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1 Introduction

The notion of continuity is an important concept in
general topology as well as all branches of mathemat-
ics. This concept has been extended to the setting
multifunctions and has been generalized by weaker
forms of open sets such as a-open sets [15], semi-
open sets [13], preopen sets [14], S-open sets [2]
or semi-preopen sets [4]. Levine [13] introduced
the concept of semi-continuity in topological spaces.
Arya and Bhamini [5] introduced and studied the
concept of O-semi-continuity as a generalization of
semi-continuity. Noiri [18] and Jafari and Noiri [10]
have further investigated several characterizations of
#-semi-continuity. Popa and Noiri [19] introduced
and studied the notions of upper and lower #-quasi
continuous multifunctions. The present authors [16]
obtained new characterizations of upper and lower 6-
quasi continuous multifunctions. Topological ideals
have played an important role in topology. The con-
cept of ideal topological spaces was introduced and
studied by Kuratowski [12] and Vaidyanathaswamy
[20]. Jankovi¢ and Hamlett [11] introduced the notion
of .Z-open sets in ideal topologial spaces. Abd El-
Monsef et al. [1] further investigated .#-open sets and
# -continuous functions. Later, several authors stud-
ied ideal topological spaces giving several convenient
definitions. Some authors obtained decompositions of
continuity. For instance, A¢ikgoz et al. [3] introduced
and investigated the notions of weakly-.#-continuous
and weak*-.# -continuous functions in ideal topolog-
ical spaces. Hatir and Noiri [9] introduced the no-
tions of semi-.#-open sets, a-.#-open sets and [3-.# -
open sets via idealization and using these sets ob-
tained new decompositions of continuity. In [7], the
author introduced and investigated the concepts of al-
most quasi x-continuous multifunctions and weakly
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quasi x-continuous multifunctions. The purpose of the
present paper is to introduce the notions of upper and
lower 6(%)-quasi continuous multifunctions. More-
over, several characterizations of 6(x)-quasi continu-
ous multifunctions are discussed.

2 Preliminaries

Throughout the present paper, spaces (X,7) and
(Y, o) (or simply X and Y') always mean topological
spaces on which no separation axioms are assumed
unless explicitly stated. Let A be a subset of a topo-
logical space (X, 7). The closure of A and the inte-
rior of A are denoted by CI(A) and Int(A), respec-
tively. An ideal .# on a topological space (X, 7) is
a nonempty collection of subsets of X satisfying the
following properties: (1) A € # and B C A imply
Be 7,2 Ac Fand B € .4 imply AUB € 4.
A topological space (X, 7) with an ideal .# on X is
called an ideal topological space and is denoted by
(X, 7,.#). For an ideal topological space (X, T,.¥)
and a subset A of X, A*(.#) is defined as follows:

(I ={zeX UNAgS

for every open neighbourhood U of z}.

In case there is no chance for confusion, A*(.¥) is
simply written as A*. In [12], A* is called the local
function of A with respect to .# and 7. Observe addi-
tionally that C1*(A) = A* U A defines a Kuratowski
closure operator for a topology 7*(.#) finer than T,
generated by the base

B(I,7)={U—-IT|U€crand I € I}

However, (., T) is not always a topology [20]. A
subset A is said to be x-closed [11] if A* C A. The
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interior of a subset A in (X,7*(.#)) is denoted by
Int*(A).

A subset A of an ideal topological space
(X, 7, 7) called R--#*-open (resp. .#*-preopen) [8]
if A = Int"(CI*(A4)) (resp. A C Int*(CI*(A))).
The complement of a R-.#*-open (resp. .# *-preopen)
set is called R-.#*-closed (resp. ¥*-preclosed). A
subset A of an ideal topological space (X, 7,.7) is
called semi-_#*-open (resp. semi--%*-preopen) [7] if
A C CI*(Int*(A)) (resp. A C CI*(Int*(CI*(A)))).
The complement of a semi-.# *-open (resp. semi-.# *-
preopen) set is called semi-.#*-closed (resp. semi-
S *-preclosed). For a subset A of an ideal topo-
logical space (X, 7,.#), the intersection of all semi-
#*-closed sets containing A is called the semi-.%*-
closure [7] of A and is denoted by sCls«(A). The
union of all semi-.#*-open sets contained in A is
called the semi-.#*-interior [7] of A and is denoted
by sInt s+ (A).

Lemma 1. [7] For a subset A of an ideal topological
space (X, 7,.%), x € sClg«(A) if and only if

UNA#()

for every semi- 9 *-open set U containing x.

Let A be a subset of an ideal topological space
(X,7,#). A point z in an ideal topological space
(X, 7,7) is called a *g-cluster point [7] of A if
CI*(U) N A # () for every x-open set U of X contain-
ing . The set of all x¢-cluster points of A is called the
*g-closure [T] of A and is denoted by x¢gCI(A). A sub-
set B of an ideal topological space (X, 7,.#) is said
to be *g-closed if xgCl(B) = B. The complement of
a xg-closed set is said to be xg-open.

Lemma 2. [7] For a subset A of an ideal topological
space (X, 1,.%), the following properties hold:

(1) If Ais x-open in X, then CI*(A) = xgCI(A).
(2) x9CI(A) is x-closed in X.

The family of all semi-.#*-open sets of an ideal
topological space (X, 7,.#) is denoted by S #+O(X).
Let A be a subset of an ideal topological space
(X, 7,.7). The semi-0(x)-closure of A, %ypsCl(A) and

the semi-0(x)-interior of A, xpsInt(A) are defined as
follows:

xpsCl(A) ={x € X | AN sClyz«(U) # 0
forevery U € S #+O(X,z)},

*xgsInt(A) ={z € X | sCly«(U) C A for some
UeSs»0(X,x)}
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where
S#HOX,z)={U |z e€Uand U € S,+O(X)}.

A subset A of an ideal topological space
(X,7,.7) is called semi-0(x)-closed if A
*QSCI(A).

By a multifunction F' : X — Y, we mean a point-
to-set correspondence from X into Y, and we always
assume that F'(x) # () for all z € X. For a multifunc-
tion F' : X — Y, following [6] we shall denote the
upper and lower inverse of a set B of Y by F7(B)
and F'~ (B), respectively, that is,

Ft(B)={z e X | F(z) C B}

and F~(B) = {z € X | F(z) N B # (}. In partic-
ular, F~(y) = {z € X | y € F(x)} for each point
y €Y. Foreach A C X, F(A) = UgeaF(z). Then
F is said to be surjection if F'(X) = Y, or equiva-
lent, if for each y € Y there exists z € X such that
y € F(x) and F is called injection if = # y implies
F(z)N F(y) = 0.

3 Characterizations of upper and
lower 0(*)-quasi continuous multi-
functions

In this section, we introduce the notions of upper and
lower 6(%)-quasi continuous multifunctions. More-
over, some characterizations of upper and lower 0(*)-
quasi continuous multifunctions are discussed.

Definition 3. A multifunction F : (X,7,.%) —

(Y,o, ) is said to be:

(1) upper 0(x)-quasi continuous if, for each v € X
and each x-open set V of Y containing F(x),
there exists a semi-.% *-open set U of X contain-
ing x such that F(sCl g«(U)) C CI*(V);

(2) lower 0(x)-quasi continuous if, for v € X and
each x- open set V of Y such that F(z)NV # (),
there exists a semi-.% *-open set U of X contain-
ing x such that F(z) N CI*(V)) # 0 for every

S SCly*(U)

Example 4. Let X {1,2,3} with a topology
r = {0,{1},{2},{1,2}, X} and an ideal ¥
{0,{3}}. Let Y = {a,b,c} with a topology o =
{0,{a},{a,b},Y} and an ideal ¢ = {0,{c}}. A
multifunction F : (X,7,.7) — (Y,0, 7) is de-
fined as follows: F(1) = {a}, F(2) = {c} and
F(3) = {a,b}. Then, F is upper 0(x)-quasi continu-
ous.
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Example 5. Ler X = {a,b,c} with a topology
{0,{c}, X} and an ideal & = {0,{c}}.
Let Y = {-1,0,1,2} with a topology o =
{0,{-1,0},{1,2},Y} and an ideal # = {}. De-
fine a multifunction F : (X, 7,.%) — (Y,0, 7) as
follows: F(a) = {1}, F(b) = {0} and F(c) =
{1,2}. Then, F is lower 0(x)-quasi continuous.

The following theorem gives some characteriza-
tions of upper 6(x)-quasi continuous multifunctions.

Theorem 6. For a multifunction F' : (X, 7,.%) —
(Y, 0, _#), the following properties are equivalent:

(1) F is upper 0(x)-quasi continuous;

(2) *gsCI(F~ (Int*(%¢Cl(B))))
for every subset B of Y ;

S F~(xCl(B))

(3) *gsCI(F~ (Int*(CI*(V)))) C F~(CI*(V)) for
every x-open set V of Y;

(4) %gsCI(F~(Int*(K))) C F~(K
I *-closed set K of Y;

) for every R-

(5) FY (V) C xpsInt(ET(CI*(V))) for every -
open setV of Y;

(6) *gsCI(F~(Int*(K))) C F~(K) for every -
closed set K of Y;

(7) xsCl(F—(V)) C F~(CI*(V)) for every x-open
setV of Y.

Proof. (1) = (2): Let B be any subset of Y. Suppose
thatx ¢ F~ (x9Cl(B)). Then, z € X —F~ (xCl(B))
and F'(z) CY —*¢Cl(B). Since xgCl(B) is x-closed
in Y, there exists a semi-.#*-open set U of X con-
taining x such that

F(sClg«(U)) C CI*(Y — %CI(B))
=Y — Int*(%¢CIl(B)).
Thus, F(sClj*( )) N Int*(x¢C1(B)) = () and hence
$Clg«(U)NF~ (Int*(x¢C1(B))) = (). This shows that
x & *psClI(F~ (Int*(x9Cl(B)))). Consequently, we
obtain xgsCI(F~ (Int*(x¢CI(B)))) C F~(Clg«(B)).
(2) = (3): This is obvious since CI*(V) =
*9C1(V') for every x-open set V of Y.
(3) = (4): Let K be any R-_¢*-closed set of Y.
By (3), we have
*xg sCI(F~ (Int*(K)))
= %psCI(F~ (Int*(CI*(Int*(K)))))
C F~ (CI*(Int*(K)))
=F (K).
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(4) =

we have

(5): Let V be any x-open set of Y. Then,

X — xpsInt(F+(CI*(V)))
= xgsCI(X — F*(CI*(V)))
= xgsCI(F~ (Y — CI*(V))),
Y —CI*(V) = Int* (Y — CI*(V))
C Int*(Y — Int*(CI*(V)))

and Y — Int*(CI*(V)) is R-_#*-closed in Y. By (4),

xp SCI(F~ (Int* (Y — Int*(CI*(V)))))
C F (Y — Int"(CI"(V)))

=X — F™(Int"(CI*(V)))
CX-FH(V)

Therefore, F' (V) C psInt(F+(CI*(V))).
(5) = (6): Let K be any *-closed set of Y. By
(5), we have

X -F (K)=F"(Y - K)

C xpsInt(FT(CI*(Y — K)))
= xgsInt(FT (Y — Int*(K)))
= xpsInt(X — F~ (Int*(K)))

= X — %psCI(F~ (Int*(K)))

and hence xgsC1(F~ (Int"(K))) C F~ (K).
(6) = (7): Let V be any x-open set of Y. Then,
we have CI*(V) is x-closed and by (6),

xosCI(F~ (V) C %psCL(F~ (Int*(CI*(V))))
F~(CI*(V)).

(7) = (1): Let x € X and V be any x-open set
of Y containing F'(x). Then, we have

F(z)NCI*(Y = CI*(V)) =0

and hence x ¢ F~(CI*(Y — CI*(V))). It follows
from (7) that x & *gsCI(F'~ (Y — CI*(V))). Then,
there exists a semi-.#*-open set U of X containing x
such that sCl#«(U) N F~ (Y — CI*(V)) = 0; hence
F(sClg«(U)) C CI*(V). This shows that F' is upper
6(x)-quasi continuous. O

An ideal topological space (X, 7, .%) is said to be
SI*-compact [8] if every cover of X by %-open sets
of X has a finite subcover. A subset K of an ideal
topological space (X, 7, .#) is said to be .#*-compact
[8] if every cover of K by %-open sets has a finite sub-
cover.
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Definition 7. An ideal topological space (X, T, .7 ) is
called quasi 7€*-closed (resp. s*-closed) if, for every
*-open (resp. semi-9*-open) cover {V,, | « € V} of
X, there exists a finite subset Vo of V such that

X = U{CIF(Vy) | a € Vo)

(resp. X = U{sCly+(Vy) | a € Vo }).

Theorem 8. Let F' : (X,7,.9) — (Y,0, 7) be
a surjective multifunction and F(x) be #*-compact
foreach x € X. If F is upper 0(x)-quasi continuous
and (X,7,.7) is s*-closed, then (Y,o, ¢) is quasi
" -closed.

Proof. Let {V, | « € V} be any x-open cover of Y
and let z € X. Since F(x) is _#*-compact, there
exists a finite subset V(z) of V such that

F(z) CU{Vy | a e V(z)}.

Put V(z) = UW{V, | @ € V(x)}, then F(z) C V(x)
and V' (z) is x-open in Y. Since F' is upper 0(*)-quasi
continuous, there exists a semi-.#*-open set U (z) of
X containing x such that

F(sClg«(U(z))) C CI*(V(x)).

The family {U(z) | z € X} is a semi-.# *-open cover
of X. Since (X, 7,.¥) is s*-closed, there exists a fi-

nite number of points, say, x1,x2,...,z, € X such
that X = U{sCly+(U(x;)) | i = 1,2,...,n}. Since
F'is surjective, we obtain
Y = F(X) = U F(sCly(U(s,)))
1=
c UCr(V(x))

i=

This shows that (Y, o, ) is quasi .#*-closed. [

Lemma 9. If F : (X,7,%) — (Y,0, ¢) is lower
0(x)-quasi continuous, then for each x € X and each
subset B of Y such that F(x) N xglnt(B) # 0, there
exists a semi- 9 *-open set U of X containing x such
that sClLy«(U) C F~(B).

Proof. Suppose that F'(z) N xpInt(B) # 0, there ex-
ists a x-open set V of Y such that V' C CI*(V) C B
and F(z) NV # (. Since F is lower 6(*)-quasi
continuous, there exists a semi-.#*-open set U of X
containing x such that F'(z) N CI*(V') # () for every
z € sCly+(U) and hence sCl 4« (U) C F~(B). O

The following theorem gives some characteriza-
tions of lower 6(x)-quasi continuous multifunctions.
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Theorem 10. For a multifunction F : (X, 7,.9) —
(Y, 0, _#), the following properties are equivalent:

(1) F is lower 0(%)-quasi continuous;

(2) x¢sCI(FT(B)) C F*(x¢CI(B)) for every sub-
set BofY;

(3) *osCL(FT(V)) C F*(CI*(V)) for every x-open
setV of Y,

(4) F~(V) C *psInt(F~(CI*(V))) for every x-
open setV of Y;

(5) F(*psCIl(A)) C xgCI(F(A)) for every subset A
of X;

(6) *QSCZ(F+(Int*(*gCl(B))))
for every subset B of Y ;

(7) xgsCI(FT(Int*(CI*(V)))) C F*T(Cr*(V)) for
every x-open set V of Y ;

(8) x¢sCI(FT(Int*(K))) C FT(K) for every R-
I *-closed set K of Y ;

(9) xgsCI(FT(Int*(K))) C F*(K) for every %-
closed set K of Y.

Proof. (1) = (2): Let B be any subset of Y. Suppose
that z ¢ F*(x¢Cl(B)). Then, we have

x € F7 (Y —xCl(B)) = F~ (%pInt(Y — B)).

C F*(xCl(B))

Since F' is lower 6(x)-continuous, by Lemma 9, there
exists a semi-.#*-open set U of X containing x such
that sCly«(U) C F~ (Y — B) = X — F(B). Thus,
sCly«(U) N F*(B) = () and hence

x & %9sCI(FT(B)).

(2) = (3): This is obvious sine CI*(V)
*9Cl(V') for every x-open set V of Y.
(3) = (4): Let V be any x-open set of Y. By (3),

X — gsInt(F~(CI*(V)))

= xpsCI(X — F~(CI*(V)))
= %gsCI(FH(Y — CI*(V)))
C FH(CI*(Y —C1*(V)))

C FH(Ccr*(y —V))
=ty —-V)

=X - F (V).

Thus, F~— (V) C xpsInt(F~ (CI*(V))).
(4) = (1): Let z € X and V be any %-open set
such that F'(z) NV # (). Then, we have

z € F(V) C %psInt(F~ (CI*(V))).
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Therefore, there exists a semi-.#*-open set U of X
containing x such that sCl 4« (U) C F~(CI*(V));
hence F(z) N CI*(V') # () for every 2z € sCl g« (U).
This shows that F' is lower 6(x)-quasi continuous.

(2) = (5): Let A be any subset of X. Replacing
Bin (2) by F(A), we have

x9sCI(A) C xpsCI(FT(F(A)))
C F* (xgCI(F(A)))

and hence F'(xgsC1(A)) C #¢CI(F(A)).

(5) = (2): Let B be any subset of
Y. Replacing A in (5) by F+(B) we have
F(x¢sCI(F*(B))) C %CI(F(F*(B))) C %CI(B).
Thus, gsCl(F*(B)) C F* (xCl(B)).

(3) = (6): Let B be any subset of Y. Put V' =
Int* (%¢C1(B)) in (3). Then, since xgCl(B) is *-closed
in Y, we have

xg sCI(F T (Int*(x¢Cl(B))))
C F(CI*(Int*(x¢C1(B))))
C Ft(%CI(B)).

(6) = (7): This is obvious since CI*(V) =
*x9CI(V) for every x-open set V of Y.

(7) = (8): Let K be any R-_¢*-closed set of Y.

By (7), we have

xp sCI(FT (Int*(K)))
= %gsCI(F (Int* (CI*(Int*(K)))))
C FH(CI*(Int*(K)))
= FT(K).
(8) = (9): Let K be any x-closed set of Y. Since
CI*(Int*(K)) is R-_#*-closed in Y and by (8),
xp sCI(FT (Int*(K)))
= %gsCI(F (Int* (CI*(Int*(K)))))
C FH(CI*(Int*(K)))
C FY(K).
(9) = (4): Let V be any x-open set of Y. Then,
Y — V is x-closed in Y and by (9),
*xpsCl(FH(Int* (Y — V))) C FH(Y - V)
=X -F (V).
Moreover, we have
xg sSCI(F™(Int" (Y — V)))
= xgsCI(FT(Y — CI*(V)
= xgsCI(X — F~ (CI*(
= X — xgsInt(F~ (CI*(V))
and hence F'~ (V') C *psInt(F~(CI*(V))). O
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Definition 11. A function (X,7,.7) — (Y,0, ) is
said to be 0(x)-quasi continuous if, for each v € X
and each %-open set V of Y containing f(x), there
exists a semi- 9 *-open set U of X containing x such

that f(x¢sCIl(U)) C CI*(V).

Corollary 12. For a function f (X,7,7) —
(Y, 0, ), the following properties are equivalent:

(1) f is 0(%)-quasi continuous;

(2) %¢sCI(f~Y(B)) C f~Y(x¢CI(B)) for every sub-
set BofY;

(3) %gsCI(f~1(V)) C f=YCI*(V)) for every %-
open setV of Y;

(4) f~YV) C gslnt(f~(CI*(V))) for every x-
open set V of Y;

(5) f(*¢sCIl(A)) C *¢CI(f(A)) for every subset A
of X.

For a multifunction F' : (X, 7, %) — (Y,0, %),
a multifunction sCl g+ F : (X,7,.) — (Y,0, 7)
is defined as follows: (sCly«F')(x) = sCl 4« ( (2))

foreach x € X.

Lemma 13. Let F : (X,7,.9) — (Y,0o ,/ ) be a
multifunction. Then, (sClﬂ*F) (V) = F~(V) for
each semi-_g*-open setV of Y.

Proof. Suppose that V' is any semi-_# *-open set of
Y. Letz € (sClg«F)~ (V). Then,

sCl g« (F(x)) NV #0

and so F'(z) NV 75 (). Thus, z € F~ (V) and hence
(sClg«F)= (V) C F~(V). On the other had, let
x € F~(V). Then, we have § # F(z) NV C
sCl y«(F(x)) NV and hence z € (sClg+F)~ (V).
This shows that '~ (V) C (sClgz«F)~ (V). Conse-
quently, we obtain (sCl 4+ F)~ (V) = F~ (V). O

Theorem 14. A multifunction F : (X, 7,.9) —
(Y, 0, _7) is lower 0(x)-quasi continuous if and only
if sCly«F : (X,1,7) = (Y,0,_#) is lower §(*)-

quasi continuous.

Proof. Suppose that F' is lower 0(*)-quasi continu-
ous. Letx € X and let V be any x-open sets of Y such
that (sCly«F)(z) NV # (). By Lemma 13, we have
F(x)NV # (). Sine F is lower §(x)-quasi continuous,
there exists a semi-.#*-open set U of X containing x
such that F'(2)NCI*(V) # 0 for every z € sCl g« (U).
Since CI*(V') is semi-_# *-open in Y, by Lemma 13,
sCly+(U) € F~(CI*(V)) = (sCly+F)~(CI*(V))
and hence (sCly+F)(z) N CI*(V) # ( for every
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z € sClg«(U). This shows that sCly+F is lower
6(x)-quasi continuous.

Conversely, suppose that sCl 4+ F' is lower 6(x)-
quasi continuous. Let x € X and let V be any
x-open set of Y such that F(z) NV # (). Then,
sCl g+« (F(x)) NV # (). There exists a semi-.#*-open
set U of X containing z such that

(sCly«F)(2) NCI*(V) # ()

for every z € sCl #+(U). Since CI*(V) is semi-_# *-
openin Y, by Lemma 13, we have

sCly+(U) C (sCly+F)~ (CI*(V))
= F~(CI*(V))

and so F'(2) N CI*(V') # () for every z € sCl y«(U).
This shows that F' is lower 6(*)-quasi continuous. [

Theorem 15. For a multifunction F' : (X, 1, .7) —
(Y, 0, _7), the following properties are equivalent:

(1) F is upper 0(x)-quasi continuous;

(2) xgsCl(F~ (Int*(CI*(V')))) € F~(CI*(V)) for
every semi-_g *-preopen set V of Y ;

(3) *gsCI(F~ (Int*(CI*(V)))) C F~(CI*(V)) for
every semi-_# *-open set V of Y.

Proof. (1) = (2): Let V be any semi-_# *-preopen
set of Y. Then, we have V' C CI*(Int*(CI*(V)))
and hence CI*(V) = CI*(Int*(CI*(V))). Since
CI*(V) is R-_#*-closed, by Theorem 6, we have
*9sCl1(F~ (Int*(CI*(V)))) € F~(CI*(V)).

(2) = (3): This is obvious since every semi-_# *-
open set is semi-_¢ *-preopen.

(3) = (1): Let V be any x-open set of Y. By
(3), *psCI(F~ (Int*(CI*(V)))) € F~(CI*(V)) and
by Theorem 6, F is upper 0(x)-quasi continuous. [

Theorem 16. For a multifunction F' : (X, 1, %) —
(Y, 0, _#), the following properties are equivalent:

(1) F is lower 0(%)-quasi continuous;

(2) xgsCI(FT(Int*(CI*(V)))) C F*T(CI*(V)) for
every semi-_g¢ *-preopen set V of Y ;

(3) xgsCI(FT(Int*(CI*(V)))) C F*T(Cr*(V)) for
every semi-_# *-open set V of Y.

Proof. The proof is similar to that of Theorem 15. [

Corollary 17. For a function f : (X,7,.9) —
(Y, 0, _#), the following properties are equivalent:

(1) f is 0(%)-quasi continuous;
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(2) *¢sCI(f~L(Int*(CI*(V)))) C f=HCI*(V)) for
every semi-_¢ *-preopen set V of Y';

(3) *psCIL(f~H(Int*(CI*(V)))) C f=H(CI*(V)) for
every semi-_# *-open set V of Y.

Theorem 18. For a multifunction F : (X, 1,.%) —
(Y, 0, ), the following properties are equivalent:

(1) F is upper 0(x)-quasi continuous;

(2) *xgsCl(F~ (Int*(CI*(V')))) € F~(CI*(V)) for
every ¢ *-preopen setV of Y;

(3) xgsCI(F—(V)) C F~(CI*(V)) for every 7*-
preopen set V of Y ;

(4) FT(V) C xgsInt(F*(CI*(V))) for every #*-
preopen set V of Y.

Proof. (1) = (2): Let V be any _#*-preopen set of
Y. Since Int*(C1*(V)) is x-open in Y, by Theorem 6,
*gsCI(F~ (Int*(CI*(V)))) € F~ (CI*(Int*(CI*(V))))
= F~(CI*(V)).
(2) = (3): Let V be any _# *-preopen set of Y.
Then, we have V' C Int*(CI*(V')) and by (2),
xgsCI(F~ (V) C %psCl(F~ (Int*(CI*(V))))
C F7(CI*(V)).
(3) = (4): Let V be any _# *-preopen set of Y.
By (3), we have
X — xpsInt(FT(CI*(V)))
= %sCl(X — FH(CI*(V)))
= xgsCI(F'~ (Y — CI*(V)))
C F~(CP*(Y — CI*(V)))
= X — F™(Int"(CI*(V))
CX—FT(V)

)

and hence F'T (V) C spsInt(FT(CI*(V))).
(4) = (1): Let V be any x-open set of Y. Then,
we have V' is ¢ *-preopen and by (4),

FT(V) C xpsInt(FT(CI*(V))).

Thus, F' is upper 6(x)-quasi continuous by Theorem
6. O

Theorem 19. For a multifunction F : (X, 1,.9) —
(Y, 0, _#), the following properties are equivalent:

(1) F is lower 0(%)-quasi continuous;
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(2) xgsCI(FT(Int*(CI*(V)))) C FT(CI*(V)) for
every ¢ *-preopen setV of Y;

(3) %gsCI(ET(V)) C Ft(CI(V)) for every 7*-
preopen set V of Y;

(4) F=(V) C %gsnt(F~(CI*(V'))) for every 7*-
preopen set V of Y.

Proof. The proof is similar to that of Theorem 18. [

Corollary 20. For a function f : (X,7,.%) —
(Y, 0, 7), the following properties are equivalent:

(1) f is lower 0(%)-quasi continuous;

(2) *gsCI(f~L(Int*(CI*(V)))) C f=YHCI*(V)) for
every ¢ *-preopen setV of Y;

(3) *gsCI(f~H(V)) C f7HCI(V)) for every Z*-
preopen set V of Y;

(4) f~YHV) C xpsInt(f~L(CI*(V'))) for every I+
preopen set V of Y.

4 Conclusion

Topology as a field of mathematics is concerned with
all questions directly or indirectly related to continu-
ity. Generalization of continuity is one of the main re-
search topics in general topology. This paper is deal-
ing with the concepts of upper and lower 6(x)-quasi
continuous multifunctions. Moreover, some charac-
terizations of upper and lower 6(x)-quasi continuous
multifunctions are obtained. The ideas and results of
this paper may motivate further research.
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