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Abstract: - Ismail first proposed the concept of C-closed topological spaces in 1980, assuming that spaces
which are countably compact are closed. In 2019, Omar and Hdeib introduced the notion of pairwise C-closed
bitopological spaces. In this article, several results concerning these notions are proposed and discussed.

Many findings are summarized in relating pairwise strongly Lindeldf bitopological space and pairwise strongly

C-lindeldf.
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1 Introduction

In 1963, Kelly [1] initiated “Bitopological Spaces”
in an article in the London Mathematical society,
thereafter a large number of articles generalized
topological concepts to bitoplogical ones. In 1980,
Ismail [2] introduced C-closed topological spaces in
which he assumed that every countably compact is
closed. Omar and Hdeib [3] introduced the concept
of pairwise C-closed bitopological spaces in 2019.
The notion of strongly Lindelof spaces was
introduced in an article named “Strongly compact
spaces” by Mashour in 1984 where he required that
each preopen cover of the space to have a countable
subcover.

Omar and Hdeib [3] called a bitopological space
(X, 74, 72) a pairwise countably compact space if the
countably open cover of X has a finite subcover.
Also, they introduced the notion of pairwise C-
closed spaces where every 7; —countably compact
subset of a bitopological space (X,74,7,) Iis
T, —closed and every 7, —countably compact subset
of X is T, —closed [4].

2 Preliminaries

The bitopological spaces (X,14,72) and (Y,0q,0,)
(simply X and Y) are bitopological spaces on which
no separation axioms are required unless clearly
indicated throughout this work.

For the bitopological space (X, 71,72) :

i. A cover U of the bitoplogical space (X,7;,7;) is
pairwise open cover if U covers (X, ;) Vi = 1,2.

ii. X is pairwise countably compact if the countably
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pairwise open cover of X has finite subcover.

iii. X is called p-Hausdorff [1] if Vx #y in X,
AW, Wy:x e Wy, y e Wy and Wy, N W, = 0.

vi. X is regular with respect to 7, if Vx € X and
T, —closed subset K not containing x, IW a
T, —open subset of X and V which is a T, —open
subset of X and disjoint from W such that x €
Wand K C V.

v. X is p-regular [1] if 7, is regular with respect to
T, and T, is regular with respect to 7.

3 Pairwise C-closed Bitopological
Spaces

Definition 1: If (X, 74, 7,) is a bitopological space,
then:
i. A subset W of X an (i,j) —preopen (resp.

(i,j) —preclosed) [5] if W ci—int(j—
cl(W))  (resp. i—cl(j—int(W))Vi,j=
1,2 i#j. If Wis (1,2) —preopen and

(2,1) —preopen, so W is pairwise preopen. A
pairwise preopen complement subset is pairwise
preclosed.
ii. A bitopological space (X,Tq,T,) is said to be
pairwise  strongly C-closed [6] if a
T, —countably compact subset of X s
(2,1) —preclosed and t, —countably compact
subset of X is (1,2) —preclosed.
A bitopological space (X,t,,7,) is a pairwise
C- Lindelof [7] if every (1,2) —preclosed
subset s 7, —Lindel6f  and  every
(2,1) —preclosed subset is T, —Lindelof.

iii.
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iv. A bitopological space (X,tq,75) is pairwise
strongly C- Lindelof  [4] if for every
(i,j) —preclosed set A, there exists an (i,j) —
preopen cover {u,:a € A} of A contains a
countable subfamily A; = {@y, ay, ...} such that
A is covered by {(j,i)—precl(uak):uake
Al}where the preclosure of a subset is the
smallest preclosed set containing it

Lemmal: A  pairwise strongly  Lindelof
bitopological space is pairwise strongly C- Lindelof.
Proof: Assume that (X, tq,7,) is pairwise strongly
Lindel6f space and let {u,: @ € A} be a cover of
pairwise preopen subsets, then the open cover
{uy: @ € A} consists of pairwise open subsets since
each preopen subset is open. So, I{a, a,, ..} a
countable subset such that X = Uy~ ug, . Thus X is
pairwise Lindelof.

Proposition 1: A subspace of a pairwise strongly C-
closed bitopological space is strongly C-closed.

Proposition 2: Every subspace of a pairwise
strongly Lindelof bitopological space is pairwise
strongly Lindelof.

Proposition 3: Every subspace of a pairwise
strongly C-Lindelof bitopological space is pairwise
strongly C-Lindel6f.

Proposition 4: A pairwise Lindelof bitopological
space is a pairwise C-Lindelof.

Proof: Let K be a t; —preclosed subset of a
bitopological space (X,tq,73), if {u,:a € A} is a
cover of K consisting of T, —open subsets of X, then
i ={uy,:a € A}JU (X —K) is an open cover of X
that admits a countable subcover = {u, :n € N} U
(X — K). So, K is covered by a countable subcover.
Thus, K is 7, —Lindel6f. Similarly, if we assume
that K is a 7, —closed subset of X, we will get that
K is T, — Lindelof.

A bitopological space (X, T4, T,) is called p-
Hausdorff [4] if V x # y in X, there 3 v a T; —open
subset and a T; —open subset w disjoint from v such
thatx Evandy ew Vi,j =12 i#]j.

Definition 2: In a bitoplogical space (X, 74, T3), T;
is regular with respect to 7; [8] if Vx € X and each
7; —closed subset K such that x & K, there exists a
7; —open subset W and a t; —open subset V
disjoint from W suchthatx € W and K € V Vi,j =
1,2 i#].
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A bitopological space (X, t4,7,) is p-regular [3] if
T, is regular with respect to 7, and 7, is regular with
respect to ;.

Definition 3: A subset M of (X, tq,7;) is said to be
(i,j) —regular open (resp. (i,j) —regular closed) if
M=i—int(j—cl(M) (resp. M =i—cl(j—
int(M)). If M is (1,2) —regular open and

(2,1) —regular open, then M is pairwise regular
open. The complement of a pairwise regular open is
also pairwise regular closed.

Proposition 5: If the bitopological space (X, 71, T3)
is p-regular pairwise C- Lindelof, then X is pairwise
Lindelof.

Proof: Let (X, 74, 7,) be a p-regular pairwise C-
Lindeldf, that is not pairwise Lindeldf. Let U =
{uy: a € A} be an open cover of X that has no
countable subcover, but X is C- Lindelo6f, so a
subcover consisting of pairwise preclosed subsets of
it admits a countable subcover , i.e there exists a
countable subset {a;, a5, ... } such that X =

Uken Fy, Where Fyis pairwise preclosed subset of X.
Hence, X is pairwise Lindelof.

Proposition 6: Every pairwise C- Lindel6f p-regular
bitopological space is pairwise strongly Lindelof.

Proposition 7: A pairwise strongly C- Lindel6f p-
regular is a pairwise strongly Lindelof.

A bitopological space (X, 4, 7,) is said to be
pairwise sequential [1] if every non 7; —closed
subset F of X contains a sequence that converges to
apointinX — F Vi=1,2.

Proposition 8: The p-Hausdorff pairwise sequential
bitopological space is pairwise strongly C-closed.
Proof: Suppose that K is a T; —countably compact
subset of X which is not 7, —preclosed, then 3x €

X such that x € 7, — (precl(K) — K).

Assume that G = K U {x}, then G is 7; —countably
compact. Since G is a pairwise sequential, 3(x;) in
a sequence in K such that (x;) converges to G —
K = {x}, that is (x;) does not have 7, —cluster
points in K which is a contradiction.

Proposition 9: A pairwise strongly C-Lindelof p-
regular bitopological space is pairwise Lindelof.

Corollary 1: A pairwise strongly Lindelof
bitopological space is a pairwise C-Lindelof.
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Proposition 10:[1] Let (X,74,7,) be a pairwise p-
Hausdorff bitopological space, let (x;) be a
convergent sequence in X, then it has exactly one
limit point.

Proposition 11: Let (X,74,7;) be a p-Hausdorff, if
every pairwise countably compact subset of X is
pairwise sequential, then X is pairwise strongly C-
closed.

Proof: Suppose that A is a t; —countably compact
subset of X and that A is not 7, —preclosed. If x €
7, —precl(A) — A, and B =AU {x}, then B is
T, —countably compact. A is not 7, —closed in B,
but B is sequential, then there exists a sequence
(xx)in A such that x, — (B — A) = {x}. Hence,
(x;)is a sequence in A that has no t; —limit points
in A which is a contradiction.

Consider the bitopological spaces (X,74,7,) and
(Y,0q4,0,), the function f: (X,t4,72) = (Y,01,0,)
is pairwise continuous provided that it is continuous
both as a map from (X,7;) to (Y,0;) and as map
from (X, ;) to (Y, 03).

Proposition 12: If a p-Hausdoff bitopological space
(X,74,72) admits a pairwise continuous surjective
mapping into a pairwise C-closed space (Y, 0y, 03),
then X is pairwise C-closed.

Proof: Suppose the bitopological space (X, 71, 7;) is
p-Housdorff a pairwise and that (Y,0q,0,) is a
pairwise C-closed space, let f:(X,11,15) »
(Y,04,0,) be a pairwise continuous surjective
function, if K; is a countably compact subset of
(X,14), then its image under f;: (X,7,) = (Y, 07) is
a countably compact subset of (Y, g;), similarly for
K, in (X,t,) under f5: (X,75) = (Y,0,). Now,
since Y is a pairwise C-closed space, f;(K;) is
closed in (Y,0,) Vi = 1,2. Thus, (f; *(fi(K)) is
closedin (X, ;) Vi = 1,2.

Proposition 13: If (X,74,7,) is a p-regular
bitopological space, then if every point x € X has a
pairwise C-closed neighbourhood, then X is
pairwise C-closed.

Proof. Suppose that K be a pairwise countably
compact subset of X. For any point x in X, there
exists a p-open subset W of X containing x. Since X
is p-regular, there exists a p-open subset VV of X such
that x € V and cl;(V) € W. Now, cl(V)NK is a
pairwise countably compact subset of U, x €
cl(cl(V) N K), hence K is a neighbourhood of x.
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Proposition 14: If (X, t4,7,) is a p-regular pairwise
countably compact, then each pairwise F; —subset is
pairwise closed in X.

Proof: Suppose that F = {F;:i € N} be a family of
pairwise closed subsets of X, and assume that K =
U2, F; is not pairwise closed, if x € cl(K) — K and
M = K U {x}, then M is pairwise countably compact
first countable at x since x is pairwise Gg. There is a
sequence (x,) in K converging to x, hence this
sequence has no cluster points in K which
contradicts the assumption.

Proposition 15: If (X,tq,7,) is a p-regular
bitopological space and each of its pairwise
countably compact subsets is an F;, then X is a
pairwise C-closed space.

Proof: By proposition 14, we get the result.

Proposition 16: If (X,74,7,) is a p-regular
bitopological space and X is the countable union of
its pairwise C-closed subspaces, then X is pairwise
C-closed.

Proposition 17: If (X,74,7,) is a p-regular
bitopological space and its points are Gg, then X is
pairwise C-closed.

Proof: Suppose that K is a pairwise countably
compact subset of X and that K is not pairwise
closed. IfVx € X,x € K — K and A = KU{x}

is a first countable pairwise countably compact
subset of X. Consequently there exists a sequence
(x,) converging to x, that is x is not a cluster point
which is a contradiction. Thus assumed result is
hold.

Proposition 18: If (X,74,7,) is a p-Hausdorff
bitopological space and each pairwise countably
compact subset of X is sequential, then X is pairwise
C-closed [9].

Corollary 2: Each pairwise countably compact
subset of the bitopological space (X,t4,T,) is
sequential and X is not sequential.

Corollary 3: Each subspace of the pairwise C-
closed space is pairwise C-closed.

Lemma 2: If (X,74,7,) is a pairwise countably
compact C-closed space, then its cardinality is less
than or equal to d(X)®° where the density of X is
denoted by d(X).

Proof: Consider the subset A of X, if e®°(4) =
{fu € A:lul < wp}, let x be a limit point of u and
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B(x) ={x €Eu:u S e®(A)}, then IB(x)] < 14I%.
If uy is a dense subset of X and a < f < w4, then
lugl < d(X)®°and hence lu,l < d(X)®. If K =
Ua<w, Ua> then K is pairwise countably compact

and 1K1 < d(X)“oand u is a pairwise dense subset
of X, thus X = K.

4 Conclusion

Every pairwise strongly Lindel6f bitopological
space is pairwise strongly C- Lindelof and each
subspace of a pairwise strongly C-closed
bitopological space is strongly C-closed. For the
subspaces of a pairwise strongly Lindelof
bitopological spaces, each subspace is pairwise
strongly Lindelof and the subspace of a pairwise
strongly C-Lindelof bitopological space is pairwise
strongly C-Lindelof. For the pairwise Lindelof
bitopological space, they are pairwise C-Lindelof
spaces. Pairwise C- Lindel6f p-regular bitopological
space is pairwise strongly Lindelof and strongly C-
Lindelof p-regular spaces are pairwise strongly
Lindelof.
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