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1 Introduction

The flow of a curve or surface is said to be
inextensible if, in the former case, the arc-
length is preserved, and in the latter case, if the
intrinsic Curvature is preserved [10, 11, 15, 18,
19].
Physically, inextensible curve and surface flows
are characterized by the absence of any strain
energy induced from the motion [1, 7, 8]. Some
relevant studies can be found in [3] and [4].
In this paper, we derive a general formulation
for inextensible flows of spacelike curves
according to equiform frame in 4-dimensional
Minkowski space Rf. In Section 2, we clarify
the basic conceptions of 4-dimensional
Minkowski space Rjand give of equiform
Fremet frame that will be used during this work.
In Section 3, we using the equiform frame to
present the necessary and sufficient conditions
for the inextensible flow as a partial differential
equation involving the equiform curvature
functions in 4-dimensional Minkowski space
R?. In Section 4, we give an application of
inextensible flows of spacelike curves in R.

2 Preliminaries

The 4-dimensional Minkowski space R} is the
3- dimensional Euclidean space Riprovided
with the metric
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& = —dx? + dx? + dx? + dxi,
Where  (x1,x3,x3,%,) iS a rectangular
coordinate system of Rf. Any arbitrary vector
v € R} can have one of three Lorentzian clause
depicts; it can be a spacelike, timelike or
lightlike if §(v,v) is positive, negative or zero
respectively. Similarly, any arbitrary curve & =
&(s) can locally spacelike, timelike, or lightlike

if ‘{’;(C (s),¢ (s))is positive, negative or zero

respectively [14].
For anyu,v,w € R{, the vector product in

4-dimensional Minkowski space Rfis defined
by [17]:

—€, € €3 €4

_ 1 Uz U3z Uy

UAvVAW ==t 20
Wy W, W3 W,

Let {:I € R — R} be a regular spacelike curve
parametrized by arc-length in R} with timelike
second binormal. Then the Frenet formulas
along ¢ can be given as [5, 16]:

[

51 (s)
52 (s)

0 ki(s) O 0 t(s)

—ki(s) O ky(s) 0 n(s) 1
0 —ky(s) 0 k3(s) |\ bi(s) 1
0 0 ks(s) 0 b, (s)
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where ( %) At,n, by, by}, ki, ky, and kgare
the moving Frenet frame and the natural
curvature functions respectively. Additionally,
the vectors t,n,b; and b, satisfying the
equations T, t) =F(n,n) =Fby, by) =
_g’(bZin) = l,and g'(t, Tl) = g(tr bl) =
&(t, by) = F(n, by) = F(n, by) = F(by, by) =
0.

For any arbitrary spacelike curve ¢ = {(s)
in 4-dimensional Minkowski space Rfsatisfying
Eq. (1), the Frenet apparatus of { can be formed
as follows [17]:

L
- lel
_ lelm-e -39 ¢

"I —w@ 0 <

b1=ﬂn/\t/\b2,

_u(tAanni)
2 leannad)’

Ll e -sco <]
eI

o leanncyfen

112117 - ¢ - %(2.9)-¢]|

— %(((4),172)
leAm A Z]-1ISI

3

where u is taken +1 to make the determinant of
matrix {t,n, by, b,} equal 1.

Let be a regular spacelike curve lying fully on a
spacelike surface € in Minkowski 4-space Rf.
We define the equiform parameter of {(s) by

o = [ kyds, where p =kil is the radius of

ds
curvature ofthe curve {. Then, we have p = -
o

Let D be a homothetic with the center in the
origin and the coefficient 4. If we put {* =
D(Q), then it follows

s*=Asand p* = Ap,
where s* is the arc-length parameter of {*
and p* is the radius of curvature of this curve.
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Hence, o is an equiform invariant parameter of
{[6]. We recall [T,n,é;,&,] be the moving
equiform Frenet frame of the curve { where
T (o) = pt(s) is the equiform tangent vector,
n(o) = pn(s) is the equiform principal normal
vector &;(a) = pby(s)r, is the equiform first
binormal vector and &,(0) = pb,(s) is the
equiform second binormal vector.
Additionally, the equiform curvatures of the
curve { ={(o) are defined by k,(0) =

p, ky(0) = (:—i) and k;(o) = (:—j) Thus, the

equiform Frenet formulas in R} have the
following frame [2]:

T'(0)

/n’(a)

§1(0)

$2(0)
k(o) 1 0 0 T (o)

/—1 ki(o) k(o) O n(o)
0 —ky(0) ki(o) ks3(o) |\ ¢1(0)
0 0 ks3(a) ki(o)/ \& (o)

where (' = %).TY(T. ) =%mn) =

F1,¢1) = 82, &) = Pz and (T, n) =
%(Tr 51) = %(Tr 52) = g’(’l: gl) = TS’(TI: 52) = 0

3 Main Results
Through out this paper, we assume that the one
parameter family of spacelike curves on a
spacelike surface Q in Rfis

¢:[0,1] x [0,w] - Q € Ry,
where [ is the arc-length of initial curve. Let u
be the curve parametrization variable 0 < u <
l. Then, the arc-length of { is given by

u

s(u) = f ||S—i||du, 3)
0

1
2

ull = |G 5 )
where ” 2l = D( o ol - The operator 55 1
given in terms of u by
d 10
, s wvou’
where v = ”ﬁ” the arc-length parameter is

ds = vdu. We can be represented any flows of
spacelike curve { as

a¢
=RT + Ron + R3éy + N6y,

PR (4)
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Where R, R,, R; and R, are smooth functions
of arc-length and time [5, 9, 12, 13, 16].
Let the arc-length variation be

u

s(u,t) =fvdu, (5)
0

In 4-dimensional Minkowski space Rf, the

requirement that the spacelike curve be not

subject to any elongation or compression by the

condition

—S(u t) = f—du =0 (6)

Definition 3.1. A curve evolution {(u.t) and its

5} . .
flow a—i on the spacelike surface Q in Rf are

said to be inextensible if

el =0 ”

Theorem 3.1. Let =R T+ R+ R3E +
R,E,, be a smooth 1nextens1ble flow of the
spacelike curve ¢ according to equiform frame
in 4-dimensional Minkowski space Rf. The
flow is inextensible if and only if

oR
= (R~ Riky), (8)

whereR,, R,, R; and R, are smooth functions
of arc-length and time.

ag . . ) )
Proof. Assume that a—i is inextensible flow in
R?. Then

—s(u t) = f—du

u

0R,

—_ J(% + mlvkl - ERZ‘U) du
0

=0. 9)

Substituting Eq. (7) in Eq. (9), we have Eq. (8)

holds, this complete the proof.

Now, we restrict ourselves to arc-length

parametrized curves. That is v =1 and the

local coordinate s corresponding to the curve

arc-length.

Theorem 3.2.Let % be a smooth inextensible

flow of the spacelike curve { according to
equiform frame in 4-dimensional Minkowski
space R}. We have

E-ISSN: 2224-2880

W. M. Mahmoud, Alaa Hassan Noreldeen

oT R,

FT (05 + R, + Rk — ER3k2)77
0R3

+ (I + §R2k2 + §R3k1

+ ER4k3> 1

R,
+ (I + §R3k3

+ Rk ) (10)

where R, R,, R; and R, are smooth functions
of arc-length and time.

Proof. Using the definition of {, we have
0T

R,
( + Elel - 9:{2> T

+

—
JR
(a_ + iRl + mzkl - §R3k2> n
0R3

+ (— + Tk, + Rk + Rk )

+ (a_ + 9:{31(3

+ ER4k1> $2 (11)
Substituting Eq. (8) in Eq. (10), then the Eq.
(11) holds, which complete the proof.
Lemma 3.1. Let % be a smooth inextensible

flow of the spacelike curve { according to
equiform frame in 4-dimensional Minkowski
space Rf, then the evolution of k; satisfy the
partial differential equation

%y, 12)

ot (
Proof. Assume that % is inextensible flow in

R?. Thus, we have
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9 T R,
ds at _[ ds
d (0R,
+ [& (a— + R, + R,k

- 9k,

4R, + Rk, — SR3k2] T

OR,
+ Ky (KJF R, + Ryky

- 933162)
R,
~ka (55
+ 9‘{4k3>] n
9 OR,
+ [— (— + Roky + Raky

s\ 0
+ §R4k3>

+ Ry ky + R3ky

R,
+ k2 (W + 931 + mzkl

~ sk, )

+ (% + Rk, + Rak,y
ds

+ §R4k3>

oR,
+ k3 (a_ + 9:{3k3 + 9:{4](1)] 51

9 (0N,
+ I:& <a_ + Engg + ER4k1>

0R;
+ k3 (W + mzkz + SR3k1
+ mkg)

R,
+ Ky (E + Raks

+k)e a3
On the other hand, From Eq. (2) we have
ddT 0
atas ot
aT
at

(ks T + 1)
0k,
S _T + kl
+—. 14
5t (14)
From Egs. (13) and (14), we see that — 7 = 0.
This complete the proof
Theorem 3.3. Let
flow of the spacehke curve ¢ according to

be a smooth inextensible
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equiform frame in 4-dimensional Minkowski
space R}. We have

M _[9%2 g 4ok, — 2R3k2] T
ot | as
[at (— + R,k + Rak,
+ 914k3)
+ky <%+ER1 + Rk,
ds
- %k,
0R,
4 ks (K + Raks + 9%4k1>] £,

9 (0R,
+ [E <¥ + 9%3](3 + 9%4](1)

OR
+ ks (K + Roky + Raky

+9k )| & (15)

where R4, R,, Rz and R, are smooth functions
of arc-length and time.

Proof. Let % is inextensible flow of a spacelike

curve ¢ in Rf. From Eq. (14), we have
an

ot
_aoar oT
otds Lot
ale 16
y (16)

Substituting Egs. (10), (12) and (13) in Eq. (16),
we get

_+§R1 +§R2k1

[5G

- mgkz)

R,
[ §R3k2] T

+ R, + Rk,

R,
—k, (K + Rk, + Rak,

+ ks )|
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[a (— + Rk, + Raky + 2R4k3)
R,
+k, (¥+§n1 + Rk,
- %k,

OR,
+ ks (a_ + Raks + SR4k1)] g
9 /0R,

+ [& (a_ + Roks + SR4k1)

0R3
+ k3 (K + Rk, + Rk,

+ 9‘{4k3>] $2

Then, one can easily say that
an
, 0.
5 (’7 at)
Asa consequence of the above equation
on 69?2

a aS ml + mzkl m3k2:| T

3 (OR,
+ [6_5 (a_ + Rk, + Roks
+ mkg)

R,
+ k2 (W + ERl + mzkl

- sk,

oR,
+ k3 (a_ + §R3k3 + SR4k1>:| 51

3 /0%,
+ [&( bk + SR4k1)

0R;
+ k3 (W + mzkz + SR3k1

+ K )| &

Theorem 3.4. Let % be a smooth inextensible

flow of the spacelike curve { according to
equiform frame in 4-dimensional Minkowski
space R}. Then
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R,
( + R, + Rk — §R3k2>] T

ot [as

,l 2(6%t + R, + Rk
K, s 1 2k

—SR3k2>
93 (R,

* s 65( 9s

—SR3k2>

R,
—k, (K + Rk, + Rk,

+ R, + Rk,

+ mkg)]

R,
[a ( + Rk, + Rk,
+ mkg)

R,
+k, (—+in1 + Ryky

ds
- %3k, )

OR,
+ k3 (a_ + mgkg + 9:{4k1>:| T]

k3 [a

+ €R3k1 + 9%41(3)

IR,
(52 + 9k,

IR,
+k, (¥+ER1 + Rk,

- %3k, )

R,
+ kg (T + Ryks + 9%4k1)]]
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R,
as [as ( T Raks + 9%4k1)

OR;
+ ks (K + Roky + Raky

+ mkg)]
0R,
- (6_ + m3k3
+ Rk ) £, (17)
where R, R,, R3 and R,are smooth functions
of arc-length and time.
Proof. Assume that % is inextensible flow of a

spacelike curve{ in R7. We have

9.0n _ [a(am+§R+§Rk iRk)
ds 0t ds\ 0 1 2™ 3%z

R,
+ky (¥+ R, + Ryk,

—sng)]T
9 [a (aznz
65 os\ 0
—inskz)

0R3
—k, (— + Ryok, + Riky
Jds

+ Ry + Ryky

JR,
+ 2}14k3)] + g‘ﬁl + Rk,
— Rk,

d (0R;
- kz [_ (_ + mzkz + 9{31(1
ds\ d

+ §R4k3)
R,
+ kz <¥ + ERl + mzkl - §R3k2)

R,

+ k3 <_ + §R3k3 + 8{4k1>:|
ds

rh [a

Has

-k,

R,
(_ + 931 + mzkl
ds

OR,
— ky (a_ + Roky + Raky

+ Rk ” n
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[a ( + R, + Rk, — mgkz)
IR,
—k, (K + Rk, + Rk,
+ SR4k3>]
3 (R,
+ &(g + Rk, + Roky
+ sn4k3)
R,
+k, (¥+ER1 + Rk,
- 9:{3](2)
R,
+ ks (a_ + Rk + 9%4k1>
+ky [a ( + Rk, + Rk,
+ mkg)
IR,
+ kz (K"‘%l +9:{2k1
- sk,

OR,
+ k3 (a_ + 933](3 + 9:{41(1)]

+ kg [a ( + Ryks + 9%4k1>

0R;
+ k3 (K + inzkz + ERSkl

' smkg)]] &
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+

[kl [a (

d (OR,
k3 I:% (K + ERsz + m3k1 + m4k3)

+ R, + Rk — SR3k2)

+ Ryks + 924k1)]

+ k4 [6 ( 5 +§R3k3+§R4k1) o¢,
6%3 kz == _2
+k3 (—+§R2k2 +§R3k1 at
ds
' mkg)]] & (18)
Underthe assumption of spacelike curve ¢, we
have
0 dn oR,
1= [k (52 + 9 + ok — §R3k2)]T
oR,
- I:K + 931 + mzkl
- mskz] n
+ [k [a (am2+sn + R,k
1135\ 55 1 2k
- mgkz)
J0R,
+ k, (E + R, + Rk,
- mgkz)

R,

+ k3 (6_ + Rik; + §R4k1)
R,

- <_ + mzkz + 933]{1

0
)] -2,
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+ Rk + §R4k1>

R
+ ks (I + Roky + Raky

+ SR4k3>]

IR,
- (6_ + Rsks + ER4"1)] P

9¢2

k
HRCIFTE

(19)

Then, it is follow that

=5

_ §R3k2>] T
((3912

+ R+ Roky

+ R, + Rk,

ds [65
- mgkz)

OR,
- k2 (K + mzkz + ingl

+ §R4k3>]

OR,
+2(¥+§R1+§R2k1

- sk,

ka5

+ 9%41«,3)

3+ Rk, + Raky

IR,
+k, (¥+ER1 + Rk,

- %3k, )

R,
+ kg (T + Ryks + 9%4k1)] n
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[kz ( + Ry + Roky — 913k2)

[k3 [a (

+ Rk, + Rak, + ER4k3)

2 0R; 0R,

- g - (57 + Rk ey (G54 9+ Ry
+ Rakey + mkg) _ 9{3,(2)

L 09 (9% oR,

o5 [65( g5 T Mizka T Msky s (g + ks +m4k1)]
+ 9{4k3) as [as (— + R3ks + ‘34’61)

ko (22 4 9, 4,k OR;
+ Ky K-I_ 1+ Haky +k3<¥+§R2k2+§R3kl
~ 93k, k)

0R oR

ko (S 4 Raky + §R4k1)] _ (a_4 Rk,

kl [a ( + 912’162 + 913'161 + §R4k1>] 52- (20)
+ §R4k3>

d (0R, .
+ P (a_ + R, + Rk, From the definition of flow

(5.2 -0

Thus the proof of theorem is complete.

- 93k, )|
+ ks [a ( + Rk + mkl)
0R; i . .
+ ks ( + Roky + Raky Lemma 3.2. Let o be a smooth inextensible
ds K flow of the spacelike curve ¢ according to
_2] & equiform frame in 4-dimensional Minkowski
space RT. The evolution of k, satisfy the partial
differential equation

+ mkg)] -
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ok,
at

3 (0%,
T (a 4R, + Rk, — m3k2)

R
- (k% - 1) (_3 + ERzkz + 9:{3161 + 9:{4/(3)

[ (— + Rk, + Rak, + SR4k3)
+ kz(

aam
+ k3 (_S + 933163 + SR4,k1):|

+ R, + Rk, — m3k2)

OR;
+ky |— (— + Roky + Raky + m4k3)

s\ d
9 (0N,
+ %(g + ml + mzkl - 933k2)]
3 (0R,
+ ks [a_s (W + Rik; + 914k1)
J0R

+ 2R4k3>]. 21)

Proof. /tis obvious directly from Theorem(3.4).
This complete the proof.

Theorem 3.5. let % be a smooth inextensible

flow of the spacelike curve ¢ according to
equiform frame in 4-dimensional Minkowski
space R}. Then

E-ISSN: 2224-2880 691
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1 19f

k3 as

R,
k2<a + R, + Rk,
_m3k2>_g:|T
1|0
L L]%9
ks |0s

(e )z (5

+ Rk, — §R3k2>
+ (k2 —1) (— + Rk,

+ §R3k1 + §R4k3>

R,
[as <_ + mzkz + ingl

+ §R4k3)
+k, (@ + R, + Rk,
ds
- sk,
R,
ks (K + Rk + ER4k1>]
Ky [a_ (% + Rk, + Raky
ds \ 0s
+ 9%41«,3)

d (0R,
+&(_+§R1 +§R2k1

3

o

— ke [a_ (% + Rk + 9%4k1>
ds \ ds

OR;
+ k3 (K + inzkz + ERSkl

+ 9%41(,3)]] .
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1

T

hks

9 (0N,
+k, [& (a_ + Ry + Roky — mgkz)

0R,
+ kl (F + SRl + mzkl - 9:{3](2)

9 (0R,
+ k3 & (_ + 933163 + 9:{4161)

Where

ds
| (22)
0 (0N,
=% [65( 55 T oA Rk = m3k2)]’

1| som,
= k—z 2 (F + ml + mzkl - m3k2)

* s [as (_ R+ Rk
~ k)
“ky (% + Rk, + Rk,

ds
+ mkg)]

R,
[a ( + Rk, + Raky

+ ER4k3)

R,
+ k2 (_ + SRl + §R2k1

ds
- 9.k,

oR,
+ k3 (? + ER3k3 + 9:{41(1)] )
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9 /0R,
h == k_2 [k3 [& (K + §R2k2 + §R3k1 + 9?4](3)

OR,
+ k2 (Y + §R1 + mzkl

- 9k,
R,
+ k3 (a_ + mgkg + 934161)]
R,
as [as ( Ry + 9%4k1)
0R;
+ k3 (Y + mzkz + mgkl
+ mkg)]
OR,
- (I + 9%3](3 + m4k1>],

and R4, R,, R; and R, are smooth functions of
arc-length and time.

Proof. Differentiating Eq. (17) with respect to s,
we have

d 0, _ [of
a5t las T g]T

+ [%‘l'gkl +f]n
+ [gk; + hks3]&;
oh
+ [£+ hkl] £, (23)

Under the assumption of spacelike curve {, we
can easily obtain that
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d0¢; [k (69‘{2
atos L *\a
+ fkl] T

+ R, + Rk — SR3k2)

oR
+ [(kg —1) (6—33 + R,k,

+ Roky + mkg)

9 (O,
285( LR+ Tk
- 9k,
0 [a (azn3 + Rk, + Rk,
“dslos\ a
+ §R4k3>
+ky (%+§R1 + Rk,
ds
~ sk, )
+ ks (% 4 Rk + §R4k1)]
IR,
[a ( + Rk, + Raky
+ §R4k3>
2 (ﬁ + R, + Rk,
ds\ d

)

9 (9R,

— ks [& (? + Raks + 5R4k1)
R,

ks (E + Rykey + Raksy

+ 9:{4]‘3)] + gk1] n
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[a ( + R, + Rk, — 2R3k2)
IR,
+k, (K + R, + Rk — ER?,kz)
R,
+ k3 (F + 9:{31(3 + §R4k1>] 51
9 (0%,
+ [% (K + Roks + 2R4k1)

amg ak?)
+ k3 (F + mzkz + §R3k1 + §R4k3> + E

0¢,
+ hk,| & + ks —. (24)
dat
Then, it is follow that
0 af R,
kot =5 —k2< LR+ Rk

- 9?3k2> - g] T
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dg (k 2)6(69% LR+ Rk
ds k,) ds\ 9 R

- %k,
+ 2 —1) (% + R,k,
+ Raky + m4k3)

d [a (69%3

dslds \ 0ds
+ mkg)

+ Rk, + Rk,

ds
- §R3k2>

R,
+ k2 (_ + 931 + mzkl

oR,
+ k3 (a_ + 9:{3k3 + 9:{4](1)]

Ky [i ((99%3 + R,k + Rak,
ds\ 0
+ §R4k3>
o (T g 4 ok,
ds\ d
- mgkz)]

R,
[a ( +§R3k3+§R4k1)

0R;
+ k3 (W + mzkz + SR3k1

)|
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+ | hks

d (0N,

+ k, [& (_as + R, + Rk — ER3k2>
R,

+ kl (F + ml + mzkl - m3k2>

R,
+ k3 (F + 9:{31(3 + §R4k1> + g] 51

4+ [2n a<am4 ERk+iRk>
ds 0s\ 9 SRR
R,
— ks (? + Rk, + Roky + ER4k3>
6k3] 25
e, (25)
Since

(52: afz) =0.

Hence, the proof is complete.

Lemma 3.3 let g be a smooth inextensible

flow of the spacelike curve { according to
equiform frame in 4-dimensional Minkowski
space R}.The evolution of k5 satisfy the partial
differential equation
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ok
at

d1|1 d (R,
-2l
ds |k, ds \ ds

R,
+ mkg) +k, (K + Ry + Roky — SR3k2)

R,
+ ks (a_ + Raks + 924k1)]

L9 0 [8 (89%4
Oslos\ o0

0R3
+ k3 (6_ + Rk, + Riky + 914k3)]

+ Rk, + Riky

+ Raky + §R4k1)

R,

_ (a_ + Raks + Rok,y ]
d (69%4

as d

R,
— kg (W + Rk, + Roky

+ m4k3).

+ Raks + §R4k1)

(26)

Proof. It is obvious directly from theorem 3.5.
This complete the proof.

4 Application of inextensible flows of
spacelike curves in R}

In this section, we give an application of a
special case of inextensible flows of spacelike
curves in R}. Let R; = constant = a # 0, R_2
=R; =0and R, = k( 5 From Egs. (12), (21)

and (23), we have the PDE system

ok,

=0,
ot
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% _ <2k3 + 1){ <ak1> (aazsk;)l
() [(a °)

+k2]

) )

6k3

o @) )+
+kz] (@) ) ()
@G )} - @)

(27)

By solving the system (27) numerically, one
solution of this system is

ki(s,t) =c;

a
k,(s, t) = e [1 — tanh(c,s + c3t)],
2C3

(28)

k3(s,t) = c2(c3 — a) tanh?(c,s + c3t),

where c;,c; and c3 are constants such that
cy,c3 # 0. The curvatures of the family of
spacelike curves C; as a function of the
coordinates s and t are plotted in Figure 1,
Figure 2 and Figure 3.
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Ky(s.)

0.0005 f

0.0004

0.0003

Fig.1: The curvature k4 (s, t) of the family of 0.0002 |
spacelike curves C; for s € [0,5], t € [0,8] and i
Cl = 0

E(t0.1)

0.0001 : Ki005)

0.0000 £y

K(t09)

Fig.4: The curvature k, (s, t) for s = 0.1,0.5
and 0.9.

Ki(s.t)

4.000 F7

3995 +

Fig.2: The curvature k, (s, t) of the family of
spacelike curves C; for s € [0,5], t € [0,8],
a=1, c;,=4and c3 = 2.

3.990

3985+ — KeoD

—  Kit03)

3.980

— —  Kt09)

K(sp

Fig. 5: The curvature k3(s, t) for s = 0.1,0.5
and 0.9.

Fig.3: The curvature ks(s,t) of the family of
spacelike curves C; for s € [0,5], t € [0,8],
a=1,c,=4and c; = 2.
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Fig.6: The curvature k,(s,t) fort = 0.1,0.5
and 0.9
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I
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Fig.7: The curvature k5(s,t) fort = 0.1,0.5

5 Conclusion

As a conclusion of our results, the inextensible
flows of spacelike curves lying fully on a
spacelike surface (2 according to the equiform
frame in 4-dimensional Minkowski space R}
can be expressed as a partial differential
equation involving the equiform curvature
functions in R}. Also, the advancement
equations for the curvatures of the curve in
terms of these velocities are derived and found
its exact solutions.
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