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1 Introduction, Definitions and

Notations

Throughout this paper, we assume that the reader
is familiar with the fundamental results and the stan-
dard notations of the Nevanlinna value distribution
theory of entire and meromorphic functions which are
available in [[IT], [19} [25]] and therefore we do not ex-
plain those in details. The theory of complex linear
equations has been developed since 1960s. Many au-
thors have investigated the second order linear differ-

ential equation
f"+A()f =0, M
where A(z) is an entire function or a meromorphic
function of finite order or finite iterated order, and
have obtained many results about the interaction be-
tween the solutions and the coefficient of (see
[, 12, 3, [18]]). Moreover some authors have investi-
gated the exponent of convergence of zero sequence
and pole-sequence of the solutions of second order
differential equations and have obtained some inter-
esting results (see [[7, [8, [18] 24]]). Mulyava et al. [20]]
have investigated the properties of solutions of a het-
erogeneous differential equation of the second order
under some different conditions using the concept of
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generalized order. For details one may see [[20]].

We denote the linear measure and the loga-
rithmic measure of a set £ C (1,+00) by mE =
[gdtandmE = [, ™. Now let L be a class of con-
tinuous non-negative on (—oo, +00) function « such
that a(x) = a(xg) > 0 for z < 2 and a(z) T +oo
as g < x — +o0.

Recently Heittokangas et al. [[14]] have intro-
duced a new concept of p-order of entire and mero-
morphic function considering ¢ as subadditive func-
tion. For details one may see [[14]. Now it is interest-
ing to investigate the interaction between the growth,
zeros of solutions with the coefficients of second or-
der linear differential equations using the revised idea
of Heittokangas et al. [14]], which is the main aim of
this paper. For this purpose, we introduce the defini-
tion of the (v, 3, )-order of a meromorphic function
in the following way:

Definitions 1. Leta € L, 8 € Land~y € L. The
(a, B,7y)-order denoted by T(a,8,7) [f] and (o, B,7)-

lower order denoted by 14,3 | f] of @ meromorphic
function f are, respective;y, defined by

o oflogT(r, £))
T(apylf] = liglilolf B(log~(r))
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and

. a(logT'(r, f))
Blogry(r)) -

Remark 1. Let f be a meromorphic function. One
can see that a(r) = logl r, (p > 0), B(r) = logl¥ r,
(g > 0) and v(r) = r belong to the class L, where
log"l 2 = log(logl*" &) (k > 1), with convention
that log[o] x = x. So, whenp = Q0and q = 0, i.e,
o(r) = B(r) = r, the Definition[l| coincides with the
usual order and lower order, when o(r) = logl?~ 7
(p > 1) and B(r) = r, we obtain the iterated p-order
and iterated lower p-order (see [18, 22]), moreover
when o(r) = log? v and B(r) = loglt= "7, (p >
q > 1), we get the (p, q)-order and lower (p, q)-order
(see [I5 [16]). Further, if a(r) = p(e"), where ¢
is an increasing unbounded function on [1,400) and
B(r) = r, we obtain the p-order and the lower -
order (see [4,19]). Finally if a(r) = p(r) = r and
v(r) = o(r), where ¢ : (Ro, +00) — (0,+00) is
a non-decreasing unbounded function satisfying the
condition p(a + b) < p(a) + ¢(b) for all a,b > Ry,
we obtain the new definition of p-order and the lower
p-order introduced by Heittokangas et al. [14).

Similarly to Definition[I} we can also define
the («, 3,7)-exponent of convergence of the zero-
sequence and («, (3,7)-exponent of convergence of
the distinct zero sequence of a meromorphic function
f in the following way:

Definitions 2. Let o« € L, § € Land v € L.
The («, 3,7v)-exponent of convergence of the zero-

sequence denoted by ), p.)[f] of a meromorphic
function f is defined by

a(logn(r,1/f))
Blogy(r))

Similarly, the («, 3,7)-exponent of convergence of

the distinct zero-sequence denoted by X(a, gy lflof f
is defined by

Aa,B,) [f] = limsup

r—-+00

AMa,s,q) Lf] = limsup

r—+00

a(logn(r,1/f))
B(logy(r))

We say that o € Ly, if a(a 4+ b) < a(a) +
a(b) + cfor all a,b > Ry and fixed ¢ € (0, +00).
Further we say that « € Lo, if « € L and a(z +
O(1)) = (1 + o(1))a(x) as x — +oo. Finally, a €
Ls, if a € L and a(a + b) < a(a) + «a(b) for all
a,b > Ry, i.e., a is subadditive. Clearly L3 C Lj.

Particularly, when o« € L3, then one can eas-
ily verify that a(mr) < ma(r), m > 2 is an inte-
ger. Up to a normalization, subadditivity is implied
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by concavity. Indeed, if a(r) is concave on [0, +00)
and satisfies «(0) > 0, then for ¢t € [0, 1],

a(tr) = a(te + (1 —1t)-0)
> ta(z) + (1 —t)a(0) > ta(zx),
so that by choosing ¢ = _%5 ort =

b
a+b?

ala+b)

a b
a+ba(a+b) + moa(a+b)

a b
o(Fypla+t) +a(Zge+)
a(a) + a(db), a,b>0.

As a non-decreasing, subadditive and unbounded
function, «(r) satisfies

a(r) < a(r+ Ro) < a(r) + a(Rp)

for any Ry > 0. This yields that a(r) ~ a(r + Ro)
asr — +oo.

Now we add two conditions on «, § and ~:
(1) Always o € L1, B € Lo and v € Lg; and (ii)
a(logP! 2) = o(B(log~(x))), p > 2 is an integer as
T — 400.

Throughout this paper, we assume that «, 8
and ~ always satisfy the above two conditions unless
otherwise specifically stated.

Proposition 1. Let f1, fo be non-constant meromor-
phic functions with o, g)[f1] and o g)[f2] as
their (o, B,y)-order. Then

() 0, [[1Ef2] < max{o(a,p)[f1], 00,87 f2]};
(ii) 0(a,5.y)[f1° fo] < max{o (g [f1]: 00,7 [f2]}
(ii)) If 0 (o p [ [1] # O(apylfa) then o(ap)[f1 +
fa] = max{o (a5, [f1]; 00,5, f2]};

() If 0(a,p)f1] # O(a,))f2], then oo 5 [f1 -
fo] = max{o (a5 [f1]; 0(a,84)[f2]}-

Proof. (1) Without loss of generality, we assume that
O(a,8,7) [fﬂ < O(a,8,7) [fz] < 400. From the defini-
tion of («, 3, ~y)-order, for any ¢ > 0, we obtain for
all sufficiently large values of r that

T(r, f1) < exp(a”™ ((0(a,p.)f1] +€)B(log 7(7“))()2))

and

T(r, f2) < exp(a™ (00, /2] + #)8log2(r)))
Since T'(r, f1 £ fo) < T(r, f1) + T (r, f2) + log2 for
all large r, we get from (2)) and (3)) for all sufficiently
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large values of r that

T(r, f1 £ f2) < 2exp(e ' ((0(a,5,9) [ f2]
+¢)B(logv(r)))) + log2
ie., T(r, f1 £ f2) < 3exp(a™ ' ((0(a,5.9)[f2]
+¢)B(logv(r))))
e, logT(r, fr £ f2) < & (00,8, f2)
+¢€)B(logy(r))) + log3
a(logT(r, fi % 12)) < (e 2]
+ 2)(1l0g (1))
+ a(log3) + ¢, (¢>0),
which implies that
a(logT(r, f1 £ f2))
B(log(r)))

holds for any € > 0. Hence
O(a,8,7) [fl + f2] < max{o'(a,ﬂ,'y) [fl]v

lim sup
r—-+00

O(a,p)f2] +¢

(a8 f2]}-
“4)

(ii1) Further without loss of any generality, let
U(a,,@,v)[fl] < U(a,ﬁ,'y)[f?] < 4ooand f = fi £
f2. Then in view of (4) we get that o, 3)[f] <
Oapylfal. As, fo = £(f — f1) and in this
case we obtain that o, 5.,)[fo] < max {0454 [f],
O(a,pyf1]l}.  As we assume that o g.)[
< O(a,8,y)lf2], therefore we have o, g.)[f2]
o-(oc,ﬂ,’y)[f] and hence O(a,B,7) [f] = o-(oc,ﬂ,'y)[fZ]
max{o(a,5.4) /1], 0(a,5.) [f2]}-

(ii) and (iv) Similarly, from T'(r, fi - f2) <

T(r, f1) + T(r, f2) for all large r, we can also get
that

(a8 1+ fo] S max{o( ) [f1]; 0o, f2]}
and if O(a,B,7) [f1] # O(a,8,7) [f2], then

O(apmlft - fo = max{o(a 5. [f1], 0(a,5)f]}
which completes the proof of Proposition O

Py
A 22

Proposition 2. Let fi, fo be non-constant
meromorphic  functions with 0 (q(10g),3,,)f1] and
T (a(log),8,v) [f2] as their (a(log), B,) -order. Then
(i) O (a(log) Bv)[ == f2] < max{o-(oz(log),ﬂ,’y)[fl],
O (a(log),B,7) [f?]}

(it) O (a(log), ’y) [fl fﬂ
T (a(log),8,7) [ f2]}

(iii) If O(a(og),8y)[f1]  #  O(atiog),8,y)[f2], then

O-(oz(log),ﬂ,’y)[fl + f2] = max{o_(a(log),ﬂ,’y)[fl],
O (a(log),B,7) [fQ]}

(ZV) If O (a(log),B,7) [fl] 7é
O (a(log),B,7) [fl : f2} -

T (a(log),B,7) [f2]}

< max{o-(a(log),/)’,’y) [fl]y

T (a(log) By Lf2].  then
max {0 (a(1og),8.) /1],
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Since a(a+b) < a(a)+a(b)+cforalla,b >
Ry and fixed ¢ € (0, +00), the proof of Proposmonl
would run parallel to that of Proposition [T} We omit

the details.

Proposition 3. (i) If f is an entire function, then

= lim sup
r—+00

(e8]
= lim sup
r—+00

and

= lim inf

a(logT'(r, f))

B(logv(r))

a(log® M(r, )

B(log~(r))

a(logT(r, f))

B(log~(r))
a(logl?

M, )

r—-+00

B(log~(r))

(ii) If f is a meromorphic function, then

Aa,B,7) [f] = limsup

r—-+00

= lim sup
r—+00

and

a(logn(r,1/f))

B(log~(r))

a(log N(r,1/f))

B(log~(r))

a(logn(r, 1/f))

X(aﬁﬁ) [f] = limsup

r—-+00

B(log~(r))

alog N (r.1/$))

= lim sup

r——+00

Proof- (i) By the
log" M(r,f) < {IT(R,

B(log~(r))

inequality  T'(r, f) <

f) (0 < r < R)(cf.

[L1]) for an entire function f, set R = nr (n > 1),

we have
T(r, f) <log" M(r, f)

By.

(a +0)

n+1

< — T f). ©®)

n—

ala) + a(b) + c for all a,b >

Ry and ﬁxed cE (0 +00), B((1 + o(1))z) = (1 +
o(1))B(x) as x — +oo and y(a + b) < y(a) +(b)
for all a,b > Ry, it is easy to see that conclusion (i)

holds.

(i) Without loss of generality, assume that f(0) #

0, then N(r,1/f) =
ro<rT

. "(t 1/f)dt. We get for 0 <

N(r,1/f) = N(ro, 1/f) = / L) g

< n(r,1/f)log —0
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that is

N<Tﬂ1/f)SN(T071/f)+n(T71/f)

% logi(0<7’0 <),
To
N 1
ie., N(r,1/f) < (1 + M)
n(?”, ]./f) logTL (0 <rg < 7')5
0

which implies that

log N(r,1/f) <logn(r,1/f)+ loglogr

+log(1 lg’ro)+1 (
N(ro,1/f)
—(Tl/f)log >(0<r0<7“)
(6)

then by the condition on « and (6]), we obtain that

a(log N(r,1/f))
B(log~(r))

lim sup
r—-+00

a(logn(r,1/f))
B(log(r))

< lim sup

r—+00
log o
logr

+lim sup

r—-+00

; (€>0), (D

= lim sup
r—-+o0o

e (1087 7)
|
Hlimsup )
oo (1- %))
T  Bllogn ()
al log (1 + n(ivl(;‘}’ll/(){éL))
B(log~(r))
li _c
P Bllog ()
a(logn(r,1/f))
B(log~(r))
since a(log? ) = o(8(logv(x))) as z — +oo we
have 5((120552:))) — 0asr — +oo.
On the other hand, we have
N = [
/ n(t, 1/f
n(r, 1/f)10ge =n(r,1/f).

®)

Y

By (8), we have

a(log N(er,1/f))
B(log~(r))

a(logn(r,1/f))
Blogn(r))

> lim sup
r——400

lim sup
r——+00
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o(1))B(x)

), we can

+o(1))z)

=
(3r) <

By the conditions 5((1
as ¢ — +oo and y(er) <
write

1+

3y(r

a(log N(er,1/f))
B(log 5y(er))

— lim sup a(log N(er,1/f))
r—+oo B(log 5 + log y(er))
a(logN(er,1/f))

(14 o(1))log~y(er))
a(log N(er,1/f))

(1+o0(1))B(log~(er))

a(logN(er,1/f))

a(log N(er,1/f))
B(log~(r))

< lim sup
r—+00

lim sup
r—+00

= limsup
r—+00

= lim sup
r—+00

= lim sup

S (log (o))
_ lim a(logN(r,1/f))
= s log ()

it follows that

a(log N(r,1/f))
B(log~(r))

By (7) and (9), it is easy to see that
a(logn(r,1/f))

a(logn(r,1/f))
Blog~(r))
©

> lim sup
r—+00

lim sup
r—+00

Aa,B.) [f] = limsup

Pk Bllog (1)
sy 2002 N 1/)
o Blogr()

By the same proof above, we can obtain the conclu-

sion

a(logn(r,1/f))
B(log~(r))

a(log N(r,1/f))
Bllogy(r))

A

(,B,7) [f] = lim sup

r—-+00

= lim sup
r—+00

Proposition 4. (i) If f is an entire function, then

a(log? T(r, f))

O (a(log), 8. f] = lim sup

rstoo  Blogy(r))
o aflog® M(r, £)

=l S log ()

and

. a(log? T(r,

I(a(log), 8,7 [f] = L@jgof - O(glog *yér))f))
- allog® M(r, £))
= lim inf~ B(log(r))
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(ii) If f is a meromorphic function, then

a(log? n(r,1/f))

Aaiog),8,v) [f] = lim sup

rst+oo  B(logy(r))
o allog® N 1/p))
= L S gy (1))

and

a(log® n(r, 1/£))

Aa(iog) 5.7 Lf] = limsup

r—+400 B(logv(r))
o alog? N 1/p)
B lHigf B(logn(r))

Since a(a+b) < afa)+a(b)+cforalla,b >
Ry and fixed ¢ € (0,+00), B((1 + o(1))z) = (1 +
o(1))(x) as & — +o0 and Y(a + b) < 7(a) + ¥(b)
foralla,b > Ry, the proof of Proposition[dwould run
parallel to that of Proposition [3| We omit the details.

2 Main Results

In this paper, our aim is to make use of the con-
cept of («, /3,7y)-order of entire functions to investi-
gate the growth, zeros of the solutions of equation (1))
which considerably extend some results of [21]].

Theorem 1. Let A(z) be an entire function satisfying

(a5mA] > 0. Then o(a(iog),57)f] = O(a,p.7)[A]
holds for all non-trivial solutions of .

Theorem 2. Let A(z) be an entire function satisfy-
ing o(a,8,)[Al > 0, let fi and fo be two linearly
independent solutions of and denote ' = f-
fg. Then max {)\(a(log),,@ﬁ) [fl]v )\(a(log),B,fy) [fQ]} =
Aatiog),6.1) [F] = O(ation) s [EF] < 0(ap Al If
I (afiog) 8.1) ] < I(a,57) Al then Ma(iog) p.)f] =
0 (a,8,7)[A] holds for all solutions of type f = c1f1 +
ca fa, where c1- ca # 0.

Theorem 3. Let A(z) be an entire function satisfy-

ing Atap.1)[A] < (a5 Al Then Aaiog) 5. /] <
O(a,8,9)[A] < Na,8,4)[f] holds for all non-trivial so-

lutions of.

Remark 2. This article may be understood as an ex-
tension and an improvement of [15], [18)] and [21].

3 Some Lemmas

In this section we present some lemmas which
will be needed in the sequel.

Lemma 1. (/12|13 [19]) Let f be a transcendental
entire function, and let z be a point with |z| = r at
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which |f(z)| = M(r, f). Then, for all |z| outside a
set E1 of r of finite logarithmic measure, we have

106) _ (vt
1z -

)
where v(r, f) is the central index of f.

Lemma 2. (/10 [19]) Let g : [0,+00) — Rand h :
[0, +00) — R be monotone nondecreasing functions
such that g(r) < h(r) outside of an exceptional set F
of finite linear measure or finite logarithmic measure.
Then, for any d > 1, there exists ro > 0 such that
g(r) < h(dr) for all r > .

Lemma 3. (/[13l], Theorems 1.9 and 1.10, or [17)],
Satz 4.3 and 4.4]) Let f(z) = S0 an2™ be any
entire function, u(r, f) be the maximum term, i.e.,
p(r, f) = max {|ap|r™;n = 0,1,...}, and v(r, f) be
the central index of f.

(i) If |ao| # 0, then

) (1+01) GeN). (0)

T

log u(r, f) = log |ag| + /V(tt’f)dt. (11)

0

(ii) For r < R, we have

M(r, ) <l (R + ) ()

Lemma 4. Let f be an entire function satisfying

(a8 f1 = o1 and pua,p)[f] = 1, and let v(r, f)
be the central index of f. Then

a(logv(r, f))

limsup——————=+- =0
r—+400 ﬁ(log 7(7‘))

and (log(r, 1))
.. a(logy(r, _
}“—H-of B(log~(r)) Ha-

Proof. In view of the first part of Lemma 3] one may
obtain that

2r

log u(2r, f) = log a0 + /
0

vt.f),,
t

2r
t
> log |ag| + /y(t’f)dt > log |ag| + v(r, f) log 2.

T

(13)

Also by Cauchy’s inequality, it is well known that (cf.
[23])

p(r, f) < M(r, f). (14)
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Therefore, one may obtain from (13)) and (14)) that
v(r, f)log2 <log M(2r, f) — log |ao|.
Thus from above, we get that
logv(r, f) + log? 2 < logl? M (2r, f)

log |ao|
log (1 — ——2gldol
+ Og( log M (2r, f))

By using condition on «, we obtain that

_a(logy(r,f)) _ . aflog? M(2r, f))
S S llogy (1)~ AP B(log (1))

a(log (1 — ST 1°g|a‘;‘ ))
+lim sup log M(2r./)

r—-+o00 B(log(r))

a(—log?¥ 2)

+lim sup + lim sup

rtos Blogy(r) st Blog(r))
a(logp] M(2r, f))

= limsu
e Bllog(r))

By using v(2r) < 2v(r), it follows that

o @log V(1 £))

e B log (1)

< lim sup ™ a(log?® M(2r, f))
r—too  B(log 3v(2r))

. a(log? M (2r, f))

= M S 5 1+ 0 (1)) log1(2r))

= lim sup a(log[2] M(2r, f))
r—too (14 0(1)) B(log(2r))

a(log? M(r, f)) _

=01,

= lim sup
rotoo  B(logy(r))

, . a(logu(r, f))
i.e., o1 > limsuyp—————=
r——+00 5(10g FY(T))
and consequently

> lim mf—.
=T Bllog 1 (1))

Further for any constant K;, one may get from the

second part of Lemma [3] that (cf. [6])
log M (r, f) <v(r, f)logr +logv(2r, ) + K.

Therefore from above we obtain that

logM(r,f) < wv(2r, f)logr+v(2r, f)+ Ki,

e., logM(r,f) < v(2r, f)(1+logr)+ K,
e., logM(r,f) < wv(2r, f)log(e-r)+ Ky,
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e., logP M(r, f) < logv(2r, f) +log® (e - r)
K1 )
v (@r, ) logle 1)

+ log <1+

. . Oé(l()g[z] M(’I"7 f))
i.e., limsu
T—>+o£ B(log~(r))
. allogv(2r, f)) .. a(log (e - )
<limsup———=——— + limsup———=——~—
rrios Bllogh(r)  voise BllogA(r)
K,
+ limSupa<10g (1 * W))
r—4o00 B(log’)/(r))

S S alogv(2r, f))
D G gy (1))~ S S log (1)

where ¢ > 0. Since v(2r) < 2v(r), so from above
we have

o1 = ligiga(lgffgﬂj(%)f))
i)
<tmap e
= lirgi‘;f(mj

. : a(logv(r, f))
bes v g ey 07

and accordingly

aflogr(rf) g

< lim mf .
p = B(log~(r))

Combining (15, and (I6), we obtain that
a(logv(r, f)) _

lim sup o
rotoo Bllogy()
and |
lim inf 2008 1) _
r—+o0 f(log(r))
This proves the lemma. O

Lemma 5. Let f be an entire function satisfying

T (atiog) 5,) L[] = 02 and piaqiog) 5 lf] = 2, and
let v(r, f) be the central index of f. Then

a(log? v(r, f))

S S logy(r))
and -
a(log” v(r, f))
I g
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In the line of Lemma4]one can easily deduce
the conclusion of Lemma[5|and so its proof is omitted.

Lemma 6. Let fi and fo be entire functions
of (a, B,v)-exponent of convergence of the zero-
sequence and denote F' = f1- fo. Then

)‘(a,ﬁ,'y) [F] = max{)‘(a,ﬂ,w) [fl]v )‘(a,ﬁ,'y) [fQ]}
Proof. Let n(r,0, F), n(r,0, f1) and n(r,0, f2) be
unintegrated counting functions for the number of ze-

ros of F', f1 and fo. For any r > 0, it is easy to see
that

n(r,0, F) = max{n(r,0, f1), n(r,0, f2)}. (19)
By Definition[2]and (I9), we have
Nayso [F] 2 max{ a5, [f1], Aa,p.7)f2]}- (20)

On the other hand, since the zeros of F' must be the
zeros of fi and the zeros of fs, forany r > 0, we have

TL(?“, 07 F) = 7’L(’l“, Oa fl) + n(T, 07 f2)
< 2max{n(r,0, f1), n(r,0, f2)}.

By Definition[2]and (21]), we get that
)‘(a,ﬁ,'y) [F] < maX{A(a,B,y) [f1]7 )‘(a,ﬁ,'y) [fQ]} (22)
Therefore, by and (22), we have

21

Moy [F] = max{ a5 [f1], N, f2]}-

This complete the proof. O

Lemma 7. Let fi and fo be entire functions of
(a(log), B, v)-exponent of convergence of the zero-
sequence and denote F' = f1- fo. Then

Aatiog), s '] = max{A(aiog),5.7) [f1]> A(agiog),s,v) [f2]}-

In the line of Lemmal6|one can easily deduce
the conclusion of Lemma[7)and so its proof is omitted.

Lemma 8. Let f be a transcendental meromorphic
function satisfying oo g ) [f] = 03 and let k > 1 be
an integer. Then, for any € > 0, there exists a set E3
having finite linear measure such that for all v ¢ Es,
we have

(k)
m(n ) = 0 (o + 2)010g 1))

Proof. Set k = 1. Since 0, 5.,)[f] = 03 < 400, for
sufficiently large r and for any given € > 0, we have

T(r, f) < exp(a” (o3 +)B(log~(r)))).  (23)
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By the lemma of logarithmic derivative, we have
f/
7n0y?>:(ngr+bgT&Jw (r ¢ By),

(24)
where B3 C [0,400) is a set of finite linear mea-
sure, not necessarily the same at each occurrence.

By and (24) and the condition a(log? z) =
o(B(logvy(x))) as x — +o0, we have

m(r. L) = Ot (or+a)3llogs(r))) (¢ B).

We assume that

f*) -1
m(r, 75) = 0™ (o3+<)510g7(r)))) (r ¢ Bs)
(25)
holds for a certain integer k& > 1. By N(r, f#)) <
(k4 1)N(r, f), forall r ¢ E3, we have

T(r, f®) = m(r, f*) + N(r, f*))

(k)
< m(?", ff) +m(r, f)
+(k+1)N(r f) (26)

< (k+1)T(r, f)
+0(a™ (o3 +¢)B(log y(r)))).

By and , for r ¢ E3, we obtain that

’
m (T,

(%)
f) )

O(logr +log T'(r, f(k)))
=O(a™((o3 + 8)5(10g’Y(7’)))()2-7)
Therefore, by and (27), for r ¢ E3, we have that

(k+1) (k+1) (k)
) = (T (e )

m (7‘, 7
O(a ' ((o3 + €)B(logY(r)))).
0

(k+1)
Z@)Zm@

IN

Hence the lemma follows.

4 Proof of the Main Results

Proof of Theorem [1] Set 0, 3.,)[A] = o4 > 0.
First, we prove that every solution of satisfies

T(a(iog),8,y) [f] < 4. If f is a polynomial solution
of, it is easy to show that o'(4(10g),8,1) [f] = 0 < 04
holds. Let f be a transcendental solution of (). By
(I), we can write that

/"(z)
f(2)

= [A(z)],
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so, by Lemma |1} there exists a set £; C (1,+00)

having finite logarithmic measure such that for all z

satisfying |2| = r ¢ [0, 1]UE; and |f(=)| = M(r, f),
we have

2

(=D 0401

< expm (ail (<a4 + g)ﬂ(log 7(7“)))),
and hence, we obtain for r ¢ E that

v(r, f) < rexp(a™((o4 +€)B(log(r)))). (28)

Therefore by and Lemma 2] there exists some
11 > 1 such that for all » > r1, we have

v(r, f) < mrexp® (o™ (o4 + 5)5(10g7(7117"))()2)9-)
By (29), Lemma 3] and the conditions on «, /3 and 7,
we obtain that

a(log? v(r, /)
Bllog (1)

< 0y4.
(30)
On the other hand, since f is a transcendental, so by
(T), we get that
Y
m(r, ~7 > = O(logrT(r, f))
(r ¢ E3),

O(logr + logT'(r, f)),

where E3 C [0, +00) is a set of finite linear measure.
By using Lemmal[2] for any 72 > 1 such that for all
r > ro, we get that

lim sup
r—+00

O (alog) ) L] =

"

m(r, A)

"

m(r, A) =
€2))

where Ky > 0 is some constant. Since A(z) is an
entire function, so by and using the inequality
log(z +y) < logz + logy + log2 (xz,y > 1), we
have

m(r. —J;) < Ky (lognar+log T(nar, f)),

Benharrat Belaidi, Tanmay Biswas

V(] + 1) 7) < ([n2] +1)~(r),
where [1)2] is the integer part of the number 7, so

from the inequality above and (30), we get that
T (aiog),8:7) [f] = O(a,8,)[A] holds for all non-trivial
solutions of (1))

Thus Theorem [l follows.

Since y(nzr) <

Proof of Theorem 2] Set 0, 3.)[A] = 05 >
0, by Theorem [} we have o (q(iog),5.4)Lf1]

T (a(log),3.7) [f2] = T(a,8,7) [A] = o5. Hence, we get
Aa(iog),5m) [F] < 0(a(iog),5,7) [F]
< maX{U (log),58,7) [fl] a(log),B,y) [f2]}
= O (a8 Al
(32)

By and Lemma([7} we have

max{(a(log),6,7) [f1]: A(a(iog). 5.1 2]} = Aattog) 5.9 [F]
< O (a(log),8.7) [ F]

< (a8 Al
(33)

It remains to show that Aiy(iog),8,4)[F]

T(aiog),8, F]- By (1), we have (see [I8, pp.
76-77]) that all zeros of F' are simple and that

F/ F//

Fec((E) () )
where C' # 0 is a constant. Hence,
o1 F) = 17(r. (5)" —2(52) —44) + 011

<0 (N(r, %) +m (r, )+m (r, F}:/) +m(r, A))
(35)

By O (a(log),B,7) [f] O (a,B,7) [A] = o5 < +o0
and Lemma [§} for all » ¢ Fs5, we have m(r, A) =

F/
F

ool = timsploEm(rA) m(r4) = Ofexpla™!((o5 + €)B(logy(r)))));
B e Bllog(r)) m(r, %) = Ofexpla™ (05 +=)(log(r)))) and
. log 2K
< limsupSE2ey m(r ) = Olexpla™ (o5 + £)(log (1))
e (log log 727") Therefore, by (33)), for all r ¢ E3, we obtain
iy BllogA(r)) T(r, F)
/1 B
i sup 2108 108 T(m2r. /) = O(N(r, ) + expla™ (05 +¢)B(log (1)) ).
r—+400 6(10g7<r)) (36)
+lim supé Now let us assume that A(4(0g),8,)[F] < K <
r—+oo B(logy(r)) T (a(log),8,y) [F]- Since all zeros of F are simple, we
) a(loglogner) ave
= hmsup—
r—+oo  Blog(r)) N(T l) _ N(T l)
+lim Supa(log log T(1pzr, /) (c>0). F B (37)
rotoo  B(logy(r)) = O(expP(a™" (kB(logy(r))))).
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Hence by and , for all r ¢ E3, we get that

T(r, F) = O(expPl(a~ (kB(log 7(r)))))-
By Definition and Lemma we have
T (a(log),B,7) [F] < r < O (a(log),B,7) [.F],.thls 1S a
contradiction. Therefore, the first assertion is proved.
If 0(a(10g),8,)[F] < 0(a,8,7)[A], let us assume that
Aagog) 8 f] < 0(a,p+)[A] holds for any solu-
tion of type f = ci1fi + cafe (cica # 0). We
denote F' = f; - fo and F} = f - f1, then we have
Aafiog) 5.1 [F] < 0(a,5)[A] and Aa(iog) . [F1] <
(a8, [A]. Since holds for F' and F}, where

Fi=f-fi=(ch+cfo)fi = cff +coF, then
we get that

T(r,f1) =0T (r,F1)+T(r, F))
~o(¥(rng)+ N (nE) oy
+exp(a”! (o5 +£)A(log1(r)))).

BY Aatiog) 1) [E] < (0,54l Mattog),7) [F1] <
U](D?ﬁﬂ) [A] and (37), for some £ < 0(4 5,)[A], we
obtain

T(r, f1) = O(exp? (a™ (kB(log¥(r)))).  (39)

By Definition [T]and (39), we have o/(q(1og),5,)[f1] <
kK < 0O@pylA], this is a contradiction

with Theorem Therefore, we have that
Aa(og) 8 f1 = @~ I[A] holds for all solu-
tions of type f = c1f1 + cafa, where cico # O.
Hence the theorem follows.

Proof of Theorem By Theorem [I] and

Aatog) 8 1 < T(agiog),s,)f]> it is easy to show
that \(q(1og),5,7)[f] < 0(a,8,y)[A] holds. It remains to

show that o4 3.)[A] < Aa,8,4)[f]. Let us assume
that 0o 5.4)[4] > A5 [f]- By (I) and a similar
proof of Theorem 5.6 in 18], pp. 82], we obtain

T(r, ]{/) - O(N(r, }) +N(r, %)) (r ¢ Es).
By , the assumption o, 3 1)[A] > A(a,8,9) [f](:r(l)c)l

X(aﬁﬁ) [A] < 0(a,5,)[A], for some £ < 04 5.)[Al
we obtain that

7(r.4,) = Olexpla™ (s5(Iogr(n))). @1

Further by Definition and (4I), we have

T(a8,) [fi] = (a) [’H < K < Oapyldl
Therefore by

0= () + (5

E-ISSN: 2224-2880
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we get that O(a,8,7) [A] < O(a,8,7) [%:| < O(a,8,7) [A],
this is a contradiction. @ Hence, we have that
Aatog) 8] < 0(a,87)[Al < Aa,3)[f] holds for
all non-trivial solutions of ().

The proof is complete.

5 Conclusion

Throughout this article, we have generalized some
previous results to general (o, [3,)-order. Defining
new order of growth in the complex plane is discussed
and is applied to complex differential equations with
entire coefficients to solve some problems related to
growth of solutions. It is interesting now to study the
growth of solutions of complex differential equations
with meromorphic coefficients.
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