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Abstract: This paper shows the same algorithm is used for subdivisions of Dupin cyclides with singular
points and quadratic Bézier curves passing through infinity. The mass points are usefull for any quadratic
Bézier representation of a parabola or an hyperbola arc. The mass points are mixing weighted points and
pure vectors. Any Dupin cyclide is considered in the Minkowski-Lorentz space. In that space, the Dupin
cyclide is defined by the union of two conics laying on the unit pseudo-hypersphere, called the space of
spheres. The subdivision of any Dupin cyclide, is equivalent to subdivide two Bézier curves of degree 2
with mass points, independently. The use of these two curves eases the subdivision of a Dupin cyclide
patch or triangle.
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1 Introduction which are degenerated patches on horned or spin-

) . ) dle Dupin cyclides is treated.
This article set up the second part of Dupin cy-

clides subdivisions work. In the first part [1], the
authors give some algorithms to subdivide Bézier
curves representing ellipse arcs or semi-ellipses
with mass points. For the quadratic Lorentz form,
these conics are circles on the space of spheres in
the Minkowski-Lorentz space and represent ring
Dupin cyclides. So, the same algorithms permit
to subdivide Dupin cyclide patches. Moreover, on
a ring torus or a ring quartic Dupin cyclide, one
can find three kinds of circles: the meridians and
the parallels which are curvature lines and Yvon-
Villarceau circles. On the aforementioned sur-

The paper provides methods to subdivide
Dupin cyclides having at least one singular point.
In the Minkowski-Lorentz space, a Dupin cyclide
with one singular point (resp. two singular points)
is represented by a connected circle which looks
like an ellipse and an affine parabola isometric to
a line (resp. a circle with two components which
looks like a hyperbola). The rational quadratic
Bézier curves are modelling these conics. Thus,
to subdivide these Dupin cyclides is equivalent
to subdivide rational quadratic Bézier curves in
the forementioned representation based on mass

faces, using a meridian arc, a parallel arc and an points.

Yvon-Villarceau circle arc, one can generate rect- The paper is organized as follows: the sec-
angular 3D triangles [2], using a meridian arc or tion P presents Dupin cyclides with one or two
a parallel arc and two Yvon-Villarceau cjrcle arcs singular points in the 3-dimensional Fuclidean
one can generate isosceles 3D triangles [3]. With affine space &3 and their representatign in the
the other Dupin cyclides, one can construct 3D Minkowski-Lorentz space. The section g provides
triangles with circular edges using one meridian some theorems which permit the subdivision of
and two parallels or one parallel and two meridi- Bézier curves representing parabola or hyperbola
ans. In the paper, the subdivision of 3D triangles arc and the subdivision of Dupin cyclides. Be-
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re the conclusion and the perspective, in section
g? some examples of subdivision of Horned Dupj
cyclides patches are presented. The Appendix
gives the representation of Dupin cyclides ip, the
Minkowkski-Lorentz space. The_ Appendix E re-
calls some Theorems defined in [miA

2 Dupin cyclides in the
Minkowkski-Lorentz space

The Dupin cyclides were invented by P. Dupin
in 1822 [QI]l d introduced in CAD by R. Mar-
tin in 1982 [5]. A Dupin cyclide can be defined,

in two different ways, as the envelope of an one-
parameter family of oriented spheres. Each family
of spheres can be seen as a conic in the space of
spheres A% which is the 4-dimensional pseudo-unit
hypersphere of the Minkowkski-Lorentz space,
see 77.

e can distinguish five kinds of Dupin cyclides
[E,ﬁ E] depending on the number of singular
points: ring, [E? spindle, FigureUﬂZa); horned, Fig-
urelﬂ E‘Za) and
singly horned, Figure

(b); one—singular'Ey spindle, Figure

(b).

Figure 1: Dupin cyclides with two singular points
in &. (a): spindle. (b): horned.

The representation of a Dupin cyclide with sin-
gular point(s) on the space of spheres A* is the
union of two circles, Figure H or the union of a
circle and an affine parabola isometric to a line,
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Figure 2: Dupin cyclides with an unique singu-
lar point in £3. (a): one-singularity spindle. (b):
singly horned.

FigureH (see [B])

Using an Euclidean point of view, we can see
these conics as:

e an ellipse and a hyperbola, Figure E, for a
spindle or horned Dupin cyclide;

e an ellipse and a parabola isometric to a line,
Figure Y, for a singly horned Dupin cyclide or
one-singularity spindle Dupin cyclide.

3 Regular iterative subdivision of
Dupin cyclides
From the Minkowski-Lorentz spaces, the set 1:;/1

of mass points (4, a) are defined where

—
e a = 0 implies that A is a vector of Ly 1;

e a # 0 implies that A is a point of Ly 1.

3.1 Common case with three weighted
points :
(wo; wisws) € {1} x]—1, 4-00[ {0} x {1}
In this paragraph, the three control points are

weighted points, the arc is bounded. Any proper
Euclidean conic can be obtained and theorems
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Figure 3: Representation of horned and spindle
Dupin cyclides on A*.by the union of two circles,
one is connected, the other has two connected
components, see Table a)

Figure 4: Representation of a Dupin cyclide with
one only singular point is the union of a circle and
a affine parabola isometric to a line, see Tableaﬁ.
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given in [l are used. In the other section, subdivi-
sion of unbounded arcs are now on consideration

ie. wp = —1 (resp. w; < —1) leads to a parabola
arc (resp. hyperbola arc).
We have
3
<+ S xma.z) e ()
i=1
and
3
(% LY xwez) B= e )
i=1

and we introduce the following notation.

Notation 1 In the following, the notation Coves al-
ways means either €0 Or €op tO compute the op-
posite of the first or of the last component of a
light-like vector.

Let i be a light-like vector. Then, two cases
arise:

1. m = Xew with A € R*, and we have

Metoyos =mM.tg=—A#0  (3)
and )
Xm =t (4)
3
2. m = xoeo le el + :L‘ooe?g with

(7o, ¥1, 2, 73) # (0,0,0,0), and we have

T« Eovoe = T v 6op = —2p # 0 (5)

and

(6)

xo

L1 T2

which represents the point M (m , 22 £3> of
Es.

In the canonical reference frame
(O5;€__>,e_1>,e_2>,e_3>,e_+>) of the Minkowski-Lorentz
space, the coordinates of any point are noted
(x_;x1;29 : x3;24) whereas, in the reference
frame (Os;eq, €1, €3, €3, ffo)), the point coordi-
nates are noted (xy; T1;%2 : T3; Too)-

The vector e,y denotes either the vector e_g or
the vector e~ in order to get back the component

of (Pmo + P102> along vector eﬁ.o or vector e_g.
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In order to fill out the Bézier by a light-like
vector representing a point of &3, we must take
two cases : if locally the spheres radii are positives,
we are in the half space whose equation is x4 =
2 Too — o > 0 and the light-like vector must have
a component equal to 1 along eovee while if the
spheres radii are negatives we are in the half space
whose equation is 1 = 22, — z, < 0 and the
light-like vector must have a component equal to
—1 along Covoe.

3.2 Parabola case

3.2.1 Case with three weighted points:

wp=wy =1and w; = —1
In this paragraph, the Bézier curve is the comple-
ment of a bounded arc of parabola. It yields,

By (t) — By (t) + By = (1 — 2t)?

where By, By and Bj are the quadratic Bernstein
polynomials. For any control points of the Bézier
curve, the vector is obtained for ¢ = %
Theorem 1 : Let v be a Bézier curve with mass
control points (op; 1), (P1;—1) and (o2;1) laying
on the conic C.

Denote

—1

(Plo’o + P102) ' Covoo

Let hg defined by

bo = (7)

bou
(I—u)+2byu

ho : u —>

(8)

then v o hg is a Bézier curve with mass control
. - N .

points (ogo; 1), <P10; O) and (mah; 0) laying on the

conic C with

(000;1) = (o0;1)
(Pui0) = (o Piowio) (9)
(ma;0) = (b%(Pl—U()>+P1—<72>>,O)

Proof : Use the relationship from formula (EI)
with by and ¢y = 1.

|

For symmetry reasons, we can formulate

Theorem 2 : Let v be a Bézier curve with mass
control points (0¢;1), (Pr;wi) and (o2;1) laying
on the C.
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Consider

-1

— = N
(Plao + P102> * €oVoo

Let hy be defined by

ayp =

ap(1—u)+ u
201 (1—u)+ u
then v o hy is the Bézier curve with mass control
points and (o21;1) laying on the conic C with

hy:ur— (10)

(mst:0) = (a} (Piog + Pioz) :0)
(1?;;0) = <a1]T02>;0> (11)
(021;1) = (02;1)

Notice that if the Dupin cyclide is represented
by a parabola (it owns only one singular point or
contains only the point at the infinite direction
as a revolution cylinder) The spheres radii get a
constant sign : positive, negative or null. The
ﬁgureE shows an_iteration of subdivision based
on the Theoremsnm and P] and we have the vector
ﬁg_{ = mgo( directing the parabola axis.

3.2.2 Case of a parabola where

(wo; w13 wa) = (150;0)
The first control mass point is a weighted point
whereas the other control mass points are vectors,
the Bézier curve is a parabola arc.

Theorem 3 Let a Bézier curve v with control mass
%

points (op; 1), <P1;0> and (77?2;0) laying on the

conic C. Let hgy defined by

ho : u+— (12)

u
(1—u)+2u
then v o hg is a Bézier curve with control mass
points (o00; 1), (Pio;1) and (o20; 1) laying on the
conic C with

(000;1) = (005 1)
(Poil) = (Te(o0)i1) (13)
(02051) = (T@Hﬁ (00); 1)

Proof: by the use of Formula (@) with by = 1
and ¢g =1 :
|

The new curve is polynomial, so, one can use
the usual De Casteljau algorithm with ¢ = %
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a1:b0:

(ﬁ;O) = (a1 P1—02>;0)

(02§ 1) = (021§ 1)

-1

— =
(Plao + P102) “Coven

N —_— -
= mab = a} (P100+P102)

A

(mab; 0)

(Pr0;0) = (b0 Proe;0)

(Uo; 1) = (000; 1)

Figure 5: An iteration of an iterative construction of a parabola arc v on A* with endpoints (og; 1) and

(09;1) with tangent lines (ogP1) and (o2 Py) with (Py;—1).

If the g vector represents a point of &,

its component along €, with the same sign as the spheres radii of the canal surface. If the vector maj
performs the point in the infinite direction of &3, if the spheres radii are positive we have M2t = eon , else

we have maoj = —exs.

Theorem 4 Let a Bézier curve  with control mass
ﬁ

points (op; 1), (Pl;()) and (m3;0) laying on the

conic C. Let hy defined by

1

hy : —
! u'—>2(1—u)+u

(14)

then v o hy is a Bézier curve with control mass
. = N .
points (o913 1), (PH; 0) and (mz27;0) laying on the

conic C with

(oo1;1) = (ng+2}31>(00),1)
(P_ﬁ;) = (FIJrnT%;o) (15)
(maf;0) = (m3;0)

Proof: by the use of Formula (a) with a; =1
and by =1. &
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The Figure E shows an iteration of the subdi-
vision of g non-hounded parabola based on the
Theoremsaa and (.

3.3 Case of circles with two connected
components or Hyperbola case

Theorems and ﬁ provide a way to divide a
circle arc with two connected components. In this
section, we are focusing on other ”standard” cases
of arcs of circles with two connected components
as: the case of a unhounded arc inthe case
of one branch in B.3.2, the case of a connected arc
unbounded in B

3.3.1  Case with three weighted points:

(wos;wr;we) € {1} X |—o0, —1[ x {1}
In that case, the curve is the complement of a
bounded arc of a circle sketched by a hyperbola.
The denominator of the Bézier curve is a polyno-
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Figure 6: One iteration of a iterative subdivision of a non-bounded parabola arc.

mial of degree 2 with two roots satisfying

. l—w — Jwi—1
1 p—

2 (1—w) (16)
to = l—wi +ywi—1
S 2 (1—w)

given that w; < —1 < 0 implies the roots ¢; and
to belong to [0; 1] and ¢; < ta.

We define three homographies ho, hs and hy
such that

hs ([0;1]) [0; 24]
hs ([0;1]) = [t1;t2]
ha ([0;1]) = [t2;1]

The use a the denominator roots gives directly
the light vectors representing the singular points
of the Dupin cyclide. These homographies have
been chosen in order to limit the number of cases
to study an the ical cases described in
paragraphs ZC)])_?)ma and B.3.3, the homography hs

provides a circle branch.
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Theorem 5 Let v be a Bézier curve with control
mass points (0g; 1), (P1;w1) and (02;1) laying on
the conic C. Let us introduce

N —
H = <BO (tl) Piog+ B> (tl) P102>

Let ho defined by

ho: [0;1] — [0;¢4]

do t1u
(1—u)+dou
then yohsg equals a Bézier curve with control mass

points (ogo; 1), (Pio;w1o) and (77—12_5;0) laying on
the conic C with

" (17)

(000;1) = (003 1)
Pio=B{(00;1 —t1); (P1;t1w1)}

18
w10:d0(1+(w1—1)t1) ( )
ma6; 0) = (dg 013 0)
where
-1
do = ‘ (19)
V1 = €Eovoo
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Proof: By the use of relatioﬁ of Formula (@)
)

with d = dy given by Formula ([l9), a = 0, b = dot;
and ¢ =1.
|

The following theorem allows to obtain a
branch of the circle.

Theorem 6 : Homographic parameter change

Let v be a Bézier curve with control mass
points (0¢;1), (Pr;w1) and (o92;1) laying on the
conic C.

Let us define

% =
% o=

Let hg defined by

hg: [0;1] — [ta;t2]
t1 (1 —u) +dotou (20)
u o —
(I1—wu)+dou

then v o hg is the Bézier curve with control mass
points (m01;0), (Q11; @11) and (7mg1;0) laying on
the conic C with

(mo1;0) = (¢ 05;0)
(o) = (Gusendr (T4+wp))  (21)
(Ma2130) = (d7¥5;0)

where G171 is the mass center of (00; 20%%)),

(Pl; —f_“i) and (ag; 72(1iw1)) and

-1 ‘
c1 =
U—2> * €oVoo
(22)
-1
b - ’
V3 = €ovoo

In addition €2y is the center of the circle de-
fined by the Bézier curve.

Proof: By the use of relations of Formul@(@) with

¢ = ¢; and d = d; given by Formula (9), a = t;
and b = dltg.
[ |

In Theorems B and B, the light vectors i) and
moi are identical but in Theorem I, the center
weight €211 is negative. Thus, both Bézier are
not located on the same branch of circle. It is
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possible to restore a positive weight while taking
(—=mo1;0), (Qu1; —w1) and (—mai;0) as control
mass points. We prove now that the point Pjg be-
longs to one of both asymptotic lines of the circle

Proposition 1 :

Let €211 be the center of the circle built thanks
to Theorem p.

Let Pjp and 72 be two mass points built
thanks to Theorem f.

—

The vectors 772_0) and Pjp211 are not vanishing

and parallel vectors and verify
—
mab « Pio1 = 0 (23)

implies the point P;g belongs to one of the asymp-
totic lines of the circle.

Proof: Left to the reader.
|
In Formula @), the light-like parallel vectors

nT?O and Pjo€211 are perpendicular too. The last
case follows.

Theorem 7 Let v be a Bézier curve with control
mass points (0g; 1), (P1;wi) and (o2;1) laying on
the conic C.

Let us define

— —
vi = By (t2) Prog + Ba (t2) Piog

Let h4 be defined by

hy: [0;1] —  [to;1]
" cato (1 —u)+u (24)
co (I—u)+ u

then ~ o hy is the Bézier curve with control mass
points (m_>20;0), (P12;w12) and (o92;1) laying on
the conic C with
(mo3; 0) = (c3v4; 0)
Py = B{(P1; (1 —ta)w1); (02;t2)}

(25)
w2 = c2 (w1 + (1 —wy) t2)
(022;1) = (025 1)
where
cy = -1 ’ (26)
U+ Covee
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Proof : By the use of relations of Formula (@)
with ¢ = ¢9 given by Formula l@), a = tycy and
b=d=1.

|

Adapting the proof of Theorem m, we could
show that the point Pjo belongs to one of the
asymptotic hn of the circle.

The Figure shows a 1t ration of a subdivision
by the use of Theorem and Thus we have
on one hand 72} mob = mol and on the other hand
m—gl> = m—og> and w1 < 0. The Bézier curve de-
fined by the control mass points (o¢; 1), (P1;wi)
and (o9;1) is subdivided in three Bézier curves,
the control mass points are

e (00:1), (Pio;w1) and (mah;0) for the first

curve;
‘(m—01>50)7 (Qu1;11)  and (7n—21>70) or
—

(—m(n;()), (QH;—WH) and ( 171—21>,0)

for the second curve;

o (m03;0), (Pra;w12) and (o9;1) for the third
curve.

3.3.2  Case where (wp; w1;ws) € {0} x RT™ x {0}
The extrem mass control points are vectors and
the intermediate control mass point is a weighted
point with weight w; > 0. For w; < 0, multiply-
ing all control mass points by —1 gives the same
curve. That is equivalent to take the opposite of
extrem vectors and the opposite of the interme-
diate weight. Thus the curve is a branch of an
Euclidean hyperbola with ; as center. the curve
is represented by the Bézier curve v with control
mass points (m4;0), (Q1;wi) and (m3;0).

Theorem 8 Let v be a Bézier curve Wlth control
mass points (4;0), (Q1;w1) and (m3;0) laying
on the conic C. Let hg defined by

1
V2w
(I—u)+2

ho:ur—>

1 1)

\/20.)1

then v o hg is a Bézier curve with control mass
points (mgp; 0), (Pio; 1) and (o90;1) laying on
the conic C with

(mop; 0) =

(Pro; wi0) = <TQWO (1)

u

(m; 0)

3) e

(020;1) = <Tl(mg+@>) () 1>

2wy
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Proof: by the use of Formula (@) with ¢g =1
and bo =
|

In order to obtain the second part of the sub-

divisiop, for symmetric reasons, the use of For-
mula (E) with a; = \/2171 and by = 1 provides :

20.11 :

Theorem 9 : homographic parameter change
Let v be a Bézier curve with control mass points
(m$;0), (Q;w1) and (m3;0) laying on the conic

C. Let hi defined by
1
\/2(,01
1
\/2(,01
then v o hy is the Bézier curve with control mass

points (o01;1), (Pi1;w01) and (77_72_{;0) laying on
the conic C with

(1—u)+u

hy:ur— (29)

2

(1—u)+u

f the subdivi-

The Figure E shows an iteratio
eé , thus we have

sion based on the Theorems § and
020 = 001-

3.3.3  Case where (wp;wi;wo) € {0} x RT™* x {1}
If wi > 0, from Corollary E]) with ¢ = —1 and
b = 1 we obtain the arc complement. Thus, in the
following, wy is taken strictly positive, the first
control point is a vector and the two others are
weighted points. The curve is a hyperbola arc.

Theorem 10 : homographic parameter change

Let v be a Bézier curve with control mass
points (ing; 0), (Pr;w;) and (09;1) laying on the
conic C. Let hg defined by

1
N
i

( ) V14 2wy

then « o hg is a Bézier curve control mass points
(m_>00; 0), (Pro;wi0) and (o90;1) laying on the

ho @ ur— (31)
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(P1o; w10

Figure 7: An iteration of an iterative building of a conic arc v on A*, with o et o9 as vertices and (oo P)
and (o9 Py) as tangent lines with (Pj;w;) and w; < —1. Moreover wi; < 0

Figure 8: One iteration of an iterative subdivision on the spheres space of a circle branch which looks like
a hyperbola.

conic C with : where Gz = B{(P1;2w1);(02;1)}.

s —

(mop; 0) = (mp;0) Proof: by the use of Formula (a) with ¢g =1
Wi = L (32) lgotice that we recover the recurrence formula

V14 2w
w1

. —_ . ol = —

(020;1) = (Tfm (Gs):1) VTt 2w
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given in [9].

Theorem 11 : homographic parameter change

Let v be a Bézier curve with control mass
points (mg;0), (P;wi) and (o9;1) laying on the
conic C. Let h; defined by

1

V14 2w
1

R —
V14 2wy

then v o hy is a Bézier curve with control mass
points (o¢1;1), (Pi1;w11) and (o21;1) laying on
the conic C with

(o0151) = (T 1

142w

(1—u) +u

hi:u+— (33)

(I—u)+u

s (G3); 1)

. . . 14w 34
(Pii;on) = <G4, m) (34)
(021;1) = (02; 1)

where Gz = B{(P1;2wi)(02;1)} and G4 =
B{(Pr;w1) (o2;1)}-

Proof: By the use of relations of Formula (@)
with a] = \/TTM and bl =1.
the subdivi-
and we have

The Figure E shows an iteration
sion based on the theorems [L( and

020 = 001-

3.3.4 Case where (wp;wi;ws) = (1;0;—1)

The curve is a semi-circle which looks like an
Euclidean semi-hyperbole. The endpoints of the
Bézier curve are the weighted points (o¢;1) and
(09; —1), the intermediate control mass point is

%
the vector (Pl; 0> and we have

%

4P%2 = —0304°
_>
P1.0‘20'0 = 0

Theorem 12 Let v be a Bézier curve with control
%

mass points (op; 1), (Pl;O) and (o2;—1) laying

on the conic C. Let by defined by:

-1
(0200 + 2 P1) * €0Voo
Let hg defined by
b() u
ho :u+—> 36
04 (1—wu)+2byu (36)
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then v o hg is a Bézier curve with control mass
points (c00; 1), (Pro; bo) and (im24; 0) laying on the
conic C with

(o00;1) = (00;1)
(Pro;1) = (7'13; (00);50) (37)
(mai0) = (0 (720 +2 1) 0)

Proof: by the use of Formula (@) with by and
co=1":

[

In order to obtain the second part of the sub-
division, we use the following theorem:

Theorem 13 Let v be a Bézier curve with control
%

mass points (op;1), (P1;0> and (o2;—1) laying

on the conic C. Let a; be defined by

-1

_>
(0200 +2 P1> '+ EoVoo

Let hq defined by

ap (1 —u)+u

hy :
L 2a1 (1 —u)+u

—

(38)

then v o hy is a Bézier curve with control mass
points (moi;0), (Pi1;—a1) et (o215 —1), laying on
the conic C with

%
(WO?;O) = (a% (0200 + 2P1> ;0)

(Pr1;o11) = <7:pl> (02); —a1)
(0215 —1) = (02;—1)

(39)

and the vector mgi represents a point of the
Alexandrov compactness of &3, its first component
is pseudo-unitary or moi is e or —ed.

Proof: by the use of Formula (@) with a; and
by =1.

|

The Figure @ shows an iteration of the subdi-
vision based on the Theorems @ and [13. Then,
to obtain a standard form of the same conic arc,
the control mass points (mof;0), (Pi1; —a1) and
(091; —1) are replaced by (—moi;0), (P11;a1) and
(0213 1).

In the next section, we give a synthesis and the
links between the previous theorems.
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(0203 1) = (001;1)

Jo 14w
11’\/14—20.)1

Figure 9: One iteration of an iterative construction of a circle arc from three mass points (nT)o; 0), (Pr;w1)
and (o9; 1)

(P1o; bo)

(P15 —an)

Figure 10: One iteration of a non-connected semi-circle defined by a Bézier curve of control mass points
%
(005 1), <P1;0> and (o92; —1)
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3.4 Synthesis

First, the subdivision of a parabola, isometric to
a line, is on consideration. The Figure ﬁ shows
a graph which synthesizes the links between the
theorems.

Second, the subdivision of a non-connected cir-
cle (a hyperbola with an Euclidean point of view)
is on consideration. The Figure [12 shows a graph
which synthesizes the links between the theorems.
The arrows in small discontinuous point illustrate
multiplication of mass points by —1 whereas the
arrows in broken lines highlight the swap of end-
points.

3.5 First example with a Horned Dupin
cyclide
In this example, we are modeling a horned Dupin

cyclide defined by :

e both extremal spheres Sy and Sy with centers
0o (0;4;0) and O2 (—5;0;0) and radii pg = 1
and ps = 4 respectively ;

e the intermediate sphere S; with center
01 (—%; 2V/3; 0) and radius p; = %

On Figure @, the spheres Sg and Sy get a "bozo”
texture while the sphere Sy gets a red pinky tex-
ture with black strips.

The spheres Sg, S1 and Sy are represented on
A? by the three points

] (170747()’ %) )
01 (%7_17%707%>
02 (%7_230707%)

The circle arc modeling the Dupin cyclide bit
is defined by the Bézier curve with control mass
points. (09;1), (P1;w1) and (o9;1) with :

1 5 9
Pl —-2-1.0:2
1<47 47 ) 78)
wlzﬁ

The derivative spheres from oy and o9 are given
respectively by
51
8

. 3 5
o __ __
0 47 47

2 (0;0; —1;0;0)

_37 07

thus we obtain the extrem characteristic circles of
the Dupin cyclide bit.
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The roots of By (t) + w1 By (t) + B (t) are

7
t1:1—§20,293

V2
2
The Theorems B, a and B allow to start the
subdivision of the complement of the previous arc
that is the Bézier curve with control mass points
(00;1), (P1;—w1) and (o2;1). It yields,
e Theorem a
We obtain ooy = g9, dg = % ~ 1,633 where

ty = Y2~ 0,707

3V2 +4
4
5v2
4

4432
0

512 + 60
8

—2v/3+2V6

3
17
1))

and the Dupin cyclide bit between the char-
acteristic circle in magenta color and the
singular point in red color is modeled by
the Bézier curve with control mass points
(m26;0), (Pro;wio) and (ogo;1). The follow-
ing subdiv@ons Wﬁ carried out by the use of

Py

w10 =

and

5 V2
1.7-8 .0.
<< 737 3 ) )

Theorems and

e Theorem B
We have ¢; = do, (m—25;0) = (m—m};O) and

_2v6+4v3

dy ; ~ 3,942
and
1 15 33 8
Q1 _ . nn L 22). . °
(Q1;w11) (( 3 8’070’ 16)7 3>
and

(mat;0) = ((1;2;—8?;0;

£)o)
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Theorem @ Theorem H

Theorem E

Theorem E Theorem EI

Theorem @

Figure 11: Graph which synthesizes the subdivisions of a parabola isometric to a line.

Figure 12: Graph which synthesizes the subdivisions of a non-connected circle (a hyperbola with an
Euclidean point of view)
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Figure 13: One iteration of an iterative making of
a circle arc v getting two branches on A* with oy
and o9 as edges and the straight lines (o9 P;) and
(02P;) with (Pr;w;) and wy; < —1 as tangents.__

The Dupin cyclide bit between both singular
points is modeled by the B curve with control
mass points (noi;0), (Q1;wi1) and (ing];0).
The following subdivisions will carried out
by the use of Theorems Ewand H taking
(—=mot;0), (Q1; —wi1) and (—mai; 0) control
mass points such that the circle center gets a
positive weight.

e Theorem ﬂ

We have o9 = 09, co = di and (@;0) =
(21 0) where

(Pr2;wiz) = ((1

and the Dupin cyclide bit between the sin-
gular point in green color and the charac-
teristic circle in pink color is modeled by
the Bézier curve with control mass points
(771—21>;0), (Plg;wlg) and (0'22; 1) The follow-

2\/—>

\/_0)3

ing subdivijsions will carried out by the use of
Theorems @Oand
The Figure @ s ration of subdivision

an i
based on TheoremshE, Eand . The piece in "gold”
texture matches with a circle branch. both other
circle arcs offers to see the dark and light wooden
parts.

3.6 Second example with a Horned Dupin
cyclide

We choose a horned Dupin cyclide defined by a

sphere and two singular points. This Dupin cy-

clide is represented by a circle C; containing two

branches in a time-like 2-plane P. That allows the

use of Theorems § and
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The Dupin cyclide is defined by two singulars
points My and My and a sphere Sg. On A?, the
non connected circle equals the intersection be-
tween A* and the plane defined by the light-like
vectors (m; 0) and (in3; 0) representing the points
My and Ms and the point oy representing the
sphere Sg. The 2-plane P is defined by oo, mj
and m5. The point € is the orthogonal projec-
tion of O5 on the plane P.

The first step the iterative subdivision
thanks to Theorem , consists in the transforma-
tion of the Bézier curve with control mass points
(m6;0), (Q1;w1) and (m3;0) into two curves with
control mass points

(mo6; 0)

(Pro;wi0) = (T;W () %)

(0203 1)
for the first one and with control mass points
(00131)
(Pry;wi1) = (7—51”72) (1) %)
(m2i; 0)

for the second . Thus we obtain in &3 the red
circle in Figureﬁ

For symmetry reasons, only the iterations for
(m—>00;0), (Pio;wi0) et (o20;1) are detailed. We
thus obtained two Bézier curves with control mass
points (’I’m,O) (P1007W100) and (0’200; 1) on one
hand and 0'001, P101,w101 and (0'201,1) on

the other hand gag = 0901. We obtain the blue
circles on Flgu
The F1 ws three iterations

sed
Theorems and and the Theoremsbg
The magenta circles are obtained after three 1ter—
ations.

4 Subdivision of a Dupin cyclide

patch

In this section, the algorithms given in [] are
simplified using, the representation of the brother
circles on A4 [E] These curves are modeled us-
ing Bézier curves. The same method is applied to
all Dupin cyclides (non-degenerate, circular cone,
circular cylinder or torus), just the number of sin-
gular point(s) is taking into consideration via the
previous sections. Let o¢ and 19 be two represen-
tations of spheres which define the Dupin cychde
if they do not belong to the same circle on A%,

then the light-like vector o076 defines the Dupln
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Figure 14: 3 iterations of subdivision of a Bézier
curves defined by control mass points laying on the
spheres space A* giving in £ characteristic circles
of a Dupin cyclide with a non null crescent. ____

cyclide point. Figure @ shows a subdivision of a
Dupin cyclide patch.

In Figure @T the patch of vertices
PooPagPao Py is replaced by the four patches
of vertices

e Pyo, Po1o, Poio1 and Pyo1,
o Poio, Peo, P01 and P11,
o Poio1, Poo1, Po2 and P12,
o Po12, Po2, Poo1 and Fio1-

The original spheres So and Sy are defined by
the points oyp and o9 whereas the sphere Spp is
defined by the construction of the point og;.

Compared to the Figure [16, the Figure @
shows the sphere Sg; defined by point

Moreover, using the sectionst@ and , a
degenerate patch (i.e. a triangle, two vertices
are confused) of a Dupin cyclide can be subdi-
vides, Figure [L§. In this example, the first com-
puted sphere, defined by the point o¢; of the Fig-
ure a, is in blue. The degenerate patch is re-
placed by a non-degenerate patch and a degener-
ate patch. The pink sphere defines points on the

non-degenerate patch whereas the magenta sphere
defines points on the new degenerate patch.

5 Conclusion and future works

In this paper and in @], some methods to subdi-
vide rational quadratic Bézier curves with a mass
points representation have been presented. The
rational quadratic Bézier curves represent arcs of
conics that are ellipse, parabola or hyperbola in
the usual Euclidean plane and patches of Dupin
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cyclides in the Minkowski-Lorentz space. More-
over, examples of subdivision of Dupin cyclides
patches have been given. The same methods have
been applied to subdivide 3D degenerated trian-
gles on a horned or a spindle Dupin cyclide.

On a ring Dupin cyclides, there are three kinds
of circle: meridian, parallel and Yvon-Villarceau
circles. Next investigation will point out meth-
ods to subdivide 3D triangles on a ring Dupin
cyclides bounded by three of the aforementioned
circles. SA mix of 3D triangles and rectangular
patches along curvature circles of Dupin cyclides
is expected.
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g
- R S l

Figure 16: Subdivision of a Dupin cyclide patch: the patch of vertices PygPooPesPys is replaced by the
four patches of vertices PooFPo10F0101F 001, FPo10P20P201F o101, Poio1 P01 P22 FPo12 and Py12FPo2 Poo1 Fo1o1.——

Figure 17: Subdivision of a Dupin cyclide patch: visualization of the spheres defined by o9, g1, o2 and
701 (in transparency)
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—

Figure 18: Subdivision of a 3D triangle as a degenerate patch of a horned Dupin cyclide. This 3D triangle
leads to a 3D triangle and a non-degenerate rectangular patch
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A Kinds of Dupin cyclides

The Table E] shows the kinds of circles, for the
Minkowski-Lorentz quadratic form, witch repre-
sent Dupin cyclides. A singular point of a Dupin
cyclide is a light-like vector in the Minkowski-
Lorentz space.

B Recall of Theorems in [

B.1 Homographic Parameter Change

The Bézier curve and the Bézier curve obtained
by this homographic parameter change model two
different arcs of the same given conic.

Theorem 14 : Homographic Parameter Change

Let v be a Bézier curve with control mass
points (Pp; wo), (P1;w1) and (Ps;ws) laying on the
conic C. Let a, b, ¢ and d be four real numbers
satisfying

a b
# 0 (40)
c d
Let h be defined by
h: R — R
a(l—u)+bu (41)
U — —
c(l—u)+du

then v o h is a Bézier curve of control mass points
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(Qo; @0), (Q1;w1) and (Qq; ws) with

(Qo;@o) =

(c—a)®® (Pywo) @

2a(c—a)O (Pyw1) &
a® © (Paiw2)

(Qum1) =

(¢ —a)(d—b)® (Pyw) @ )
(be—2ab+ad) ®(Psw) &
ab® (Pyuws)
(Qa;m2) =
(d—0)°® (Pywo) @

2b(d—0)® (P;w1) @

b’ © (Py;ws)

Proof: see [11, 12]. W
The following corollary of Theorem @ offers to
keep the endpoints.

Corollary 1 :  Homographic Parameter Change
with 0 and 1 unmodified.

Let v be a Bézier curve with mass control
points (Py;wo), (P1;w1) and (Pe;ws) laying on the
conic C. Let b and ¢ be two non-zero numbers. Let

h be defined by :
h: R — R
bu (43)
c(l—u)+bu
then v o h is a Bézier curve with mass control

points (Qo;wp), (Q1;w01) and (Q2;w2) on the
same conic C with

u

(Qo;mo) = O (Poywo)
(Qu;w1) = be® (Prywi) (44)
(Q2;m2) = b?O (Pyws)
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Table 1: Kinds of Dupin cyclides and their representations in the Minkowski-Lorentz space.

Name of Number of

Dupin cyclide singular point(s)

Lorentz Euclidean

property point of view

Ring 0 Two circles Two ellipses
Horned An ellipse and
2 Two circles
Spindle a hyperbola

One-singularity spindle

Singly horned

a parabola isometric to a line

A circle and a parabola An ellipse and

a parabola

Proof: see [11].

The denominator of a rational quadratic Bézier
curve defined by the mass points (Py; wp), (P1;w1)
and (Py;we) is

(w0—2w1 +w2)t2+2(w1—w0)t+wo (45)
and the sign of the discriminant of this polynomial
is

w? — wawy (46)
B.2 Subdivision
B.2.1 Homography hg
We have
ap (1 —u)+bou
h = 47
0 () co (1—u)+dou (47)
and we have to solve
ho(0) = 0
0 (0) )
ho(1) = 3
which leads to
ap = 0
’ (49)
do = 2bg
and the homography becomes
bou
ho (u) = ° (50)

o (T—u)+2bou
with (bo, co) € (RT).

Let (Py;wop), (Pr;wi1) and (Pe;w2) be the con-
trol mass points of the Bézier curve v. Using the
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Theorem @, the control mass points of the Bézier

curve 7y o hg are (Qo;wp), (Q1;w1) and (Q2;w2)
with

(

(Quimo) = ¢§© (Poswo)
(Qu;mw1) = coby ® (Po;wo)
@ boco® (Pr;wr)
(51)
(Q2;2) = b O (Po;wo)
e 2 bg ©) (Pl; wl)
S 05O (Posw2)

Since we want that the first control mass point
of the two curves v and 7o hg is the same, we have
co = 1. If wg+2wi +wsy # 0, the last control mass
point is a weighted point, in order to have wy = 1,
we choose

1
Vwo +2w1 + wo

else the computation of by depends on the vector

bo = (52)

— —
Q2 either Q9 is ol or its first component equals
1.

B.2.2 Homography hq
In the same way, we have

ap (1 —u)+bru
g (1—u)+diu

hl (u)
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and we have to solve

1
h(0) = 5
(54)
hi(l) = 1
which leads to
c1 = 2a
1 1 (55)
d = b
and the homography becomes
1-— b
hy (u) = ap (1—u)+biu (56)

C2a; (1—u)+biu

with (a1,b1) € (RT)?.

Let (Py;wo), (Pr;wi) and (P;w2) be the con-
trol mass points of the Bézier curve v. Using the
Theorem [L4), the control mass points of the Bézier

curve 7 o hy are (Qo; @o), (Q1;w1) and (Q2; w2)
with

(Qoswo) = ai ® (Po;wo)

& 2 CL% O) (Pl;wl)

a3 © (Py;wy)
(57)
(Q1;@1) = a1by © (Pr;wr)
@ a1 b O (Pyws)

bt © (Prws)

\ (Q2i2) =

Since we want that the last control mass point
of the two curves v and o hy is the same, we have
b1 = 1. If wg+2wi+we # 0, the first control mass
point is a weighted point, in order to have wg = 1,
we choose

1
Vwo + 2wy 4+ wo

else the computation of a; depends on the vector

a]; = (58)

— —
Qo: either Qg is efg or its first component is 1.

Theorem 15 Let v be a Bézier curve with control
mass points (0g; 1), (P1;w1) and (o2;1) laying on
the conic C.

Let ho : [0,1] — [0, 3] defined by :

1
——u
ho :ur— ~2+2w11 (59)
l—u)+2—=u
( ) V2 4 2wy
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then yohg equals a Bézier curve with control mass
points (o003 1), (Pio;wio) and (o20;1) laying on
the conic C with :

(000;1) = (003 1)
Pig = Bar {(o0;1); (Pr;w1)}

1+w;
2

w10 =

020 = Bar {(o0;1); (P1;2w1); (02; 1)}

w10:1

Theorem 16 Let v be a Bézier curve with control
mass points (oo; 1), (P1;w1) and (09;1) laying on
the conic C.

Let hy : [0,1] — [5,1] defined by

1

\/2+2w1
1

[ —
\/2+2w1

(1—u)+ u

hi:ur— (61)

(I—u)+ u

then voh; equals a Bézier curve with control mass
points (o01;1), (P11;w11) et (021;1) laying on the
conic C with :

oo1 = Bar {(00;1); (P1;2w1) ; (02; 1)}

wo1 =1
P11 = Bar {(P1;w1);(02;1)} (62)
1+w;
w =
11 5

(o2131) = (023 1)
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