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1 Introduction
Banach’s contraction principle is one of the most use-
ful tools in fixed point theory. Edelstein [[l]] proved
the following version of the Banach contraction prin-
ciple.

Let (X, d) be a compact metric space and let f :
X — X beaself-mapping. Assumethatd(fz, fy) <
d(x,y) holds forall z,y € X withz # y. Then f has
a unique fixed point in X.

Later, Suzuki [2] proved generalized versions of
Edelstein’s results in compact metric space as follows.

Let (X, d) be a compact metric space and let f :
X — X beaself-mapping. Assume that forall z,y €
X withx # y,

éd(l‘, fr) <d(z,y) = d(fz, fy) < d(z,y)

Then f has a unique fixed point in X.

The fixed point theory for set-value mapping was
developed after Nadler’s famous paper [3].

Let (X, d) be a complete metric space and f be a
multi-valued map on X such that fx is a nonempty
closed bounded subset of X for any x € X. If there
exists ¢ € (0, 1) such that

H(fz, fy) < cd(z,y),

then f has a fixed point in X.

Several authors have defined multiple value map-
ping terms using the concept of the Hausdorff-
Pompieu metric. i.e.,

H(A, B) = max{sup d(a, B),sup d(A,b)},
acA beB

VzrvyelX,
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where d(a, B) = inf{d(a,b) : b € B}. Then H is a
metric on C B(X), is the class of all nonempty closed
and bounded subsets of X.

Aydi et al. [4] introduced a multi-valued mapping
in b-metric spaces as follow:

Let (X, dp) be a complete b-metric space and let
f:+ X — CB(X) be a multi-valued mapping such
that for all z,y € X,

H(fl’, fy) < Cdb(xa y)v

1
whereO§c<27<1and
s$“ 4+ s

M(l‘, y) :l’l’laX{db(:E, y)a db(xv f:E)v db(y’ fy))
db(xv fy)v db(y> f.l‘)}

Then f has a fixed point in X, that is, there exists
u* € X such that u* € fux.

It is generally expanded or explained in different
directions and many (general) fixed point theorems
have been identified (see [0, [7, 8, 9, [11, [12, 13, |14,
15]).

In this work, we present a fixed point for (a, F')-
set-valued mapping in setting b-metric space.

In Section 2, we present definition lemma in b-
metric space.

In Section 3, we prove the fixed point theorem for
(a, F')-set-valued mapping in setting b-metric space
and give an example for support our theorem.

In Section 4, we show application are available to
demonstrate the reliability of the our result.

2 Preliminaries
Definition 2.1. [|L7, 18] Let X be a nonempty set and
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s > 1 be a given real number. Take dy : X x X —
[0, 00). Suppose that for all x,y, z € X, we have:

(C1) dy(z,y) = 0 if and only if = = y;
(C2) dy(z,y) = do(z,y);
(C3) db([E,Z) < S[db(xay) + db(y,Z)]

Then, dy is said a b-metric and the triplet (X, dy, s) is
called a b-metric space.

Let (X, dy, s) be a b-metric space. Let {x,} be a
sequence in X.

(Cl) {zn} C X converges to a point v* € X if
limy, 00 dy(xp, u*) = 0;

(C2) {xn} C X is Cauchy if, for each € > 0, there is
some n(e) € N such that dy(xy, xm) < € for all
m,n > n(e);

(C3) (X, dp,s) is said complete if any Cauchy se-
quence is convergent in X.

Lemma 2.2. [[19] Let (X, dy, s) be a b-metric space
with s > 1. Let {x,,} be a sequence in X such that

nll)n;o dp(Tp, Tpy1) = 0.

If {x,} is not a b-Cauchy sequence, then there ex-
ist e > 0 and {x,(1)} and {z,(;)} two sequences of
positive integers such that

lim SUPE o0 db(xm(k),xn(k)) < SE€;
€ ..

(€2) - = liminfyeo dp(@m), Tny+1) <
lim SUPE o db(xm(k)v xn(k)+1) < 326;
€ o

(€3 - = liminfye dy(@meey 11, Tnr) <
limsupy,_, o dp (T ()15 Tr(r)) < s%e;
€ .

€4) 5 = liminfyeo dy(@mepyr1, Tar) <

lim SUPg 00 db(mm(k)Jrh xn(k)) < 836;

Lemma 2.3. [[19] Let (X, dy, s) be a b-metric space
with s > 1. Suppose that {x,} and {y,} are b-
convergent sequences to u* and v*, respectively.
Then,

1
- * 0*) < limi
Sdb(u y U ) = lgggéfdb(-xmyn)

< limsup dy(, yn) < 82dp(u*, v*).

n—oo

Lemma 2.4. [20] Let (X, dy, s) be a b-metric space.
For A € CL(X) and x € X, we have

dy(r,A) =0 rc A=A, (1)
where the closure of the set A is denoted by A.
E-ISSN: 2224-2880
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Denote by 2% (resp. CL(X)) the family of subsets
(resp. of closed subsets) of X. Let CB(X) be the
class of all nonempty closed bounded subsets of X.

Lemma 2.5. [21]] Assume that fx € CL(X) for each
x € X.If f is upper semi-continuous then Gr(f) is
closed in X2.

Definition 2.6. [22] Let X be a nonempty set. Let
f:X -5 Xanda : X x X — [0,00) be two
mappings. Let s > 1 be a given real number. We say
that f'is weak a-admissible of type S if for x € X and
alz, fx) > s, then afz, ffz) > s.

Definition 2.7. [23] Let X be a nonempty set. Given
f:X - CLX)and o : X x X — [0,00). Let
s > 1 be a given real number. Such that f is said
to be a-admissible of type S if for each x € X and
y € fx with a(z,y) > s, we have a(y,z) > s for
each z € fy.

Definition 2.8. [24] 4 mapping F [0,00) x
[0, 00) — Ris called a C-class function if it is contin-
uous and for s,t € [0,00), F satisfies the following
two conditions:

(Cl) F(r,t) <
(C2) F(r,t) = r implies that either r = 0 ort = 0.

The family of C-class functions is denoted by C.

3 Main Results

Definition 3.1. Let (X,dy, s) be a b-metric space
with constant s > 1l and f : X — CL(X) such
that f is an («, F')-set-valued mapping if there exist
a: X xX —[0,00), FeC, eV, 0cOand
¢ € O such that

z,y € X with a(z,y) > s
= H(fz, fy)

< F(M(z,y)) +0(N(z,y)), ¢(M(w7y)))7(2)

where

dy(y, fy)[L + dy(2, f)]

M (z,y) = max {dy(z,y),

1+ dy(z,y) ’

dp(y, f2)[1 + dp(, fy)]

1+ dy(z,y) ’

dp(, fy) +db(y,f:r)}
2s
3)
and

N(ZE, y) = min{db(xay)7db(x7 f(l?), db(y7 fy)7 (4)

db(xv fy)v db(ya fﬂ?)}
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Theorem 3.2. Let (X, dy, s) be a b-metric space with
constant s > land f : X — CL(X) be an (o, F)-
admissible set-valued mapping. Assume that:

(C1) f is a-admissible of type S

(C2) there exist tg € X and r1 € fxg such that
a(zo, 1) > s;

(C3) Gr(f) is a closed subset of X?.
Then, f has a fixed point.

Proof. Using condition (C2), we have xp € X and
x1 € fxgsuchthat a(zg,z1) > s. Ifxg = z10ray €
fz1, we deduce that z; is a fixed point of f and hence
the proof is done. Now, we assume that xg # x1 and
x1 ¢ fxi. Using Lemma R.4, dy(x1, fz1) > 0. It
following equation (£), we have

0< db({L‘l,f{L‘l)
< H(fxo, fz1)
< F(Y(M(zo,71)) + 0(N (w0, 21)), ¢(M($07$§)))7
where ®
M (x0, 1)
dp(z1, fz1)[1 + dp(20, f20)]
1 + dy(x0, 1)
dp(1, fzo)[1 + dp(@0, f21)]
1 + dy(xo, 21)
dy(z0, fr1) + db(ﬂfl,fﬂfo)}
2s
< max {dy (o, 1), dy (1, f1), dp (21, f20),
db(xoafﬂﬂl)}
2s
< max {dy(wo, z1), dp(21, fz1),
dp(zo, 1) + dp(x1, f21) }
2s
< max {db(:vo,wl), dp(x1, fml)}.

= max {db(xo, $1),

Y

)

(0)
Suppose now max {db(xo, x1),dp(x1, fxl)} =
dy(z1, f1), then by equation (F) becomes

dy(z1, fz1)

< F(¢(dp(21, fr1)) + 0(N (20, 1)), ¢(dp (21, f21)))-

(7)
But
N(x07 331)
:min{db(x07x1)7db(x07fx()):db(xlafxl>7 (8)
dy(z0, f21), dp(21, f20)}

=0.
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Thus,
0 < dp(x1, f1) ©)
< F(p(dp(w1, fz1)), d(dp(21, f21)))
Using 9 (t) < t for each ¢t > 0, we obtain
0< db(Ila f‘Tl)
< F(p(dp(1, fz1)), d(dp(21, f71))) (10)

< Y(dp(21, fr1))

< dy(z1, fr1),
which is a contradiction. Hence,
max {db(l’o, x1), db(l‘l, fxl)} = db(xo, xl). Using
again equation () and the fact that ¢ is nondecreasing
and 6 is a continuous function, we obtain that

0< db(:cl, f:IZl) < ¢(db(x0,$1)).

This implies that there exists zo € fx; (of course,
xo = x1 ) such that

0 < dp(x1,22) < Y(dp(z0,21))-

Because a(xp,z1) > s, x1 € fxgand xg € fxq, by
the fact that f is a-admissible, we have (1, z2) >
s. If xo € fxo, xo is a fixed point of f. Otherwise,
x9 & fxg, so we have dy(ze, fxe) > 0. It following
equation (), we have

0 < dp(x2, fxa)
< H(fxy, fxz)
< F(Y(M(z1,22)) + 0(N (21, 22)), ¢(M(x17ﬁ)))a
where W
M(xl,xg)
dp(z2, fr2)[1 + dp(71, f71)]
1+ dy(w1,2)
dp(z2, fr1)[1 + dp(71, f72)]
1+ db(xl,xg)
dy(r1, f2o) +db($2,f$1)}
2s
< max {dy(x1, x2), dy (2, fr2), dp(x2, fr1),
dy(@s, fz2)
2s
< max {dy(x1, 22), dp(z2, f22),
db(l‘l, l’g) + db(xg, fxg) }
2s
< max {db(l‘l, xg), db(l‘Q, fZCQ)}

)

= max {dy(z1,2),

)

12)
Similarly as above, we obtain that
max{db(:cl, .732), db(xg, fxg)} = db(aj1, .TQ). Using
(1) and (12),

0 < dy(xa, fr2) < Y(dp(x1,x2)) < V2 (dp(g, 1)).
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This implies again that there exists x3 € fxo (of
course, x3 = xo ) such that

0< db(xg,l‘g) < ¢2(db(x0,l‘1)).

Because «(z1,x9) > s, x9 € fr1 and x3 € fxa, by
the fact that f is c-admissible, we have o(z9, z3) >
s. If xg € fxs, x5 is a fixed point of f. Otherwise,
x3 ¢ fxs, so we have dp(z3, frg) > 0. In the same
way, we get

0< db(xg, fx'g) < ¢(db($2,$3)) < ¢3(db($o,x1)).

By continuing this process, we can construct a se-
quence {z,} in X such that x, ¢ fx,, Tp41 €
fxn, a(xy, xpy1) > s and

0< db(xm fxn) < db(xmxn—i-l) < wn(db(‘TOa xl))

for all n € N. Let m,n € N be such that m > n.
Then,

m—1
dy(n, @) < D 8" dy (@i wig1)
i=n

oo
<Y s (dp(0,21))

1="n
Because ¢y € W, {z,,} is a Cauchy sequence in the
complete b-metric space (X, dp). Thus, there exists
u* € X such that u,, — u*. Because z,4+1 € fx,,
we have (z,,z,+1) € Gr(f). The graph is closed,
so as n — oo, we obtain that (z,,, zp+1) — (u*, u*),
with (u*,u*) € Gr(f). We deduce that u* € fu*,
that is, ™ is a fixed point of f. O

Theorem 3.3. Let (X, dy, s) be a b-metric space with
constant s > land f : X — CL(X) be an (o, F)-
set-valued mapping. Assume that:

(Cl) f is a-admissible of type S and 1,0 are
continuous;

(C2) there exist xg € X and x1 € fxg such that
alzg, 1) > 8;

(C3) if {z,} is a sequence in X with ,, — u* € X
and oy, Tpy1) > s foralln € NU {0}, then
axy,u*) > sforalln € NU{0}.

Then, f has a fixed point.

Proof. From the proof of Theorem B.J, there exists a
sequence {x, } such that

Tnt1 € fan, Tn & fo, and a(x,, zpy1) > s (13)

foralln € NU {0}. Next, we will show {z,} is a
Cauchy sequence in X, which converges to some u*
as n — oo. Using condition (C3), we obtain

a(zp,u”) > s forallm e NU{0}.  (14)
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Ifu* € fu*, the proof is completed. We assume that
dy(u*, fu*) > 0. Then

0< db(u*,fu*)
< sldy(u*, Tpy1) + dp(@ng1, fu”)]
< sdp(u*, 2nt1) + sH(frn, fu”)
< Sdb(U*aanrl)
+ sF((M (2, u*)) + O(N (20, u*), p(M (25, u*)))
< sdp(u*, xpt1) + s[Y(M(zp, u™)) + O(N (2, u™)]
(15)
where
M (zp,u")
dp(u*, fu)[1 + dp(2n, f20)]
1+ dp(xp,u*)
dp(u*, fon)[1 4 dp(zp, fu*)]
1+ dp(zp, u*)
dp(zy, fu*) + dp(u”, fzn) }
2s
< max {db($n7 U*)a db(U*7 fU*)v db(U*v f$n)v
dp (T, fu*) + dp(u”, fzs) !
2s
< max {db(;UTH U*)a db(U*v fU*)a db(U*v $n+1)7
dp(Tn, fu*) + dp(u”, Tnt1) !
2s

= max {db(xn,u*),

)

)

(16)
and
N(zp,u")
= min{db(l‘n» U*)a db(ajna fxn)v db(u*a fu*)v (17)
db(l’n, fU*)7 db(U*a fﬂl’n)}

Taking n — oo, we have limsup,,_, . M (z,,u") <
dp(u*, fu*) and limsup, . N(zp,u*) < 0.
Using the continuity of ¢ and 6, we have
limsup, o ¥(M(z,u')) < o(dy(u”, fu))
and limsup,,_, . (N (x,,u*)) < ¢(0) = 0. Taking
n — oo in equation (1Y), we obtain

0 < dp(u®, fu®) < st(dp(u®, fu®)) < dp(u®, fu®),

which is a contradiction. Hence, ©u* € fu* and so f
has a fixed point. U

Corollary 3.4. Let (X, dy, s) be a b-metric space with
a constant s > 1l and f : X — CL(X) be an (a, F)
set-valued mapping. Assume that there exist o : X —
[0,00), ¥ € ¥, 0 € O, and ¢ € ® such that

oz, y)H(fz, fy))
< F((M(x,y)) +0(N(z,y), o(M(x,y)))

where M (x,y) and N(x,y) were defined by (H) and
B) for all z,y € X. Assume that:

(18)
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(Cl) f is a-admissible of type S and 1,0 are
continuous,

(C2) there exist xg € X and x1 € fxg such that
alzg, 1) > 85

(C3) {xn} is a sequence in X with x,, — u* € X
and oy, Tpy1) > s foralln € NU {0}, then
oy, u*) > s) foralln € NU{0}.

Then, f has a fixed point.

Proof. Using inequality ([L8) and the contraction (f])
holds for all z,y € X such that a(z,y) > s. Thus,
is an («, F')-set-valued mapping. Using Theorem
, f has a fixed point. O

Corollary 3.5. Let (X, dy, s) be a b-metric space with
constant s > land f : X — CL(X) be an (o, F)-
set-valued mapping. Suppose there exist o : X —
[0,00), ¥ € ¥, 0 € O, and ¢ € ® such that

oz, y)H(fz, fy))
< F(p(M(z,y)) + 0(N(x,y), o(M(z,y)))

M (z,y) and N(x,y) were defined by (E]) and (E)for
all x,y € X. Assume that:

(19)

(C1) f is a-admissible of type S

(C2) there exist xo € X and x1 € fxq such that
oo, 1) > 8;

(C3) the graph of f is closed.
Then, f has a fixed point.
Proof. Using inequality ([19) and the contraction (f])

holds for all z,y € X with a(x,y) > s. Thus, f is an
(a, F')-set-valued mapping. Using Theorem 3.3, the
set-valued mapping f has a fixed point. O

Corollary 3.6. Let (X,dy,s) be a b—metric space
with constant s > 1 and f : X — X. Suppose there
exista: X x X —[0,00), F€C, ¢ €V, 0c,and
¢ € such that

x,y € X with a(x,y) > s

< F((M(z,y)) +0(N(z,y)), ¢(M($,y)))(,20)
M (x,y) and N (z,y) were defined by ©) and (B) for
all x,y € X. Assume that:

(Cl) o,m € X, a(o,n) > simplies a(fo, fn) > s.
Also, v, 0 are continuous;

(C2) there exists og € X such that a(og, fog) > s;
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(C3) if for po € X, the sequence {p, = f"uo}
in X is such that f"png — p € X and
a(f"uo, f* o) > s for each integer n > 0,
then o f™ o, p) > s for eachn > 0.

Then, f has a fixed point.

Example 3.7. Let X = [0, 00) be endowed with the
b-metric dy(x,y) = (x —y)? with s = 3 forall v,y €
X. Define f: X — CL(X) and o : X — [0,00) by

fo = [0, 2] if € [0,1]
[z, 27 if € (1,00)
and
ey = {3 el
Y70 otherwise.

Define the functions by (t) = t, 0(t) = tand ¢(t) =
80t. Take F(r,t) = r —t forallr,t € [0,00).

Firstly, we show that f is a-admissible of type S.
Letx € X and y € fx with a(x,y) > s = 3. Then,
z,y € [0,1]. Letu € fy, thenu € [0, §] C [0, 5] C
0, 1]. Then,

aly,u) =3 =s.

Thus, f is a-admissible of type S. For o = % and
x1 = § € [z, we have a(zg,x1) = 3 = s. For
any sequence {x, = f"xo} C X (Where xyp € X
is arbitrary) such that v, — u* as n — oo and

(T, Tnt1) = 3 = s for each n € N, we have
T, u* € [0,1], and a(zp,u*) = 3 = s for each
n € N.

Next, we will show that the conditions of Theorem
B.3 are fulfilled for all x,y € X with a(z,y) > s,
that is, z,y € [0, 1] with © # y. Then,

(z —y)?
H =,
(fz, fy) a1

Hence,

H(fz, fy)

_(@—y)

-8l

1,

- ]1 b(-T,y)

< M(z,y)

= F(y(M(z,y)) + 0(N(2,9)), (M (2,y)))-
All hypotheses of Theorem 3 are satisfied and f has a
fixed point.

4 Application

Let X be the set of continuous functions specified on
the closed interval [a, b]. We endow X by the standard
b-metric dj, : X x X — [0,00) :

dy(z,y) = (sup [x(t) —y(1)])?,
te[a,b]
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forall z,y € X. Then, (X, dp) is a complete b-metric
space with constant s = 3. We consider the following
integral equation:

b
y(r) = yo + / QR y®) At Q1)

where 59 € Rand Q : [a,b] X [a,b] — [0,00), R :
[a,b] x R — R are continuous functions. Define f :
X — X as

b
fy(r) = vo + / QUnHRMEy(®) dt.  (2)

Then, a solution of equation (21]) is equivalent to stat-
ing that the map f has a fixed point.

Theorem 4.1. Assume that the following conditions
are satisfied:

(C1) there exists o : X x X — [0,00) such that if
alo,n) > s =3 foro,n € X, we have for each
>0,

|[R(t,o(t)=R(t,n(t)] < vIn(1+ (o (t) = n(t)])?),

and

sup
r€la,b]

(C2) o,n € X, a(o,n) > Limplies a(fo, fn) > 1;
(C3) there exists oy € X such that o(og, foo) > s =
3;

(C4) if {un =: fMuo} (Where pg is arbitrary in X)

is a sequence in X with u, — pu € X and

& fon,s ins1) > S for each integer n > 0, then
(pon, p) > s foreachn > 0.

Then, the integral equation (1)) has a solution in X.
Proof. Forall o,n € X, we have

dy(o,m) = (t:l[lpb] () — n(t)])?,

b
/ QUr,t)dt < 1;

and for r € [a, b], we obtain

(Ifo(r) = fn(r)])?
b
= (/ Q(r,t)|R(t,o(t) — R(t,n(t))|dt])*

b
< ( / QUr,1)|R(t, 0(t)) — R(t, n(t))|dt)?

b

<( / QUr, )/ (L + (o (t) — (D)) dt)?
b

< / Q(r,t)v/In(L + dy(o, m))dt)?

b
< / Q(r,1)dt)? In(1 + dy (o, 1)
< ln(l + db(O', 77))
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Hence,

H(fo, fn)

< In(1 + dy(o,n))

<In(1+ M(o,n)+ N(o,n))

= M(o,n) + N(o,n)

—(M(a,n) + N(o,n7)=In(1 + M(o,n) + N(o,1)))
= F((M(o,n)) +0(N(o,n)), p(M(0,n))),

where 1(t) = t, 0(t) = t (it is continuous), ¢(t) =
t —In(l + t), and F(s,t) = s — t. Using condi-
tion (C3) and (C4) hold, all hypotheses of Corollary
4 hold. Thus, f has a fixed point, that is, the integral
equation (1)) has a solution in X. O

5 Conclusion

We introduced the existence and uniqueness of fixed
point results for (a, F')-admissible set-valued map-
pings in b-metric spaces using C-functions and -
admissible set-valued mappings of type .S in this pa-
per. To illustrate the superiority of our results, we
provided an example and an application of integral
equations.
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