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Abstract: - This paper is a continuation of a series of papers devoted to the numerical solution of integral
equations using local interpolation splines. The main focus is given to the use of splines of the fourth order of
approximation. The features of the application of the polynomial and non-polynomial splines of the fourth
order of approximation to the solution of Volterra integral equation of the second kind are discussed. In
addition to local splines of the Lagrangian type, integro-differential splines are also used to construct
computational schemes. The comparison of the solutions obtained by different methods is carried out. The

results of the numerical experiments are presented.
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1 Introduction
A new approach of the development of numerical
solutions of the integral equations are often
connected with the application of interpolation. The
well-known methods of solving Volterra integral
equations of the second kind include, first of all, the
trapezium method and the Simpson method. The
trapezium method is quite simple to use. This
should be attributed to the advantages of this
method. As it is known, when verifying the result of
a solution, several different methods are often used.
Therefore, it is advisable to apply several different
methods to solve the same equation. It should be
noted that different types of splines are quite often
used when solving interpolation problems. Let us
briefly recall one of the main reasons for their
widespread use.

Let P, be the interpolation polynomial that solves
the Lagrange interpolation problem when we use the
values of the Runge function f = T in the

equidistant nodes in the interval [—1,1] including
the ends. As it is known (the fact was established by
Runge in 1901), the following relation is true:

[|f—P,|| > © when n — +oo.

Thus, the sequence of interpolation polynomials P,
does not tend to the Runge function when n tends to
infinity. Thus, when solving various problems of
mathematical physics, splines are widely used. It
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should be mentioned that papers [1]-[7] are among a
variety of papers about numerical methods in
solving the Volterra integral equations. In [1], the
authors discuss the super convergence of the
“interpolated” collocation solutions for weak
singular Volterra integral equations of the second
kind. In paper [2], the 6th order Runge-Kutta with a
seven stage method for finding the numerical
solution of the Volterra integro-differential equation
is considered. In paper [2], the integral term in the
Volterra  integro-differential ~ equation  was
approximated using the Lagrange interpolation
numerical method. In paper [3], a numerical
solution of the important weak singular type of the
Volterra-Fredholm integral equations is provided. In
[3], a new computational method based on the
special B-spline tight framelets is presented and
used to the numerical scheme. In paper [4], the
numerical solution to a class of weak singular
Volterra integral equations is discussed. In paper
[4], the fractional Lagrange interpolation is applied
to deal with the singularity of the solution, and
efficient fractional collocation boundary value
methods are developed. In paper [5], the method of
radial basis functions is used for solving the
Volterra integral equation. A mnew collocation
technique for numerical solution of Fredholm,
Volterra and mixed Volterra-Fredholm integral
equations of the second kind was introduced in
paper [6]. In paper [7], the quadratic rule for the
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numerical solution of linear and nonlinear two-
dimensional Fredholm integral equations based on
spline quasi-interpolant was studied.

The use of local polynomial and non-polynomial
splines allows us to construct new methods for
solving the Volterra integral equation of the second
kind. Paper [9] discusses the use of the polynomial
and non-polynomial splines of the third order of
approximation. These splines have shown good
numerical stability and are suitable for constructing
solutions on both a uniform and non-uniform mesh
of nodes.

In this paper, the local spline approximations [§]
are used to construct calculation formulas for
solving the Volterra integral equation. Here we use
both the polynomial and non-polynomial
splines of the fourth order of approximation.
Section 2 discusses the properties of the local
polynomial, polynomial-trigonometrical splines and
the integro-differential splines of the fourth order of
approximation. Section 3 considers the use of the
construction of the solution of the integral equation,
of not only the polynomial and non-polynomial
local splines of the Lagrangian type, but also the
integro-differential splines of the fourth order of
approximation. As a result, the integro-differential
splines give a smaller error, but in this case it is
assumed that the values of the integrals over the grid
intervals are known. Here a modification of the
Simpson method is also proposed, where the spline
approximations are applied.

2 Problem Formulation

Let {x;} be the set of nodes on the interval [a, b].
Suppose that the system of functions ¢;(x) forms
a Chebyshev system. We define the basic splines on
the interval [xj, xj+1] C [a, b], solving the system of
equations (following Professor S.G. Mikhlin, we
refer to this system as the fundamental relations)

kjm

> wilaw@ = @),

k=kjo

(1)

X € [xj,xj+1], i=0,..m
Here kjp, — kjo =m+ 1.

We consider that the determinant of this system is
different from zero. With a different choice of
functions @;(x) and integer kjo,kjn,, we obtain
basic splines suitable for approximation at the
beginning of the interval [a, b], in the middle of the
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interval or at the end of the interval [a,b]. In the

case of a polynomial system x‘, fundamental system
(1) has the form

kjm

Z x,icwk(x) =x,i=0,..,m,
k=k]‘0
X € [xj, Xj41]-

In this paper we focus on the splines of the fourth
order of approximation. Therefore, in our case, we
consider m = 3. Thus, there are four equations and
four unknown basis functions wy, (x).

Let us highlight the important special cases.
Suppose that the support of the basis spline occupies
the interval [x;_3, xj41]. The splines w; suitable for
approximation near the left end of the interval [a, b]
can be obtained when kjo = j, kj;, = j + 3. In this
case, the condition j=0,..,n—3, must be
satisfied. Suppose that the support of the spline
occupies the interval [xj_,, xj;,]. Splines w;
suitable for approximation in the middle of the
interval [a, b] can be obtained when kjp =j — 1,
kim =j+2. In this case, the condition j=
1,..,n—2,must be satisfied. Suppose that the
support of the spline occupies the interval [x;_q,
Xj4+3]. Splines w; suitable for approximation near
the right end of the interval [a, b] can be obtained
when kjo =j—2, kj, =j+ 1. In this case, the
condition j = 2, ...,n — 1, must be satisfied.

In the next sub-section, we will take a closer look at
cubic polynomial splines.

2.1 Cubic Polynomial Splines

At first, we recall the features of the approximation
of the functions with the splines near the right end
of the interval [a, b], near the left end of the interval
[a,b], and at the middle of the interval. As an
example, we write out the formula for the basis
spline, which is used to approximate in the middle
of the interval [a,b]. The formula of the basis
spline w]M (x) can be written as follows:

(x = 2541 (x = 242) (¥ — %543)

M(y) =
wy (x) (6 = %41) (%) = Xj42) (% = Xj43)’
( X € [xjﬂl'xjﬂ]' Y )
Moy — X T X)X T X1 )X T Ko
w;y” (x) (= %) (% = %21 (% — %j42)’
X € [x),%)41),
oGy = 96— 52) (e = x51)

() = %0 — 5-2) (5 — %41’
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o )

M _ X — xj—l X — xj—2 X — x]'_3

@ (%) (xj — xj-1)(xj — x5_2) (% — xj_3)’
X € [xj_z,x]-_l],

a)]M(x) =0,x¢ [xj_z,xj+2].

Now we write out the formulas of the basis splines
that form the continuous polynomial approximation
in the interval x € [x,%41] € [a,b]. The
continuous polynomial approximation UjR (x) near
the left end of the interval [a, b] uses the right basis
spline a)]R (x) of the form:

(x = x541) (x = 242) (x — %54.3)

'R =
0)] (x) (x] — Xj+1)(x]' — xj+2)(xj _ xj+3)'
X € [xj'xj+1];
wfy1(x) = (= %) (x = %42) (¥ = %43)

(xj+1 - xj)(xj+1 - xj+2)(xj+1 - xj+3)’
x € [x),%11]
(x - xj)(x - xj+1)(x - x]-+3)

R =

) = G T s = ) Gz — Ge)
X € [xj;xj+1]'

wfis3(x) = (x —x) (x = x741) (x — %j42)

(Xj3 — %) (Xj43 — Xj41) (Xj43 — Xjp2)
X € [X]',Xj+1].

The approximation with these basis splines can
be written in the form:

UjR(x) = u(xj)a)f(x) + u(xjﬂ)a)]’-ﬂ_l(x) +
u(xj+2)w]R+2 (x) + u(xj+3)a)f+3(x).
The continuous polynomial approximation U]-L (x)

near the right end of the interval [a, b] uses the left
basis spline a)]’-“ (x) of the form:

(= 25-1) (x = 27) (% — %j41)

L =
a)J_z(x) (o2 —xj_1)(xj_2 — x) (xj—2 — xj+1)’
( X € [xj,)J(Cj+1]» Y )

. _ X = X2 )(X — X ){X — Xj41
w]_1(x) (xj_l — Xj_z)(xj—l — Xj)(xj—l - xj+1),
X € [xj;xj+1]'
wf (x) = (x = %j-2) (x — 25-1) (x = %j41)

(xj — xj_2) (xj — xj_1) (X} — Xj41)’
x € [, %j4],
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(= xj-2) (x = %7-1) (x — %))
(xj+1 - xj—z)(xj+1 - xj—l)(xj+1 - xj),
X € [xj,xj+1].
The approximation on the [xj,x;;,] with these
basis splines can be written in the form:

w]l"+1 (x) =

UjL(x) = u(xj_z)ij_z(x) + u(xj_l)a)jL_l(x) +
u(xj)a)jL(x) + u(x]-+1)a)jL+1(x).

The continuous polynomial approximation UjM (x)
in the middle of the interval [a, b] uses the middle
basis spline w]M (x) of the form:

(o — %) (x — x41) (x — xj42)
(o1 = %) (-1 = X41) (-1 = Xjs2)’
gl 1)
M _ X = Xj—1)(X — Xj41)(X — Xj42
@y () (cj = %) (= 201 (5 — X42)’
X € [Xj,Xj+1];

(x - xj-1)(x — xj)(x ~ xj+2)

wjlvil(x) =

M =
Wjs1 (%) (i1 = Xj-1) (X1 — %) (%41 — Xj42)
X € [Xj:xj+1]'
Wi, (x) = (x = xj-1) (x — ) (x = xj41)

iz = %-1) (a2 — %) (K2 — Xj41)
X € [x]',Xj+1].
The approximation on the [xj,xj4+1] with these
basis splines can be written in the form:

UM () = u(xj-1)wfL1 (0) + u(x;) o) (x) +

u(xj41) 0ty () + ulxji,)wis ().
The approximation properties of these basis splines
are well known. Let us denote [ u(® lic.a1=

r[rclili)]i |u(® (x)|. The following theorem can be easily

proved (see also [8]).

Theorem 1. Let u € C*a,b]. xj=a+jh,j=
0,1,..,n, h= b_Ta,n > 3.To approximate the
function u(x), x € [xj, xj+1], with the left and right
splines, the following inequalities are valid:

u) = UF @ < KR* 1u® iy, o K = 1.
u) = UFGO| < KR* Nu® 0,y K = 1.

To approximate the function u(x), x € [xj, xj+1],
with the middle splines, the following inequality is
valid:
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|u(x) - UJM(x)l < Kh* u® Il[xj—1jxj+2]'
K = 0.5625.

Proof. It is easy to notice that U]-R is an interpolation
polynomial, and  Xj,Xj1q1,Xj42,Xj43 the
interpolation nodes, and

UR () = u(x), U (x541) = u(xj41),

Uf (xj42) = uxj42). Uf (xj13) = u(xs3).

arc

Using the remainder term we get

u(x) — Uf(x) = u(j!(r) x —x;)(x —xj41)(x —

%iv2) (X = Xj43), T € [%5,%745] -

We can use x = x; +t h,t € [0,1]. It can be easily
calculated that

tr&g)l(] [ttt —D(t—-2)(t-3)| =1

It follows that on the uniform grid with step h

max

lu(x) — UR(x)| < h* max [u™®].
X€[xjxj43

XjXj4+3

Thus, we obtain that K = 1.
Earlier in paper [8] quadratic
considered.

splines were

2.2 Cubic and Quadratic Polynomial Splines
The function u(x), x € [xj,xj41], can be
approximated with the left or the right polynomial
splines as follows. The left quadratic polynomial
spline (see [8]) can be written in the form:

UF(x) = u(xj_1)wf_; (x) + u(x;)wf (x)

+u(xj+1)ij+1(x),x € [x}, %41, )
where
(x - xj)(x ~ xj+1)
L =
©-2 () (9(61_1 - xj))((xj_1 - x,-)+1)’
L _ X — Xj+1 X — xj—l
w; () (cj = x40 (xj — x-1)
("JL+1(X) - (x - xj)(x — xj—l)

(Xje1 — %) (Xjp1 — Xj—1)

The function u(x), x € [xj, xj+1], can be
approximated by the right polynomial spline (see [8,
9]) using the form:
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U]-R(x) = u(xj)wf(x) + u(xj+1)wf+1(x) +

u(xj+2)wf+2(x)' x € [xj'xj+1]' ©)
where
R _ (x — xj+1)(x - xj+2)
©r (0= () = X41) (%) = Xj42)’
(x —%j42) (x — %)
R — ]
@y () (41— Xja2) (X1 — X7)
R () = (x = x+1)(x = %)

(X2 — Xjp1) (Kjr2 — %)

The approximation properties of these basic splines
are well studied. The following theorem was proved
in [8].

Theorem 2. Let u € C3[a, b]. To approximate the
function u(x), x € [xj,xj+1], by spline (2), the
following inequality is valid:

lu(x) — Uf ()| < KR® 1w

I [xj-1%j41]"

To approximate the function u(x), x € [}, xj41],
by spline (3), the following inequality is valid:

lu(x) — UR )| < KR® 11w W)
Proof. It is easy to notice that UJR is an interpolation
polynomial of the third degree, and xj, xj,, are the
interpolation nodes, Uf(x;) = u(x;), Uf (xj41) =
u(x41), UR(xj42) = u(xj42). Using the remainder
term we get

u(x) — Uf (x)

B ulll(_[)
Y

(x - xj)(x - xj+1)(x - xj+2)-
It follows that

lu(x) — Uf ()| < 0.0625h% max _|u'"’|.
XjXj+2

Thus, K = 0.0625.

The statements for U]-L (x) can be proved similarly.
The Theorem is proved.

Note. Theorem 1 and Theorem 2 give estimates of
the approximation errors when quadratic and cubic
splines are used. These estimates are asymptotic
ones. The following question may be asked: Can
the use of cubic splines always give a smaller
approximation error in absolute value than the use
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of quadratic splines? In general, the answer to this
question is negative. Consider an approximation
using the interpolation polynomials P, for the

Runge function f(x) = on the interval [-1,

1425 x2
1] at equidistant nodes. The estimation of the error

approximation when the quadratic splines were used
includes the third derivative of the function, while
the estimation of the error approximation when the
cubic splines were used, includes the fourth
derivative of the function. Fig. 1 shows the graph of
the third derivative of the Runge function, and Fig.
2 shows the graph of the fourth derivative of the
Runge function on the interval [—1,1]. It is easy to
choose step h of the uniform grid of nodes, in a
way, that the approximation of the Runge function
with the quadratic splines will give a smaller error
in absolute value than the approximation with the
right cubic splines (last column in Table 1). Table 1
shows the errors of the approximations with the
quadratic polynomial splines, the middle and the
right cubic polynomial splines.

Table 1. The errors of the approximation with the
quadratic polynomial splines, middle cubic
polynomial splines, right cubic polynomial splines,

h=02
Quadratic Middle Right cubic
Function | polynomial Cubic polynomial
splines polynomial splines
splines
1 0.0889 0.0200 0.162
14 25x2
sin(5x) | 0.0606 0.0215 0.0373

Fig.3 shows the graph of the error of approximation
of the Runge function with quadratic splines when
the grid step h = 0.2 was used.

600
400
U
200
e

1 08-06-04-09% 03754 06 08 1
x
2

Fig.1: The graph of the third derivative of the Runge
function on the interval [—1, 1]
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Fig.2: The graph of the fourth derivative of the
Runge function on the interval [—1, 1]

Fig.3: The graph of the error of approximation when
the quadratic polynomial splines were used for the
approximation of the Runge function with the grid
steph = 0.2.

Fig. 4. shows the graph of the error of
approximation of the function sin(5x) with the right
cubic splines when the grid step h = 0.2 was used.
Fig. 5. shows the graph of the error of
approximation of the function sin(5x) with the
middle cubic splines when the grid step h = 0.2
was used.

Fig.4: The graph of the approximation error when
the right cubic polynomial splines were used for the
approximation of the function sin(5x), h = 0.2.

Fig. 6. shows the graph of the error of
approximation the absolute value of the Runge
function with the right cubic splines with the grid
step h = 0.2. Fig. 7. shows the graph of the error of
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approximation of the Runge function with the
middle cubic splines with the grid step h = 0.2.

Fig.5: The graph of the approximation error when
the middle cubic splines were used for the
approximation of the function sin(5x) with the grid
steph = 0.2.

Fig.6: The graph of the approximation error in the
absolute value when the right cubic polynomial
splines were used for the approximation of the
Runge function with the grid step h = 0.2.

0.5 1

Fig.7:. The graph of the approximation error when
the middle cubic polynomial splines were used for
the approximation of the Runge function with the
grid step h = 0.2.

2.2 Non-polynomial Splines

Let us now take ¢@(x) =1, @,(x) =x, @3(x) =
sin(x), @4(x) = cos(x). The system of equations
for determining the non-polynomial basis functions
wi(x),x € [xj,xj+1], takes the form:

Kjm
Z we(x) =1,

k=kjo

E-ISSN: 2224-2880

480

|.G. Burova, A.G. Doronina, D.E. Zhilin

Kjm
Z X Wi (x) = x,
k=k]'0
kim
Z cos(xy) wi (x) = cos(x),
k=K ;o
Kjm
Z sin(x;,) wi (x) = sin(x).
k=k]‘0

Let us take kjo = j — 1, kjmm, = j + 2. In this case we
obtain (when x = x; + th, t € [0,1], x € [x;, x;,4]):

W]-(x]- + th) = ((1 — t) sin(3h) + (1 + t) sin(h)
+2sin(h(t — 2)) + (t — 2)sin(2h)
+sin(h(1 +t)) — 3sin(h(t — 1)))/
(5sin(h) + sin(3h) — 4sin(2h)),

wj+1(xj + th) = (tsin(3h) + (2 — t) sin(h)
+ 3sin(th) — sin(th — 2h)
—(t + 1)sin(2h) — 2sin(h + th))/
(5 sin(h) + sin(3h) — 4 sin(2h)),

wj+2(xj + th) = (sin(h + th) + sin(th — h)
—2sin(th) — t sin(2h) + 2tsin(h))/(5 sin(h)
+sin(3h) — 4sin(2h)),

wi_1(x; + th) = (—sin(th — 2h) — sin(th)
+2sin(th — h) + (2 — 2t) sin(h)
+(t — 1) sin(2h))/
(5 sin(h) + sin(3h) — 4 sin(2h)).

These splines are useful in the middle of the interval
[a,b]. Fig. 8 shows the graph of the error of
approximation of the function sin(5x) with the
middle non-polynomial splines with the grid step
h = 0.2.

Fig.8: The graph of the approximation error when
the middle non-polynomial splines were used for the
approximation of the function sin(5x) with the grid
steph = 0.2.
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Table 2 shows the errors of the approximations with
the middle cubic polynomial splines, the middle
non-polynomial splines, and the right non-
polynomial splines.

Table 2. The errors of the approximation with the
middle cubic polynomial splines, middle non-
polynomial splines, h = 0.2

Function Middle Cubic | Middle non- | Right non-
polynomial polynomial polynomial
splines splines splines

1 0.0200 0.0197 0.161
1+25x?
sin(5x) 0.0215 0.0207 0.0372

As it is known, the integro-differential splines (see [9])
can provide a smaller approximation error. Let ¢ =
1,01 =x,¢, = xz,(p3 =x3. We obtain the basic
splines from the approximation relations

‘pi(xj)Wj(x) + (Pi(xj+1)Wj+1(x) +
[ ei@dew () + @y(xj-1)wj-a () =
p;i(x), i=0,1,2,3.

On the
polynomial approximation in the form:

interval [xj,xj11], we construct the

UPOL () = u(x)wy () + w41 )wjea () +
f;jj“ u(t)dt W]-<0'1> (x) + u(xj_l)wj_l(x).

Considering that x € [xj,xj41],h = xj41 — X, t €
[0,1], it is easy to see that the basis functions can be
written in the form

(t —1)(8t —3)(t + 1)
2 ,

t(10t — 7)(t + 1)

Wj+1(Xj + th) =

6 ’
4t(t—-1D)(t+1
W o) = HEDEHD
t2t — 1Dt —1)
Wj—l(xj + th) = 6 .

Similarly, we can construct a non-polynomial
approximation using integro-differential
polynomial-trigonometric splines. Let @y = 1, @4 =
X, @, = sin(x), @3 = cos(x). On the interval
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[xj,xj41], we  construct the

approximation in the form

polynomial

Ujltrig(x) — u(xj)Wj(x) + u(Xj+1)Wj+1(x) +

f;jj“ u(x)dx Wj<0’1>(x) + u(xj_l)wj_l(x).

Considering that x € [xj,xj+1], h=xj1—xj t€
[0, 1], it is easy to see that the basis functions can be
written in the form:

w;(x; + th) = (2 + 2t + 4 cos(th)

+ cos(2h) (2 — 2t) + h sin(h + th)
+sin(2h) (h — 2th) + 3h sin(th — h)
—4 cos(th — h) — 4cos(h))/(6 — 8cos(h)
+2 cos(2h) — 2h sin(h) + h sin(2h)),

Wj+1(xj + th) = —((h — 2th)sin(h)
+ cos(h) (2 + 4t) — 2cos(th — h)
—h sin(th + h) + 3h sin(th) + 2cos(th)
—2t cos(2h) — 2t — 2)/(2 cos(2h) —
—2h sin(h) + h sin(2h) — 8 cos(h) + 6),

2 tsin(h) — 2 sin(th)
h sin(h) — 2 + 2 cos(h)’

Wj<0'1>(xj + th) =

Table 3 shows the errors of the approximations with
the polynomial integro-differential splines, and non-
polynomial integro-differential splines.

Table 3. The errors of the approximation with the
polynomial integro-differential splines, and non-
polynomial integro-differential splines, h = 0.2

Polynomial | Non-
Function | integro- polynomial
differential integro-
splines differential
splines
1 0.0184 0.0183
1+ 25 x?
sin(5x) | 0.00307 0.00295

Fig. 9 shows the graph of the error of approximation
of the Runge function with the integro-differential
polynomial splines with the grid step h = 0. 2. Fig.
10 shows the graph of the error of approximation of
the Runge function with the integro-differential non-
polynomial splines with the grid step h = 0. 2.
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Fig.9: The graph of the approximation error when
the integro-differential polynomial splines were
used for the approximation of the Runge function
with the grid step h = 0.2.

Fig.10: The graph of the approximation error when
the integro-differential trigonometrical-polynomial
splines were used for the approximation of the
Runge function with the grid step h = 0.2.

Next, we apply spline approximations to solve the
Volterra integral equations of the second kind.

3 Problem Solution of the Volterra

Integral Equation
Let n be an integer, and a, b be real. Suppose that a

grid of nodes {x;} with step h = bn;a, is constructed
on the interval [a,b]. Thus, x; =a+jh,j=
0, ..., n. Let us consider the numerical solution of the

Volterra equation of the second kind. The linear
Volterra equation of the second kind has the form:

u(x) + f;K(x, s)u(s)ds = f(x), x,s € [a,b],

where f is a given function, K, f are continues
functions and u(x) is an unknown function that
needs to be obtained.

3.1 The Numerical Solution

Let us consider the numerical solution of the
Volterra equation of the second kind using splines
of the fourth order of approximation. We
approximate the function u(x) with fourth-order
splines. In this case, after discarding the
approximation error, we obtain the approximate
values of the solution to the integral equation. Let us
denote them by i(x;). First, we have to solve a
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system of linear algebraic equations, then we
successively determine the approximate values of
the unknowns i (x;,).

In the case of a grid consisting of four nodes, the
system of equations has the form:

i(xo) = f(x0),

() + () L K ) 0B (s)ds +
+i(xy) fx " Koy 5) wf (5)ds
+i(xy) fx YK s) 0k (s)ds

i) [ Ko, 8) w8 (S)ds = £0xy),

1(xy) + () fx P K, 5) 0B (s)ds +

X1

+i(xy) f K(xy5) 0 (s)ds

+i(x,) fx M Ky, 5) 0f (5)ds
() L P Kty 5) wf (5)ds +
T ii(x) fx K (5) 0l (5)ds +
+i(xy) L P Kty 5) w0 (5)ds
+i(xy) fx P Kty 5) wl (5)ds
i) [ TZK(xz,s) Wl ()ds = £(x,),

fi(x3) + Gi(xy) fxll{(x3,s) wB(s)ds +

+1i(x;) J.X1K(x3,s) wR(s)ds
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X1

+ﬁ(x2)f K (x3,5) w&(s)ds

Xo

+Ca) | K, 5) @5 (5)ds
F(x) fx K (s, 5) ol (5)ds +
+i(xy) fx K, 5) @M (s)ds
() fx K (e 5) 0 (5)ds
+1(xs) fx K s) 0¥ (s)ds
F(x) L TR (s, 5) wh(5)ds +
(e L PR (e 5) w0 (s)ds
+i(xy) fx K (e, 5) wk(s)ds

Fi(x) j "K(xs,s) wh(s)ds = f(xa).

The advantages of the proposed method include the
ability to calculate the exact integral

f;i“ K(x,s) w&(s)ds (without error). However, in
4

case of difficulties with calculating the integral, we
can apply a quadrature formula that provides the

order of approximation m, m > 4.

3.2 Numerical Examples
Problem 1. Now we take the equation from paper

[6]:
u(x) = exp(—x) + x exp(x)
— j exp(x + t) u(t)de,x € [0,1].
0

The exact solution of the integral equation is u(x) =
exp(—x). Figs. 11 and 12 show the errors of the
solution of Problem 1 with cubic polynomial splines
when n = 32, 64, Digits=18.
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5 10 15x 20 25 30
Fig.11: The error of the solution of Problem 1 with

cubic polynomial splines when n = 32

30 40 50 60
x
Fig.12: The error of the solution of Problem 1 with

the cubic polynomial splines when n = 64

5 10 15 2 25 30
X
Fig.13: The error of the solution of problem 1 with
the non-polynomial splines when n = 32

Figs. 13 and 14 show the errors of the solution of
Problem 1 with non-polynomial splines when n =
32, 64 (Digits=25).

¢ 10 20 30 40 50 60
X

Fig.14: The error of the solution of Problem 1 with
the non-polynomial splines when n = 64
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Note that the trapezoidal method for this problem
will give an exact result (see Fig. 15).

Se-15]
0]
-5e-15-

-le-14-

-1.5e-14-

5 10 15 20 25 30

Fig.15: The error of the solution of Problem 1 with
the non-polynomial splines when n = 32

Problem 2. We take the equation

ulx) =gx) — fx(x — t)cos(x — t)u(t)dt,
0

x € [0,1].
The exact solution of the equation is u(x) =
2cos(V3x+1) /3. The function g(x) is as
follows:

glx) = %cos(\/gx +1)— ?x cos(x) sin(1)

+§cos(x)cos(1) - %x sin(x) cos(1)

_ ?sin(x) sin(1) — %cos(\@ x) cos(1)

+ % sin(\/3_x)sin(1).

Fig. 16 shows the errors of the solution of Problem
2 with the cubic polynomial splines when n = 32.

4e-09

5 10 15 20 25 30
X

Fig.16: The error of the solution of Problem 2 with
the polynomial splines when n = 32
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3.2 Simpson Quadrature Rule Application
Now consider the results of applying the Simpson
quadrature rule to the solution of the Volterra
integral equation. We will construct the solution on
a uniform grid of nodes. We denote

Lo (K (o -1

~ _ Xj+1
S(x,j) =~
+4K (x, x))u; + K(x, Xj41)Uj41) -
In the beginning, as always, we have

u(xo) = f(xo).

Further we will use a cubic interpolation spline at
the nodes x,, x5, X3, X4 in the equation

X1

u(xy) +f K(x1,5)u(s)ds = f(xq1) .

0

We use the cubic interpolation of the form:
Uf(x) = u(}’j)wf(x) + u(Yj+1)wf+1(x)
+ u()’j+2)wf+2(x) + u()’j+3)wf+3(x) )

(x - yj+1)(x - 3’1‘+2)(x - yf+3)

R —
) ) (Yj - }’j+1)(}’j - }’j+z)(}’j - Yj+3)’
X € [y, ¥j41),
Wk (x) = (= y)(x = ¥+2)(x = ¥ja3)
s Wj+1 = V) i1 = Yj+2) Ojr1 — Vj+3)
X € [y, ¥j+1),
Wk (x) = (x = y) (x = yj+1) (x = ¥jss)
Iz (}’j+2 - }’j)(}’j+z - }’j+1)()’j+2 - }’j+3)'
X € [y, ¥jsl,
‘U]R+3(x)

_ (x = 9) (x = ¥j40) (x = ¥j42)
Wj+3s = V) Oje3 = Vi) O3z — Vjs2)
x € [y}, yj41]
In this case, we take y; = Xo, Vj41 = X, Vj42 =
X3, Yj+3 = X4. Thus, we will apply the relation

V(x) = u(yo)wg (x) + uyx)ws (x)
+ u(yz)wf () + u@)wf (x)
on the interval [x,, x,]. We have now

V(x1) = u(yo)w§ (1) + u(yz) w5 (x1)
+ u(yz)w§ () + uly)wf (x).
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In the following equations, we apply Simpson’s
rule:

X2

u(xz) + f K ey, s)u(s)ds = £(x),

0

X1

u(xs) +f K(x3,s)u(s)ds

0

+f 31('(x3,s)u(5)dS = f(x3),

X

u(xy) + f ’ K (x4, s)u(s)ds

0

+f 4K(x4,s)u(s)ds = f(xy).

Therefore to obtain a solution at the points x;j,j =

1,2,3,4, we will have to solve the system of
equations:

uo = f(xo),
ug +V(xg) = flxg),
Uy +5(x3,1) = fxy),
uz +V(x3) + S(x3,2) = f(x3),
Uy +S(x4, 1) + 5(x4,3) = f(xg).

Further, the next value of u; is obtained by solving
equations for odd j of the form

/2]

w+ V() + ) S(52K) = f(x)

k=1

Here [m/2] computes the integer quotient of m
divided by 2.

And for even j we solve equations of the form

j/2

u; + Z S(x;, 2k — 1) = f(x)).
k=1

Figure 17 shows the error in solving the Volterra
equation of Problem 1 by the proposed method.
Thus, the application of the Simson formula gives a
very good result if, in addition, on one grid interval,
splines of the fourth order of approximation are
used.
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2e-09

1le09|

Fig.17: The graph of the error in solving the
Volterra equation of Problem 1 when the Simpson
method was used (32 nodes)

A different approach to the construction of
calculation formulas can be also applied. We can
use the Newton-Cotes formula:

(%3 — xo)

Ws(x) = 3

(K (x, x0)ug + 3K (x, x1)uy
+ 3K (x, x2)u, + K(x, x3)u3)

and the spline interpolation:

Vi(x) = f lK(x' 5)(u0W0(5) + uywy (s)

+ U wy(s) + uzws (s))ds.

The traditional approach is to apply the Simpson
formula. We will also use it:

ijHK(x, su(s)ds = S;j(x),

x]'_ 1
where

j+1 — Xj-1

x
Si(x) = (K (e, 2521 Jwjmg + 4K (x, 2 )y

+ K(x, xj+1)uj+1).

First, we need to define the values of the u,, u,,
U3, Uy. Denote

X3 —

X
3 9 (K(x,x0)ug + 3K (x, x1)uy

+ 3K (x,x5)uy; + K(x, x3)us3)

Ws(x) =
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Using
Uy = f(x());

and solving the system of equations
ug + V3 (x1) = f(x),
uy + 51 002) = f(x2),
uz + Wis(x3) = f(x3),
Ug + S1(x4)+53(x4) = f(x4),

we obtain uq, U,. Uz, Uy. Now, applying the
Simpson rule, we are able to successively find the
values of u;, j =5, ..., n. Further, the next value of
u; is obtained by solving equations for odd j of the
form

/21

u; + W(xj) + Z S(xj,Zk) = f(xj).

k=1

Here [m/2] computes the integer quotient of m
divided by 2. And for even j we solve equations of
the form:

j/2

w+ ) S(y2k =1) = f(x)
k=1

In Fig.18 the errors of the solution are shown on the
interval [0,1] when the Simpson method and the
Newton-Cotes were used (32 nodes). In Fig.19 the
errors of the solution are shown on the interval
[xs5,1] when 32 nodes were used.

0 5 10

20

15
X

Fig.18: The graph of the error in solving the
Volterra equation of Problem 1 when the Simpson
method and the Newton-Cotes were used (32 nodes)
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le-117

R -le-11]
e 11

-Je-11

5 10 15 20 25 30
X
Fig.19: The graph of the error in solving the

Volterra equation of Problem 1 when the Simpson
and the Newton-Cotes were used (32 nodes)

Figures 20-21 show the results of solving Problem 1
when the Simpson method and the Newton-Cotes
were used. In Fig.20 the errors of the solution are
shown on the interval [0,1] when 64 nodes were
used. In Fig.20 the errors of the solution are shown
on the interval [us,1] when 64 nodes were used.

2e-11

1.5¢-11

le-117

5e-12

30 40 S50 60
X

20

0 10

Fig.20: The graph of the error in solving the
Volterra equation of Problem 1 when the Simpson
method and the Newton-Cotes were used (64 nodes)

2e-13-
0
2e13

4e-13-

Fig.21: The graph of the error in solving the
Volterra equation of problem 1 when the Simpson
method and the Newton-Cotes were used (64 nodes)

Using the left and right integro-differential
polynomial splines we can construct the numerical
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scheme to solve the Volterra equation of the second
kind.

Denote

W) = Zheo Wy [y K G )WL (s)ds +

Xj+2 Xj+1 R<1,2>
ijﬂ u(s)ds ij K (x, s)w; (s)ds,

Wl(x'j)
= Xj+1 L
= Z uj”‘f K(x,s)wjii(s)ds
k=—1 xj

RS RS L<0,1>
+ u(s)ds K(x, s)w; (s)ds.
xj xj

As usual we have  u(xg) = f(xp). Next, we have

the system of equations

X1

() + j K (er, s)u(s)ds = £(xy),

0

X1

u(xy) +f K (xy,s)u(s)ds

0

+j 2K(xz,s)u(s)ds = f(x2).

Using the right and the left polynomial splines, we
obtain

fxll((xl,s)u(s)ds = W(xq,0).
0

fsz(xz,s)u(s)ds = W (xy, 1).

Thus, we have to solve the system of equations in
order to obtain u(x,) , u(x,):

u(xy) + W(xq,0) = f(xy),
u(xz) + Wi(xz,0) + Wi(xy, 1) = f(x2).

Next we can obtain u(xj), j=3,..,n—1, solving
the equations

j-1

u(x;) + W(x,,0) + z Wy (x, k) = f(x;),
k=1
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Figs. 22 and 23 show the graph of the error of
Problem 1 when the integro-differential polynomial
splines were used.

8c-10 —
Te-10 —
R 6e—10-§
5e-10 f

4e-10

15 20 25 30

X

5 10

Fig.22: The error of the solution of Problem 1
(Digits = 25, 32 nodes)

2.8¢-11
2.6e-11
2411
22e 11

2¢-11-
1.8e-11
1.6¢-11
1.4e-111
1.2e-11

te11#
o 10

30 40 50 60
X

20

Fig.23: The error of the solution of Problem 1
(Digits = 25, 32 nodes)

Comparing the results of numerical experiments for
Problem 1 shown in Figs. 11-14 and Figs. 22-23, we
see that the integro-differential splines give a
smaller error.

4 Conclusion

This paper considered the use of polynomial and
non-polynomial splines of the fourth order of
approximation. The results of the numerical
experiments have shown the correspondence of
theoretical estimates to practical experiments and
numerical stability of the proposed methods with the
Polynomial-trigonometrical splines gave less error,
but more signs in the mantissa are required for the
calculations.

In some cases, the values of the integrals can be
known. In this case, the integro-differential splines
can be applied. The integro-differential splines
allow us to get a smaller error both when
approximating and when solving integral equations.
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The application of the integro-differential splines
will continue to be investigated in details in the next
papers.

References:

[1] Q.Huang, @ M.Wang, Superconvergence of
interpolated collocation solutions for weakly
singular Volterra integral equations of the
second kind, Computational and Applied
Mathematics, Vol. 40, No 3, paper 71, 2021.

[2] A.F.Al-Shimmary, A.K.Hussain, S.K.Radhi,
Numerical Solution of Volterra Integro-
Differential Equation Using 6thOrder Runge-
Kutta Method, Journal of Physics: Conference
Series, Vol. 1818, No 1, paper 012183, 2021.

[3] M.Mohammad, C.Cattani, A collocation
method via the quasi-affine biorthogonal
systems for solving weakly singular type of
Volterra-Fredholm integral equations,
Alexandria Engineering Journal, Vol. 59, No
4, 2020, pp. 2181-2191.

[4] J.Ma, H.Liu, Fractional collocation boundary
value methods for the second kind Volterra
equations with weakly singular kernels,
Numerical Algorithms, Vol. 84, No 2, 2020, pp.
743-760.

[5] S.Soradi-Zeid, Efficient radial basis functions
approaches for solving a class of fractional
optimal control problems, Computational and
Applied Mathematics, Vol. 39, No 1, paper 2,
2020.

[6] M. Asif, I. Khan, N. Haider, Q. Al-Mdallal,
Legendre multi-wavelets collocation method
for numerical solution of linear and nonlinear
integral equations. Alexandria Engineering
Journal, Vol. 59, 2020, pp. 5099-5109.

[7] Derakhshan, M., Zarebnia, M. On the
numerical treatment and analysis of two-
dimensional Fredholm integral equations using
quasi-interpolant, Computational and Applied
Mathematics, Vol. 39, No 2, paper 106, 2020.

[8] LG.Burova, On left integro-differential splines
and Cauchy problem, International Journal of
Mathematical Models and Methods in Applied
Sciences, Vol. 9, 2015, pp. 683-690.

[9] LG.Burova, Application local polynomial and
non-polynomial splines of the third order of
approximation for the construction of the
numerical solution of the volterra integral
equation of the second kind, WSEAS
Transactions on Mathematics, Vol. 20, 2021,
pp. 9-23.

E-ISSN: 2224-2880

|.G. Burova, A.G. Doronina, D.E. Zhilin

Sources of funding for research presented in
a scientific article or scientific article itself
This paper was prepared with the support by a grant
from St. Petersburg State University Event 3 (Pure
ID 75207094)

Creative Commons Attribution License 4.0
(Attribution 4.0 International , CC BY 4.0)
This article is published under the terms of the
Creative Commons Attribution License 4.0

https://creativecommons.org/licenses/by/4.0/deed.en
_Us

Volume 20, 2021


https://www.scopus.com/record/display.uri?eid=2-s2.0-85102125046&origin=resultslist
https://www.scopus.com/record/display.uri?eid=2-s2.0-85102125046&origin=resultslist
https://www.scopus.com/record/display.uri?eid=2-s2.0-85102125046&origin=resultslist
https://www.scopus.com/record/display.uri?eid=2-s2.0-85102125046&origin=resultslist
https://www.scopus.com/record/display.uri?eid=2-s2.0-85102781872&origin=resultslist
https://www.scopus.com/record/display.uri?eid=2-s2.0-85102781872&origin=resultslist
https://www.scopus.com/record/display.uri?eid=2-s2.0-85102781872&origin=resultslist
https://www.scopus.com/record/display.uri?eid=2-s2.0-85079888861&origin=resultslist
https://www.scopus.com/record/display.uri?eid=2-s2.0-85079888861&origin=resultslist
https://www.scopus.com/record/display.uri?eid=2-s2.0-85079888861&origin=resultslist
https://www.scopus.com/record/display.uri?eid=2-s2.0-85079888861&origin=resultslist
https://www.scopus.com/record/display.uri?eid=2-s2.0-85068934177&origin=resultslist
https://www.scopus.com/record/display.uri?eid=2-s2.0-85068934177&origin=resultslist
https://www.scopus.com/record/display.uri?eid=2-s2.0-85068934177&origin=resultslist
https://www.scopus.com/record/display.uri?eid=2-s2.0-85068934177&origin=resultslist
https://www.scopus.com/record/display.uri?eid=2-s2.0-85075174879&origin=resultslist
https://www.scopus.com/record/display.uri?eid=2-s2.0-85075174879&origin=resultslist
https://www.scopus.com/record/display.uri?eid=2-s2.0-85075174879&origin=resultslist
https://www.scopus.com/record/display.uri?eid=2-s2.0-85081975816&origin=resultslist
https://www.scopus.com/record/display.uri?eid=2-s2.0-85081975816&origin=resultslist
https://www.scopus.com/record/display.uri?eid=2-s2.0-85081975816&origin=resultslist
https://www.scopus.com/record/display.uri?eid=2-s2.0-85081975816&origin=resultslist
https://creativecommons.org/licenses/by/4.0/deed.en_US
https://creativecommons.org/licenses/by/4.0/deed.en_US



