y,01,02) be two bitopological spaces, and let
f o (X,7m,m) = (Y,01,02) be a function, then f
is called p-closed function if the induced functions
fi: (Xom) = (Yyo1) and fo : (X, 72) = (Y, 02)
are closed.

Proposition 15 (2.1 [6])Let (X, 11, T2) be bitopolog-
ical space such that every countable subset is closed,

then every countable subset is discrete and every com-
pact subset is finite.

3 Pairwise P-closed spaces:

Definition 16 In the bitopological space (X, 11, T2),
if each T1-paracompact subset of X is To-closed and
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each to-paracompact subset of X is Ti-closed, then
it is called pairwise P-closed space, however, we will
denote to such a space by p.w.P-closed space.

Example 17 Consider the bitopological space
(R, Ta4is, Tais) where R is real numbers and Ty
is discrete topology. This bitopological space is
p.w.P-closed since 11 = 74;s = T2, and any subset
A of (R, 74;s) is paracompact and closed, i.e every
Tdis-paracompact is 7g;s-closed.

Example 18 Consider the bitopological space
(R, Teoes Tw) where R is real numbers and Teoe, Ty
are co-countable, usual topology respectively. Then
This bitopological space is not p.w.P-closed, since
any subset A in R, is Tooc-paracompact but it is not
necessary Ty-closed.

Remark 19 In the set of spaces of p.w.L-closed every
countable set is closed but the converse like the case
of single spaces is not true. Considering the irrational
numbers with the relative usual topology, we can ob-
serve that it is not L-closed so not p.w.L-closed but
every countable set has discrete topology and closed.
This result is also true in p.w.P-closed.

Proposition 20 Let (X, 71,72) be a p.w.P-closed
space, then every countable subset of X is closed and
every compact subset of X is finite.

Proof 21 Since every countable subset of X is 1
and To-Lindeldf , so it will be T, and T5-paracompact
hence it is 7o and T1-closed, therefore X has discrete
topologies see (2.1 [6]).

Observe that in the case of a single topology every
P-closed space is an L-closed space but the converse
need not be true. This is also achieved in bitopologi-
cal spaces. Every p.w.P-closed space is p.w.L-closed
space but the converse need not be true. To show
this let A be a 7 -Lindelof subset of X, so it is 7q-
paracompact, hence it is To-closed. similarly for a -
Lindelof subset of X. For the converse, we introduce
the following example.

Example 22 Consider the bitopologicl space
(X,71,72), such that X =Y U {x}, where Y is
an uncountable set that has discrete topology and
x has a co-countable neighborhood, this way we
constructed a Ty topology, 11 on X, while 1o is just
a discrete topology. Let A be any T1-Lindelof subset
of X, then clearly it is To-closed. On other hand,
let B be a mo-Lindeldf subset of X, then B will be
countable subset of X but this does not matter here.
However, B is a 11-closed whether it contains T or
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not. Hence this bitopological space is p.w.L-closed.
Eventually, we want to show this bitopological space
(X, 71,72) is not a p.w.P-closed space. Consider
the subset Y of X which is To-paracompact but not
T1-closed since the complement of it is {x} which is
T1-closed but does not T1-open under the Ty topology
(X, 71), So the result.

Proposition 23 The pairwise P-closeness is a hered-
itary property.

Proof 24 Let (Y, 7y,,Ty,) be a bitopological sub-
space of the p.w.P-closed bitopological space
(X,11,72), e Y C X, 7y, and Ty, are relatives
topologies corresponding to T and To respectively.
Let I be a ty,-paracompact subset of Y, so it is a
T1-paracompact in X and then To-closed subset of X
because X is p.w.P-closed space. Hence FF = FNY
is Ty, closed in Y. Similarly we can show that ev-
ery Ty,-paracompact subset of Y is Ty, -paracompact
subset of Y. Thus Y is p.w.P-closed subspace of X.

In a bitopological space (X, 7, 72) when we say
that every paracompact subset has a dense Lindelof
subspace iff every 7 -paracompact subset of X has
a dense 7i-Lindelof subspace of it and every To-
paracompact subset of X has a dense 7»-Lindelof
subspace of it, i.e every 7;-paracompact subset has
a dense 7;-Lindelof subspace of it. Hence every ;-
paracompact is 7;-Lindelof for i = {1, 2}.

Remark 25 Every  p.w.L-closed  bitopological
space (X, T1,72) that has the property every T;-
paracompact subset has a dense 7;-Lindeldf subspace
of it, is p.w.P-closed bitopological space.

Proposition 26 The p-Hausdorff, p.w.P-space
bitopological space (X, T1,T2) that has the property
every T;-paracompact subset has a dense 1;-Lindeldf
subspace of it, is a p.w.P-closed.

Proof 27 Since every p-Hausdorff, p.w.P-space
bitopological space is p.w.L-closed see corollary
(2.15 [I]), and every p.w.L-closed bitopological
space with the property that every T;-paracompact
subset of X has a dense T;-Lindelof subspace of it, is
p.-w.P-closed. Hence the result.

Proposition 28 The  paracompact  p.w.P-closed
bitopological space (X, 11, 12) is p.w.P-space.

Proof 29 Let (X,71,72) be paracompact p.w.P-
closed space. Let A be a 71-Gs seti.e A = NS, U,,
where U, is a T1-open for each «. Then A is a To-
open subset of X since the complement of A is 11-F,
set as the following show, X — A =X — N5, Uy =
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o (X —=Uy), soitis T1-paracompact set and hence
To-closed. Therefore A is a To-open subset of X. By a
similar argument we can show that any 1o-Gj set is a
T1-open subset of X. So the result.

Proposition 30 The Lindelof, p.w.P-closed space
(X, 71, 72) is p.w.P-space.

Proof 31 Consider the Lindeldf, p.w.P-closed space
(X,711,72). Let A N2 Uy, where U, is a T1-
open for each o i.e. Ais a T1-Gs set, then the com-
plement of A is 11-F, set like in the previous proof,
but we know that F, set in Lindelof space is Lin-
deldf, hence the complement of A is T1-Lindeldf so
T1-paracompact thus to-closed. Hence A is To-open.
Similarly the other case.

Proposition 32 The T3, paracompact, p.w.L-closed
space (X, 11, o) such that every T;-paracompact sub-
set of X has a dense T;-Lindeldf subspace of it, is
p.w.P-space.

Proof 33 Consider the ;-G set A, then the comple-
ment of A is 1;-F, in paracompact topology (X, 7;).
So A€ will be a T;-paracompact subset in (X, 1;) since
the F,-set in paracompact space is paracompact it-
self. Therefore A€ has a dense T;-Lindelof subspace
of it and hence it is T;-Lindelof in p.w.L-closed bitopo-
logical space so it is Tj-closed. Thus A is T;-open for
i,j € {L.2},i # j.

Corollary 34 In the T3, paracompact bitopologi-
cal space (X, T1,72) which satisfies that every T;-
paracompact subset of X has a dense T;-Lindelof sub-
space of it, the following are equivalent:

1. (X, 7y, 72) is p.w.P-space.

2. (X, 711, 72) is p.w.P-closed.
Proof 35 Obvious from previous propositions.

Definition 36 The bitopological space (X, T, 7T2) is
called pairwise hereditary paracompact if every T, or
To subspace of X is paracompact. I will denote to
such a bitopological space by hereditary paracompact
space.

Proposition 37 For a hereditary paracompact
bitopological space (X,T1,72), the following are
equivalent:

1. (X, 71, 72) is p.w.P-closed
2. (X, 711, 72) is discrete.
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Proof 38 (1) — (2) Suppose that (X,T1,72) is
p-w.P-closed space and let A be any subset of X, then
A will be T and To-paracompact. Hence it is 71 and
To-closed. Therefore (X, 11, 7o) is discrete.

(2) — (1) Let (X, 11, 72) be discrete bitopolog-
ical space, and let A be a T;-paracompact subset of
X, then A will be T;-closed since (X, }) is a discrete
topology for i,j € {1,2},i # j. Hence (X, T1,7T2) is
p.w.P-closed.

Proposition 39 Let f : (X, 71, m2) — (Y,01,02) be
p-closed, p-continuous, one-to-one function between
the bitopological spaces (X,T1,72) and (Y,01,02)
such that (Y, 01, 02) is p.w.P-closed, then (X, 11, 72)
is p.w.P-closed as well as p.w.L-closed.

Proof 40 Let F' be a t;-paracompact subset in X,
then f(F) is a o;-paracompact subset in Y because
f is a p-closed, p continuous function. But (Y, 01, 02)
is p.w.P-closed so f(F) is oj-closed. Hence F =
F7YHF(F)) is Tj-closed for i, j € {1,2},i # j, con-
sequently the result.

Proposition 41 Let f : (X,7,72) — (Y,01,09)
be a p-continuous function between the bitopolog-
ical spaces (X,71,72) and (Y,01,02) such that
(Y,01,02) is p.w.P-closed and (X,T1,72) is p-
Lindeldf, then f is a p-closed function.

Proof 42 Consider a T;-closed subset A of X, then
A will be Tj-Lindeldf subset of X because X is p-
Lindeldf (2.29(2]), So f(A) will be o-Lindeldf since
f is p-continuous and hence o;-closed for i,j €
{1,2},i # j. This show that f is a p-closed func-
tion, consequently it is a p-homeomorphism if it is a
bijection function.

Corollary 43 The bijection, p-continuous function
f o (X,m,m) — (Y,01,02) between the bitopo-
logical spaces (X, 11,72) and (Y,01,09) such that
(Y,01,092) is pw.P-closed and (X,T1,72) is p-
Lindeldf, is p-homeomorphism function.

Proof 44 It is obvious from the previous proposition.

Proposition 45 The pairwise P-closeness is a bitopo-
logical property.

Proof 46 Let f : (X, 711, 72) — (Y,01,02) be a p-
homeomorphism from the p.w.P-closed bitopological
space (X, 11,712) onto (Y,01,09). We aim to verify
that the image of f is also p.w.P-closed. Consider the
o;-paracompact subset B in Y, then f~1(B) = A
is T;-paracompact since f~' is a p-closed and p-
continuous. X is p.w.P-closed bitopological space
this cause A is Tj-closed and then f(A) = B is -
closed for i,j € {1,2},i # j. Therefore Y is p.w.P-
closed bitopological space and hence the result.

E-ISSN: 2224-2880

536

Bara Abdrabo, Hasan Hdeib

Proposition 47 Let (X, 1, 72) be a p.w.T5 bitopolog-
ical space such that every point in X has a p.w.P-
closed neighborhood, then X will be a p.w.P-closed
space.

Proof 48 Consider i,j € {1,2},i # j. Let F be a
Ti-paracompact subset in X. Now we want to show
that F' is a Tj-closed, for this purpose suppose that
x € clj(F) i.e x belongs to the closure of F' in (X, 7;)
but not in F'. Then x has a p.w.P-closed neighborhood
U. This U could be T;-open or Tj-open. Suppose U is
T;-open. By p.w. regularity of X there exists a T;-open
neighborhood H such that x € H C cl;(H) C U.
Since cl;(H) N F is a ;-paracompact subset of U, it
is Tj-closed subset of the p.w.P-closed neighborhood
U, hence U —(cl;(H)NF) is Tj-open neighborhood of
x, but (U — (cl;(H)NF))NF = ® which contradicts
that x € clj(F). Consequently, x € cl;j(F) and hence
F'is a Tj-closed subset in X.

For the other case, let U be a Tj-open and we
still assume the same constructions that x € clj(F)
and x ¢ F. So by the same argument 3 a T;-open
neighborhood G such that x € G C cl;(G) C U. And
cli(G) N F is a ;-paracompact subset in U, so it is
7j-closed and then U — (cl;(G) N F) will be T;-open
which yields to the same contradiction like in the first
case. Hence (X, 11, 72) is p.w.P-closed space.

Definition 49 Consider the bitopological space
(X, 71, 72), then it is called pairwise almost para-
compact if every T;-open cover {Uy,a € A} has an
open (closed) locally finite refinement collection of
it {Uy,y € '} such that X = Usercl;(U3) for all
i,7 € {1,2}i #j.

Definition 50 Consider the bitopological space
(X, 711, 72), then it is called hereditarily pairwise al-
most paracompact if every subspace of X is pairwise
almost paracompacct.

Proposition 51 For the pairwise P-closed space
(X, 71, 72), the following are equivalent:

1. X is hereditary pairwise almost lindeldf.
2. X is a hereditary lindelof.

3. X is countable discrete.

Proof 52 Since every pairwise P-closed space
(X, 711, 72) is pairwise L-closed, the results arise
immediately from proposition (2.30[1]).

Proposition 53 For the p-regular, pairwise P-closed
space (X, 11, T2), the following are equivalent:

1. X is hereditary pairwise almost paracompact.
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2. X is hereditary paracompact.

3. X is discrete space.

Proof 54 (1) — (2) Suppose the bitopological space
(X, 711, 72) is hereditary pairwise almost paracom-
pact. Let A be a subspace of X, so A is pairwise al-
most paracompact. Let Uocp Uy, be a T4,-open cover
of A in A. By the hereditary p-regular property we
can find another T4,-open cover Uacp Vo of A such
that Vo, C clj(Vy) € U, for each o € A, and
i,7 € {1,2}i # j. Consider this cover UyepV,
then there is a locally finite refinement collection of it
{V§ }ser such that A = Ugercl;V; since A is pair-
wise almost paracompact. Therefore A has locally
finite refinement collection {cleﬁ*}ﬂep of {Ua}aen-
Hence A is Ta,-paracompact, i.e. A is paracompact,
and then consequently X is hereditary paracompact.

(2) — (3) Suppose the bitopological space
(X, 711, 72) is hereditary paracompact and consider
any subset A of X, then A is Ta,-paracompact for
i € {1,2} and then it will be T4, -closed for j € {1,2}
i.e Ais T;-paracompact and then 7;-closed. Hence X
is discrete space.

(3) — (1) Suppose X is discrete space so para-
compact space. Let A be any subspace of X, then
A is 1i-closed for i € {1,2} and then paracompact
subspace of X. Consider the Ta,-open cover of A in
A, UaeAUqs. Then A has a locally finite refinement
collection of it, that is {V3}ger i.e A = UgerVp so
A = cljA = clj(UgerVa) = (Ugercl;jVp), hence X
is hereditary pairwise almost paracompact.

4 On Product of Pairwise P-closed

spaces:

The product of two paracompact topological spaces
is not necessary paracompact space. In general, the
product of two paracompact bitopological spaces also
need not be paracompact as the following example
shows.

Example 55 Ler X R x [0,1], the product of
real numbers with closed interval |0, 1]. Consider the
topologies 11 and T that generated by the bases By =
{[51373/)#13 <y, T,y € X}r and BQ = {(xay]vx <y,
x,y € [0,1]} respectively, where < is lexicograph-
ical order on X. Then (X, 11, 72) is Lindelof hence
paracompact. However, the product of bitopological
spaces (X x X, T1 X T1, To X T2) is neither Lindeldf nor
paracompact. Actually (X x X, 7 X 11) is not para-
compact because it can not be normal, since it does
not achieve Jone's lemma that states ” If the topo-
logical space X contains a dense set D and a closed
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discrete subspace L such that |L| > 2P| where ||
denote to the cardinality, then X is not normal space.
Observe that D = (Q x ([0,1] N Q))? is dense set in
(X x X, 11 X 11), where Q is rational numbers and
L ={(z,y): x = —y, x € R} x {0} is closed subset
in (X x X, 7, x 1) which satisfy that |L| > 2|P!. The
next proposition shows us when the product of p.w.P-
closed spaces is p.w.P-closed space.

Proposition 56 Let (X, 11,72) and (Y,n1,n2) be two
T3, p-regular, p.w.P-closed spaces such that every
(75 X m;)-paracompact subset of X XY has a (1; xn;)-
dense, (1; X n;)-Lindeldf subset for i € {1,2}, then
(X XY, 7 X1, T2 X n2) is p.w.P-closed.

Proof 57 Let P be a (11 X n1)-paracompact subset
of the product bitopological space X x 'Y and let
(To,Yo) & P. Our goal is to verify P is a (T2 X m2)-
closed set. Observe that P is a (11 x m )-Lindeldf
subset. Now (zo,Yo) & (({zo} X Y)) N P). Evidently,
({zo} x Y) is (11 x m1)-closed in X XY this follows
that ({z,} x Y) N P) is (11 xn1)-closed in (11 xn1)-
paracompact,(11 X m1)-Lindeldf subspace P, so it is
(11 xm)-paracompact, (71 x n1)-Lindeldf and isomor-
phic for some ny-paracompact, n,-Lindeldf subset in
p-w.P-closed space Y, therefore it is na-closed does
not contain y,. As Y is p-regular, then there is an
ny-open neighborhood V' of vy, that satisfies ((X X
cly (V)N ({zo} xY)NP) = ®. Then mx ((X x
cly, (V) N P) is To-closed in the p.w.P-closed space
X, since it is the image of (11 X1 )-Lindeldf, (11 xn1)-
paracompact subset under the continuous function
wx. Now [ X —mx (X xcly,, (V))NP)|x[YN(X xV)]
is an (1o XM )-open neighborhood of (x4, y,), which is
disjoint from P, therefore P is closed in X x Y, hence
the result. The same argument we need to verify any
(T2 X mg2)-paracompact subset of the product bitopo-
logical space (X x Y, 11 X m, T2 X n2) is (11 X 11)-
closed. Consequently (X X Y, 71 X n1,T2 X 12) is
p.w.P-closed space.

Corollary 58 Consider the T3, p-regular, p.w.P-
closed spaces (X;,7;,m;), i € {1,2,...,n}, such
that every (II'_,7;)-paracompact subset of 117 X;
has a (117, 7;)-dense, (I17"_,7;)-Lindeldf subset, and
every II'"_ m;-paracompact subset of 11}, X; has a
(IT_ym;)-dense, (II?_,n;)-Lindeldf subset, then the
finite product (11} X, I 7, 117 m;) is p.w.P-
closed.

Proof 59 One can show this result by induction on i
and use the previous proposition.

No direct relationship between p-paracompact
spaces and p.w.P-closed spaces but because both of
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them give to us the p-normality of the space under
some condition which is a useful property, we will de-
rive these results here.

Proposition 60 A p-regular p.w.P-closed space is p-
normal.

Proof 61 Since a p.w.P-closed bitopological space
is p.w.L-closed bitopological space and a p-regular
p.w.L-closed is p-normal see proposition (2.23[1]).

It is known that every paracompact 75 is normal
in a single case. Through the following results, we
see that the results can be obtained in bitopological
spaces.

Definition 62 The p-paracompact space (X, T1,72)
is a bitopological space such that for each p-open
cover for X, there is a locally finite p-open (p-closed)
(even neither p-open nor p-closed) cover refinement

of it.

Proposition 63 Every p-paracompact, p.w.T5 bitopo-
logical space is p-regular.

Initially, we need to introduce the following
lemma.

If the bitopological space (X, 71,72) is p.w.T5,
then it satisfies that for every distinct two points x and
y in X there is a 71-open neighborhood U for z is such
that its closure under 75 does not contain y. In other
words for z # y, 3 a 7j-open neighborhood U such
that z € U and y ¢ clo(U).

Proof 64 As a consequence of the p.w.T5 property on
X, we have for any two distinct points x # y a T-
open neighborhood U for x and a t9-open neighbor-
hood V for y such that U NV = &, so U C V€ the
complement of V. Therefore clo(U) C V€, and hence

y ¢ cla(U).

One can show by the same argument also = ¢
cl1 (V') for some m»-open neighborhood V' for y.

Remark 65 Observe that every Tti-closed (To-
closed) subset in p-paracompact bitopologial space
(X, 11,712) is To-paracompact (T1-paracompact). To
show that consider a T-closed subset A and choose
an arbitrary Te-open cover for it, that is Uy Vg,
50 Ua(Vo N A) forms a cover for A with relative
To-topology. Then the complement of A, A° with
Uq Vo forms a p-open cover for X, and this cover has
an open locally finite refinement cover for X since X
is a p-paracompact bitopological space, hence A has
a 19 open locally finite refinement cover of U, V., and
then of Uy (V,, N A), i.e A is To-paracompact.
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Now we can show the previous proposition.

Proof 66 Consider any To-closed set F. Let x ¢ F, so
Jor each y € F there is a T1-open neighborhood U,
fory such that its closure under o does not contain x,
i.e 3 a T1-open neighborhood Uy, such that y € Uy,
and x ¢ cly(Uyg,). Continue in this way then we get
Vy € F, 3 a 1i-open neighborhood U, such that
y € Uy, and x ¢ cla(Uy, ), therefore F' C UyepUy,,
so ' C UyepU; where {U; :y € F}is mi-
open locally finite refinement cover of {Ul,y Yy €
F} and x ¢ U pclo(Uy)). But U, ,cla(Uy)

yeB

clo(U, 5 Us,) since {U; :y € F}is locally fi-
nite set. Consequently x & clo(U, ;U ) and then
z € (cla(U,.zU;,))¢, the complement set which is

To-open, i.e there are disjoint T1-open set contains F'
that is (Uye Uy ) and Ts-open set (cla(U, Uy ))°
Hence the result.

Finally we can conclude the following result.

Proposition 67 Every p-paracompact, p.w.T5 bitopo-
logical space is p-normal.

Proof 68 Consider the disjoint T -closed A and T-
closed B. Then For each x € A there exists disjoint
To-open neighborhood V,; and T1-open neighborhood
U, such that x € V,, and B C U,, hence we have
A C UzeaVy. Because A is To-paracompact, then
A C UgeaVt, where {V) : x € A} is a locally finite
refinement set of {V,}. Choose any Ti-open neigh-
borhood U,, containing B and take the To-open neigh-
borhood (Uze AV, )\cla(Uy). Therefore (X, T1,72) is
p-normal.
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