WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2020.19.18 Raja Mohammad Latif

Theta— o — Mappings in Topological Spaces

RAJA MOHAMMAD LATIF
Department of Mathematics and Natural Sciences
Prince Mohammad Bin Fahd University
P.O. Box 1664 Al Khobar
KINGDOM OF SAUDI ARABIA

Abstract: - In 2017 S. Ghour and B. Irshedat defined the €, —closure operator as a new topological operator
and introduced 6, —open sets as a new class of sets and proved that this class of sets is strictly between the
class of open sets and the class of & —open sets. In this paper we introduce €, —continuous, € —irresolute,
6,—open, 6, —closed, pre—6 —open, pre—6, —closed, contra @ —continuous and almost contra
6, —continuous mappings and investigate properties and characterizations of these new types of
mappings in topological spaces.

Key-Words:- 8, —open, 6, —continuous, €, —irresolute, € —closed, pre—6 —open, pre—6, —closed,

contra € — continuous, almost contra @, — continuous.

Received: January 2, 2020. Revised: May 14, 2020. Accepted: May 20, 2020. Published: May 27, 2020.

1 Introduction

The notions of @—open subsets, @ -closed denoted by A Cl,(A). A subset A of X is
subsets and @-closure were introduced by called 6 —closed if

Velicko [39] for the purpose of studying the A=Cl,(A). Dontchev and Maki
important class of H-closed spaces in terms of [[10],Lemma 3.9] have shown that if A and B

arbitrary filterbases. Dickman and Porter [8,9], are subsets of a space (X,r), then

Joseph [20] and Jankovic [18,19] continued the Cl,(AUB)=Cl,(A)UCI,(B) and Cl,(AI B)=

work of Velicko. Recently Noiri and Jafari [33] Cl,(A)I Cl,(B). Note also that the 6-closure
and Jafari [17] have also obtained several new of a given set need not be a & —closed set. But it
and interesting results related to these sets. In is always closed. The complement of a
what  follows (X,z) (or X)  denotes O—closed set is called a #—open set. The
topological spaces on which no separation ¢ —interior of set A in X, written Int,(A),
axioms are assumed unless explicitly stated. We consists of those points X of A such that for
denote the interior and the closure of a subset A some open set U containing X, CI(U)g A A

of X by Int(A)and CI(A), respectively. A

point xe X is called a #—adherent point of A
[10], if AI CI(A)=¢ for every open set V

set A is @—open if and only if A=Int,(A), or
equivalently, X — A is & —closed. The collection
of all f#—open sets in a topological space
containing X. The set of all #—adherent points
of A is called the #-closure of A and is

(X,7) forms a topology 7, on X, coarser than

v and 7,=7 if and only if (X,7) is regular.
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the
6 —open sets

Several authors continued study of

6 — closure operator, and their

related topological concepts. Recently some
authors have studied several generalizations of
@—open sets. A set A is w—open setin (X,7)
if for each x € A, there is U ez and a countable
set Cc X such that xeU -C c A The family
of all w—-open setsin (X,7) is denoted by 7. It
is well known that z, forms a topology on X
finer than 7. @—open sets played a vital role in

general topology research. Al Ghour used

w—opensets to define w-regularityas a

generalization of regularity as follows. A
topological space (X,7r) is w@-regularif for
each closed set F in (X,7r) and xeX-F,

there exist U ez and V 7 such that xeU and
FcV with UTV =¢. The closure of A in the

(X,7,) is called the
w—closure of A in (X,7z) and is denoted by
Cl,(A). In 2017 Al Ghour used the - closure

operator to define the 6, —closure operator in a

topological space

similar way to that used in the definition of the
A point xeXis in

(xecl, (A) if
Cl,(A)I A=¢ for any U er with xeU. A set
A is called @,-closed if Cl, (A)=A. The

@ —closure operator.

6, —closure of A

complement of a € —closed set is called a
6, —open set. The family of all 8, —open sets in

(X,7) denoted by z, forms a topology on X

which is strictly between 7, and 7. In this paper

we introduce 6 —continuous, €, —irresolute,

6, —open, 6, —closed, pre—@, —open,

pre—6, —closed, contra 6 —continuous and
almost contra 6 —continuous and investigate
properties and characterizations of these new

types of mappings.
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2 Preliminaries

Definition 2.1.  ([39])  Let be a

topological space and let Ac X.

(X,7)

(a). Apoint x in X is in the #—closure of A
(xeCl,(A)) if CI(U)T A#=¢ forany U er and
xeU.
(b).
().

6 —closed.

(d). The family of all &—open sets in (X, 7) is
denoted by z,.

Theorem 2.2, ([39]) Let (X, 7) be a topological

A is §—closed if Cl,(A)=A.

A is O—open if the complement of A is

space. Then (a). 7, forms a topology on X.
(b). 7,7 and 7, # 7 in general.
Definition 23.  ([16]) Let (X,7)
topological space and let Ac X.

(a). A point x in X is a condensation point of

A if for each U ez with xeU, theset UT A is
uncountable.
(b). Aset A is w—closed if it contains all its

be a

condensation points.
(c). A set Ais w—open if the complement of

A is w—closed.
The family of all @—open sets in a topological

space (X,7) is denoted by z,. For a subset A
of a topological space (X,7), it is known that
Aer, if and only if for each x e A, there exists
U e7 such that xeU and U - A is countable.

Theorem 2.4. ([3]) Let (X,7) be a topological

space. Then the following statements are true.
(a). 7, is atopology on X.

(b). r<7, and 7, # 7 in general.

Theorem 2.5. Let (X, 7) be a topological space
and let Ac X. Then CI,(A)cCI(A) and
Cl,(A)#CI(A) in general.

Definition 2.6. ([1])Let (X,7) be a topological
space and let Ac X.
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(a). A point x in X is in the 6, —closure of A
(XECL%(A)) if Cl,(U)I A#¢ for any Uer
with xeU.

(b). A set A is called 6, —closed if
Cl, (A)=A.
(c).A set A is called ¢,—open if the

complement of A is 6 —-closed.

(d). The family of all 6, —open sets in (X, 7)
is denoted by 7, (or 6,0(X)=6,0(X,7)).

(e). The family of all €, —closed sets in (X , T)
is denoted by 6,C(X)=6,C(X, 7).

Theorem 2.7. ([1]) Let (X,7) be a topological
space and let Ac X. Then

(a). CI(A)=Cl, (A)=Cl,(A).

(b). If A is 6—closed, then A is 6, —closed,
(c). If Ais 6, —closed, then A is closed.
Theorem 2.8. ([1]) Let (X,7) be a topological

space. Then 7,cz, c7.

Theorem 2.9. ([1]) Let (X,7) be a topological

space.
(a). If AcBc X, then Clgm(A)gCI%(B).

(b). For  each  subsets A Bc X,
Cl, (AUB)=Cl, (A)UCI, (B).

(c). For each subset Ac X, Cl, (A) is closed
in

(X,T).

(d). Foreach Aez, , Cl, (A)=CI(A).

(). Foreach Aez, Cl,(A)=Cl, (A)=CI(A).
Theorem 2.10. ([1]) Let (X, 7) be a topological

space. Then
(a). ¢ and X are ¢, —closed sets.

(b). Finite union of @, —closed sets is
6, —closed.

(c). Arbitrary intersection of ¢, —closed sets
is 6, —closed.

Theorem 2.11. ([1]) Let (X, 7) be a topological

space. Then 7, is a topology on X.
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Theorem 2.12. ([1]) Let (X,7) be a topological
space and Ac X. Then Ae 7, if and only if for
each xeA, there exists Uer such that
xe!U gCIw(U)g A.

Corollary 2.13. Every open w-closed set in a
topological space (X, 7) is 6, —open.

Corollary 2.14. Every countable open set in a
topological space (X, 7) is ¢, —open.

The following example shows that , —open are
strictly between 6 —open sets and open sets.
Example 2.15. ([1])  Let and ¥

denote, respectively the set of real numbers, the
set of rational numbers, the set of irrational
numbers and the set of natural numbers.

Consider (X,z) where r:{¢,"' ¥ o®¥ Un }
Then 7z, ={¢,” ¥}and ¢, ={4," }.

Definition 2.16. Let A be a subset of a topological
space (X,7). Then the Kernel of A, denoted by

C
,Q,Q 1

Ker(A), is the intersection of all open supersets of
A.

A and B be subsets of a
(X,z’),then the following

Lemma 2.17. Let
topological space
properties hold:

(i). Xe Ker(A) if and only if ATl F #¢ for every

closed set F in (X , T) containing X.

(ii). Ac Ker(A) and if A is open in (X,r), then
A=Ker(A).

(iii). 1f Ac B, then Ker(A)c Ker(B).

3 6, — Continuous Mappings

The purpose of this section is to investigate
properties and characterizations of 6, —continuous

functions.

Definition 3.1. A function f :(X,T)—)(Y,G) is
said to be 0, —continuous if f~' (V)eteo for

every V €.
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Theorem32. Let f:(X,7)—>(Y,0) be a

function. Then the following are equivalent:
(1) f is @, - continuous;

(2) The inverse image of each closed setin Y isa
6, —closed setin X;

() o[tV ew)

Vcv;
(4) f [uem (U )] cCI[f(U

(5) For any point xe X and any open set V of

for every

)] for every U < X;

Y containing f(x), there exists U €, such that

xeU and f(U)cV;

Bd, [ (V)] f'[Bd(V)],

Vcv;

(7) f[D,, (U)]cCI[ f(U

for every

):l, for every U  X;;

(8) f'[mt(v)]c Intem[f"(V)], for every
Vcy;
Proof. (1):(2): Let FcY be closed. Since f

is 6,—continuous, f'(Y-F)=X-f"(F) is
0, —open. Therefore, f'(F) is 6, —closed in

X.

(2)=(3): Since CI(V) is closed for every V Y,
then f7'[CI(V)] is 6,—closed. Therefore
t[ci(v)]=cl, [ f(cl(v))]=Cl, [ (V)]
() (4): Let UcX and f(U)=V. Then
[ ‘V)]e CI( )]- Thus
Cl, (U)cl, [ ] [C|(f( )]
and f[ u)]e C|[f
(4)=(2): Let WY be a closed set, and
U=f"(W). Then f[Cl, (U)]cCI[f(U)]
=ClI[ f(f"(W))]=Cl(W)=W.Thus
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Cl,, (U)< £ f(Cl, (U))]< F(W)=U. So U
is 4,

(2)=

closed.

—closed.

(1):Let V cY be an open set. Then Y -V is
Then frY-V)=X-f"(V) s

0,—closed in X and hence f~'(V) is @, —open

in X.

(1)=(5): Let f:(X,1)>(Y, o) be

6, —continuous. For any x € X and any open set V

of Y containing f(x), U= f'l(V)eTHm, and

f(U)=f[f"(v)]eV.

(5)=(1): Let V ec. We prove f'(V)ez, . Let
xe f(V).Then f(x)eV and there exists U ez,
such that f (X) ef (U ) cV. Hence
xeU c f’l[f (U)]g f’l(V). It
f'(V)is a 6, —neighbourhood of each of its
points. Therefore f~'(V)ez, .

(6):>(8): Let VcY. Then by hypothesis,
Bd, [ f (V)] f'[Bd(V)]

= f'(V)-Int, [ f

X eU and

shows that

(V)] [V -int(v)]

V)]

=f'(V)-f"[int(v)] =
(V)] Int, [ 7(V)].

(8):>(6): Let VY. Then by hypothesis,
' nt(V) ] Int, [ £ (V)] (V)=Int, [ f-

c (V)= [Int(V)]=f" [v—lntv)]

= Bd, [ f(V)]c f'[Bd(V)].

(l):>(7): It is

6, —continuous

since f is
by (4)

obvious,

and

[C ]cCI :l for each U < X. So
t[D, (U)]cCI[fU)].
(7):>( ) Let UcY be an open set, V=Y —-U
and f(V)=W. Then by hypothesis
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Then D, [f'(V)]cf'(V) and (V) is

0, —closed. Therefore, f is @,— continuous.

(1)=(8): f (V)] is

0,—open in X. Thus f’l[lnt(V)]:

Int, [ £ (Int(V))]<Int, [ 7 (V)]
' nt(v)]cint, [ £7(V)].

(8): (1): Let
fr(v)="f" I:Int(V )] cInt, [ f (Vv )] Therefore,
f7(V) is @,—open

0, — continuous.

Let V cY. Then

Therefore

VcY be an open set. Then

in X. Hence f s

In the next Theorem, #0,—C. denotes the set of
points X of X
f:(X,1)—>(Y,o) isnot 6, —continuous.

for which a function

Theorem 3.3. #0,—C. is identical with the union
of the g,— frontier of the inverse images of

6.,—open sets containing f (x).

Proof. Suppose that f is not g,—continuous at
a point X of X. Then there exists an open set
V cY containing f(x) such that f(U) is not a

subset of V for every U ez, containing X.

Hence, we have U I f"(X —f (V)) # ¢ for every

Uer,  containing X. It follows that
XeCIgm[X A\ )] We also have
xe f'(V)c Cl, [ f(v )] This means that

xeFr, [ f(v )] Now, let f be g,—continuous

at xeX and V cY any open set containing
f(X). Then, X e f’l(V) isa @,—open set of

X. Thus. Xelntem[f’I(V)]

xeFr, [ f! (V ):| for every open set V containing

f(x).

and therefore
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Remarks 3.4. (1) Every @,—continuous function

is continuous but the converse may not be true.

(2) If a f:(X,r)—)(Y,G) is

0, —continuous and a function ¢ :(Y , G) — (Z , 8)

function

is @,—continuous, then gof :(X,t)—)(Z,S) 1S

0., — continuous.

(3) If a fZ(X,T)—)(Y,G) 1S
0, —continuous and a function ¢ :(Y , G) —>(Z, 8)
gof :(X,r)—)(Z,S) 1S

function

is continuous, then

0., — continuous.

(4) Let (X, 1) and (Y, o) be topological spaces.
If f:(X,1)—>(Y, o) is a function, and one of the
following

(a) f'[Int(B)]cint, [f(B)]

BcY.

for each

(b) Cl, [f‘l(B)] c f"[CI (B)} foreach BcY.
(c) f [Clew (A)] cCl [ f (A)} for each ACX.

holds, then f is continuous.

Lemma3.5. Let AcYc X, Y is g,—open in

Xand A is g,—open in Y. Then A is 9,—open
mn X.

Proof. Since Ais ¢,—open in Y, there exists a
0.,—open set U c X suchthat A=Y T U. Thus A
being the intersection of two @,—open sets in X,
is ,—open in X.

Theorem36. Let f:(X,1)—>(Y,0) be a
mapping and {Ui e I} be a cover of X such that
U,er, for each ie€l. Then prove that f is

0., — continuous.

Proof. Let set, then
(f|Ui)7l(V) is @,—open in U, for each iel.

VcY be an open

Since U, is g,—open in X for each i€l. So by
Lemma 3.5, (f|Ui)_1(V) is g,—open in X for
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each iel. But, f"l(V)zU{(f|Ui)7l(V):ieI},

then f~' (V) €71, because 7, is a topology on

X. This implies that f is g,— continuous.

49, — Irresolute Mappings

In this section, the functions to be considered are
those for which inverses of @,—open sets are

60.,—open. We investigate some properties and
characterizations of such functions.

Definition 4.1. Let (X,t) and (Y,c) be
topological spaces. A function f :(X,1)—>(Y,o)

is called @,—irresolute if the inverse image of each

0,—opensetof Y isa g,—open setin X.

Theorem 4.2. Let f:(X,1)>(Y,0c) be a

function between topological spaces. Then the
following are equivalent:

(1) f is @,—irresolute.

(2) the inverse image of each g, —closed set in Y

isa @,—closed setin X;

(3) Clgm[f"(V )]g f! [Clgm (v )] for every
VcY;

(4) f [Clem (U )] c Clem [f (U )] for every U < X;
(5) f"[lntgw(B)]g Intgw[f’l(B)] for every
BcY.

Theorem 4.3. that a function

f :(X , r) - (Y , O') is @,—irresolute if and only if

Prove

for each point p in X and each g,—openset B in
Y with f(p)e B, there isa @,—open set A in X
such that pe A, f(A)cB.

Proof. Necessity. Let pe X and Beg, such
that f(p)eB. Let A=f"'(B). Since f s
0,—irresolute, A is @,—open in X. Also
pef'(B)=A as f(p)eB. Thus we have

f(A)=f[f"(B)]<B.
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Sufficiency. Let Beo, , let A=f~'(B). We show
that A is @,—open in X. For this let Xe A, It
implies that f(x)eB. Then by hypothesis, there
exists A €7, such that xe A and f(A)cB.

Act'[f(A)]cf'(B)=A  Thus
AZU{AK IXe A}. It follows that A is g,—open

in X. Hence f is g,—irresolute.

Then

Definition 4.4. Let (X,’E) be a topological

space. Let xe X and N < X. We say that N is a
0,—neighbourhood of X if there exists a
0,—open set M of X suchthat xeM < N.

Theorem 4.5.
f :(X , ’E) — (Y , G) is @,—irresolute if and only if

Prove that a function

for each X in X, the inverse image of every

., — neighbourhood of f(x), is a

0, —neighbourhood of X.

Proof. Necessity. Let xe X andlet B be a
., —neighbourhood of f (X) Then there exists

U eo, suchthat f (X) €U c B. This implies that
xe f'(U)c f'(B). Since f is g,—irresolute,
so f7'(U)et, . Hence f(B) isa

0, —neighbourhood of X.

Sufficiency. Let Beo, . Put A= f(B). Let
XxeA. Then f(x)eB. But then,
0,—open set, is a @,—neighbourhood of f(Xx).
So by A=f"' ( B) is a
0., —neighbourhood of X. Hence by definition, there
A ety xeA c A Thus
A=U{A, :xeA}. It follows that A isa g,—open

setin X.Therefore f is @,—irresolute.

B being
hypothesis,

exists such that

Theorem 4.6. Prove that a function
f :(X , 1:) - (Y , cs) is @,—irresolute if and only if
for each X in X. and each @,—neighbourhood U

of f (X), there is a @,—neighbourhoodV of X

such that f(V)cU.
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Proof. Necessity. Let xe X and let U be a
@, —neighbourhood of f(x). Then there exists

O, €0,, such that f (x)e Oy cU. It follows
that xef”' [Of(x)] c f'(U). By hypothesis,

£y €7, Let V= £7(U). Then it follows

that V is a @,—neighbourhood of X and

f(v)=f[f'(U)]cu.

Sufficiency. Let Beo,. Put O=f"(B). Let
xeO. Then f(x)eB. Thus B is a
0, —neighbourhood of f(x). So by hypothesis,
there exists a g, —neighbourhood VX of X such that

f(V,)cB. Thus it follows that
xeV, c f’l[f (VX)]Q f7'(B)=0. Since V, is a
0,—neighbourhoodof X, so there exists an

O, T, such that xe O, cV,. Hence xe€O, c O,
O, €7, . Thus O=U{O, : xe O}. It follows that O
is §,—open in X. Therefore, f is g,—irresolute.
Theorem 4.7. that a
f :(X , 1:) — (Y , G) is @,—irresolute if and only if
f[D, (A)]c f(A)UD, [ f(A)], forall Ac X.

Prove function

Proof.Necessity. Let f:(X,7)—>(Y,0) be
0,—irresolute. Let AcX,and a,eD, (A).
Assume that f(a,)e f(A) and let V denote a
of f(a).
0, —1irresolute, so by Theorem 4.6, there exists a
6.,—neighbourhood U of &, such that f(U)cV.
From a, €D, (A), it follows that UT A= ¢; there

0., —neighbourhood Since f s

exists, therefore, at least one element acUI A
such that f (a) ef (A) and f (a) ef (V) Since

f(a,)e f(A), we have f(a)=f(a,). Thus
every @,—neighborhood of f(a,) contains an
of  f(A) f(a),
consequently, f(a,)eD, [f (A)] This proves

necessity of the condition.

element different from

Sufficiency. Assume that f is not g,—irresolute
Then by Theorem 4.6, there exists 8, € X and a
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0., —neighborhood V of f(a,) such that every

0, —neighborhood U of a, contains at least one

element aeU for which f (a) V. Put
A:{an: f(a)eEV}. Then @, ¢ A since
f (ao) eV ,and therefore f (a(,) ¢ A; also

f(ao)éDgw[f(A)] since V1 (V—{f(ao)}):q).
So f(a,)e f[D, (A)]-[ f(A)UD, (f(A))]=4,

which is a contradiction to the given condition. The

condition of the Theorem is therefore sufficient and
the theorem is proved.

Theorem 4.8. Let f :(X,1)—>(Y, o) be a one-to-
one function. Then fis g, —irresolute. if and only if
f[D, (A)]=D, [ f(A)], forall Ac X.

Proof. Necessity. Let f be g@,—irresolute. Let
AcX,a,eD, (A) and \%
,,—neighborhood of f(a,).

0,—irresolute, so by Theorem 4.6, there exists a
6., —neighborhood U of @, such that f(U)cV.

be a

Since f is

But @, € DH(,,(A); hence there exists an element
aeUI A such that a#a,; then f(a)ef(A)
and, since f is one to one, f(a)= f(a,).Thus
every ¢, —neighborhood V of f(a,) contains an
of f(A) different f(a,);
f(a,)eD, [ f(A)]. have
therefore f [Dg (A)] c D, [f (A):I

(]

from

We

element

consequently

Sufficiency. Follows from Theorem 4.7.

560, —Open Mappings

The purpose of this section is to investigate some
characterizations of g@,—open mappings.

Definition 5.1. Let (X , ’E) and (Y,G) be
topological spaces. A function f :(X,1)—>(Y,o)
is called g,—open if for every open set G in X,
f(G)isa g,—opensetin Y.

Volume 19, 2020



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2020.19.18

Theorem 5.2. Prove that a mapping
f:(X,1)>
each Xe X, and ¢, U € To, such that xeU, there

(Y , G) is @,—open if and only if for

exists a ¢, —open set W <Y containing f (x) such
that W < f (U )

Proof. Follows immediately from Definition 5.1.

Theorem 5.3. Let f:(X,z)>(Y, o)be
0.,— If WcY and Fc X is a closed set
containing f! (W ), then there exists a g, — closed.

H <Y containing W such that f'(H)< F.

open.

Proof. H=Y-f(Y-F). Since
f(W)cF, f(Y-F)c(Y-W).
Since f is 0,—open, then H is g,—closed and
f'(H)=X-f"[f(X-F)]eX-(X-F)=F.

Theorem 5.4. f:(X,1)> (Y, o)
9(4)_ let BQY

[ cl, (int, (1, (B)))|=cI['(8)].

Proof. Cl[f"

£(B).

0, —closed set
f(H)ccCI[ (B )].
1[ (int, (c1,, (B
1[ (Inte (CIe

Let

we have

Let
function

be a

open. and Then

(B)] is closed in X containing

Theorem 5.3,
BcHCcY

Therefore,

exists a
that

By there
such

we obtain

M[H]cclf f

(8)]

Theorem 5.5.
f :(X , r) -
f [ Int(

Prove that a function
(Y,G) is @,—open if and only if

A)]< Int, [ f(A)], forall Ac X.

Proof.Necessity. Let Ac X. Let xelnt(A).
Then there exists U, et such that xeU, < A. So

f(x)ef(U,)c f(A).

f(Ux)eagw.

flInt(A)]<Int, [ f(A)].

and by hypothesis,

e Int, [ f

Hence A)] . Thus
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Sufficiency. Let U er.
flint(U)]<int, [ f(U
U is open. Also Int, [f (U )] cf(u
f(U)=Int, [ f(U)]. Thus f(U) is g,—open

openin Y. So f is g,—open.

Then by hypothesis,
)] Since Int(U)=U as

)-Hence

Remark 5.6. The equality may not hold in the
preceding Theorem.

Theorem 5.7.
fZ(X,T)—)(Y,G) is g,—open if and only if
Int[ £ (B)]< f'[Int, (B)], forall BCY.

Prove that a function

Proof. Necessity. Let B Y. Since Int[ f~'(B)]
in X 6., —open,
f[nt(f(B))] is 6,—open in Y. Also we have
f[nt(f(B))|< [ f'(B)]=B. Hence,
have f[Int(f"(B))|<Int, (B). Therefore, we
obtain Int(f~'(B))< f~'[Int, (B)].

is open and f is

w¢e

Sufficiency. Let Ac X. Then f(A)cY. Hence
by hypothesis, we obtain

Int(A) < Int[ £(F(A))]< £ [Int, (T(A))].
Thus f[Int(A)]c Int, [ f(A)], forall Ac X.
Hence, by Theorem 5.5, f is g,—open.

Theorem5.8. Let f:(X,1)—>(Y,0)

mapping. Then a necessary and sufficient condition
for f to  be 0, —open is  that

f! [Clgfu(B)JgCl[f’l(B)] for every subset B of
Y.

be a

Proof. Necessity. Assume f is @,—open Let
BcY. Let xef™ [CI%(B)J. Then
f(x)eCl, (B). Let U et such that xeU. Since
f is 9,—open, then f(U) isa g,—open setin
Y. Therefore, BI f(U)#¢.Then
Ul f"(B):td). Hence XeCI[f’l(B)]. We
conclude that f'l[Clew(B)]gCl[f'l(B)].
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Sufficiency. Let BcY. Then (Y-B)cY. By
t[cl, (Y-B)]ccI[f(Y-B)].
X -CI[ (Y -B)]= X - f'[Cl, (Y-B)].Thus
X-Cl[x-f"(B)]c f'[y-cCl, (Y-B)]. By
it implies that

hypothesis,

applying a well-known result,
Int[ £ (B)]< ' Int, (B)].

Theorem 5.7, it follows that f is @,—open.

Now form

6 0, — Closed Mappings

In this section we introduce @,—closed functions

and study certain properties and characterizations of
this type of functions.

Definition 6.1. A mapping f :(X,1)—>(Y,0) is
called g,—closed if the image of each closed set in

X isa g,—closed setin Y.

Theorem 6.2.
f:(X,1)>

cl, [ f(A)]<=f[cl(

that a mapping
(Y,o) is @,—closed if and only if
A):l foreach Ac X.

Prove

Proof. NeceSSity Let f be g,—closed and let
Ac X. Then f C f[Cl ] and f[CI(A)}

closed setin Y. Thus
w)e o)

Sufficiency. Suppose that

isa g,—

Cly, [ 1

Clgw [f (A)} cf [CI (A)], foreach Ac X. Let
A c X be a closed set. Then
Cl, [ f(A)]< f[CI(A)]= f(A). This shows that

f (A) isa g, —closed set. Hence f is g,—closed.

Theorem6.3.  Let f:(X,1)>(Y,0) be
0,—closed. If VcY and Ec Xis an open set

containing f! (V), then there exists a @,—open

set G Y containing V such that f - (G) cE.

Proof. Let G=Y—f(X—E).Since
f_l(V)gE, we have f(X—E)gY—V. Since
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f is @,—closed, then G is a g,—open set and
f(G)=X-f"[f(X-E)]eX-(X-E)=E.

Theorem 6.4. Suppose that f : (X , r) -
0., —closed mapping.

Int, [Cl, (f(A))]< f[CI(A)

of X.

(Y , G) 1sa
Then
:| for every subset A

Proof. Suppose f isa g,—closed mapping and
A is an arbitrary subset of X. Then f[CI (A)] is

0, —closed i Y. Then
Int, [ ( CI (A) )}c f[CI But also
Int, [C1, (f (A))]<nt, [Cl,, (f(Cl( A)) ]
Hence Int,, [Clgm ( f(A )} cf [CI A ]
Theorem6.5. Let f:(X,1)>(Y,0) be a
0., —closed function, and B,C Y.

Proof. (1) If U is an open neighborhood of
f7(B), then there exists a ¢,—open
neighborhood V of B such that

f1(B)c ' (V)cU.

(2) If f is also onto, then if f"(B) and f"l(C)

have disjoint open neighborhoods, so have B and

C.

Proof. (1) Let V=Y—f(X—U). Then
Ve=Y-V= f(UC). Since f is g,—closed, so V
is a g,—open set. Since f'(B)cU, we have
Ve=f(Uf)c f[ f7(B°)|cB". Hence, BcV,
and thus Vis a @,—open neighborhood of B.
Further U f7'[ f(U)]=f(ve)=[ (V)]
This proves that (V)cuU.

(2) 1f f’l(B) and f’l(C) have disjoint open

neighborhoods M and N,then by (l), we have
0., —open neighborhoods U and V of B and C

respectively such that
£ (B)c 7' (U)c Int, (M)and
f(C)c f’l(V)gIntgm(N). Since M and N

are disjoint, so are Int, (M) and Int, (N), hence
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so f'(U) and f7(V) are disjoint as well. It

follows that U and V are disjoint too as f is onto.

Theorem 6.6. Prove that a surjective mapping
f :(X , r) - (Y , O') is g,—closed if and only if for
each subset B of Y and each open set U in X
containing ' (B), there exists a @, —open set V

inY containing B such that f™'(V)cU.

Proof. Necessity. This follows from (1) of
Theorem 6.5.

Sufficiency. Suppose F is an arbitrary closed set in
X. Let Y be an arbitrary point in Y — f (F). Then
f'(y)eX-f"[f(F)]<(X-F) and (X -F)

is open in X. Hence by hypothesis, there exists a

d,—open set Vy containing Yy such that
f7(V,)e(X-F).  This  implies that
yeV, c [Y —f (F )] Thus we obtain

Y-f(F)=U{V,:yeY-f(F)}. So Y-f(F)
being a union of g,—open sets, is g,—open Thus
its complement f(F) is g,—closed. This shows

that f is g,—closed.

(0]

Theorem 6.7. Let f :(X,17)—>(Y,0) bea

bijection. Then the following are equivalent:

(a) f is g,—closed.
(b) f is 9,—open.
(c) f~' is g, — ocontinuous.

Proof. (a)=(b): Let Uert. Then X-U is
closed in X. By (a), f(X-U) is g,—closed in
Y. But f(X-U)=f(X)-f(U)=Y-f(U).
Thus f(U) is g,—open in Y. This shows that f
1s @,—open.

(b)=(c): Let U = X. be an open set. Since f is
0., —open. So f(U)=(f’l)7l(U) is @,—open in

-1 . .
Y. Hence f is g, —ocontinuous.

E-ISSN: 2224-2880

195

Raja Mohammad Latif

Let A be an arbitrary closed set in X.

in X. f' s

(c)=(a):

Then X —-A is open Since

0, — ocontinuous, (f’l)il(X —A) is §,—open in
Y. But (f7) (X-A)=f(X-A)=Y-f(A).
Thus f(A) is @,—closed in Y. This shows that f

is 4,,—closed.

Remark 6.8. A bijection f :(X,1)—(Y,c)may
be open and closed but neither
0., —closed.

0., —open nor

7 Pre—6_, —Open Mappings

The purpose of this section is to introduce and
discuss certain properties and characterizations of
pre—@,—open functions.

Definition 7.1. Let (X,z) and

topological spaces. Then a
f:(X,1)—>(Y, o) is said to be pre—g,—open if

(Y,o) be

function

and only if for each Aez, , f (A)eq, .

Theorem 7.2. f:(X,1)>(Y,0)
9:(Y,0)>(Z,pn) be any two pre—g,—open
functions. Then the composition function
gof :(X,1)—>(Z,n) isa pre—g,,—open function.

Let and

Proof. Let U ez, . Then f(U)eo, . Since f is
pre—¢g,—open But then g(f (U ))eygm as ¢ is

pre —@,,—open. Hence, gof is pre—g,—open.

Theorem 7.3. Prove  that a  mapping

f :(X , ’E) —>(Y , G) is pre—@,—open if and only if
for each x € X and for any U €7, such that Xe U,
there exists V eo, such that f(x)eV and

Vcf (U )
Proof. Routine.

Theorem 7.4. Prove  that a  mapping
f: (X , r) - (Y , 0) is pre—@,—open if and only if

for each x e X and for any g,—neighbourhood U
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of X in X, there exists a @, —neighbourhood V of
f (X) in Y suchthatV c f(U).

Proof. Necessity. Let xe X and let U be a
0,—neighbourhood of X. Then there exists

Wer, that xeW cU. Then
f(x)ef(W)c f(U). But f(W)eo, as f is
pre—@,—open V=t (W) is a
6., —neighbourhood of f(x) and V c f(U).

such

Hence

Let xeU. Then U is a
0, —neighbourhood of X. So by hypothesis, there
of f(x) such

Sufficiency. Let U e 1, .

exists a g, —neighbourhood V, (x)
that f(x)eV
f(U)is a

points. Therefore f(U) is g,—open. Hence f is

(0 S f(U). It follows at once that

0, —neighbourhood of each of its

pre—@,—open.
Theorem 7.5. Prove that a function
f:(X,1)—>(Y,o) is pre—g,—open if and only if

tlint, (A)]<nt, [ f(A)

Proof. Necessity. Let Ac X. Let xeInt, (A).
Then there exists U, €7, suchthat xeU, < A. So
f(x)ef(U,)c f(A) by

f(U,)eo,. Hence f(x)elnt, [f (

flint, (A)]<Int, [ (A)].

Sufficiency. Let U et .
flint, (U)]cint, [f(U)]. Since Int, (U)=U
asU is g,—open. Also Intgm[f (U )]g f(U)

f(U)=Int, [ f(U)]. f(U) is
0,—open in Y. So f is pre—g,—open.

] forall Ac X.

and hypothesis,

A)] . Thus

Then by hypothesis,

Hence Thus

We remark that the equality does not hold in
Theorem 7.5 as the following example shows.
Example 7.6. Let X =Y =R. suppose X be with
topology T = {¢, ¥ o®¥ Un C}. Then
Ty = {¢ ¥ }
={A:AcX}=P(X). Let f=1d:X—>Y

Let Y be with discrete topology
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be an identity function defined as f(X)z X, for

each Xe X. Let A=x® Then
g=f[Int, (A)]=Int, [f(A)]=5".

Theorem 7.7. Prove that a function
f :(X , ’E) - (Y , G) is pre—@,—open if and only if

Int, [ £(B)]< f'[Int, (B)] forall BCY.

Proof. Necessity.  Let BcY.  Since

Int, [ f'(B)] is 6,—open in X and f is
(B))] is 6.~ open in
Y. Also we have f[lnt( '(8) < f[f(B)]

f[nt, (£7(8))]< nt, (B).

Therefore Int,, [ f- (B)] cf” [Intgm (B)]

pre — @9, —open, f[lnt

c B. Hence,

Sufficiency. Let Ac X. Then f (A) cY. Hence
by hypothesis, we obtain

Int, (A)cInt, [ £7(f(A))]< [ Int, (f(A))].

This implies that

fInt, (A)]< £ £ (int, ((A)))]< int, [£(A)].
Thus f[Int, (A)]c Int, [ f(A)], forall Ac X.
Hence, by Theorem 7.5, f is pre —g,—open.

Theorem 7.8.
f:(X,1)>

Prove that a

mapping
(Y , G) is pre—@,—open if and only if

f! [Clgm (B)] cCl, [ f! B)], for every subset B
of Y.

Proof. Necessity. Let Bcy. Let
xe f[Cl, (B)]. Then f(x)eCl, (B). Let
Uer, such that xeU. By hypothesis,
f(U)eo, and f(x)ef(U). Thus
f (U )I B#¢. Hence UT (B) #¢. Therefore,
XeCIgm[f’l(B)], So we obtain
t[cl, (B)]ccl, [f(B)].

Sufficiency. Let B<Y. Then (Y -B) By

B)].
B)).

cY
hypothesis, [CIQM (Y - B)] cCl, [ (
So X-Cl, [f(Y-B)]ex-f"[cCl, (Y-
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So X-Cl, [X-f"(B)]cf'[Y-Cl, (Y-B)]
By a well-known result, it that

Int, [ £(B)]< f'[Int, (B)]. by
Theorem 7.7, it follows that f is pre—g,—open.

follows
Now

Theorem 7.9.  Let and

g :(Y,c)—)(Z,u)
gof :(X,r)—)(Z,p) is @,—irresolute. Then

f :(X,’C)—)(Y,G)

be two mappings such that

(1) If g isa pre—g,—open injection, then f is
0., —irresolute.

(2) If f isa pre—g,—open surjection, then g is

0, —irresolute.

Proof. (1) Let Ueo, . Then g(U)ep, since
g is pre—g,—open. Also gof is g,—irresolute.
Therefore, we have (gof )71 [g (U )} €7, . Since g
is an injection, ) we
(gof ) [g(U)]=(f"og")[9(U)]=
f! [g'l (g (U ))] =f7(U). Consequently f~'(U)
is @,—open in X. This proves that f is

have

0, —irresolute.

(2) Let Ve Mo, - Then (gof )'(V)e T, since
gof is g,—irresolute. Also f is pre—g,—open
0,—open f [(gof )_l (v )} is 9,—open in Y.

Since f is note  that

| (gof )" (V) |=| fo(gof )" (V)=
[ fo(fog™)|(V)=[(Fof ")og™(V)]=g" (V).

Hence g is g,—irresolute.

surjective,  we

8 Pre—0_— Closed Mappings

In this last section, we introduce and explore several
properties and characterizations of pre—g,—closed

functions.

Definition 8.1. A function f :(X,t)—>(Y,0) is
said to be pre—g,—closed if and only if the image
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set f(A) is @,—closed for each @,—closed
subset A of X.

Theorem 8.2.  The of
pre—@,—closed mappings is a pre—g,—closed
mapping.

composition two

Proof. The straight forward proof is omitted.

Theorem 8.3. Prove that a  mapping

f:(X,1)>(Y, o) is pre—g,—closed if and only
if Cl, [ f(A)]c f[Clgm(A)] for every subset A
of X.

Proof.  Necessity.
pre—@,—closed mapping and A is an arbitrary

subset of X. Then f[Clgm(A)] is @,—closed in
Y. Since f(A)g f[CI%(A)] we obtain

cl, [f(A)]c f[cl, (A)].

Sufficiency. Suppose F is an arbitrary g,— closed

Suppose f is a

set in  X. By hypothesis, we obtain
f(F)ccl, [f(F)]c f[cl, (F)]=f(F).
Hence f(F)zCI%[f(F)]. Thus f(F) s
@,—closed in Y. It follows that f is
pre — @4, —closed.

Theorem84. Let f:(X,1)—>(Y,0) be a

pre—@,, —closed function, and B,C Y.

(1) If U isa g,—open neighborhood of f'(B),
then there exists a @,—open neighborhood V of
B such that f"(B)g f"(V)gU.

(2) If f isalso onto, then if f~'(B) and f"(C)
have disjoint g@,—open neighborhoods, so have B
and C.

Proof. (1) Let V=Y-f(X-U). Then
Ve=Y -V =f(Uc). Since f is
pre—@,—closed, so V is @,—open. Since
f~(B)cU, we have

chf(Uc)gf[f’l(B°)]gB°. Hence, BcV,
and thus V is a @,—open neighborhood of B.
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(V)]

Further chf’[f )J
This proves that f™'(V)cU.

(2) If £7(B) and f~'(C) have disjoint g, —open
neighborhoods M and N, then by (1), we have
0,—open neighborhoods U and V of B and C

that
and

respectively such

f'(B)c f’l(U)gInt%(M)
f’](C)gf"(V)glnt%(N). Since M and N
are disjoint, so are Int, (M) and Int, (N), and

hence so ' (U) and f - (V) are disjoint as well.

It follows that U and V are disjoint too as f is
onto.

Theorem 8.5. Prove that a surjective mapping
f :(X , r) -
if for each subset B of Y and each g,—open set U

(Y,o) is pre—g,—closed if and only

in X containing f~'(B), there exists a @, —open

set V in Y containing B such that f~'(V)cU.

Proof.Necessity. This follows from

Theorem 8.4.

(1) of

Sufficiency. Suppose F is an arbitrary g,—closed

set in X. Let y be an arbitrary point in

Y—f(F). Then
f(y)e X[ f(F)]c(X-F) and
(X —F) is @,—open in X. Hence by hypothesis,

there exists a ¢, —open set Vy containing Yy such
f(v,)=(X-F). This
yeV,c|Y-f(F)]
Y—f(F)=U{y,|yeY-f(F)}.
Y- f(F), being a union of @,—open sets is
6., —open. Thus f(F) is
0,—closed. This shows that f is g,— closed.

Theorem8.6. Let f:(X,17)—>(Y,0)

bijection. Then the following are equivalent:

that implies  that

Thus

Hence
its complement

be a

(1) f is pre—g,—closed.

(2) f is pre—g,—open.
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(3) 7

is §,—Iirresolute.

Proof. (1)=(2): Let Uez,. Then X-Uis
g,—closed in X. By (1), f(X-U) is
0., —closed in Y. But
F(X=U)=f(X)-f(U)=Y-f(U). Thus

f(U) is 9,—open in Y.This shows that f is
pre -6, —open.
(2)=(3):Let Ac X. Since f is pre—g,—open,

) by Theorem 7.8,
f[cl, (f(A)]cc [ '(f(A))]. It implies
that Cl, [ f(A)]c [ ]

Thus Cl, | ()" (&) |< (1) el (A)], for al

Ac X. Then by Theorem 4.2, it follows that f!
is g, —irresolute.

(3)=

X. Then X —A is g,—open in X. Since 7' is

(1): Let A be an arbitrary g, —closed set in

0, —irresolute. (f‘l)_l(X —A) is g,—open in Y.
(1) (X=A)=f(X-A)=Y - f(A).
Thus f(A) is @,—closed in Y. This shows that

f is pre—g,—closed.

But

9 Contra 6, — ContinuousMappings

We introduce the definition of contra
0, —continuous functions in topological spaces and

study some of their properties in this section.
Definition 9.1. A function f :(X,r)—)(Y,G) is
said to be contra g,— f (V) is
0., —closed in (X , r) for each open set V of
(Y , 0').

Observe that if Observe that if X is a countable set,
then every function f:(X,z)—(Y,o)is contra

continuous if

0., — continuous.
Theorem 9.2. Let f:(X,7)—>(Y,0) be a

function. Then the following are equivalent.
(1) f is contra g,— continuous.
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(2)
closed subset F of (Y, o).
(3) For each xe X and each closed set Fin

f(F) is g,—open in (X,7r) for every

(Y, o) containing f (x),there exists a g, —open.set
U in (X, 7) containing X such that f (U)cF.

(4) f [Clem (A)] < Ker[ f(A)

} for ever subset A

of (X,T).

(5) Clgw[f"(B)]g f’l[Ker(B)] for ever subset
B of (Y,a).

Proof. (1)=(2): Let F be any closed set of

Y.Then Y -F is open. Hence by hypothesis
f(Y-F) is 6., — closed. Thus

f‘l(Y—F):Claw[f'l(Y—F)]. We can obtain
X—f’l(F):X—Intew[f’l(F)]. Therefore, we
have f'l(F):Intem[f‘l(F)]. Thus f7'(F) is
0o

(2)=(3): Let xe X and F be a closed set of
Y containing f(x). By (2). xelnt, [ f"(F)].

—open in X.

Hence there exists U €6, (X ) containing X such
that xeU ¢ f"(F). Then, xeU and f(U)g F.

(3):(4): Let A be any subset of X. Let
xeCl, (A) and F be a closed set of Y containing
f(x). Then by (3) there exists Ue6,0(X)
containing X that f (U ) cF;
xeU c f(F). Since XeCI%(A), so Ul Az¢

and hence it follows that
¢¢f(UIA)Cf(U)If( )CFI f( ) Then

by Lemma 2.15, we have f(x)e Ker[f (A) } and
hence we obtain f [CIHN (A) ] cKer[ f(A)].
(4):(5): Let B be any subset of Y. By (4),
f[Cl, (f(B))|cKer| (f(B))]|cKer(B)
and hence Cl, [ f! (B)] cf [Ker(B)].

(5)=

such hence

(1): Let V be any open set of Y. Then by

(5) and Lemma 215 we  obtain
Cl%[fil(v)]g fﬁl[Ker(V)}qu(V). Thus
Cl,, [ f(v )] =f'(V). Hence f7'(V) s
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@,—closed in X. This shows that f is contra

0., — continuous.
Proposition 9.3. Let f :(X,7)—>(Y, o) be contra
0, —continuous. If one of the following conditions
holds, then f is @, —continuous.

(1) (Y, o) is regular,

(2) Intgm[f'l(Cl(V ))Jg f~(v) for each open
set V in (Y,0).

Proof. (1) Let xe X and V be an open set of
(Y,a) containing f(X). Since (Y,a) is regular,
there exists an open set W in (Y,a) containing
f(x) such that Cl(W)cV. Since

0,—continuous, so by Theorem 9.2, there exists a

f 1is contra

f,—open set Uin (X,7r) containing x such
that
f (U ) cCl (W ); hence f (U ) cV. Therefore f

is @,— continuous.

(2) Let V be an open set of (Y, o). Since f is
contra @,—continuous and CI(V) is closed, by
Theorem 9.2, f’l[CI(V
(X,7) and hence by (2), it implies
t[civ)]cnt, [ (CI(V))]= (V). So,
£ (v)=Int, [ f7(CI(V))] and

consequently (V) is g,—open in (X,7). So

)} is @,—open set in

we obtain
f is a @,—continuous function.

Recall that for a function f :(X , r) —)(Y , O'), the
subset {(x,f (X)) ‘Xe X} c XxY is called the
graph of f and is denoted by G( f).

Theorem 9.4. Let f:(X,7)—>(Y,0) be a
function and g:(X,7)—>(XxY,rx0o) the graph
function of f, defined by g(X)z(X,f(X)) for
every xe X. If g is contra @,— continuous, then
f is contra g, — continuous.

Proof. Let U be an open set in (Y,a), then
X xU is an open set in (X xY,zxo). Since g
f7(U) is
@,—closed in (X,7). This shows that f is

is contra @, — continuous, g~ (X xU ) =

contra g, — continuous.
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Definition 9.5. A subset A of a topological space
(X,7) is said to be @,—dense in X if
CIE,m (A) =X.

Definition 9.6. A topological space (X, 7) is said

to be a Urysohn space if for any two distinct
points X,y e X, there exist open subsets U and

V. of (X,r) such that xeU,
CI(U)I CI(V)=4.
Theorem 9.7. Let f,g:(X,7)—>(Y,0) be two

yeV and

contra @,—continuous functions. If (Y , 0') is
Urysohn, the following properties hold:

(1) The set E={xeX:f(x)=g(x)} is
0,—closed in (X, 7).

()
0,—dense set Ac X.

Proof. (1) Let xe X —E. Then f(x)=g(x).
By assumption on the space (Y, o), there exist
opensets V and W in (Y, o) such that f(x)eV,
g(x)eW and CI(V)I CI(W)=¢. Since f and
g are contra @,—continuous, f' [CI(V )J and
g"l[CI(W)] are

containing  X.

f=g on (X,r) whenever f=g on a

0,—opensets in (X,7)
Let U=f"[Cl(V)]
ng’l[CI(W)} and set A=UI G. Then A is
0,—open set in (X,z) containing x. Now,
f(A)I g(A)=f(UIG)I g(UI G)c
f(U)I g(G)<=CI(V)I Cl(W)=¢.This implies
that Al E=¢, where A is g,—open in (X, 7).
Hence x¢Cl, (E). So E ¢,—closed in (X, 7).
(2) Let E={XeX:f(X)=g(X)}. Since f and

g are contra @,—continuous and (Y,O') is

and

Urysohn, by the previous part, E is g,—closed in
(X,7). By assumption, we have f=g on A,
where A is g,—dense in (X,7). Since AcE,
A is g,—dense and E is g,—closed in (X, 7),
so X=Cl, (A)cCl, (E)=E. Hence f=g on
(X,T).

Theorem 9.8.Let f :(X,z)—>(Y,o)and

9:(Y,0)—>(Z, u)be functions, then the following
properties hold:
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f is contra

(1) if

0,—continuous and g is contra —continuous.

gof is @,—continuous,
(2) gof is contra @,—continuous, if f is contra
0, —continuous and g is continuous.

((3) gof if f s
g, —Iirresolute and g is contra g,— continuous.
Theorem 9.9. let f:(X,7)—>(Y,0)

surjective and pre—6,A —open

is contra @,— continuous,

be a
4, —irresolute
function and g:(Y,o)—(Z, #) be any function.
Then gof :(X,r)—)(Z,p) is
0,—continuous if and only if (¢

contra
1S contra
0., — continuous.

Proof. Suppose gof :(X,t)—(Z,p) is contra
6., —continuous. Let F be a closed set in (Z, u).
Then f’l[g’l(F)J:(gof)_l(F) is g,—open in
(X,r).

surjective,

Since f is pre—6 —open and

g‘l(F)zf[f‘l(g‘l(F))]

@,—open in (Y,o) and we obtain that g is

1S

contra @, — continuous..
the suppose @
6.,—continuous. Let V be a closed set in (Z, u).

For converse, 1S contra

Then g™'(V) is g,—openin (Y,o). Since f is

o7 (vV)]=(g01)" (V)

@,—open in (X,r) and so gof is a contra

@, —irresolute, 1S
0., — continuous.
Definition 9.10. A space topological (X , T) is said

to be Strongly S—closed if every closed cover of
X has a finite cover.

Definition 9.11. A space topological (X , T) is said

to be @,—compact if every g,—open cover of
X has a finite cover.
Definition 9.12. A subset A of a space (X,7)is

said to be g,—compactrelative to X if for any
cover {V,:aeV} of A by g,—opensets of X,
there exists a finite subset V, of Vsuch that
AgU{Va a eVO}.

Theorem 9.13. Let f :(X,7)—>(Y,o) be contra
0, —continuous surjection.

(1) If A'is g, —compact relative to (X, ), then
f (A) is strongly S—closed in (Y, o).
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(2) If (X, ) is strongly S—closed, then (Y, o)
is compact.
Proof. (1) Let {V, : €V} be any cover of f(A)

by closed sets of the subspace f (A) For a eV,
there exists a closed set A, of (Y,o) such that
V,=A1 f(A).
a, €V suchthat f(x)eA, .

For each Xe A, there exists

Now by hypothesis f is contra ¢,— continuous
and hence by Theorem 9.2, there exists a
0,—open set U, in (X,z) such that xeU and

f(U,)c A, . Since the family {U, :xeA} is a
cover of A by @,— open sets of (X , T), there exists
a finite A, of A such that
Ac U{UX IXe AD} Therefore,

f(A)cU{f(U,):xeA}cU{A, :xeA}. Thus
f(A)=U{V, :xeA}

strongly S— closed.
(2) Let {Va ‘o EV} be any open cover of Y. Since

subset

and hence f(A) s

f 1is contra @,— continuous, { f! (Va) ‘o eV} 1S

a @,—closed cover of the strongly S—closed space
(X,7). We have X :U{f’l(Va):aeVo}
some finite subset V, of V. Since f is surjective,
Y =U{Va o eVO}. This shows that (Y , 0') 1S
compact.

for

Theorem 9.14. Let {(Xa,ra):ae/l} be any

family of topological If a function

f:X —>HVX0L is contra

spaces.
0, — continuous, then

r,0of : X —> X, is contra @g,—continuous. for

each a € A, where 7, is the projection of HV X,
ae

onto X .

Proof. For a fixed a € A, let V, be any open subset
of X,. Since 7, is continuous, 7, (V,) is open

in ITX, Since f

aeV

is contra @,— continuous,
f [n;‘ (v, )] =(m,of ) '(V,) is @,—closed in X.

Therefore, n of 1is contra ¢,—continuous, for

each a € A.
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Definition 9.15. Let (X, Z') be a topological
space. Then the @, — frontier of a subset Aof X,
by  Fr, ( A) , is  defined

Fr, (A)=[Cl, (A)]N[Cl, (X -A)]
=[Cl, (A)]-[Int, (A)].
Theorem 9.16. The set of all points X of X at

which  f:(X,7)>(Y,0) s

is identical with the union of

denoted as

not contra
4., — continuous
0., — frontier of the inverse images of closed sets of

Y containing f(X).

Let f be
Xe X. Then by
Theorem 9.2, there exists a closed set Fof Y

containing f (X) such that f(U)N(Y —F)=¢ for

Proof. Necessity: not contra

fd,—continuous at a point

every Ueg,O(X,x), which that

UNf'(Y-F)=g Thus xeCl, [f'(Y-F)]

implies

:CIHM[X—f’l(F)]. Again, since Xe€ fﬁl(F),
we get XeCIQW[f’l(F)J and so it follows that

XEFrgm[f’l(F)].

Sufficiency: Suppose that Xe(Frgﬂ][f’l(F)]) for

some closed set F of Y containing f(x) and f is
contra @,—continuous at X. Then there exists
Ueg,O(X,x) such that f(U)cF. Therefore

xeU c fﬁl(F) and hence it follows that
xelnt, [ £ (F)]cX~(Fr, [f"(F)]). But this

is a contradiction. So f is not contra

0, —continuous at X.
Definition 9.17.A function f:(X,7)—>(Y, o)

is called almost weakly @,— continuous, if, for each

X € X and for each open set V of Y containing
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f (X), there exists U eg,0(X, x) such that
f (U ) cCl (V )

Theorem 9.18.  Suppose that a  function
f :(X, T) — (Y, 0') is contra @,— continuous.

Then f is almost weakly @,— continuous.

Proof. For any open set V of Y, CI(V) is closed
in Y.
f‘l[CI(V ):| is @,—open set in X. We take

Since f is contra @,—continuous,

U=f"[CI(V)], then f(U)cCI(V). Hence f

is almost weakly @,— continuous.

Definition 9.19. A space (X,7) is said to be
0, —connected provided that X 1is not the union
of two disjoint nonempty ¢, —open sets.

Proposition 9.20. Let f:(X,7)—>(Y,0)

surjective and contra @,— continuous. If (X , r) is

be

0, —connected, then (Y , 0') 1s connected.
Proof. Assume that (Y , 0') is not connected. Then,

there exist nonempty open sets V,, V, of (Y , 0')
such that VI V,=¢ and V,UV, =Y. Hence we
(V)L £7(V,)=¢
f(V)Uf(V,)=X.
f7'(V,) and f7'(V,) are nonempty sets. Since

have and

Since f is surjective,
f 1s contra @,—continuous and V,, V, are open
sets. Hence f~'(V,) and f~'(V,) are g,—open
sets in (X,z). Therefore, (X,7)
0, — connected.

Theorem 9.21. If every contra @, — continuous

is not

function from a space (X , T) into any T, —space

(Y,o) is constant, then (X,7) s
0, — connected.
Proof. Suppose that (X,z) is not

0., —connected and every contra ¢, — continuous
function from (X, 7) into any T, —space (Y, o) is
constant. ~ Since (X,7) is not @,—connected,
there exists a proper nonempty ¢,—open subset

A of (X,7). Let Y={ab} and
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o={¢.Y {a}.{b}} be a topology for Y. Let

f :(X,r)—)(Y,G) be a function such that
f(A):{a} and f(X—A):{b}.
Then f 1S not constant and contra

0., —continuous such that (Y,o) is T, -space.
This is a contradiction. Hence (X,7) must be
0., — connected.

Definition 9.22. A topological space (X ,7) s
said to be g,—T, if for each two distinct points
X,y € X, there exist g,—open sets U and V in
(X,7) such that xeU,yeV and UI V =4.
Definition 9.23. A topological space (X ,7) i
said to be weakly Hausdorff if each element of
X is an intersection of regular closed sets.
Definition 9.24. A topological space (X,7) is
said to be ultra Hausdorff if every two distinct
points of X can be separated by disjoint clopen
sets.

Definition 9.25. A topological space (X,7) is
said to be ultra normal (resp.g,—normal) if
each pair of non-empty disjoint closed sets can
be separated by disjoint clopen
(resp. 9, —open) sets.

Theorem 9.26. Let f:(X,z)—>(Y,o) be a
contra @, —continuous injection, then the following
properties hold:

(1) (X,7) is 6,-T,
Hausdorft.

(2) (X,7) is ¢,-T, if (Y,o) is a Urysohn
space or ultra Hausdorff.

(3) (X , z') is @,—normal if
normal and f is closed.
Proof. (1) Suppose that (Y,o) is weakly
Hausdorff. For any distinct points x and y in

if (Y,o) is weakly

(Y,o) is ultra

(X,7), there exist regular closed sets A, B in
(Y,o) such that f(x)eA, f(y)eA, f(x)eB
and f(y)eB. Since f iscontra g,— continuous,
f7(A) and f7'(B) are g,—opensets in (X,7)

such that xef™(A), yef'(A), xef"(B)
and ye f'(B). This shows that (X,z) is
GIU_T]'
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(2) Let x, and x, be any distinct points in X.
Then, f(x)=f(x,).
Moreover, since (Y, o) is ultra-Hausdorff, there

since f is injective,
exist clopen sets V,, V, such that f(x)eV,
f(x,)eV, and V,I1V,=¢. Since fis contra
0., —continuous. So there exists U; €6 O(X,7)
containing x; such that f(U,)cV, for i=1.2.
Clearly, we obtain U 1 U, =¢. Thus (X,7) is
0.,-T,.

In case (Y,o) is Urysohn space, there here
exist open sets U, U, such that f(x)eU,,
f(x,)eU, and CI(U,)I Cl(U,)=¢. Let
G=f"[ClI(U,)] and H=f"[CI(U,)]. Then
X, €G, x,eH and GI H =¢. Since f is contra
0,—continuous. Therefore G and H
0,—open setsin (X, 7). Thus (X, 7) is g,-T,.
(3) Let F, and F, be disjoint closed subsets of

(Y,o). Since f is closed and injective, f(F)

arc

and f(F,) are disjoint closed subsets of (Y, o).
Since (Y, o) is ultra normal, f(F) and f(F,)
are separated by disjoint clopen sets V, and V,,
respectively. Since f is contra g,—continuous,
Fcf'(V) and f'(V,) is g,—open in (X,7)
i=1,2 (V)1 f'(V,)=¢. Thus
(X,7) is 9, —normal.
Theorem 9.27. Let

space. If for each pair of distinct points X, and

for and

(X,7) be a topological

X, in X there exists a function f of (X,7)
(Y,o) such that

f(x)# f(x,) and f is contra g,—continuous at

into a Urysohn space
X, and X,, then

(X,7)is 9,-T,.

Proof. Let x and y be any two distinct points of

X. Then by the hypothesis, there exist a
Urysohn space (Y,o) and a function

f :(X,7)—>(Y, o) which satisfies the condition of
the theorem. Let y,=f(x) for i=1,2. Then
y, #Y,. Since Y is Urysohn, there exist open
sets U and V containing vy, and vy,,
respectively, such that CI(U)I CI(V)=4. Since
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f is contra g,—continuous at X, and X,, so there
in (X,7)
containing x, and Xx,, respectively, such that
f(G)<Cl(U) and f(H)<CI(V). Hence we
obtain GI H =¢. Therefore, (X,7) is g,-T,.

exists @,—opensets G and H

Definition 9.28..A function f :(X,7)—>(Y,0) is
called almost contra g, —continuous if f7(V) is

0, —closed for every regular open set V of Y.

Theorem 9.29. Let f:(X,7)—>(Y,o) be a

function. Then the following statements are

equivalent:

(a) f is almost contra @, — continuous

(b) f'(F) is @,—open in X for every regular
closed set F of Y.

(c) for each X € X and each regular open set F
of Y containing f(x), there exists U eewO(X)
such that xeU and f(U)cF.

(d) for each xe X and each regular open set V

of Y non-containing f(x), there exists a

0,—closed set K of X non-containing X such
that f’l(V)g K.

Proof. (a) = (b): Let F be any regular closed set
of Y. Then (Y - F) is regular open and therefore

f(Y-F)=X-f"(F)e0,C(X). Hence,

f ( F) € 90)0( X ) The converse part is obvious.

(b)=1(c): Let F be any regular closed set of Y

containing  f (X) Then f ( F) € ewO( X ) and
xe f'(F). Taking U=f"(F) we get
f (U ) cF.

(C) = (b): Let F be any regular closed set of Y

and xef™! (F ) Then, there exists

Volume 19, 2020



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2020.19.18

U, €0, O(X,X) such that f(U,)cF and so
U cf (F)

P =Uie

Also, have

U Hence f~'(F)ep,O0(X).

w¢e

(c) = (d): Let V be any regular open set of Y non-

containing f(x). Then (Y —V) is regular closed set

of Y containing f(x). Hence by (c), there exists
U €0,0(X, x) such that f(U)c(Y-V). Hence,

we obtain Uc f'(Y-V)cX-f"'(V) and so
f1(V)c(X-U). U eg,O(X),

(X-U) is g,—closed set of X not containing X.

Now, since

The converse part is obvious.

Theorem 9.30. Let f :(X,7)—

contra @,—continuous. Then f is almost weakly

(Y,o) be almost

0., — continuous.

Proof.For xe X, let H be any open set of Y

containing f (X) Then CI(H ) is a regular closed

set of Y containing f (X) Then by Theorem 9.29,

there exists Ge ewO(X , X) such that
f(G)cCI(H). So f is almost weakly
0,, — continuous.

Theorem 9.31. Let f:(X,7z)—>(Y,o) be an

almost contra @,—continuous injection and Y is

weakly Hausdorff. Then X is 9,—T,

Proof.Since Y is weakly Hausdorff, for distinct
points X, Y of Y, there exist regular closed sets U

and V f(x)eU, f(y)eUand
f(y)eV, f(X)éEV. Now, f
f’l(U) and f’l(V) are

such that
being almost
contra @,— continuous,
0,—open subsets of X such that xe f~'(U),
ye f'(U) and ye f7'(V), xg (V). This

shows that X is 9,-T,
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Corollary 9.32. If f :(X,r)—)(Y,a) is a contra

0,—continuous injection and Y is weakly
Hausdorff, then X is Bc—T,.
Theorem 9.33.Let  f:(X,7)—>(Y,0) be an

almost contra @,— continuous surjection and X be

0,—connected. Then Y is connected.

Proof. Y
connected. Then there exist disjoint non-empty open
sets U and Vof Y such that Y =U UV. Since

Uand V are clopen sets in Y, they are regular

If possible, suppose that is not

open sets of Y. Again, since f is almost contra
¢, —continuous surjection, f ' (U) and ' (V)

6.,—open of X
“(U)U (V). This shows that X is not

are sets and

0., —connected. But this is a contradiction. Hence

Y is connected.

Definition 9.34.A topological space (X,7) is

said to be countably @,—compactif every
countable cover of X by @,—open sets has a finite

subcover.

Definition 9.35. A topological space (X, r) is
said to be @,—Lindelof if every @,—open cover

of X has a countable subcover.

Theorem 9.36. Let

almost contra g, —

f :(X,r)—)(Y,O')be

continuous surjection. Then the

an

following statements hold:

(a) If X is g,—compact, then Y is S—closed.

(b) If X is @,-Lindelof, then Y is

S — Lindelof.

(C)If X is countably @,—compact,then Y is
countably S—closed.
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Proof. (a) :Let {Va ‘€ I} be any regular closed

cover of Y. Since f is almost contra
6, —continuous, then { f! (Va) el } is a
0,—open cover of X. Again, since X is
0, —compact, there exist a finite subset |, of |
such that X = U{ f(V,):ae IO} and hence

Y ={V, :ael}. Therefore, Y is S—closed.

The proofs of (b) and (c) are being similar to

(a):omitted.

Definition 9.37. A topological space (X, T) is said
to be @,—closed compact if every @,—closed

cover of X has a finite subcover.

Definition 9.38. A topological space (X, T) is said
to be countably g,—closed if every countable cover

of X by g,—closed sets has a finite subcover.

Definition 9.39. A topological space (X, T) is said
to be @,—closed Lindelof if every @,—closed

cover of X has a countable subcover.

Theorem 9.40. Let f:(X,7z)—>(Y,o) be an

almost contra @, — continuous surjection. Then the

following statements hold:

(a) If X is g,—closed compact, then Y is nearly

compact.

(b) If X is g,—closed Lindelof, then Y is
nearly Lindeloff.

(c) If X is countably g,—closed compact, then

Y is nearly countable compact.

Proof. (a):Let {Va ‘o€ I} be any regular open
of Y.

cover Since f is almost contra

@, —continuous, then { f(V,):ael } is a
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0,—closed cover of X. Again, since X is

6., —closed compact, there exists a finite subset |
of | such that X =U{f’I (V,):ae IO} and hence

Y = {VOL ‘o€ IO}. Therefore, Y is nearly compact.

The proofs of (b)and (c)are being similar to

(a):omitted.

10 Conclusion

Sets and functions in topological spaces are
developed and used in many engineering problems,
information systems and computational topology.
By researching generalizations of closed sets, some
new separation axioms and compact spaces have
founded and are turned to be useful in the study of
digital topology. In this paper we have introduced
6, —continuous, 6, —irresolute, 6, —open,

0,6 —closed, pre—6 —open, pre—6 —closed,
contra € —continuous and almost contra @,—

mappings and have investigated properties and
characterizations of these new types of
mappings in topological spaces. We have
studied new types of functions using ¢, —open

sets and these functions will have many
possibilities of applications in computer graphics
and digital topology.
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