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Abstract: - In this paper, a robust modification of the variational iteration method that gives a numerical solution
for a system of linear/nonlinear differential equations of fractional order was proposed. This technique does not
need the perturbation theory or linearization. The conformable fractional derivative initiated by the authors Khalil
et al. is considered. The efficiency of the modified method is established via illustrative examples. For linear and
nonlinear systems, the approximate solutions are in excellent agreement with the exact solutions.
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1 Introduction

The differential equations of fractional order, as well
as their exact and approximate solutions, have fun-
damental significance in several branches of science
and engineering [[12, 24, 23, 22,7, 12, 28§, [10, 21|, 29].
The analytic and approximate solutions of linear and
nonlinear systems of ordinary differential equations
of fractional order have been discussed by several au-
thors, see [9, [11), 3, 20, 26, 27].

The authors Khalil et al. defined a new fractional
derivative in [[17]. It is based on the definition of the
basic limit of the derivative. The new simple frac-
tional derivative is named the conformable fractional
derivative, which then had been the focus of many
studies [|I}, 2, 5, 6, 8, 19, [L8, 25].

The variational iteration approach was developed for
the first time by He [[14]. This technique and its
modifications [[15, 16] have potentially been used to
solve nonlinear differential equations. In [31], a com-
parative study between the Adomian decomposition
method and the variational iteration method has been
presented. The method has been used in [[13] to pro-
vide an approximate solution for fractional differen-
tial equations with modified Riemann—Liouville frac-
tional derivative.

The purpose of this paper is to extend the analysis of
the variational iteration method to solve the system of
fractional ordinary differential equations which is as
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follows:
Dall‘l(t) = fl(ta$1a$27 cee 7$n),
Da2x2(t) = f2<ta$17$27 cee 7:1771)’
()
Dz, (t) = fu(t,x1,29,...,2n),

where D% = 4°* s the conformable fractional
derivative of order o; € (0,1], fori = 1,2,...,n.
The system is subject to the initial conditions

x1<0) = Cl7 332(0) = CQ, ey xn(o) = Cn-

The article is organized as follows: In Section P we
discuss the basic definitions and properties of the con-
formable fractional derivative. The variational itera-
tion method is presented in Section §. Section [ pro-
vides a series of examples to demonstrate the effi-
ciency of the implemented method. Section [ con-
cludes.

2 Preliminaries and Notations

In this section, we introduce the main concepts and
properties of the conformable fractional derivative.

Definition 2.1. The conformable fractional deriva-
tive of order o, 0 < a@ < 1l of f : (0,00) = Ris
defined by

Do(f) () = lim LEF @) = (@)

e—0 €
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for all x > 0. If the limit exists, we say
that f is a—differentiable at x. Moreover, if f
is a—differentiable in some (0,a), a > 0, and
l_ingr D, (f)(z) exists, then define

€T

Do (f)(0) := lim Do (f) ().

z—0t

Remark 1. Let o € (0, 1] and f be differentiable and
a—differentiable for all > 0. Then

= xl_a%(az).

Dao(f)(x)

The fractional exponential function, denoted by
e« is defined by

Remark 2. The conformable fractional derivative of
common functions are

* Dy (c) = 0, for any constant c.

Next, we introduce the fractional integral of order
a.

Definition 2.2. Let o € (0,1] and z € [a, 00),a >
0. The conformable fractional integral of order « is
given by

(1) () = / " f(t)da(t, a) = / C(t—a)* f(t)dt.

When a = 0, we use I, and da(t).

Theorem 2.1. Let f : [0,00) — R be differentiable
and « € (0,1). Then for all t > 0 we have

1o Do (f)(t) = f(t) = £(0).

Proof. From definition and since f is differentiable
we obtain

1.Da(f) (1) / 2Dy f () de

t
/ xaflxlfaf/(x)dx
0

O]
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3 Variational iteration method

In 1999, He []14] proposed an analytical approach for

a non-linear problem based on a general Lagrange

multiplier. The method is called the variational iter-

ation method, where no perturbation or linearization

are needed, has been used effectively to solve a vast

class of nonlinear problems.

To demonstrate the main concept of the method, we

examine the following general nonlinear system:
Lu+ Nu = ¢(t), ?2)

where L and NN are a linear and nonlinear operators,

respectively.

A correctional functional can be given by

u”“(t) = u”(t)—i—/ AMLu™(7)+Na" (1)—g(1)]dT,
(3)

where ) is a general Lagrange multiplier which can be
determined optimally through variational theory, and
u" is considered such that éu"™ = 0.

Accordingly, the exact solution can be given by

z(t) = lim z"(t).

k—o00

Now, consider the general fractional differential equa-
tion:

D%x(t) = La(t) + N2(t) + (1), )

where a € (0, 1], D is the conformable fractional
derivative of x(t) of order a.
The author has modified the above iteration method
into:

l‘k+1(t) _ :L’k(t)+

/0 AT D& (7) = (La" (1) + N & (1) +g(7)]da(r),
which can be rewritten as

" () = 2 (t)+ Q)

/0 )\(T)Ta_l [Dazk(T) — (L:Uk(T)+Njk (1)+g(7)]dr,

where any selective function can be used for z°, we
usually use the initial condition (0). To find the op-
timal value of Lagrange multiplier A\, we perform the
following, we take the variation of (§) with respect to

x(t)
oz t(t) = 62k (t)+

5 / A(r) o Dk () — (La® () + N&* (r)+g (7)) dr.
0
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This yields the stationary conditions 4 Applicaﬁons
, In this section, we illustrate the efficiency of the our
N(r) =0, modified version of VIM by presenting four exam-
1+ X(r)=0. ples. The first two examples are considered for linear
systems of fractional ordinary differential equations.
Hence, we obtain The accuracy of the proposed method is appraised by
comparison with the exact solutions. The third and
A1) = —1. (6) fourth examples are considered for nonlinear systems.
All computations are performed by Mathematica.
The correction functionals for system () can be ex- Example 4.1. Consider the linear system of fractional
pressed as differential equations
B+l _ ok
) =l D a(t) = a(t) - y(t) o
D2y(t) = (t) + y(t),

where 0 < a1,a0 < 1 and D% = 5’% is the con-
formable fractional derivative, subject to the initial

k+1(t) _ xé(t) + conditions
z(0) =1, y(0)=0. (10)

t

/ Ao (T)(D2xk(T) = fo (7, ¥ (7), ..., #°(7)))daa(r),  The exact solution of system (§) with initial condi-

0 tions ([L0), when a1 = as = a, refer to [4] for more
detalils, is

t& ta
x(t) = e« cos —,
a
i () = 2k () + ot (b

t) = e« sin —.
y(t) = e« sin—

According to the fonnéllas (B), the variational iteration
t o . . formulas for system (J) are given by
| A0 ) 40, 7)), t
M T =) - [ D) - )+ o (),

Substituting () into (1) gives 0

TaNOESHOR / 7Dyt (1) — a* (1) —y*(7))ldr,
0

(12)
¢
ar—1¢ poa  k ~k ~k where 20(t) = 1 and y°(t) = 0.
D — . d
/0 T DR (r) = A (), - Ea(7))d Consequently, we obtain the following approxima-
tions
k
x2+1(t) = xé(t)_ xl(w -1+ o
(&3] ’
! as—1 as .k ~k ~k 1 o2
; T (D*?z5(1) — fo(r,ZY(7),..., &, (T)))dT, y(t) = "
$+o t2061 t011+062
?(t) =14+ —+ — — ,
(a1 20[1 042(011 + OZQ)
9 $o2 ta1+042 tQCVQ
k+1loy _ ki t) =— )
T, (t) - xn(t) y ( ) (6) Oq(Ckl + 042) * 20&%
to t?ocl t30¢1 tOé1+O¢2
) =1+ —+ -5+ —5 — -
. a1 207 6a)  as(ar + o)
/ Ta"_l(Do‘"fo(T) — fulT, i]f (1),... ,ifl (1)))dr. t2onton tort2as
0

(8) aras (200 + ag) - 204%(0(1 + 2042)’
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tag t2a2 t3a2 tal +as
) =— + +
y e 204% 60/3 aj(og + az)
t2011+062 tOtl +2a

202 (201 + )
t061+20£2

ai(ar + a2) (o + 2as)’
o t20¢1 t3a1 t4041

4
t) =1+ — —
(1) + aq + 2a% 604‘;) 240/11

to +ao t2011+0£2

as(aq + az) B aras (200 + a) B
tOé1+2062 ta1+3az

203(ay + 2a9) a 603 (a1 + 3az) a
3aitas

a1a2(2a1 + ag)(?)al + 042)
t2a1+2a2

404%(041 + a9) (a1 + 2a9) B
t3a1+a2

204%(2041 + 042)(3061 -+ 042) ’
tOtz t20¢2 t30{2 t4a2

4
t) =— +
v (®) fe%) 20[% 6a§ + 240/21

tOélJrCm t36¥1+0¢2

+— +
ai(o +a2)  6a3(3aq + az)
2t

20(1 (ozl + 052)(2041 + a2) +
a2t2a1+a2
3 +
207 (a1 + a2) (200 + a2)
t2a1+2a2

_|_ —
402 (a1 + az)(2a1 + az)
t2a1+2a2

20&1042(0&1 + CKQ)(QCH + 042)
t041+3062

2a3(a2 + bajag + 6a3)’

: (13)
If oy = ay = a, then ([[3) become
(0%
1
t)y=1+ —
B =1+,
tO[
1 [
y(t)_av
2 t
t)y=1+ —
20 =1+,
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to t2a
2
t) = —+ —,
yo(t) R

to t3a
3
=14
v (t) +a 3a3

to t?oz tSa
3
t)=—+ — —,
v (t) a  a? 33 (14)
4 to t3a t4a
=1 —
v (®) +a 33 6ot

o t?oc t3a
4
t)=—+ —
yt)=—+ -3+ 3.3

The solution of (g) in series form is given by

o tSa t4oz

H=1+4——0 et .
z(t) +a 3a3 60[4+ ’
(15)
to t2a t3a
t)=—+—+—+...

which converges to the exact solution ([L1]).

Figures and% show the exact solution x(¢) and y(t)
and the approximate solution z*(¢) and y*(¢) for sys-
tem (f)) for different values of . The figures show
that our approximate solutions are in good agreement
with the exact solutions.

Example 4.2. Consider the linear system of fractional
order differential equations

D™ x(t) = z(t) — y(t) + 42(t),
Dy(t) = 3x(t) +2y(t) — 2(t),  (16)
D z(t) = 2x(t) + y(t) — 2(t),

subject to the initial conditions
z(0)=-1, y(0)=7, =2(0)=3. 17

The exact solution of the system ([ld), when oy =
a9 = g = @, 18

x(t) = e 4B 6_2%,
y(t) = de's + 2635 1+ 25T (18)

z(t) = e +e8T +e 2%,

According to the formulas (), the variational iteration
formulas for system ([Ld) are given by

:rk—i-l (t) _ :L'k (t) _

/0 ren LDk (r) — aF(r) + 4 (r) — 42H(r)dr,
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Figure 1: A Comparison for exact z(t) and the ap-
proximate solution z%(t) in Example (#.1) where
o] = Qg = 1, 0.9, 0.5.

Y ) =yt () -
/O roe Doy () — 32k (7) — 2 (r) + 2* ()] dr,
KLt = 2R (1) -

/0 roa LD () — 228 (r) — (1) + 2 (r)dr.

Begin with 2°(t) = —1, y°(t) = 7 and 2%(¢) = 3,
we obtain
1 “
t)y=—-1+4—
z(t) A
1 2
t)=7+8—,
y(t)="7+ -
1 e
t)=3+4+2—,
z*(t) + ”
tOél t2011 tOé1+012
?(t)=—-1+4— +2— —38
o af ag(ag + ag)
tOc1+Ots
az(ar + ag)’
E-ISSN: 2224-2880
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0.2 0.4 06

0.2 0.4 06

L L L
02 04 06
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Figure 2: A Comparison for exact y(¢) and the ap-
proximate solution y*(t) in Example (#.1l) where

] = (g = 1, 0.9, 0.5.

205y — 7, Bt 8t22 | 12ttite:  gpeatas
y ( ) - + 2 ]
9 aj ar(ag +az) az(a + az)
9 B 2t t2063 8t061+013 8t062+043
as a3 ai(ar +az) oo+ a3)
4t 2 gt St taz
P (t) = -1+ + - —
o ol 33 as(a1 + az)
]_21:2061"!‘062 8t061+063
_l’_ —_
o (Oq + 042)(2&1 + 042) 043(011 + ag)
8t2a1+az 8ta1+2a2
as(ar + az) (200 + ag) a3(aq + 2az)
32t2a1+063 8t2041+063
- -
ar(ar +a3)(2on +az)  ag(ar +a3)(200 + as)
32ta1+az+as
+
az(ae + az)(a1 + az + az)
o tastag 4poit2a
as(ag 4+ as)(a; + as + az) (a1 +2a3)’
) =74 SR gt 167 N 120 e
y - a9 a% 3 304%’ aq (a1 + az)
G121t 2401 +202
a?(2a1 +az)  ai(on + az)(ar + 2a) B
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24tz

as(aq + ag)(aq + 2a3) B
8ta1+a2+as

+
ai(ar + ag)(a + az + az)
24t taztas

ag(ag + az)(ag + a2 + as) B
8t2062+063

az(ae + a3)(2a2 + a3) -
4t2062+013
+
as(ag + a3)(2ag + as)
2% 2o
(0%} B Oé%
4t2a1+043

2ta2+043

as(ag + as)

tota-l-?as

ai(ag + 2a3)’

t3063 |t +as

3
t)=3
§ ( ) + 304% 041(041 + 043)

{2 +as

02201 +a3) oz +az)
16t01+042+063

_l’_
az(aq + o) (o1 + ag + as)
8t011+2013

a1(a1 + a3)(ag + 2a3)
16120

043(041 + 013)(041 + 20[3) -
8t062+2043

as(ag + a3)(ag + 2a3) -
2t02+2a3

+
as(az + as)(az + 2a3)
12t(11+012+063

ar(ar + as) (a1 + as + ag)’

8t2042 +as

+

(19)

If a1 = oo = a3 = a, then the solution of ([16) in
series form is given by

to t2a 17t3a
t)y=—14+4—+2—+ —+...
z(t) + a + a? + 3a3 T
t* 2o 2543
y(t)=7+8—+13—+ =+, (20)
«@ B
to t2a 10t3o¢
t) =3 2— 7—
z(t) =3+ + - 353 +...,

which converges to the exact solution ([L§).
The graphics of the exact and approximate solutions
are given in Figure 3.

Example 4.3. Consider the nonlinear predator-prey
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Figure 3: A Comparison for exact 3:( ),
and the approximate solution 23(t), y3(¢ ),
spectively in Example (4.2) where a; =
1.

system of fractional order differential equations

D a(t) = #(0) + 4700,
21
Dray(n) = 1, o

(22)

The exact solution of the system (1)), when oy =
a9 = q, 18

ta t&
zr(t) = — e,

a (23)
y(t) = ez

According to the formulas (), the variational iteration
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formulas for system (R1]) are given by
P (t) = z* (t)—

|tk =) - )Pl

t k T
P =0 - [ D) -

24)

Begin with 2°(¢) = 0 and y°(¢) = 1, we obtain

o
xl (t) =
a1
1 2
t)=1
y(t)=1+ 20y’
9 to t2011 tOé1+CV2 ta1+20¢2
zo(t) = — 5 +-—— ;
a1 207 (o +az)  das(ar + 2a9)
5 o2 t?ag
t)=14+ — + —=
y ( ) + 2052 + SO%’
3(2,:) tal N t2a1 N t3a1 n t011+a2 +
T = —
oq 20[% 6042{’ az(a + ag)
2ot ozlto‘1+2a2
_+_
az(an + @2) (200 + @) 4ad(aq + 2a)?
3a1t061+2062 t041+3012
+
dag(ar + ag)(on + 2a2)?  8ad(aq + 3az)
tCVlJFQCVz t01+4012
2 + 4 +
(a1 + a2) (g + 2a9) 64a5 (o + 4ag)
Oélta1+2a2
3 +
das(a1 + o) (a1 + 202)
ti&(!l 4*22(22

8a3(ay + az)(ag + 2az)’
102 t2a2 t3o¢2

3
=141
y(t) +2a2+8a§+48a2’

(25)
If o1 = oo = @, then
o t2a 37t3a
3
)=—+—5+-—5
(1) a+a2+72a3’ (26)
3 to t2a t3a
=14+ —+ — + —
v =1+ Y52t Bav

Figures 4 and 5 show the approximate solutions 23 (t)
and 73(t) and the exact solutions z(t) and y(t),
respectively for different values of oy = a9 =
1,0.9,0.5.
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Figure 4: A Comparison for exact z(t) and the ap-
proximate solution 23(¢) in Example (4.3) where
a; =ag =1, 0.9, 0.5.
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Figure 5: A Comparison for exact y(¢) and the ap-

o] = g = 1, 0.9, 0.5.
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Example 4.4. Consider the nonlinear system of frac-
tional order differential equations

D™ x(t) =t 2(t),
D2y(t) = x(t) y(), 27)
D x(t) = 22°(t),

subject to the initial conditions
.117(0) =1, y(0> =1,

According to the formulas (), the variational iteration
formulas for system (R7) are given by

2(0)=0.  (28)

ML) = 2F(t) — tTO“_l agh(ry — 7 2K (7)]dr
(0 =) = [ 7 Dmatr) = 7 2,

y*(t)—

|7t =) e

y* (L) =

t

A =240~ [ D) - 2ah (1),

0
(29)

Begin with 2°(t) = 1, y°(t) = 1 and 2°(¢) = 0, we
obtain

ah(t) =1,
t*2
yl (t) =1+ DR
ts
1
t) =2—
SOREE
;gz(t) _ oraitas+l
043(041 + as + 1)7
102 t20¢2
2
=14+ —4+ —,
tes
22(t) = 2—,
as
2t041+as+1
B(t) =1

az(og +az+1)’

tDlQ t2a2 t3a2

3

=1+ —+-— — —=

y () +a2+2a% 6a§+
2ta1+az+a3+1

+
ag(ar +az+1)(ar +ag +az +1)
2t041+20£2+a3+1

+
asag(ar + a3+ 1) (a1 + 2a2 + ag + 1)
ta1+3012+013+1

adag(ag +az+1)(o1 + 3a + ag + 1)’
to3 ta1+2a3+1

Qo3 Ozg(Ckl—i-ag—l—l)(ozl—i—2043—i-1)7
(30)
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5 Conclusions

In this article, we presented a modified technique of
the variational iteration method that approximate the
solutions of linear and nonlinear systems of differ-
ential equations of fractional order. Several exam-
ples were examined to show the efficiency of our
new method. We have solved three systems: lin-
ear and nonlinear of fractional differential equations
by the proposed technique. The numerical solutions
are given in series form, that converge to the exact
solution obtained by conformable Laplace transform
method modified by the author. We observed that our
approach is effective in obtaining numerical solutions
for linear and nonlinear systems.

Future research might apply our procedure to obtain
numerical solution for nonlinear fractional differen-
tial equations arise in physics and engineering.
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