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Abstract:- The study of univalent functions and its applications is an hallmark of geometric function theory.
Since univalent functions are analytic and has one-to-one mapping, it has a wide range of applications in the
fields of studies where transformations (enlargements and reductions) are done. The functions also have angle
and orientation preserving properties among other uses. Many authors have defined and studied various classes
of univalent functions using different approaches and tools. In this study however, the authors used a
generalized multiplier transformation to define a and investigate a new class of functions T;'(1). Various
properties of the class of functions were investigated. The results extend some known results in literature.
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1 Introduction and Preliminaries
Let

f@) =z + X, az”
which are analytic in the open unit disk U= {z €
C:|z] <1} and normalised by f(0)=0 and
f'(0) =1.
We denote by T the subclass of S which are
normalized univalent function of the form

f(2) =2z -3¢, 4z, a >0
that are analytic and univalent in the open unit disk
U. The function of the form (2) was first introduced
in [13]. Functions of negative coefficients were also
investigated in [2], [5], [6], [8], [9] and [10].
Univalent functions have applications in many areas
of science and engineering, The simplest example of
a univalent function is the identity function e(z) =
z. Other examples are the circular function f(z) =

sinz which is univalent in the disc |z| < g and the
Koebe function

1.1 Multiplier Transformations (Differential
Operator)

Since the introduction of differentiatial operator as
multiplier transformation in the geometric function
theories, various authors such as [1], [4], [11], [12],
[14] and [15] have continued to extend the
transformation and used as a tool to define, study
and establish properties of the class of functions.
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Let
Dian(@ 0, e)f(2) =z — X, (1+

a n
(k 1)[/1(wﬂi)u +k(n+6)]) akzk.
For convenience, we let
f(2) = z = Y=, Payz”.
So that

P = (1 n (k—l)[A<w—f)”+k<n+e)])“_

u+w

The function f(z) defined in (4) is associated with
the multiplier transformation D[}_,Ln(a, ¢, w,€)
defined in [8] where u,A,n,0,¢,¢ =0 with w >0
such that é¢ <w and n€eNy,=NuU{0}. The
operator generalises the operators defined in [4],
[12], [14], and [15]. The operator also reduces to (2)
whenn = 0.

1.2 Class T%(4)
Definition 1.1 A function f(z) defined by (2) is
said to belong to class Tj(A) @ if
Dyan(0,§,w,€)f(z) is a function of bounded
turning. That is, if

(Dl 1n (0,8, 0,)f(2)) > 0.

Investigation of classes of univalent functions is a
great deal in geometric functions theory (GFT).
Various authors have investigated different forms of
functions such as starlike functions, convex
functions K, close to convex functions KL and
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functions of bounded turning B among others.
Ibrahim and Kiligman in 16] considered a
relationship between B, K and KL as classes of
univalent functions. Deng in [3] studied some
geometric properties of a univalent functions with
negative coefficients which was first defined in [13]
while Fadipe-Joseph and Oluwayemi in [7] defined
and investigated class C, as a class of convex
univalent functions. Motivated by the work of [3]
and [8], the following results were presented using a
differential operator. Other approaches such as
subordination principle and convolution among
others could also be used in investigating a class of
function.

2 Main Results
Theorem 2.1 A function f(z) defined by (4)
belongs to class T*(A) if and only if

© (k=D [Aw=-8) +k(m+)\"
Siep k(14 OB oy < 1.

(1)
Proof:
It’s necessary to show that };., k(1+

k-1 [Aw-8)°+k(n+e)]\" .
(kDL “’ﬂf}u @ 6)]) <1 if f(z)eTr).

Suppose f(z) € TF(A), then f(z2) is univalent in U.
Consequently,

f'(2)

- k(1
S
+(k— D[A(w—§)7 +k(n+¢€)

] n
o ) Tz
is non negative which implies that f'(z) # 0. Thus,

f')
(s

1
(k= DI = )7 + kn + N’ i

N

k=2

+

u+w
#=0; (|z| =1).
Assume
z i (1 4 (k — D[ANw —f)" +k(n + 6)]) ]
k=2 pTo

> 1,
then there exists n € N, such that
= k— DA —&)° + k@ + N\
Zk<1+( JA(w =) (™ )]) |
u+w

k=2
> 1.
Hence, we have 1, € (0,1) such that
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2
L (k= DA =87 +k(n + €)

] n
o ) lag|rEt > 1.

k=
L k= DM@ =87 + k@ + €)
u+w

] n
) lalrd

ocon

Sk
k=2
(k — D[AMw -8 +k(n +€)
* u+w
But f'(r) is continuous and f'(0) = 1. Hence, we
can find r € (0,7p) such that f'(r) =0 by
intermediate value theorem which contradicts the
assumption. Hence,

i . (1 L (k- 1)[A(wl:f)(:)’ +k(n + e)])" <

] n
) lag|rE=t < 0.

k=2
as required.
Conversely, assume

i . (1 , (k= D@ =9 +k(n + e)]>" -1

— u+w
Then
Ref'(z)
_ z i (1 4 (k — D[AM(w -8 +k(n + e)])
u+w

k=2
oo (k=D[Aw= +km+)\"
>1-%e, k(1+ - ) =0
Thus,

1 1
—=f Ref'(2)
2 0
The result is sharp for
f@=z-3p, (1+
(k—l)[/l(w-s‘)"+k(77+6)])" a,7~.
u+w
Corollary 2.1 A function f(z) defined by (4)
belongs to the class T§' (1) if and only if

o Ak—D+k(k-1)(n+e)]\"
Zk=zk(1+[( ) Hiw ) 6)]) la| < 1.

Corollary 2.2 A function f(z) defined by (4)
belongs to the class T4 (0) if and only if

. k(k—1)(n+e)]\"
S e (14 EE2ION g, < 1. (10)

Corollary 2.3 A function f(z) defined by (4)
belongs to the class T2 (A) if and only if
Yi=z klag] < 1.

(8)

(9)

(11)
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Ee]mark 2.1 The class T2(4) =T investigated in Zi ( (k — D[A(w — &) + k(n + 6)]> @
. k

Theorem 2.2 The class T;* (1) is convex. k=2 ptw

Proof:

Let f € T/*(1) be defined as (4). Then, there exists a < Z k (1

function k=2 " n

f@) = 2-S5 ouk (=12 zev. (1) ECDR@DTIKOEON

in T*(A) such that Ut w

g2 =2-3Y, (C1¢ak,1 + Czq’ak,z)zk seU also from Theorem 2.1. Hence,

(13) |f (2)]

where ¢; and ¢, are non-negative and ¢; = 1 — ¢,. = r

Then, . + z (

lg(2)] =1~ Z k(C1¢ak,1 + Czcl’ak,z)zk_1

e (k—l)[/"t(w f)”+k(77+6)]> K
= lax|r
and U+ w
Re[g(2)] Re[l k=2 k(Clcbakl == o
§2¢ak'2)zk 1] (14) + 7"2 Z (1
— © k-1
=1- Re[gi2k=2 kday 1z ] + ~
Re[¢; Y-y kPay, 127, (k= D[A(w — &) + k(@ + O\"
sSince fi, f> € T*(X). Then, + it ) |al
Re[g; Xy k®ay 12"t > ¢;(0—1); (i =1.2) 1, Mo-8+20+el" ,
(15) Sr+§(1+ — ) r
Using (15) in (14), and #
Re[g(2)]' > 1+¢,(0—1) +¢,(0—1) If (2|
=1-(¢1+¢62). > r
Since ¢; + ¢, = 1, it follows that T
Re[g(2)]' > 0. - Z (1
Consequently =)

9(2) = 61f1(2) + ¢2f2(2) k—D[A(w—8)° +k(n+e)\"
which implies that the class (1) is convex. + ( A _|_)w Y )]) | |r*
Theorem 2.3 Let f(2) € T(A). Then, .- #

1 [AMw-97+20n+ e)])" 2 T
_Z <
<1+ U+ w r=lf@l +r22(1
<r k=2
1 k—DAw -8 +k@m+el\"
+§<1 +( )l (w'u f)w (™ 6)]) |
[A(w =7 + 2 + O\ —&)° n
+ " ) r2 2T_l_l(l_l_[ﬂ(w $) +2(TI+€)]> 2
. . prow 2 b+ w
with equality for The results follows from the above expressions.
f(2) . Corollary 2.4 Let f(z) € T2(A). Then,
=z——<1+[’1(w_€)a+2('7+6)]) 2% 2| L < 2
5 it ; r—Er _|f(z)|_r+§r
=7, with equality for
Proofl: f(2)=z—=2z% |z| =r.
Let T;*(4), then we have that (8) holds. Also, 2

Theorem 2.4 Let f(z) € T;‘(A). The disk |z]| is
mapped onto a domaiin that contains the disk
1
<-
ol < 5
with equality for

E-ISSN: 2224-2880 73 Volume 21, 2022



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2022.21.11

f(2) X
1 -5 +2(m+eN\"
B THNCED I (L) PN
=r.
Proof:

Suppose f(z) € T}*(A), we have from Theorem 2.3
that

If (2)] Sr+%<1+[

The result follows as r — 1.

Mw =87 +2(n + 6)])” 2
u+w

Theorem 2.5 Let f(z) € T3(4). Then,

Mw —§)° +2 "
[A(w El)l:w (n+6)]> r < @)

1
(/'l(w §)7+2(n+ 6)])
u+w

1—<1+

IA

with equality for

f@ ) )
.-l (14 (A0~ fﬁ){ ++w2(n + e)]) 2 1
=7.

Proof:

Suppose f(z) € T}(A). Then,

If (2)|
<1

+kZZ k(l G n

(k- 1)[/1(0)11—5)0) +k(n + e)]) i
Z 1
k —

DA =7 + k@ + I\
U+ w

e

) lag| <147
and

If (Z)I

Ms

J(

(k= D[A(w -8 +k(n + e)]) g |
Uu+w “

N k(1

g

L (k=D =) +k(’7+6)]> gl >1—r
Ut+ow

N
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as required.

Corollary 2.5 Let f(z) € T2 (4). Then,
1-r<|f(@)|<1+r

with equality for

flz)=2z —%Zz |z| = .

Let j €N such that j=1,..1. We define the
functions

[ =z-35, (1+

(k=D [Aw=8) +km+)]\"
= ) arz¥, ay; = 0. (16)

Theorem 2.6 Let the functions f;(z) defined by (16
be in the class Tj'(1). Then, the function G(z)
defined by

G(2) =7 = XLy Di2", D 2 0.

Then, G(z) € T;*(1) where

Dk = %Ek:z Ay, j

Proof:

Let f;(z) € T5*(4). Then using (16) and by Theorem
2.1,

ik(1+

(17)

(k= D[A(w =7 +k(n + 6)])n @
/J

— u+w
<1
€N, j=1..0.
Hence,
C (k — DA — O + k(@ + OI\"
kzzz (1+ u+w ) Pr
=> (1
k=2
l
(k= DA - +k@m+ N[ 1
+ u+w ) 72 T j

=
U
N

SO

, (=D = )7 + k(n + e)]) ak,,-}

u+w

| —

<130

Theorem 2.7 Suppose a function f(z) defined by
(4) belongs to class Tj*(A) and there exists y € R
such that y > —1. Then, the function h(z) defined

by

h(z) = 27 [7 %77 f(x)dx (18)
also belongs to the class T (A).
Proof:

Let f(z) € T;*(A). Then, we define
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h(z)

=Z

- 1
2t
(G 7 O R R\ T

u+w
where
y+1
by| = .
| by | y+kmﬂ
So that

(k = DA = 7 + k(i + ON"
1+ — ) 1bd

AR T2

& U+ w y+k
z k<1+(k—1)[1(w —f)"+k(n+€)]) |
k=2 pro

<1l
The result follows from Theorem 2.1.
Theorem 2.8 Let y € R such that y > —1. If
h(z) € T*(4), then the function h(z) defined by
(18) is univalentin |z| < R

where
R = inf, [(1 +
1
(k=D[AMw=8)+km+O\" (y+1)]k-1
U+ ) (m)] ey
(19)
Proof:
Let
h(z)
=Z

_Z<1

k=
L = DA =) + k(n + e)]) a2,
U+ w

Then from (18),
We now need to show that |h(2z) —1| <1 in |z| <
R. But

|ng—”
< 1
I(%Z ( )A(w =) +k( )]
—DMw -8 +k(n+e]\" v +1 _
+ U+ w ><y+1Mdeky

We have that since h(z) € T}*(4). Then,
T (1+

(k=DA(@=7+k@m+\" (v+1 k-1
o) () el <1
(20)
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implies that |h'(z) — 1] < 1. Using

(k= DA = + k@ + O]\"
Ezk(1+ u+w ) la|

k=2
<1,
(20) will hold true if

(s

k=-DAMw-7+km+l\'y+1 .,
+ |z|
U+ w y+k
<k
which implies that
|z|

< [(1 1

N (k= D[A(w -8 +k(n + e)])” (y + 1)]m

U+ow y+k
<1
which completes the proof.
The result is sharp for
h(z)

=Z

_ [(1
D=7 4 ko 2} (e i)] 2*

Corollary 26 Let y € R such that y > —1. If
h(z) € T2(1), then the function h(z) defined by
(18) is univalentin |z| < R

where

1
y+1

R = inf, (m)ﬁ, k> 2. (21)

3 Conclusion

The result extend some known results in literature.
In particular, the class of function defined in [3] is
extended in the present study. The results in the
study are generalised in this paper. The class of
functions studied in the work find applications in
the areas where mappings are done.
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