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1 Introduction Bhattacharya [9]. Murali and Makamba [10]], [11]]

In 1965, the fuzzy set was presented by Zadeh [1]] introduced fuzzy subgroup, abelian group.
and become a vigorous area of research in graph

theory, number theory, probability, statistic, topology Numerous studies have been conducted in [12]
and measure theory etc. Also, Fuzzy theory was - [23] with the concept of extending the co-domain
employed in several fields to solve real life problems of.me'mbers}.np func‘uon fr.om [0,1] to be the closqd
such as classification, optimization, pattern recog- unit disk which is defined in C. Henc, the co-domain
nition and others see [2] - [5]]. The notion of fuzzy of Complex fuzzy set (CFS) will be presented as
subgruop was presented by Rosenfeld [[6] and this {a|a € C,a] <1}.

concept leads to establish many important properties.

The fuzzy subgroup has been generalized by J. M. The CFS values are known to be shrink to fuzzy
Anthony and H. Sherwood in [7]]. After that, in 1981 set without the phase membership v(p) [18]. Thus,
Wu [[8]] discussed fuzzy normal subgroups. The fuzzy CFS advanced acts as additional members. The
coset concept was studied by N. P. Makherjee and generalized notion of CFS represents two semantics
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“uncertainty and periodicity information” concur-
rently. Indeed level of comparable related data is
disclosed by using phase degree while detecting
different meanings in a different phase. The complex
numbers /(p)e’(P) can represent the uncertainty and
periodicity semantics by amplitude ¢(p) and phase
v(p) terms. These terms have values in [0, 1]. In this
research, the value a € (0, ], this value represents
the periodicity in complex numbers could apply in
n levels not only in one level of the unit disk as in
[24]. As a comparative study in the field of Algebra.
There are two approaches appeared in the literature.
First approach given by the innovators Rosenfeld [6]].
He made a wonderful work to defeat the obstacles
appears from the absence of fuzzy universal set.
Other approach is constructed by Dib [25] in a natu-
ral way. Dib created the notion of fuzzy space to be
switched the notion of universal set in the traditional
case. Therefore, the fuzzy group is presented by
satisfying the usual conditions of the group depends
to define a fuzzy binary operation on a fuzzy space
(X, I). The fuzzy subgroup of Rosenfeld, Anthony
and Sherwood [7] included in Dib’s approach with
some restrictions, see [25]. Recently Alsarahead
and Ahmad [24] implemented the idea of combining
complex fuzzy sets in algebra. Also, Alsarahead and
Ahmad treated the complex fuzzy subgroups as two
components: fuzzy subgroup for the amplitude term
with values lies in [0, 1] and 7-fuzzy subgroup for the
phase term lies in [0, 27].

Some researchers established and studied propo-
sitional complex fuzzy logic [18], which resolves
some constraints in complex fuzzy logic theory. Part
of manipulations of CFS and its resolution initiate
axiomatic for propositional complex fuzzy logic [20]]
- [23]).

A complex fuzzy group is considered as a general-
ization of Fuzzy groups. The inherent application that
appears in the fuzzy group can be used by a complex
fuzzy group with the ability to enhance the structure
to adapt the periodicity semantics. In general, group
theory and fuzzy group theory has been used in
general applications in medical diagnosis, pattern
recognition and and classification of knowledges
[26] - [30]. This research aims to build the basic
structure of CF group and to present its properties.
As future research we will use CF group to represent
several applications in the field of medical diagnosis,
pattern recognition, and classification knowledge by
highlighting and considering a periodic information.

In this research, we combine two notions of CFS

and theory of groups to build a new concept called a
complex fuzzy subgroup of a group in more general
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and details than reference [24]]. We represent both the
amplitude and phase term by fuzzy sets with ranges
of values lies in [0, 1]. However, this research begins
by defining the notion of complex fuzzy subgroupiod,
normal subgroup, and left(right) ideal. Therefore,
the lattice, homomorphic input(pre-image), and out-
put(image) of complex fuzzy subgroupiod and ideal
are introduced and studied its properties. Finally,
complex fuzzy subgroups and their properties are pre-
sented and investigated.

2 Preliminaries

Definition 1. [l/] Let V be a non empty set. A fuzzy
set is just a function ¢ : V — [0, 1].

Definition 2. /18] Assume that the set M is a complex
fuzzy and it is defined on P a universe of discourse.
Then it is characterized by it membership function
Y (p). Yur(p) = Lar(p)e™™P), where i = /=1,
ly(p) € [0,1) and vpr(p) € R. So that, the CFS
M ={(p,¥um(p)) : p € P}.

Definition 3. //8] Following is a representation of a
complex fuzzy complement of M : ‘

M = {(p,¥5(p) : p € P} = {(p, Lz (p)e™ = P)) -
p € P}, where L;(p) = 1 — Ly(p) and vy (p) =
var (p), vir (p) = 2w —vaa (p), or vy (p) = w+ v (p)

Definition 4. [31] Let 1y (p) = (ar(p)e™™P) and
U (p) = En(p)e™~®) be two membership functions
of complex fuzzy sets M and N respectively, on P. It
indicates that M is greater than N, denoted by M D
Nor N C M, ifforanyp € P, {p(p) < {n(p) and
vm (p) < vn(p).

Definition 5. [/8] Union of two complex fuzzy sets of
M and N, denoted M U N, is a function

U:{zlze€C, |z]<1}x{yly €C, |yl <1}
—{klkeC, k| <1}
where, U(¢r (p), ¥n(p)) = Ymun(p), Vp € P.

The function U must satisfy the following ax-
iomatic, forany z, y, v, k € {p|p € C, |p| < 1}
Al. U(z,0) = x.

A2 [y| < [k = [U(a,y)| < U, k).

A3. Ulz,y) = Uly, ).

A4, Uz, U(y, k) = U(U(z,y). k).

AS5. U is a continuous function.

A6. |U(z,z)| > |z|.

AT. 2| < || and [y] < K| = |U(a,9)| < [U(r B).

Definition 6. /[I8] Intersection between M and N in
complex fuzzy set is denoted by using M N N, as fol-
lowing explanation:

Iif{z|zeC o) <1p{yly € C,lyl <1}
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S {kEeC, |k <1)
where, I(1n1(p), ¥n(p)) = Yunn(p), Vp € P.

The function I must satisfy at least the
following axiomatic requirements, for any
z,y,r, ke{plpeC |p| <1}

Al Jy| =1, if I(z,y) = |z|.

A2 |y| < |k = I(z,y)| < [I(2, k)]

A3. I(z,y) = I(y,x).

A4 I(z,I(y, k) = I(I(z,y),k).

A5. I is a continuous function.

A6. |I(z,x)| < |z|.

A7. |z| <|[rland |y < [k] = [I(z,y)] < [I(r, k)]

Following are the example of s-norms and t¢-
norms. The universe of discourse V include any two
of CFSs M and N.

s-norm.
Basic s — norm :

M UN = {(p,max(£x(p), {n (p))
eiamaX(Vzu(p)WN(P))) :p € P}

Yager S —norm :

s((we®), (yey)) s(sip(2,), 535 (£,9))
where st w(@y) =

min(1, (27 + y)1/7)
and s¥(£,9) =1 —min(1, ((1 — £)“+
(1- y’)w)l/w) with o € (0, c0)

t-norm.
Basict — norm :
M NN = {(p,min(¢r(p), {n(p)))

eiamin(zxM(p),z/N(p)) ip € P}

Yage'( T— norm :

t((ze®), (ye?)) = t(t(z,y), (£, 9))
where t&(z,y) =

1 —min(1, (1 —2)” + (1 —y)*)"/*)

and t¥(z,9) = min(1, (£* 4+ ¢ )1/“’)
with w € (0, 00)

Definition 7. /6] For a group H, a fuzzy subgroup
is fuzzy subset of H which is satisfy:

1. ¢ (pq) = min{¢(p), ¥(q)}

2.9(p) 2Y(); Vp, g€ H

Definition 8. /8] If ¢ (p~"qp) > ¢(q); Vp, ¢ € H,
then the fuzzy subgroup 1 is normal fuzzy subgroup
of a group H.

3 Complex Fuzzy Subgroupoids,

Normal and Ideals

Let a closed binary composition (multiplicatively) un-
der a set M be a groupoid. We recall that a function

mapping M into unit disk, [0, 1]e’*%) is named a
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complex fuzzy set. The scaling factor a € (0, nr], is
employed to narrate the characteristics of the phases
lies in the unit disk and (0, nx]. Thus, the term of
phase may literally explain the fuzzy information, and
their values belong to [0, 1].

Definition 9. Let ¢ be a complex fuzzy subgroupoid
of M if, Vp, ¢ € M, ¢(pg) = {(pg)e’*’®
> min(£(p), £(q)) e’ ™nO®)09) or equivalent to

lpg) >  min(l(p),€(q)) and O(pqg) >
min(6(p), 0(q)).

If ¥(pg) = L(pq)e'®®D > ((q)e'*(), then
1 named a complex fuzzy left ideal, if ¢(pq) =
U(pq)e’@?®D) > ¢(p)ei?®) then 1) named a complex
fuzzy right ideal, if it is a complex fuzzy ideal (satis-
fied both: left and right) (or equivalently: if /(pq) >
max(£(p),£(q)) and 6(pq) > max(0(p),0(q))).

Moreover, one can prove that complex fuzzy ideal
is a complex fuzzy subgroupoid and for any of
the complex fuzzy subgroupoid in M, we get that
Y(p") = LpM)e P > U(p)e?®), ¥ p e M,
where p” is any composite of p’s.

Proposition 1. For any o € [0,1]e01 {z] z €
M; (z) = £(2)e'E) > ©), is a right(left) ideal or
subgroupoid, if 1 is a complex fuzzy right(left) ideal
or subgroupoid.

Theorem 1. Let o) be assumed {0,1}e’ 101 in this
W function as characteristic function of N C M.
Then v is a complex fuzzy right(left) ideal or sub-
groupoid if and only if N is a right(left) ideal or sub-
groupoid, respectively

Proof. If 4 is into {0,1}e{01} then /(pq) >

min(¢(p), £(q)) and B(pg) > min(8(p),8(q)),

is equivalent to ¢(p) = {(¢) = 0 or 1 and
f(p) = 0(q) = 0 or 1. So that, we have four
cases:

Case 1 /(pg) = 1and §(pq) = 1".
Case2 /(pq) = 1and §(pq) = 0".
Case 3 /(pq) = 0and f(pq) = 1".
Case 4 /(pg) = 0and f(pq) =0".
Similarly, ¢(pq) > ¢(q) and 6(pq) > 0(q) or qin N
indicates pq in N. ]

For the rest of article, the ¢y, is the characteristic
function of V.

Theorem 2. Let 1) = (e be a complex fuzzy sub-
group of a group H, then for any p, ¢ € H. If

$(pa) = Upa)e® P = (e)e 0O = (c), then
P(p) = L(p)e’™®) = 1(q)e’ D = 1)(q).
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Proof. Let 1 = (e is complex fuzzy subgroup, ac-
cording to Definition 9

Y(p) = ((p)ei?®
= U(pgq")el0paa™)
E((pq)qil)eiag((pq)qil)

> min(£(pg), (g "))eie m0G)0la)
— min(€(€)7g(q))ezamln(G(e),G(q))
= f(q)eiaa(‘n
= ¥(q)
Then ¢(p) = E(p)@ioﬂ(p) > g(Q)eme(q) = (q).

On the other side,

P(g) = ((q)e@
e(pflpq)eiae(p_lp‘”
fp! (pa))e iab(p™" (p0))

; in(¢(p~1), £(pq))eiemin(0@™").0(pa)
_ mm( ( ) ( )) tamin(6(p),0(e))
E f(p)ezag(p)
= (p)
Then ) (p) = £(p)e™**P) < £(q)e™ D = 4(q).
Thus ¢ (p) = ((p)e"**®) = £(q)e"*'D = 9(q).

O]

Definition 10. Assume H is a group and 1) = (e’
is complex fuzzy subgroup of H, therefore 1 = (e'*?
is named complex normal fuzzy subgroup of H if
b(p~laqp) = Lp~ gp)e?PTIW) > f(q)e!D) =
¥(a)Vp, g€ H.

Corollary 1. Assume H is a group and ¢ = (e'®?
is a complex fuzzy subgroup of H, therefore the three
proceeding statements are equivalent:

L (pgp™') = l(pgpt)edlear) >
U(q)e ™D = y(q)V p, g€ H

2. 9(pgp™t) = lpgp et =
U(q)e ™D =y(q)V p, g€ H

3. 1(pq) = £(pq)e™?PD = ¢(qp)e’? ) = y(qp)
Vp, qe H

(i.e. v is complex normal fuzzy subgroup)
Proof. Straightforward. O

Theorem 3. Assume H is a group and v is a
complex fuzzy subgroup of H. So that, ¢ is a
complex normal fuzzy subgroup iff 1 (pq(qp)~1) =
Upq(gp)~")er0wal@) ) > ((q)e** @ p, g € H.
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Proof. Let 1 be a complex normal fuzzy subgroup,
let p, ¢ € H then v (pgp~1q~!)

—-1,-1

Upgp~tqt)etedrara)
min(4(pgp~ 1)7E(q—l))emmiﬂ((’(Pqp’l)ﬂ(q*l))
rmn ( ) )) tamin(6(q),0(q))

((q),¢(q
min(¢(q), ¥ (q))
()

I TR AVAR

Therefore 1 (pg(qp) ") = £(pq(gp)~")et?walar)™)

> 0(q)e™?@) = 1(q)

Conversely, let p, ¢ € H and ¥(pq(qp)~!) =
Upq(gp)~Y)eiefpalar)™) > y(q)e?(@),  then
Y (pap~

g(pqpfl)eiab’(pqp”)

Y(pap~tq~ q) = L(pgptq~ q)ei*? P ta )
min(¢(pgp~tq 1), £(q))eiemin(Opapa).0(0))
min(¢(q). ((g)) 0600

t(q)e'?@)

Y(g) Vp, g€ H.

Then H has a complex normal fuzzy subgroup, de-
noted by . O

v Iv I

Theorem 4. Let v be a complex fuzzy subgroup of
H. Ifp(p®) = £(p*)e W) = f(e)e!*?) = y(e)
Vp, q € H. Then 1 is a complex normal fuzzy sub-
group.

Proof. Letp, q € H, 1 be a complex fuzzy subgroup
of H and ¥(p?) = E(p2)em9(p2) = E(e)eme(e) =
¥ (e), then we have:

g(e)ezae(e) ¢(€)
= ¥((pg)?)
= Y(pgpq)
= P((pgp")(%q)) o
= U((pgp~t)(p?q))eid(pap~)(r"0))

Thus it follows, by Theorem

Y(p~qp)

g(p—lqp)eiw(p’lqp)
g(p2q)eia9(p2q)
min(£(p?)e™?#*) ((q)e0(0))
min(£(e)e’?(€) ((q)et0(2)
min (¥ (e), ¥(q))

¥(q).

Therefore, 1(p~tqp) > (q) and hence ¥ is a
complex normal fuzzy subgroup. O

v Iv

Note that, the inclusion of CFS in M was given
by:
{(p)e'¥®) < k(p)e'w®) equivalent to £(p) < k(p),
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and 0(p) <w(p)Vp € M.

Let the supremum U and infimum N, respectively.
In CFS ordering, the set of all complex fuzzy sets in
M 1is a complete lattice y. The greatest element of x
is 1e?(1) = »;, and the least element of y is 0e*(©)
= ¢4, which both are constant functions. Hence, ¢/
and ¢ are complex fuzzy ideals subgroupoids.

Theorem 5. Infimum N of complex fuzzy sub-
groupoids are complex fuzzy subgroupoid.

Proof. M;(pq) = Nl;i(pq)e™™ N6 (pq)

inf[¢; (pq)]e™™ inf[0; (pq)]
inflmin{¢;(p), £; (q) }]e’* Mlmin{0: (v} 6:(a)}]
mln{lnf& (p) ’ lnfgz (q) }eia min{inf6; (p),inf6;(q)}

= min{N(p), Nt;(q) }er@min{N:(p),N0: (@)}

v

0

The infimum of % = Eieiaoi 1s ﬂwl — mﬁieia 091”
while their supremum is the U of all ;.

Definition 11. The complex fuzzy subgroupoid (v =
ke'®) generated by vy is defined as the least complex
Sfuzzy subgroupoid which O .

Proposition 2. (o) = ©n, where N generates the
subgroupoid of (N).

Proof. Let 1) = te'®? D ©(N), We have ¢ = Llete(l)
(ie. f=1andfd =1)Vp € N;sincetp = le!*(H)
is a complex fuzzy subgroupoid, then we have ¢y =
1e() for any composite of elements of N. There-
fore, 1 = Le'*? D ©(n)- Thus o n S the infimum
N of all such ;5. In reverse, by using Proposmonl
we have (v equal .

Therefore, the lattice of IV in a sublattice, of the
complex fuzzy subgroupoid, can be consider the sub-
groupoid lattice of N.

Proposition 3. Both infimum N and supremum J, for
all set of complex fuzzy right(left) ideals, is a complex
Sfuzzy right(left) ideal.

Proof. M;(pq) =
= 1nf[£‘7 (pq)] eia inf[0; (pg)]
= inf[gj(q)]em inf[0;(q)] — [mgj(q)]eia[ﬂaj(q)]_

Likewise, in the same way for supremum U and on
the right ideal. 0

4 Homomorphic input(pre-image)
and output(image) of Complex
Fuzzy Subgroupoids and Ideals

Let ¢ = £e'? be a complex fuzzy set in M, and let g
be a function defined on M, so the CFS f in g(M) is
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defined by:

ia[ sup  w(p)]

peg~1(q)

1(@) = K(@)é™@ = [ sup k(p)]e
PEYT(q)

1)
under g all ¢ € g(M), is considered as the output of
1 = Le'? respect to g. Likewise, if f is a CFS in
g(M), then the CFS ¢ = gof = g(f) = g(g~*(¥))
in M (In other word, the CFS is defined by ¥ (p) =
f(g(p))Vp € M) isnamed the input of f respect to
g. Also, if 1» = @)y, then the output of ¢ respect to g
is just pg(ary s and if f = gy (such that W C g(M)),
then the input of f respect to g is just g1 ().

Theorem 6. A homomorphic input of a complex fuzzy
subgroupoid is a complex fuzzy subgroupoid. Like-
wise, A homomorphic input of a lefi(right) ideal is a
complex fuzzy subgroupoid.

Proof. 1)pq) = £(pq)e'*?*?D

= J(olba) = Klg(pa))e iowlop)
k(g(p)g(q ))e““(g 9(2))
k

> min{k(g(p)), k(g(q ))}@mmln{w(g(p)) w(g(q))}
= min{/(p), £(q)}e'*mn{0(P).0(a)}
= min{y(p),¥(q)},

also ideals will have similar structure. O

A CFS ¢ = (e’ € M has the supremum prop-
erty if, N C M, has ng € N such as ¢(ng) =

. iaf sup O(n
{(ng)e' () = [sup £(n)]e SE A

neN
ple, if ¢y = £e*® (¢ and @ ) can only take any finite
values (particularly, when it has a characteristic func-
tion), and has the supremum property.

. For exam-

Theorem 7. A homomorphic output of a complex
fuzzy subgroupoid, satisfied the supremum property,
is also a complex fuzzy subgroupoid, in like manner
for the lefi(right) ideal.

Proof. Let g(p), g(q) € g(M), po € g7 (g(p)),
w€g(9le)-
Then 1 (pg) = £(pg)e’?Po) =

ial sup O(n)]
[ sup {(n)]e neoTie@
neg=*(g9(p))

¥(qo) = £(go)e™?a) =

ial sup  6(n)]
[ sup E(n)]e neg~1(g(a))
n€g~'(9(q))
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respectively.
Then f(g(p)g(q))
= sup U Z)ei0Z
Zeg*(9(p)g(q))
> min{{(py), {(qo)}ei® mn{0(po).0(a0)}
= min{k(g(p)), k(g(q))}e'mn{wlo®)wlg(a)}
= min{f(g(p)), f(9(a))},

also ideals will have similar structure.
Let any function g be defined on M and f € ¢g(M)
is a CFS, then the output of the input of f respect to

gequal f.

iaf
sup  k(g(p))e
p€g(q)

sup
peg—1(q)

w(g(p))]

sup  f(g(p))

pEg1(q)

= k(q)e"“? = f(q), V q € g(M).

Conversely, if v = ¢e'? is a CFS in M, then the

input of the output of ¢ = Le*? respect to g always
DY = 0" since

sp  W(Z)= s (2)fD) >
Zeg—'(9(p)g(9)) Zeg=(9(f)g(a))

U(p)e®F) = y(f), Vp e M.

We call ) = £e’®? g-invariant if g(p) = g(q) =
b(p) = L(p)e?®) = ¢(q)e" "D = y(q). Clearly if
¥ = Le'®? is g-invariant, then the input of its output
respect to g is ¥ = £e'®? itself. O

S Complex Fuzzy Subgroups

Definition 12. Let M be a group, a complex fuzzy
subgroupoid ) = e’ of M can be named a complex

fuzzy subgroup ofM ifY(p~t) = E(pfl)eiaﬁ(p‘l)

> Egp elad(p Y(p), (ie. Lp~') > L(p) and
> 0(p ))Vp € M.

The scaling factor « € (0, nn], is employed to
confine the characteristics of the phases lies in the unit
disk and (0, n7]. Thus, the term of phase may literally
explain the fuzzy information, and their values belong
to [0, 1].

Proposition 4. N is a subgroup iff o is a complex
fuzzy subgroup.

Proposition 5. For the infimum N of complex fuzzy
subgroups, is also a complex fuzzy subgroup.
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Proposition 6. Complex fuzzy subgroup can be taken
from the characteristic function of a set, where a set
is generator of the characteristic function of a sub-

group.

Proposition 7. Let v = (e’ be a complex fuzzy
subgroup ofM then Y(p~) = L(p~)el0®@™")
= U(p)e"’®) = 4(p) and Y(p) = L(p)e®?) <
((e)e’0(e) = ¢( ), Vo € M, the identity element
of M is denoted by e.

Proof. 1(p) = 0(p)eiad®) _
f((p_l)_l)ei‘w((lfl)fl) > (p )ezaH B >
{(p) ele? () hence (e) —
E(e)eiae(e) - U(pp~H)e™ af(pp~t) >
min(¢(p), £(p~1))elmin@@)0@™") = g(p)eiab®) =
¥(p). O
Corollary 2. Let Hy, = {p : 1(p) = {(p)e’®?®) =
E(e)eiag(e) =1(e)} is a subgroup.

Proof. Use Proposition 9] O
Theorem 8. If ¢(pg') = ((pg')ei?wa™") —
((e)e©) = a(e), then ¥(p) = L(p)e'?®) =
Ug)e™®D = y(q).

Proof. ¢ (p) = g(p)eme(p) _
(((pg—1)q)eid(pa o) >
min(¢(e), ¢(q )) iamin(6(e).0(2)) = ¢(q)e?(9) = 1)(q)
= (q)ew‘e = L(gp~Hp eiad((pa™h)p) >
min((e), £(p))ei@mn@(€).0®) = p(p)eiad®) =
Y(p). O

Corollary 3. For each coset of Hy, ¢ = e’ is
constant.

Corollary 4. If Hy, has finite index, then 1) = (e’
has the supremum property.

Theorem 9. ¢ = (e'®? is a complex fuzzy sub-
group of M iff ¥(pg™") = U(pg™") !PT >

min(£(p), £(g))e’*™n@®-0(@) = min(y)(p),1b(q))
Vp, q € M.

Proof. Let 1) = e be a complex fuzzy subgroup,
then ¢(pg~")

g(pq—l)eiaG(pq’l)

min(£(p), g(q—l))eiamin(ﬁ(p)ﬁ(q”))
min(£(p), £(q))e’mn0®).0(2))
min(y(p), ¥(q))-

Conversely, %(pg™") U(pg~t)etedwa)

min(¢(p), £(q))e’*™nO@-0@D) = min(y(p), ¥(q)
let ¢ p to obtain ¥(e) = {(e)e’?(®

v

vV = IV
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((p)e@®®) = (p) ¥V p € M, which leads to,
w(qfl) _ g(eqfl)eiaﬁ(eq‘l) >
min({(e), ()¢ o)
and its follows that ¢)(pq)

= U(q)e"*") = y(q),

U(pq)e*?tP?)
(p(q~1)~1)eiooa ) )
min(4(p), £(q~"))etemin(@(p).0(a™)
min(¢(p), £(q))e>min(0().0(2))
min(4(p), ¥(q))-

v Iv I

0

Theorem 10. For two proper complex fuzzy sub-
groups, the supremum of these subgroups cannot be
a group.

Proof. Let ¢(p) = £(p)e®®®) and n(p) =
k(p)el? ) be two complex fuzzy subgroups
suchthatﬁ( ) = lork(p) = 1and 6y(p) = 1or
Or(p) =1V p € M. Let £(u) = 0¢(u) = 1, both
l(v) and Op(v) < 1, k(v) = Ox(v) = 1, both k(u)
and 0, (u) < 1.

Moreover, for uv, where {(uv) = p(uv) = 1
and since (u') = Lut)eid ) = 1eia(l)
we have ¢ (v) O(uY(uw))eiofe(w  w)) >
min{z(ufl)’g(uv)}eiamin{eg(ufl)ﬁg(uv)} _ 161’04(1)’
and if we have k(uv) = 6i(uv) = 1, then we get
a contradiction. U

Theorem 11. A homomorphic input or output of a
complex fuzzy subgroup is a complex fuzzy subgroup.

Proof. For input, ¢(p~ 1)

Up~ e @) = y(g(p~"))
k(g(p—l))eiaek(g(p”))
k(g(p)—l)eiaek(g(p)’l)
k(g(p))etefs(a(®)
{(p)eiof®)

¥(p).-

For output, given g(p)
be such that

¥(po) = Lpo)e™? ) =

vl

€ g(M), let po € g~ (g9(p))
sup  U(z)e"0e(2),
z€9~(9(p))

then 77(g(po)~")

k(g(po)~
sup

zegfl(g(p)*{)

((po)~ )zaee((po)‘l)
) wéez PU

(( (p))e iabi(9(p))
(9(p)).

1) eiadi(9(po) ")
g(z)eim‘)g(z)

v Iv

g
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O]

Example 1. Let H be the Klien four-group, we have:
H = {p,q:p* = ¢*> = (pq)? = e}, thus the elements
of H aree,p, q,pq. Let m;, wherei = 0,1, 2, be three
numbers lie in the unit disk such that mg > mq >
mao.

Define A: H— {c:ce C,|c| <1}. Clearly, Aisa
CF subgroup of H, the output of A is {mgy, m1, ma}.

Example 2. Let G be a nontrivial subgroup of a

group H, such that G # {e} and G # H.

Define v : H — {c : ¢ € C,|c| < 1}, where
_ [t ped

vlp) = {06” 0, pé¢G.

bitary number in [0, 1], then A is a CF subgroup of

H.

Casel: Letp,q € H, since G < H, ifp,q € G then

pq € G. So that, }(pq) = Le*®, 1(p) = Le', and

U(q) = Le'™. Thus, 1(pq) > min(y(p),(q)) and

,where {, w are ar-

Jorp € G, 4(p) =v(p~").

Casell: Let p € G, q ¢ G, then pg ¢ G. So
that, (p) = Le'*, (Q) = ¥(pq). Thus,
¥(pg) = min(Y(p),¥(q)) an ( ) = ¢ for

peGorp¢G.

Case Ill: Let p, q ¢ G, then pq may or may not belong
to G. So that, in both cases 1) (pq) > min(v)(p), ¥ (q))
and (p) = Y(p~1). Therefore A is a CF subgroup
of H.

Now, Im(A) = {0,1}, ¢ = {p : P(p) > 0e*°} =
H, and Yyeio = {p : (p) > Le'*“} = G. There-
fore, we get (e) = £e'™ but yeic. = G which is
not equal to {e}.

Theorem 12. In a group, complex fuzzy left(right)
ideals are constant complex functions.

Proof. (=) If ¢y = (e is a constant complex
function, then v is a complex fuzzy ideal, where

Y(pg) = €(pq)eio‘9(1’q) = e(p)eia(’(p) - g(q)ez‘ae(q)
Vp, g€ M.

(<) Let 1) = L&' be a complex fuzzy left ideal
of a group M, therefore ¥ (pq) = ((pq)e’*?®®) >
0(q)e'%D = 4)(q) ¥ p, q. Assume that ¢ = e
gives ¥(p) = L(p)ei®¥® > f(e)e™©) = y(e)
V p, while letting p = ¢! gives 1(e) = £(e)e’*?(€)
> £(q)e™ D) = 4(q) ¥ g, thus ¢(p) = L(p)e?®
= ((e)e’®?(©) = 4)(e) is a constant complex func-
tion. O

Theorem 13. Let ¢ be any complex fuzzy subgroup
of H (H is a cyclic group of order r; r is prime), then
¥(p) = L(p)e ) = (1) = L(1)e"D) < (0) =
0(0)e'9©) Y p £ 0 in H, and conversely any such
Y = e is a complex fuzzy subgroup.
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Proof. (=) For any such v = (e®? | 1(pq)
g(pq)eme(pq) > min(g(p)7g(q))eiamin(ﬁ(p)ﬁ(q)) is di-
rectly since 00 = 0,and ¢(p~1) = £(p~!)ei@?®™")
> ((p)e'?®) = q)(p) is directly, since —0 = 0.

(<)Vp#0andq # 0in H, pis asum of ¢’s
and ¢ a sum of p’s, therefore ¥(p) = £(p)e'*?®) >
¥(q) = £(q)e D > 2(p) = £(p)e’?P). =

6 Discussion

The hypothesis of this research was derived from
a combination between Rosenfeld’s approach of
a fuzzy subgroup of a group [6] and the idea of
extending the codomain of membership function
from [0, 1] to unit disk in C [[18]. The generalization
of codomain of characteristic function was tracked
from {0, 1} to [0, 1] to unit disk in crisp sets, fuzzy
sets, and complex fuzzy sets, respectively. We found
that fuzzy sets were extensively applied and studied
in many fields of mathematics by using different
approaches, like fuzzy algebra, fuzzy topology, fuzzy
partial differential equations, etc. Also, complex
fuzzy sets were traced similar generalization only in
uncertainty sets and algebra as appeared in [6]], [[18]] -
[23]], [31]]. This research represents the combination
of the amplitude and phase terms in the notion of
complex fuzzy groups more generally than the notion
presented in Ref, [24]. This combination enables
a specific representation of repeated behaviors in
possible mathematical formula with periodic or
seasonal performance, compactly in a single set [24]],
used two sets to represent complex fuzzy subgroups
and used the phase term as a value lies in (0, 27].
The advantage of this research, the phase term plays
a similar role as the amplitude term by describing the
degree of belongingness value lies in [0, 1], whereas
the phase term may represent information about the
periodicity in some periodic data. Information, that
happens periodically, carries a different meaning
for the same data/measurements. For example, the
temperature 20 °C can be measured in both summer
and winter semesters. Typically, the meaning of
the 20 °C in summer that the weather is cool, but
the meaning for the same degree in winter that the
weather is warm. Consequently, the meaning for the
same data/measurements has different meanings in
different phases or levels. So, this measurement can
be fuzzifier to 0.2 as a value lies in [0, 1], the problem
appears when we need to defuzzification 0.2 to the
original information, we lose the full meaning of
20 °C whether in summer or winter semester. Here,
the phase term overcomes the presented problem by
representing the stages, levels, or phases of informa-
tion in the complex fuzzy form as a value lies in the
unit disk. Also, this research covered some notions
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that were not introduced in preceding research, such
as CF subgruopoid, lattice of CF subgruopoid, CF
(left, right) ideal.

As future research, we may extend this work
to present several notions as complex intuitionistic
fuzzy subgroups, complex g-fuzzy subgroups, com-
plex fuzzy subring of a ring, and study the homomor-
phism and other representative properties between
two algebraic structures of preceding notions. Also,
we may use our assumption in several fields of mathe-
matics to introduce complex fuzzy topology, complex
fuzzy partial differential equation, and investigate its
properties with advantages of using periodic nature in
the complex numbers.

7 Cnoclusion

In this paper, we introduced some notions in the the-
ory of fuzzy groups by adding the co-domain of mem-
bership function from [0, 1] to unit disk in the complex
plane. The advantage of this notions lies in its ability
to present several levels by using the phase term (pe-
riodicity property) in the complex number. Some no-
tions and its properties under complex fuzzy restric-
tions were studied and investigated sequentially, to
introduce the complex fuzzy subgroups in more de-
tails and in more general form. As a future research,
we may extend our work to the suggestion theory of
Q-complex fuzzy group, complex intuitionistic fuzzy
group, neutrosophic complex fuzzy groups and sub-
groups. Also, this research built the basic structure of
CF group and to present its properties. As future re-
search, the present structure can be employed to gen-
eralize algorithms and classifications and may solve
problems in the field of medical diagnosis, pattern
recognition, and classification knowledge by high-
lighting and considering a periodic information.
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