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1 Introduction

Banach published his foundational work on fixed
point theory approximately a century ago. Banach’s
basic yet deep theorem has been extended, enhanced,
and generalized by researchers since his first study
(see [I1, 2,3, 4, 5,6, 7, 8,9]). This was accomplished
by examining the terms of the contraction inequal-
ity and Banach’s theorem’s abstract structure. We’ll
combine these two tendencies by employing simula-
tion functions that include rational terms to create two
new type contractions in partial b-metric space.

2 Preliminaries

Definition 2.1. [[10] Let A be a non-empty set, a func-
tionp : Ax A — R{ is a partial metric if the follow-
ing conditions:

(p1) = d ifand only if p(a, ) = p(a, §) = p(J,6);
(p2) p(O‘7 Oé) S p(Oé, 5)7
@3) p(a, 5) = p((;, a)?

(p4) p(oz,5) < p(a7v) +p(vv(5) —p(U,U),
foralla,v,6 € A.

The pair (A, p) is called a partial-metric space.

Lemma 2.2. [[11]If{ay}, {05} are two sequences in
a partial-metric space (A, p) such that

lim p(ay,p) = lim p(ay, ax) = p(p, 1),
A—00 A—00

lim p(dy,x) = lim p(dx,0x) = p(k, K).
A—00 A—00
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Then limy p(a)\a 5)\) = p(,U, '%)'
Moreoverlimy_, o p(an,0) = p(u,0), for each

oec A

Denote by L(cy) the set of limit points (if there
exist any),

Lay)={ocecA: Alerolop(aA,a) =p(o,0)}.

Lemma 2.3. [[12] Let {a)} be a Cauchy sequence on
a complete partial-metric space (A, p). If there exists
€ L({ax}) with p(p, p) = 0, then p € L({ay)}),
Jfor every subsequence {cvy(,)} of {a}.

Lemma 2.4. [[12] On a complete partial-metric space
(A, p), let F be a continuous mapping and {ca)\} be a
Cauchy sequence in A. If there exists € L({a)})
with p(u, p) = 0. Then Fu € L({Fayn}).

Definition 2.5. [[13] Let A be a non-empty set and
s > 1. A function p, : A x A — R{ is a partial b-
metric with a coefficient s if the following conditions
hold for all o, ,v € A

(pr1) a = 6 if and only if pp(a, ) = pyp(c,0) =
Pb(6,0);

(pv2) po(a, @) < py(a, 6);

(ps3) Po(cv; 0) = pu(6, a);

(Pva) Po(ev; 0) < s(pp(ct, v) + po(v,6)) — po(v, V).
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In this case, we say that (A, py, ) is a partial b-metric
space.

Lemma 2.6. [14] Let (A, py, s) be a partial b-metric
space. If pp(ct,6) = 0 then a = 0 and py(a,§) > 0
forall o # 6.

Definition 2.7. [15] A4 sequence {a)} on a par-
tial b-metric space (A,py,s) is O0-pp-Cauchy if
limy, p—so0 Py (ir, 0p) 0. Moreover, the space
A, pp, s) is said to be 0-py-complete if for each 0-
py-Cauchy sequence in A, there is o € A, such that

lim py(ar, @,) = lim py(ay, o) = pp(o,0) = 0.
— 00 A—00

)

Lemma 2.8. [|I5] If the partial b-metric space
(A, pp, 8) is py-complete, then it is 0-p,-complete.

Lemma 2.9. [16] Let (A, py, s > 1) be a partial b-
metric space, F : A — A a mapping and a number
v € [0,1). If {ar} is a sequence in A, where ay =
Fay_1 and

ooy, axy1) < ypp(on—1,an),

for each X\ > 1, then the sequence {a} is 0-py-
Cauchy.

Let T be the set of all non-decreasing and con-
tinuous functions ¢ : [0,00) — [0,00) such that

$(0) = 0.

Definition 2.10. [[17] 4 function 7 : Rar X ]R(J)r — Ris
a Y-simulation function if there exists i € such that
the following conditions hold:

(m) 1(C,€) < ¥(&) = ¥(C) forall ¢, § € R

(m2) i {0}, {&0\} are two sequences in [0,00) such
that limy_, o, () = limy_, o, &\ > 0, then

lim sup n(¢x, €x) < 0.
A—00

Denote by Z,, the family of all 1)-simulation functions
(see [I18, [19, 20, 21, 22]). It is clear, due to the axiom
(771 )a that

n(¢,¢) <0 forall ¢ > 0.

3 Main Results

Definition 3.1. Let (A,py,s > 1) be a partial b-
metric space. A mapping F : A — A is called n-
rational contraction of type A, if there exists a func-
tion 1 € Zy such that

1
%min {pp(cv, For), pp(0, F6)} < pp(cv,d) implies
n(stpy(Fa, F8), Dale, 8) > 0,
(1
E-ISSN: 2224-2880
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forevery a, 6 € A, where D 4 is defined as

DA(a, (5)

— max { py(a, 9), po @, Fa), po(6, F9),

pb(é,fé)(l—l—pb(a,fa))
1+ pp(ev, 6)
pb(é,fé)(l—l—pb(a,fa))
1+ pp(Fa, Fo) ’
py(a, FO) + pp(0, Far) }

2s
Theorem 3.2. Let (A, pp,s > 1) be a py-complete
partial b-metric space and F : A — A be a n-
rational contraction of type A. Then F admits exactly
one fixed point.

Y

2

Proof. Let oy € Abe an arbitrary but fixed point and
{a)} be the sequence defined in .4 as follows:

VA> 1. 3)

ay = Fay_1,

Suppose that ay_1 # a) for every 7 > 1. Indeed, if
we assume that there exists A\g € Nsuchthata),_1 =
o), Taking (B) into consideration, we get o Ao—1 =
Fay,—1., that is, ay,_1 is a fixed point of F. Hence,
substituting v = ay_; and 6 = v, in (f), we obtain

Da(on—1, )
= max {pb(axq, ay), py(on—1, Fax—1),pp(an, Fay),
o, Fox)(1 + pplar—1, For—1))
1+ pplar—1, o)
o, Fox)(1 + pplar—1, Foar—1))
1+ pp(Far—1, Fay)
Po((ar—1, Fay) + ppan, For—1)
2s

= max {pb(ax—ly ay), py(on—1, an), poan, axg1),

Y

Y

po(ax, axe1)(1 + pplar—1,ay))
L+ pp(an—1, )
po(ax, axe1)(1 + pplar—1,ay))
L+ pp(an, axy1)
py(ar—1, axt1) + polan, ay) }
2s

< max {pb(ax—b ), py(ar—1, an), pp(an, axg1),

)

)

po(an; axt1)(1 + pplar—1,an))
L+ py(ar—1, )

po(ax; ax1)(1 + pplar—1,an))
1+ pp(an, ary1)

i

i
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s(py(aa—1,an) + pp(an, aryr))
2s
~ po(ans an) +pb(OéA,O<A)}
= max {pp(ar_1,an), pp(r, ary1)}

2s
Furthermore, by ([l}), we get

4)

1 .
5 i {po(ar—1, Far—1),po(ar, Faxr)}
(5)

1 .
= 5, min {pv(arn=1, ), pp(an, axp1)}
< pplar—1, )
implies
n(stpb(fa)\—lufa)\)vDA(O[)\—IaO[)\)) Z 07 (6)

Taking (7;) into account, the preceding inequality
provides

0 < P(Dalar-1,)) — Y(s'pp(Far_1, Fan)),

(7
or, equivalently,
Y(s'py(an, ari1))
< P(Dalar—1,)) (®)

= tp(max {pp(ar—1, o), Pp(r, arg1)})-

As a result of the monotony of the function 1, we ob-
tain

s'pp(ax, ang1) < max {py(ar—1, o), po(ar, ons1)} -
)
If there exists A1 € N such that

max{pp(x,—1,x, ), Po(r,, ax41)} = Do(an,, ax +
®) becomes s'py(ar,,n,+1) < polan,,an+1),

which is a contradiction (because s > 1). Hence, for
any A € N we obtain

s'py(an, ans1) < pplan—t, ),

or
1
po(an, axgr) < pr(ax—hax)-

(10)
.1
Denoting — by i, we have
s

po(an, A + 1) < pupy(ar—1,ay),

with 0 < p < 1. Using Lemma 2.9, we see that the
sequence {ay,} is a 0-p,-Cauchy sequence on the py-
complete partial b-metric space. Since by Lemma é

B
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the space is also 0-pp-complete, it follows that there
exists o € A such that

lim py(ar, @,) = lim py(ay,0) = pp(o,0) = 0.
A, p—00 A—00
(11)

We now assert that

1
%pb(om axt1) <pp(an,o) or

1
%pb(a)drl? axt2) < pp(arti, o).

On the other hand, assuming the opposite, we can ob-
tain A9 € N such that

Po(Qngs Qxo11)
S 3(pb(a)\m U) + pb(U, a)\ngl)) - pb(U, U)
1 1

<s <2spb(04/\0, Qx+1) + %pb(a,\ﬁb Oé,\0+2)>
1

9
< pp(ang, rg+1),

which is a contradiction. Hence, there exists a subse-
quence {a(,)} of {a} such that

(Pp(arng, rg+1) + Do(@rg+1, 1 +2))

1 .
— min
2s

1

= ?spb(%(b)v Qx()+1)

< po(ang), o)

{pb(a)\(b)a]:a)\(b))apb(a> J_..O-)}

implies
n(stpb(FaA(L))FU)aDA(QA(L)u U)) > 07
where
pb(aa ]:O-)
< Dalaxw),o)
= max {pb(ak(b)a U)a pb(ak(b) ) fa)x(b))7pb(o-7 ]:O-)a
po(0, Fo) (1 + py(an), Foaw))
1+ pb(a)\(L)7 J)
(0, Fo) (1 + py(axw), Farw)))
1 -l-pb(./’"a)\(b),f"a)

po(ar); Fo) + (o, Fayw)
= max {pb(am)ﬂ),pb(am), axw)+1): pv(o, Fo),

)

2s

pu(o, Fo ) (1 + py(any, arwy+1))
1+ py(are), o)
pb(07 FU)(l + pb(a/\(L)a a)\(L)Jrl))
L+ pp(ar@)+1, Fo)
}.

I

)

po(anw)s Fo) + po(o, ax)+1)
2s
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Taking ¢ — oo and using ([L1]) in mind, we arrive at

grgo DA<aA(L)7U) = pb(07 "T-.O—) (12)

L

On the one hand, we assume that oy # o for an infi-
nite number of A € N without sacrificing generality.
So,

n(s'py(Fay, Fo),Da(ay, o)) > 0.

Thus, as a result of 771, leads us to
1/J(Stpb(.7:a,\,.7:0)) < Y(Da(ay,0)).

Taking into account the fact that has a non-decreasing
property of 1,

Stpb(]:oo\,]:a) < Dalay,0).
On the alternative,

(o, Fo)
< s(pp(o, Fay) + pp(Fax, Fo)) — pp(Fay, Foy)

< spy(o, Far) + s'pp(Fan, Fo) — pp(artt, art1)
< spp(o, Fay) + Dalay, o).

Taking A\ — oo in the above inequality and using ([L1l)
and ([12), we get

(o, Fo) < st )\li)ngopb(}"aA,fa)

< lim Da(ay,0)
A—00

= pp(0, Fo).
Hence, s'limy oo po(Fan, Fo) = py(o, Fo).
Therefore, putting () = pu(Fay, Fo)
and &, = Da(ay,0), using 7y it follows

limsup, . n(s'¢y,€\) < 0, which is a contra-
diction. Then py(o, Fo) = 0 = py(0,0), that is, o is
a fixed point of F.
Finally, we establish uniqueness of the fixed point.
Indeed, if we can find another point, v € A,v # o
such that v = Fu,

1 .
0= % min{py(v, Fv), pp(o, Fo)} < pp(v,0),
implies
0 < n(s'pp(Fv, Fo),Da(v, o))

< P(Dy(v,0)) — Y(s'py(Fuv, Fo))
= ¢(po(v,0)) — P(s'py(v, 7)),

which is a contradiction. Hence, o = v. ]

Corollary 3.3. Let F : A — A be a mapping on
a py-complete partial b-metric space (A, pp,s > 1).
Suppose that » € Y and ¢ : [0,00) — [0,00) is a
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Sunction such that liminfe_,¢, ¢(&) > 0, for §o > 0
and p(&) =0« & = 0. If for every (,§ € A

1 .
?Smln{pb(avfa)apb(évfé)} Spb(av 5)

1/}(stpb(fa’f6)) < ¢(DA(047 5)) - d)(DA(av 5))
Then F admits a unique fixed point.
Proof._Taking (¢, §) = 1(§) — ¢(§) —¥(() in ThE

orem 3.2.

implies

Corollary 3.4. Let F : A — A be a mapping on
a py-complete partial b-metric space (A, py,s > 1).
Suppose that ¢ € Y and ¢ : [0,00) — [0,1) is a
function such that limsup,_,. ¢(§) < 1, for § > 0
and p(§) =0 £ =0.If forevery (,£ € A

1 .
%mln{pb(aafa)apb(dwr(s)} Spb(a7 5)

w(Stpb(.FOé,f(S)) < QO(DA(Q,(S))I/J(DA(Q,(S))
Then F admits a unique fixed point.
Proof. Taking 1(¢,§) = ¢(§)1(§) — ¢(¢) in TheE

rem .

implies

Definition 3.5. Let (A,py,s > 1) be a partial b-
metric space. A mapping F : A — A is called n-
rational contraction of type B, if there exists a _func-
tion n € Zy such that

1 .
% min {py(, Fa), pp(d, Fo)} < pp(a, d)
n(stpb(}"a,]:d),DB(a,é) >0,

implies

13)
for every o, 6 € A, where Dy is defined as

'DB(OA,(S)
= max {py(a, ), po(er, Fa), po 6, F),
po(3, FO)py(cr, Far) pp(0, Fo)pu(e, Far)  (14)

1+ pp(a, ) 1+ pp(Fa, Fo)
pb(Oé,]:Oé) +pb(5a ]:5)}
2s '

Theorem 3.6. Let (A, pp,s > 1) be a py-complete
partial b-metric space and F: A — A be a n-
rational contraction of type B. Then F admits exactly
one fixed point.

Proof. Let the sequence {a} be defined by (B). Be-
cause ay_1 # a, foreach A € N, using logic similar
to that used to prove Theorem .2, we have

1 .
3, min {pp(an, Far), pp(art1, Fars1)}

1 .
= 5, min {pv(ax, axng1), po(arst, ang2)}

< ppax, ari1)
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implies

0 < n(s'pp(Fax, Fare1), Doy, axi1))

< Y(Dp(ar, arg1)) — 1/1(8tpb(]:04,\,-70a+1227)
5

where
DB(aAv Oé)\-ﬁ-l)
= max {pb(am axt1), Po(an, Fan), po(ans, Fonet),
Do(rg1, Fangr)pe(an, Foy)
1+ ppan, ary1)
Po(rg1, Fargr)pe(an, Foy)
1 -i-pb(.}—a)\,]:a)\+1)

pp(n, Fay) + py(aryr, Foangr)
2s

)

)

}

= max {Pb(ax, ax+1)s Po(0x, xg1), Po(rt1, arya),

py(aat1, axng2)py(on, axgr)
L+ py(an, axy1)
py(aatt, axg2)py(on, axgr)
L+ py(orsr, ang2)
py(an, axny1) + pylaais, axri2)

> j

= max{py(cr, rt1), Pp(Qrt1, ry2)}

9

Hence,

T/’(Stpb(ouﬂ, axt2))
< Y(Dp(ay, ari1))
< p(max{py(car, ary1), po(art1, axy2)}

Taking into account the fact that has a non-decreasing
property of 1,

Stpb(a/wh Qxrt2)
< max{py(ax, art1), Po(rt1, rt2)}

If  max{py(car, ars1), pp(@rt1, ang2)} =
py(axi1, @ar2), we get a contradiction, and then it

follows that
1
Po(0rg1, ary2) < ;Pb(am Qrt1)-

Using Lemma 2.9, we conclude that {cy} is a 0-py-
Cauchy on a p,-complete b-partialmetric space, and
there exists o € A such that limy_,, oy = o.
Taking into account the continuity of the mapping F,
we have

lim 04)\> = Fo,

o= lim ay;1 = lim F
A—00 A—00 A—00
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that is, o is a fixed point of the mapping F.

Finally, we establish uniqueness of the fixed point. In-
deed, if we can find another point, v € A, v # ¢ such
that v = Fu,

1 .
0= Q—Smln{pb(U,f’U)apb(O—v Fo)} < (v, 0),

implies

0 < n(s'py(Fv, Fo),Dp(v,0))
< P(Dp(v,0)) — Y(s'pp(Fv, Fo))
= ¥(pp(v,0)) — P(s'py(v,0)),

which is a contradiction. Hence, py(o, v) = 0, that is
o=v. O

Corollary 3.7. Let F : A — A be a continu-
ous mapping on a py-complete partial b-metric space
(A, pp, s > 1). Suppose thatp € T and ¢ : [0,00) —
[0, 00) is a function such that liminfe_,¢, () > 0,

for & > 0and ¢(§) = 0 & £ = 0. If for every
(,EeA

% min {py(a, Far), pp(0, F)} < pp(cv,d) implies
U(s'py(Fa, Fo)) < (Dp(a,d)) — ¢(Dp(a,d)).

Then F admits a unique fixed point.

Proof,_Taking (¢, €) = (&) — #(€) — (C) in The-

orem 3.6. O

Corollary 3.8. Let F : A — A be a continu-
ous mapping on a py-complete partial b-metric space
(A, pp, s > 1).Suppose thaty € Y and ¢ : [0,00) —
[0,1) is a function such that limsup_,c p(§) < 1,

for & > 0and (&) = 0 & £ = 0. If for every
(.EeA

1
2 min {py(e, Fa), py(0, F0)} < py(ex, 0)  implies

U (s'py(Fa, F9)) < ¢(Dp(ar, 6))¢(Dp(a, 8)).
Then F admits a unique fixed point.

Proof. Taking 1((, &) = ¢(§)¥(§) — ¥(¢) in Theo-
rem B3.6. ]

4 TIllustrative example

Example 4.1. Let the set A = {7,8,9,10} and pb be
the partial b-metric on A (s = 2), where

0.000002, for a =6 =10
p(a,8) = otherwise.

‘a_5’27
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Define the mapping F : A — A,

T 7, for a€{7,8,9},
«= 8, for a=10.

We choose ¢ € T, p(§) g and n(¢,§) =

It is easy to see that ) € Z,,. We have

Fa py(a, Fa)
7

o
7 0
8 7 1
9 7 4
8 4

—_—

0

and will take into account the following scenarios:
1. For a,6 € {7,8,9}, we have py(Fa, Fo) = 0,
and then

1

Z min {pb(aa fa)apb((sv ]:5)} <1< pb(aa 6)
implies

12
2pp(Fa, Fo) =0 < 1—3DA(oz, J) >0,

2. Fora=17,6 = 10 we have

pb(aaé) = 97 pb(77~F7) = 07
pp(10, F10) = pp(10,8) = 4,
pb(./—"'?, }-10) = pb(7, 8) =1

and then

1
Zmin {po(7, F7),pp(10, F10)} =0 < 9 = pp(x, )

implies
63 7
3. For a = 8,6 = 10 we have
o, 6) =4,
pb(8 ]:8) - 17
p(10, F10) = py(10,8) = 4,
po(F8,F10) = py(7,8) =1

and then

1 . 1

7 min {pv(8, F8),pp(10, F10)} = 1< 4 = pp(av, 0)
implies

2py(F8, F10) =2 <

NEEN|

7
—pp(8, 10).
8pb(, )
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4. Fora =9, § = 10 we have

po(a,0) =1,
pp(9, F9) = 4,
pp(10, F10) = p(10,8) = 4,
pb(}—9,.7:10) Zpb(7, 8) =1
and then
1 .
Zmln{pb(97]:9)apb(107f10)} = :pb(avé)
implies
Qpb(}—g,fl()) =2
70
< —
- 8

~ Tpe(9, F9)(1 4 py(10, F10)
-8 1+ py(F9, F10)

7
< ¢Da(9.10).

Hence, the hypothesis of Theorem .3 are satisfied
and o = 10 is the fixed point of the mapping F.

Example 4.2. Let the set A = [0,1], and py : A X
A = [0,00), pp(a, 6) = (max{e, §})? be a partial b-
metric on A. Let the continuous mapping F : A — A
be defined by

for o € [0, %],
Fa =
%, for a € (%,1],

and the functions \ € YT, n € Zy, where (§) = ¢

2
8¢

and (¢, &) = @
We verify that F is a n-rational contraction of type
B.
1. For a,6 € [0,2], if o > 6, (the case o < § is
similar), we have

(e, 6) = (max{a, §})* = o,

(e, Fa) = (max{a, o?)? = o?,

pu(6, FS) = 62,

po(Fa, FS) = (max{a?,6%})? = ot

and then
1
zmin{pb(aafa)apb(57f5)} S S a2 Spb(a7 5)

implies

8 8
= < — < —
2pp(Far, F§) = 2a* 25a < 25733(& J).
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2. For a,d € (2/5,1], if a > 6, (the case o < § is
similar), we have

IACHY

pp(, Fa) = (max{a, %)2 =a?
(8, FO) = 6%,
(

= (max{a,d})? = o?,

16
YU ./_"Oé,fé) = @,
and then
1 1
imm {pp(c, Far), pp(0, F0)} < Z 2<a?< py(a, 9)
implies
32 _8 5 8
2 < —a* < —D
po(Fe, FO) = op < gpa” < 5 Pala, ).

3. Fora €10,2/5], 0 € (2/5,1], we have
ACRIES (max{oz,é})2 = 4%
py(a, Fa) = o,
po(6, Fb) = 52
16
(

5
po(Fe, Fo) = o

and then

1 1
Zmin{pb(aafa)vpb(& J—.'(S)} < 162 < 52 < pb(aaé)

implies
32

625
8 2
)
= 2 (5. F9)
= 251%

8
< =D
< 25 DB(2,0).
Hence, all the hypotheses of Theorem (B.6) are satis-

fied and oo = 0 is the unique fixed point of F.

2pp(Fa, Fo) =

IN

5 Conclusion

The search for fixed point theorems involving con-
tractive type conditions has received much interest in
recent decades. In this context, we analyzed conver-
gence point results for such mappings and illustrative
for support theorem based on the new idea of fixed
point results by the use of a simulation function em-
ploying rational terms in partial b-metric space metric
spaces. The fresh ideas inspire more research and ap-
plications. It will be fascinating to apply these princi-
ples, for example, in metric spaces that do not involve
the entire form of triangle inequality, such as partial
order b-metric spaces.
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