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1 Introduction

The concept of supra topology was introduced by A. S.
Mashhour et al [13] in the year 1983. They studied about
s —continuous functions and s* —continuous functions.
In 2008, R. Devi et al [5] introduced the concept of
supra « —open sets and supra « —continuous maps.
Jamal. M. Mustafa [16] studied about supra b —compact
and supra b—Lindelof spaces. Vidyarani et al in [30]
introduced the concept of supra N —compact, countably
supra N -—compact, supra N -—Lindelof and supra

N —connectedness and investigated about their
relationships using the concept of continuity. In 2013,
Missier and Rodrigo [14] introduced new class of set in

general topology called an « —open (supra & —open)

set. In 2014 Mubarki, Al-Rshudi, and Al-Juhani [15]
introduced and studied the notion of set in general
topology called p*—opensets and investigated its

fundamental properties and studied the relationship
between f*—openset and other topological sets

including S* —continuity in topological spaces. The
objective of this paper is to introduce the new

S* —compact space, mildly A*—compact space and
p* —connected space in general topology and

investigate several properties and characterizations
of these new concepts in topological spaces.

Throughout this paper (X,7) or simply by X we
denote topological space on which no separation axioms
are assumed unless  explicitly stated and
f :(X,r)—)(Y,O') means a mapping f from a
topological space X to a topological space Y. If U isa
set and X is a point in X, then N(X), Int(U),
Cl (U ) and U denote respectively, the neighbourhood

system of X, the interior of U, the closure of U and
complement of U .

2 Preliminaries

Definition 2.1. A subset A of a topological space X is
called semi—open setif Ac CI[Int(A)].

concepts called p*-compact space, countably Definition 2.2. A subset A of a topological space X is
p* —compactspace, f*-Lindelof space, almost called o —open setif Ac Int[CI(Int(A))].
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Definition 2.3. A subset Aof a topological space X is
called /2-open setif Ac CI[ Int(CI(A))].

Definition 2.4. A subset A of a topological space X is
called pre—open setif Ac Int[CI(A)J.

Definition 2.5. A subset A of a topological space X is
said to be b—open set if AcCI[ Int(A)]UInt[CI(A)].

Definition 2.6. Let (X, 7) be a topological space.
Then a point xe X is called the & —clusterpoint of
Ac Xif Al Int[CI(U )}t¢ for every open set U of
X containing x.The set of all cluster points of Ais

called the & —cluster points of A, denoted by Cl,(A).
A subset Ac X is called & —closed if A=Cl;(A).

Definition 2.7. Let (X, 7) be a topological space and
Ac X. Then A 1is if its
compliment X —A is J —closed in X. The collection

called o —open set

of all o —open sets in a topological space (X , T) forms
a topology 7; on X, weaker than 7 and the class of all
regular open sets in 7 forms an open basis for 7.

Definition 2.8. A subset Aof a topological space X is
called e*—open setif AcCl [Int(Cla(A))].

Definition 2.9. Let (X,7) be a topological space.
Then a subset A of X is said to be g*-open if

AcCI[ Int(CI(A)) JUInt[CI,(A)]. The family of all

L *—open subsets of a topological space (X, T) will
be as always denoted by B*O(X).

Definition 2.10. A subset Aof a topological space
(X,7) is p*—closed set if

Int[ CI(Int(A))]1 CI[Int,(A)]< A

saild to be a

The family of all g*—closed subsets of a topological
space (X, 7) will be as denoted by S°C(X).

Remark 2.11. The following diagram holds for each a
subset A of X.
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open set — o —open set — preopen set — b —open

set > S —open set — [ *—open set — e * —open set

Theorem 2.12. Let
Then the following assertions hold:

(X, 7) be a topological space.

(1) The arbitrary union of S *—open sets is 4*—open.

(2) The
f*—closed.

arbitrary intersections of S*-—closedis

Proof. (1) Let {A e I} be a family of £ *—open sets.
Then A cCI[Int(CI(A))]UInt[CI,(A)]

therefore immediately it follows

U, AcU,(cI]nt(ci(a))]uintcl,(A)])<

ci| nt(ci(U,, A)) [umnt]cl, (U, A)] forall i<t
Thus Uiel A is B*—open.

and

that

(2) It follows from (1).

Remark 2.13. The next example shows that the
intersection of any two [ * —open sets is not S * —open.

Let X ={1,2,3} with  topology
r={¢.{1}.{2}.{1,2},X}. Then A={1,3} and B={2,3}

are " —open sets. But A1 B={3} is not #*—open.

Example 2.14.

Definition 2.15. Let (X, r) be a topological space.
Then:

(1) The union of all f*—open sets of X contained in
Ais called the f*—interior of A and is denoted by

B*—Int(A).

(2) The intersection of all B*—closed sets of X
containing Ais called the S*-closure of A and is
denoted by S*—CI(A).

Theorem 2.16. Let

topological space (X , T). Then the following assertions

A, B be two subsets of a

are true:
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(1) B*-CI(X)=X and g*-Cl(¢)=g.
(2) Ac p*-CI(A).
(3) If Ac B, then B*-CI(A)< g*~CI(B).

(4) xeB*-CI(A) if and only if for each a S*—open
set U containing X, UT A= ¢.

(5) A is f*—closed setif and only if Azﬁ*—CI(A).
(6) B*—CI[ B*~CI(A)]=B*-CI(A).
(7) p*-CI(A)Up*-CI(B)c g*-CI(AUB).

(8) A*~CI(Al B)c g*~CI(A)I g*-CI(B).

Theorem 2.17. Let

topological space (X , r). Then the following assertions

A, B be two subsets of a

are true:
(1) B*=Int(X)=X and *-Int(g)=g.

(2) p*-Int(A)c A

(3) If ACB, then f*—Int(A)c f*-Int(B).

(4) xep*-Int(A) if and only if there exists
L *—open set W suchthat xeW c A

(5) Ais S*—opensetifand only if A=g*—Int(A).
(6) B*—Int[ B*—Int(A)]=B*-Int(A).
(7) p*-Int(AI B)c B*-Int(A)I B*-Int(B).

(8) A*—Int(A)US*-Int(B)c B*-Int(AUB).

Definition 2.18. Let
subfamily x4 c P(X) is said to be a supra topology on

X be a non-empty set. The
X if ¢, X € u and u is closed under arbitrary unions.

The pair (X , ,u) is called a supra topological space. The

elements of 4 are said to be supra open in (X,,u).
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Complement of supra open sets are called supra closed
sets.

Definition 2.19. A mapping f :(X , T)—)(Y,O') is
said to be a f* —continuous if f' (V) isa f*—open
(p* —closed )set in X for each open (closed) set V in
Y.

Definition 2.20. A mapping f:(X,7)—>(Y, o) is
said to be a B* —irresolute if f' (V) is a f* —open
(p*—closed) set in X for X each S*-open
(f* —closed) set Vin Y.

Definition 2.21. A mapping f :(X,T)—)(Y,O') is
said to be a B*—open (B*—closed) if f(U) is a
B*—open (B*—closed) set in Y for each open

(closed) set U in X.
Definition 2.22.A set Ac X is said to be

p* —connected if A cannot be written as the union of
two [* —separated sets.

Definition 2.23. Let X be any nonempty set and
TC P(X). We say that 7is a supra topology on X if
@, X er and 7 is closed under arbitrary union. The pair
(X , r) is called supra topological space. The elements
of 7 are called supra open sets in (X , T)and

complement of a supra open set is called a supra closed
set.
Definition 2.24. A supra topological space is called

supra compact (S—compact)if and only if every supra

open cover of X has a finite sub cover.
Definition 2.25. A function f :(X,7)—>(Y,o) is

called perfectly [* —continuous if the inverse image
f7(V) of every f*—open set V of Y is both open
and closed in X.

Definition 2.26. A function f :(X,7)—>(Y,o) is
called strongly S* —continuous if the inverse image
f(V) of every f*—open V inY isopenin X.
Definition 2.27. A function f:(X,7)—>(Y,o) is

called f* —irresolute if the inverse image f~'(V) of
every f*—open V inY is f*—open in X.

3 B*—Compact Spaces
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Definition 3.1. A collection {A :iel} of B*—open
sets in a topological space (X . Z') is called a B* —open
cover of a subset B of X if B U{A :iel} holds.

Definition 3.2. A topological space (X,r) is called

p* —compact if every fS*—open cover of X has a

finite sub cover.
Definition 3.3. A subset B of a topological space

(X , r) is said to be S* —compact relative to (X , r) if,
for every collection {A e I} of f*—open subsets of
X such that B U{A :ie |} there exists a finite subset
I, of I suchthat B U{A :iel,}.

Definition 3.4. A subset B
(X,7) is
> —compact as a subspace of X.

of a topological space

said to be p*—compact if B is

Theorem 3.5. Every f* —compact space is compact.

Proof. Let {A e |} be an open cover of (X,T).
Since every open set in X is f*-open in X. So
{A e I} is a B*—open cover of (X,r). Since
(X : 2') is f* —compact, [*—open cover {A = I}
of (X , T)
{A :i:1,2,3,...,n} for X. Hence (X,T) is a

compact space.

has a finite sub cover say

Theorem 3.6. Every f*—closed subset of a
S* —compact space (X : Z') is fB*—compact, relative
to X.

Proof. Let A be a f*—closedclosed subset of a

topological space (X,T). Then A° is S*—open in
(X,T). Let F:{A e |} be a f*—open cover of
A by pB*-open subsets of (X,T).
I*zFU{AC} isa f*—open cover of (X,T). That is

Then

X :(U'iEI Ai)UAc. By hypothesis (X : Z') is a
P* —compact space and hence I'* is reducible to a

finite sub cover of (X , T) say X =(Uiel A)UAC for

some finite subset I, of 1. But A and A° are disjoint.
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I'={A:iel} of A contains a finite sub cover. Hence

A is B* —compact relative to (X, 7).
Theorem 3.7.
f* —compact space is compact.

Proof. Let f :(X,r)—)(Y,G) be a f* —continuous

map from a fB* —compact (X , r) onto a topological

A p*—continuous image of a

space (Y,o). Let [ ={A :iel} be an open cover of
Y. Therefore f’l(F):{f’l(A):iel} is a f*—open
cover of X, as f is S*—continuous. Since X is
the S* —open
f’l(F):{f’l(A):ie I} of X, has a finite sub cover
say {f“(A):i=1,2,3,...,n}.
X =U_ f'(A), which implies Y ="f(X)=[JA.
That is {A :i=1,2,3,..,n} is a finite sub cover of
I'={A:iel}. Hence (Y,o) is compact.
Theorem 3.8. Suppose that a
f:(X,1)>(Y,0) is f*—irresolute and a subset S
of X is f*-—compact relative to (X,r), then the

> —compact, cover

Therefore

function

image f(S) is f* —compact relative to (Y,G).

Proof. Let ' ={Ai lie I} be a collection of f* —open
cover of (Y, o), such that f(S)gU{A1 e I}. Since
f is B* —irresolute. So SgU{f’l(A):iel}, where
{f*(A):iel}c p*-0O(X,1).
f* —compact relative to (X , 1:), there exists a finite
sub collection {f’l(Al),f’l(Az),...,f’l(Aj)} such
that ScU{f*(A), f*(A),....T*(A)}. That is

f(S)gU{Al,AZ,...,A]}. Hence f(S) is f* —compact
relative to (Y,a).

Since S is

Theorem 3.9. Suppose that amap f :(X,z)—>(Y,0)
is strongly S* —continuous map from a compact space
(X , r) onto a topological space (Y , O'), then (Y , O')
is B* —compact.

Proof. Let {A e |} be a f*—open cover of
(Y , G).

Since f is strongly SB* —continuous,

Hence AcU{A:iel,}. Thus J*-open cover
{f‘l(/-\):iel} is an open cover of (X,r). Again,
since (X , r) is compact, the open cover
E-ISSN: 2224-2880 166 Volume 19, 2020
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):ie I} of (X,r) has a finite sub cover say
):i=l,2,3,...,n}. Therefore
f which
(X)zU{Ai :i=1,2,3,...,n}, ) that

i=i=123,..,n}. Thatis {A,A,,...A} isa
finite sub cover of {A e I} for (Y,G). Hence

implies

(Y,o) is B* —compact.
Theorem 3.10.
f :(X,r)—)
from a compact space (X , r) onto a topological space
(Y,G). Then (Y,G) is f* —compact.
Proof. Let {A:iel} be a S*-open
(Y,G).
{f’l(A):ie I} is an open cover of (X,T). Again,
(X z’) is
{f‘l( )iie I}
{f’l( ):i=12,3,..
=U{f"(A):i=1,2,3,..n},

Suppose that a map

(Y,O') is perfectly S* —continuous map

cover of

Since f is perfectly f*—continuous,

since compact, the open cover

f (X,7) has a finite sub cover say
} Therefore

which implies

f(X)zU{A1 .|=1,2,3,...,n}, ) that
Y=U{A:i=123,..,n}. That is {A,A,...,A} isa
finite sub cover of {A e I} for (Y,o). Hence
(Y,O') is f* —compact.

Theorem 3.11. Suppose that a function

f:(X,7)>
p* —compact space (X,r) onto a topological space
(Y,o). Then (Y, o) is f* —compact.

Proof. Let f:(X,7)—>(Y,o) be a S* —irresolute
map from a pB*—compact space (X,r) onto a
topological space (Y,o). Let {A:iel} be a
B*—open cover of (Y,o). Then {f'l(A):ieI} is a

(Y,a) is p* —irresolute map from a

p* —open cover of (X,r), since f is f* —irresolute.

As (X r) is f*—compact,

{t7(A):iel} of
{7 (A):i=
f

the f*—open cover

X , T) has a finite sub cover say
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f(X)=U{A:i=123,..,n}, $0 that
Y =U{A:i=123,..n}. Thatis {A,A,...A}isa
finite sub cover of {A :iel} for (Y, o). Hence (Y, o)
is f* —compact.
Theorem 3.12.
B*—closed setin X is also closed in X, then (X, 7)
is B* —compact.

Proof. Let {A:iel} be a B*—open cover of X.
Since every f* —closed setin X is also closed in X.
Thus {X -Aie I} is a closed cover of X and hence

If (X,7r) is compact and every

{A:iel} is an open cover of X. Since (X,7) is

compact. So there exists a finite sub cover
{A :i=1,2,3,...,n} of {A :iel} such  that
X =U{A1 :i=1,2,3,...,n}. Hence (X,r) is
/7 —compact.

Theorem 3.13. A topological space (X,7) is
p*—compact if and only if every family of

B*—closed sets of (X,7) having finite intersection

property has a non empty intersection.

Proof. Suppose (X , r) is p*—compact. Let

{A e I} be a family of fS*—closed sets with finite

intersection  property.  Suppose | A =¢, then
iel

X-I({A:iel})=X. This implies

U{(X—A):iel}=X. Thus the cover

{(X—A):ie I} isa f*—open coverof(X,r). Then
as (X,r) is S*-compact, the B*—open cover

{(X—A):iel} has a finite sub cover say

{(X-A):i=123,..n}.  This  implies that
X =U{(X-A):i=123,..,n}  which  implies
X=X-I{A:i=123,..n}, which implies

X-X=X-[X-I{A:i=123,..n
=1 {A:i=123,.,n}. This
assumption. Hence I {A :iel}=¢.

}], which implies
disproves the
Conversely, suppose (X , r) is not f* —compact. Then

there exits a f* —open cover of (X,r) say {Gi e I}

123,.. } Therefore
. having no finite sub cover. This implies that for any
X =U{f"(A):i=123,..n},  which implies finite sub family {G, :i=12,3,..n} of {G,:iell, we
E-ISSN: 2224-2880 167 Volume 19, 2020
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have  U{G:i=123,.,n}# X, which implies
X -(U{G,:i=123,..,n}) = X - X, therefore
| {X -G, i =1,2,3,...,n} # . Then  the  family

{X-G:iel} of pB*—closed sets has a finite
intersection  property.  Also by  assumption
I {X-G:iel}=g¢ which implies

X —(U{G,:iel})=¢, so that U{G,:iel}=X. This
implies {Gi :iel} is not a cover of (X,z'). This
disproves the fact that {G, :iel} is a cover for (X, 7).
Therefore a f* —open cover {Gi e I} of (X,r) has
a finite sub cover {Gi :i=1,2,3,...,n}. Hence (X , 'L') 1S
f* —compact.

Theorem 3.14. Let A be a f*—compact set relative
to a topological space X and B be a p*—closed
subset of X. Then Al B is f*—compact relative to

X.
Proof. Let A be [*—compact relative to X. Let

{A :iel} be a cover of Al B by S*—-open sets in
X. Then {A:ieI}U{BC} is a cover of A by

fS*—open sets in X, but A is f*—compact relative
subset
that

to X, so there exists a finite

lo = {irs iy i, .. i} |

Ac(U{A, :k=1,2,3,...,n}JUB®. Then it follows

such

that Al BCU{A T B:k=12,3,...,n}c

U{Aik :k=1,2,3,...,n}. Hence AT B is f* —compact.
Theorem 3.15. Suppose that a
f:(X,z)>(Y,o) is p*—irresolute and a subset B
of X is p*—compact relative to X. Then f(B) is
f* —compact relative to Y.

Proof. Let {A:iel} be a cover of f(B) by
pB*—open subsets of Y. Since f

Then {f'l(A):ie I} is a cover of B by S*—open
subsets of X. Since B is f* —compact relative to X,
{f(A):iel) finite
{f7(A), T(A),... f*(A)} for B. Then it implies

that {A:i=123,.,n} is a finite sub cover of

function

is f* —irresolute.

has a sub cover say
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{A:iel} for f(B).
relative to Y.
Definition 3.16. Let (X , ’E) be a topological space and
let E be a subset of X. Let
re={Al E:Aep*-0(X,7)}. Then (E,z;) is a
supra topological space.

Theorem 3.17. Let (X , r) be a topological space and

So f(B) is B*-compact

let E be a subset of X. Then (E, TIEa) is supra compact

if and only if for any f* —open cover I' of E has a

finite sub cover of E.
Proof. Suppose E s compact.

Fgﬂ*—O(X,r) EcUI.
Iy ={Al E:Ael}. Then E=UT, and I 7r. By
hypothesis finite subset
[.={Al E:i=123,..,n}cT; such that E=U[".

Then [ ={A :i=12,3,..,n}cT and ECUI'*.

Let
Let

supra

such that

there exists a

Conversely, let Y={AI E:iel}gz-iEa such that
E=UY. Then Y‘*z{AIieA} is a p*—open

covering of E. By hypothesis there exists
Y**={A:i=1,23,..,n} a finite subset of Y* such

that EcUY**. Then Y* :{A I E:i :1,2,3,...,n} isa
finite subset of Y such that E =UY*. This proves that

(E, T'Ea) is supra compact.

4 Countably B* —Compact Spaces

In this section, we present the concept of countably
f* —compactness and its properties.

Definition 4.1. A topological space (X , r) is said to be
countably S* —compact if every countable S* —open
cover of X has a finite sub cover.

Theorem 4.2. If (X , T) is a countably f* —compact

space, then (X, 7) is countably compact.

Proof. Let (X , 7) be a countably B* —compact space.
Let {A :iel} be a countable open cover of (X, 1).
Since 7 < f*-O(X,7). So {A:iel} is a countable
B*—open cover of (X,7). Since (X,7) is countably
P* —compact, therefore countable f*—open cover
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{Aiiel} of (X,r) has a finite sub cover say

{A:i=1,2,3,...,n} for X. Hence (X,r) is a
countably compact space.
Theorem 4.3. If (X , r) is countably compact and

subset of X
(X,7) is countably B*—compact.

every [* —closed is closed in X, then
Proof. Let (X,7) be a countably compact space. Let
{A :iel} beacountable f*—open cover of (X,7).
Since every B* —closed subset of X is closed in X.
Thus every fS*—open set in X is open in X.

Therefore {A e |} is a countable open cover of
(X,7). Since (X,’E)

countable open cover {A siel} of (X,7) hasa

is countably compact, so

finite sub cover say {A i =1,2,3,...,n} for X. Hence

(X , r) is a countably S* —compact space.

Theorem 4.4. Every [*—compact space is countably
> —compact.
Proof. Let (X , z’)

{A e I} be a countable SB* —open cover of (X , 1:).

be a p*—compact space. Let

Since (X , ’E) is p*—compact, so f*—open cover
{A e |} of (X,7r) has a finite sub cover say
{A :i=12,3,...,n} for (X,z). Hence (X,7) is
countably f* —compact space.

Theorem 4.5. Let f:(X,7)—>(Y,0) be a
S* —continuous onjective mapping. If X is countably
> —compact space, then (Y , G) is countably compact.
Proof. Let f :(X,T)—)(Y,O‘) be a S* —continuous
map from a countably B* —compact space (X , 2') onto
a topological space (Y,c). Let {A:iel} be a
countable open cover of Y. Then { f*(A):ie I} is a
S* —open of X, as f s

[* —continuous. Since X is countably A* —compact,
the countable S* —open cover {f’l(A) e I} of X

has a finite sub cover say {f'l(A):izl,Z,S,...,n}.

countable cover
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{A:i=123,..n} is a finite sub cover of {A :iel}
for Y. Hence Y is countably compact.

Theorem 4.6. Suppose that amap f :(X,z)—>(Y,0)
is perfectly SB*—continuous map from a countably
compact space (X , r) onto a topological space (Y , G).
Then (Y,G) is countably B* —compact.

Proof. Let {A e I} be a countable f* —open cover
of (Y , G). Since f is perfectly f*—continuous,
{f’l(A) e I} is a countable open cover of (Y, o).
Again, since (X,t) is countably AB*—compact, the
countable open cover {f'l(A )iie I} of (X,1) hasa
finite sub cover say {f’l(A): i =1,2,3,...,n}. Therefore
X=U{f*(A):i=1283,..n},  which
f(X)zU{A1 :i=1,2,3,...,n}, ) that
Y =U{Ai :i=1,2,3,...,n}. That is {A,A,, ..., A]} is a
finite sub cover of {A e I} for (Y , G). Hence (Y , G)
is countably f* —compact.

implies

Theorem 4.7. Suppose that a map f :(X,7)—>(Y,0)
is strongly S* —continuous map from a countably
compact space (X,7) onto a topological space (Y, o).
Then (Y , cs) is countably f* —compact.

Proof. Let {A :iel} be a countable S*—open cover
of (Y , G). Since f
{f’l(A) lie I} is a countable open cover of (X, 7).

is strongly fS* —continuous,

Again, since (X , r) is countably compact, the countable
supra open cover {f"l(A):ie I} of (X,r) has a
finite sub cover say {f’l(A):i:1,2,3,...,n}. Therefore
X=U{f*(A):i=123,..n},  which
f(X)=U{A:i=123,..n}, )
Y=U{A:i=123,..n}. That is {A,A,..,A} isa

finite sub cover of {A :iel} for (Y,o) Hence (Y,0)
is countably B* —compact.

implies

that

Theorem 4.8. The image of a countably fS* —compact

space under a f*—irresolute map is countably

f* —compact.

Therefore X =U{f™(A):i=123,..n},  which
implies Y = f(X):U{A1 :i:1,2,3,...,n}. That is
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f:(X,r)—)(Y,O') is

p* —irresolute from a countably S* —compact space

Proof. Suppose that a map

(X , 2') onto a  topological space (Y ) G). Let
{A e |} be a countable f*-open cover of
(Y,G). Then {f’l(A‘):iel} is a
B* —open (X,T),
p* —irresolute. As (X, 7) is countably S* —compact,

the countable S*—open cover { f ’l(Ai) el } of

countable

cover of since f is

(X,r) has a finite sub  cover  say
{fﬁl(A):i:1,2,3,...,n}. Then it follows that
X =U{f*(A):i=123,..n}, which implies
f(X):U{A1 :i:1,2,3,...,n}, SO that

Y :U{Ai :i:1,2,3,...,n}. That is {Aqu' - A1} is a
finite sub cover of {A e I} for (Y,G). Hence
(Y , G) is countably A* —compact.

Definition 4.9. Let (X,7) be a topological space and
Xe X. A point X is said to be B*—limit point of
Ac X provided that every S* —neighbourhood of X

contains at least one point of A different from X.
Theorem 4.10. Every infinite subset of a #* —compact

space has a f* —limit point.

Proof. Let A be an infinite subset of a f* —compact
space (X,r). Assume A does not have a fS* —limit
point. Then for each X € X, there exists a S* —open
set G, containing at most one point of A. Now, the
collection A={G, :xe X} formsa S*—open cover of
X. Since X is pS*—compact, therefore there exist
X, Xy, X, € X such that X :[J::]Gx,- Therefore X

has at most n points of A. This implies that A is finite.
But this contradicts that A is infinite. Thus A has a
f*—limit point.

5 B*—Lindelof Spaces

In this section, we concentrate on the concept of
P* —Lindelof space and its properties.

Definition 5.1. A topological space (X, 7) is said to be

p* —Lindelof space if every f*—open cover of X
has a countable sub cover.
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Theorem 5.2. Every f* —Lindelof space (X,T) is

Lindeloff space.
Proof. Let (X,7) be a B*—-Lindelof

{A:iel} be an open cover of (X,r). Since
r< B*-0(X, 7). Therefore {A :iel} isa f*—open
cover of (X, 7). Since (X, 7) is B*-Lindelof space.

space. Let

So there exists a countable subset |, of | such that
{A :ielo} is a f*—open sub cover of (X,7).
Hence (X , z’) is a Lindelof space.

Theorem 5.3.
p* —Lindelof.

Proof. Let (X,r) be a f*—compact space. Let
{A :iel} be a S*-open cover of (X,7). Since
(X,7) is B*—compact space. Then {A:iel} has a

Every  f*—compact space is

finite sub cover say {A :i=1,2,3,...,n}. Since every
finite sub cover is always countable sub cover and
therefore {A i =1,2,3,...,n}. is countable sub cover of

{A:iel}. Hence (X,7) is B*—Lindelof space.
Theorem 5.4. Every S3*—closed
p* —Lindelof space is f* —Lindelof.
Proof. Let Fbe a f*—closed subset of X and

{G:iel} be p*-open cover of F. Then F° is
[* —open FcU{G:iel}.
X =(U{G,:iel})UF’. Since X is p*-Lindelof,
then X =(U{G, :iel,})UF® for some countable subset
I, of I. Therefore FcU{G :iel,}. Thus F is
S* —Lindelof.

Theorem 5.5. Let A be a f*—Lindelof subset of X

and B be a f* —closed subset of X. Then AI B is
S* —Lindelof.

Proof. Let {Gi e I} be a f*—open cover of Al B.
Then Ag(Uiel Gi)UBC. Since A is S* —Lindelof,
then there exists a countable subset |, of | such that
AE(UiE,OGi)UBC- Therefore Al BgUieloGi. Thus
Al B is f* —Lindelof.

Theorem 5.6. A (X,7) s

p*—Lindelof if and only if every collection of
p* —closed subsets of X

subset of a

and Hence

topological space

satisfying the countable
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intersection
intersection.

Necessity: Let A={F:iel} be a collection of
P*—closed subsets of X which has the countable
intersection property. Assume that | . F=¢. Then
X=U_F’ Since X is p*-Lindelof, then there
I, of | such that
X =Uie|0 F°. Therefore, [ - F. =¢ contradicts that

property, has, itself, a non-empty

exists a countable subset

A has the countable intersection property. Thus A has,
itself, a non-empty intersection.

Sufficiency: Let {G :iel} bea B*—open cover of
X. Suppose {G;:iel} has no countable sub cover.
Then X —{J._,G; # ¢, for any countable subset J of I.
Now, [  G°=#¢ implies that {Gic:iel} is a
collection of B* —closed subsets of X which has the
countable intersection property. Therefore [ . G # ¢.
Thus X #[J_G; contradicts that {G:iel} is a

B*—open cover of X. Hence X is S* —Lindelof.
Theorem 5.7.
P* —Lindelof space is a Lindeloff space.

Proof. Let f:(X,z)—>(Y,o) be a S*—continuous

map from a f* —Lindelof space X onto a topological

A f*—continuous image of a

space Y. Let {A :iel} be an open cover of Y. Then
{f’l(A):ie I} isa B*—open cover of X, as f is
S* —continuous. Since X is p* —Lindelof space, the
f* —open cover {f’l(A ) lie I} of X has a countable

sub cover say {f‘l(A) e IO} for some countable set
I, <. Therefore XzU{ffl(Ai):ielo}, which
implies f(X)=U{A :iel,}, then Y =U{A:iely}.
That is {A :iel,} is a countable sub cover of

{A:iel} for Y. Hence (Y, o) is a Lindeloff space.
Theorem 5.8. The image of a f*—Lindelof space
under a f* —irresolute map is F* —Lindelof space.
Proof. Suppose that a map f :(X,1)—>(Y,0) isa
B* —irresolute map from a S* —Lindelof space (X, 7)
onto a topological space (Y,c). Let {B :iel} be a
S* —open (Y,o).

cover of Since f s
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p* —irresolute.  Therefore { f*(B):ie I} is a
B*—open cover of (X,7). As (X,7) is
S* —Lindelof the fB* —open
{f‘l(Bi) e I} of (X , ‘c) has a countable sub cover

Space. cover

say {f’l(Bi):ieIO} for some countable set 1, 1.
Therefore X =U{ f7(B):ie IO}, which  implies
f(X)=U{B, :iely}, sothat Y =U{B; :iel,}. Thatis
{B;:iel,} a countable sub cover of {B:iel} for Y.
Hence (Y, o) isa f* —Lindelof space.

Theorem 5.9. If (X , T) is B* —Lindelof space and
then (X,7) is

countably A* —compact space,

f* —compact space.

Proof. Suppose (X,t) is B*-Lindelof space and
countably S* —compact space. Let {A e I} be a
pB*—open cover of (X , r). Since (X , T) is
S* —Lindelof space, {A e I} has a countable sub
cover say {A :iel,} for some countable set I, .
Therefore {A e |0} is a countable S* —open cover
of (X,T). (X,z’) is
B* —compact space, {A e |0} has a finite sub cover
and {A :i=1,2,3,...,n}.
{A i :1,2,3,...,n} is a finite sub cover of {A e |}
for (X, 7). Hence (X, 7) isa B* —compact space.

Theorem 5.10. If a function f:(X,r)—)(Y,G) is
p* —irresolute and a subset A of X is f* —Lindelof

relative to X, then f (A) is S* —Lindelof relative to

Y.
Proof. Let {B :iel} be a cover of f(A) by

Again, since countably

say Therefore

p*—open subsets of Y. By hypothesis f s
S* —irresolute and so {f‘l(Bi) e I} is a cover of A
by B*—open subsets of X. Since A is B* —Lindelof
relative to X, { f*(B):ie I} has a countable sub
cover say {f’l(Bi):ielo} for A, where |, is a

countable subset of . Now {B; :iel,} is a countable
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sub cover of {B:iel} for f(A).
S* —Lindelof relative to Y.

So f(A) is

6 Almost B *—Compact Spaces

Definition 6.1. A topological space (X,T) is called
almost fB* —compact ( > —Lindelof ) provided that

every [*—open cover of X has a finite (countable) sub
collection, the S* —closure of whose members cover

X.

The proofs of the following four propositions are
straightforward and therefore will be omitted.
Proposion 6.2. Every almost S* —compact space is

almost S* —Lindelof space.

Proposion 6.3. Every P —compact space

(p* —Lindelof space) is almost
(almost L* —Lindelof ) .

Proposion 6.4. Any finite (countable) topological space
( X, r) is
(almost #* —Lindelof ).

Proposition 6.5. A finite (countable) union of almost
S* —compact (almost f* —Lindelof )
(X , ‘C) is

(almost #* —Lindelof ).

Definition 6.6. A subset E of (X , r) is called
p* —clopen provided that it is  S*—open
L* —closed.

Theorem 6.7. Let F be a S*—clopen subset of an

f* —compact

almost > —compact

subsets of

almost > —compact

and

almost  f* —compact (almost p* —Lindelof ) space
(X , r). Then F is
(almost p* —Lindelof )

Proof. Let F be a S*—clopen subset of an almost
and {G;:iel} be a

almost > —compact

p* —compact space X

p*—open cover of F. Then F® is p*—open and

X c(U{G:iel})JUF’. Since X is almost
S* —compact, then there exists a finite subset |, of |

such that X =(U{8*~-CI(G,):iel,})UF". Thus it
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follows that F < U{,B* ~CI(G)):iel,}. Hence F is
almost S* —compact.

The proof is similar in case of almost f* —Lindelof.
Theorem 6.8. If A S* —compact

(almost B* —Lindelof ) subset of (X,7) and B isa
p*—open subset of X, then AI B

p* —compact (almost S* —Lindelof ).

Proof. Let A={Gi e I} be a p*—open cover of
Al B. Then Ac(U{G:iel})UB". Since A is
almost S* —compact, then there exists a finite subset
l, of I such that Ac(U{B*-CI(G,):iel,})UB"
Therefore Al B U{*—CI(G;):iel,}. Thus AI B

is almost B* —compact.

is an almost

is almost

The proof is similar in case of almost f* —Lindelof.
f:(X,7)>(Y,o) be
[* —irresolute. Suppose that A is almost S* —compact
(almost B* —Lindelof ) subset of X. Then f(A) is
almost B* —compact (almost f* —Lindelof ).

Theorem 6.9. Let a map

Proof. Suppose that {Gi e |} is f*—open cover of
f(A). Then f(A)cU{G:iel}.
AgU{f’l(Gi):iel}. Since f is

Now,
p* —irresolute,
then {f‘l(Gi):ie I} isa B*—open cover of A. By

hypothesis, A is almost f* —compact, then there exists

a  finite  subset I of | such  that

AcU{p*CI[1(G)]:iel}.

then

Since f is
p*-Cl(17(G))<
[ p*—CI(G,)], forall iel,. Hence it follows that
F(A)=Us, 1 F(p*=01(6)]< U, *-1(@),
which implies that f(A) gUielo B*—CI(G,). Thus

p* —irresolute,

f (A) is almost f* —compact.

The proof is similar in case of almost f* —Lindelof.
Theorem 6.10. Let f:(X,7)—>(Y,o0) be a
B*—open bijective map and (Y,o) is almost
B* —compact. Then (X, 7) is almost compact.

Proof. Let {G,:iel} be an open cover of X. Then
f(X)=f(U.Gi). Therefore Y =UJ f(G,). Now,
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Y is almost f*—compact, then there exists a finite
subset I, of | such that Y:Uieloﬂ*—Cl[f(Gi):l.

Since f
p* —closed

ﬁ*—CI[f(Gi)]gf[Cl(Gi)], for all iel,. Thus

YU, f[C1(G)]< f[U..,Cl(G,)], which implies
that X = f’l(Y)gUiéOCI(Gi). Thus X ={J,_, CI(G,)).
Hence X is almost compact.

Theorem 6.11. If every collection of S* —closed
subsets of (X,r), satisfying the finite (countable)

intersection  property, has,
intersection, then X s

(almost #* —Lindelof ).
Proof. Let {Gi e |} be a B*—open cover of X.

is f*—open bijective map, then f is

map. Therefore, we have

il

itself, a non-empty
almost  f* —compact

Suppose {Gi e |} has no finite sub-collection such
that the S3* —closure of whose members cover X. Then
X —[J:] Ia—CI(Gi)¢¢, for any neN. Therefore
X-U_ G #¢. Now, | | GS#¢ implies {G:iel]
is a collection of S* —closed subsets of X which has
the finite intersection property. Thus [  _Gf=¢
implies X # [J,_ G;. But this is a contradiction. Hence

X is almost B* —compact.

A similar proof is case of

almost f* —Lindelof.

given in a

7 Mildly B *—Compact Spaces
Definition 7.1. A topological space (X, 7) is called
mildly S*—compact (mildly #*—Lindelof) provided

that every f*—clopen cover of X has a finite

(countable) sub cover.
Theorem 7.2. Every mildly f*—-compact space is

mildly f* —Lindelof.

Proof. It is straight forward.
Theorem 7.3. Every almost  fS*—compact

(almost p* —Lindelof) ( X, z') is
> —compact (mildly p* —Lindelof )

Proof. Let A ={Hi lie I} be a f* —clopen cover of
(X , r). Since (X , z') is almost S* —compact, then
I, of I

space mildly

there exists a finite subset such that
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X =Ui€|0ﬂ*—C|(Hi). Now, p*-Cl(H;)=H,. Thus
(X , r) is mildly S* —compact.
when

A similar proof is

almost S* —Lindelof.
Corollary 7.4. Every S*—compact ( L —Lindelof )

given (X , r) is

space is mildly f* —compact (mildly /> —Lindelof )
Theorem 7.5. If F isa f* —clopen subset of a mildly
B* —compact (mildly * —Lindelof) space X, then
F is mildly S* —compact (mildly F* —Lindelof )
Proof. Let F be a f*—clopen subset of X and
{Gi e |} be a S* —clopen cover of F. Then F° is

a  f*—clopen and FcU,,G.  Therefore
X =(U,,G/)UF®. Since X is mildly B*—compact,
then there exists a finite subset |, of | such that

x:(UiEIOGi)UFC' So Fg(UieloGi). Hence F is

mildly f* —compact.
The proof is similar in a case of mildly F* —Lindelof.
Theorem 7.6. If A is

(mildly p* —Lindelof ) subset of X and B is a
p*—clopen subset of X, then AI B
B* —compact (mildly 8* —Lindelof).
Proof. Let A={G,:iel} bea B*—clopen cover of
Al B. Then Ac(U,,G/)UB’. Since A is mildly
p* —compact, then there exists a finite subset |, of |
Ac (Uielo G )U B*.
Al BcU,, G Thus Al B is mildly B*—compact.
The proof is similar in case of mildly S* —Lindelof.
Theorem 7.7. If f:(X,z)—>(Y,o) is a B*—open
bijective map and (Y , 0') is mildly f* —compact, then

a mildly pS*-compact

is mildly

iel

such that Therefore

(X , r) is mildly compact.

Proof. Let {Gi e |} be a clopen cover for X. Then
f(X)=f(U.Gi). Hence Y =U,, f(G,). Since f is
is fB*—closed.
Therefore {f(Gi) e I} is a f*—open cover of X.
Since Y is mildly S* —compact, then there exists a
of | such that Y=Ui€|0f(Gi).
Therefore X :UieloGi. Thus X is mildly compact.

p*—open Dbijective map, then f

finite subset |,
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Proposion 7.8. A subset A of (X,7) is mildly
compact (mildly Lindelof) if and only if (X,TA) is
mildly compact (mildly Lindelof).

8 PB*—Connected Spaces

Definition 8.1. A topological space (X, 7) is said to be

connected if X cannot be written as a disjoint union of
two non empty open sets. A subset of (X,7) is

connected if it is connected as a subspace.
Definition 8.2. A topological space (X , r) is said to be

p* —connected if X cannot be written as a disjoint
union of two non empty [F*—open sets. A subset of
(X,t) is B*—connected if it is S* —connected as a

subspace.
Theorem 8.3. Every [* —connected space (X,T) is

connected.
Proof. Let A and B be two non empty disjoint proper
open sets in X. Since every open set is S* —open set.

Therefore A and B are non empty disjoint proper
p*—open sets in X and X is f* —connected space.

Hence X # AU B. Therefore X is S* —connected.
Theorem 8.4. Let (X, 7) be a topological space. Then
the following statements are equivalent

(i) (X , ’L') is B* —connected.

(ii) The only subsets of (X ,7) which are both
p*—open and f* —closed are the empty set ¢ and X
(iii) Each f* —continuous map of (X , T) into a
discrete space (Y,o) with at least two points is a
constant map.

Proof. (I):> (ii) :Let G be a non empty proper
p*—open and f*—closed subset of (X , T). Then
X -G is also both g*—-open and S* —closed. Then
X =GU(X —G) is a disjoint union of two non empty
p* —open sets, which contradicts the fact that (X , r)
is f* —connected. Hence G=¢ or G = X.

(ii):>(i): Suppose that X = AUB where A and B

are disjoint non empty S* —open subsets of (X , ’E).
Since A=X-B, then A is both fg*-open and
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S* —connected. By assumption A= ¢ or A= X,which
is a contradiction. Hence (X , r) is f* —connected.
(ii)=>(iii): Let f:(X,z)>(Y,0) be a
B* —continuous map, where (Y,o) is discrete space
with at least two points. Then f‘l(y) is f*—closed
and f*—open for each yeY. Thus (X , r) is covered
by > —closed S* —open
{f"l(y):er}. By assumption, f’l(y)=¢ or
f*(y)=X for ecach yeY. If f7(y)=¢ for each

yeY, then f fails to be a map. Therefore their exists

and covering

at least one point say y* €Y such that f‘l({y*}) # .

Since f’l({y*}) is also both p*-open and
p* —closed by
f "l({y*}) = X.This shows that f is a constant map.
(iii):)(ii): Let G be both p*—-open
B*—closed set in (X,7r). Suppose G#¢. Let
f:(X,z)—>(Y,o) be a Bf*—continuous map defined
by f(G)={a} and f(X-G)={b} where a#b and
a,beY. By assumption, f is constantso G = X.

Theorem 8.5. f:(X,z)>(Y,o) is a
(X,t) s

set. Therefore hypothesis

and

Suppose

> —continuous surjection and

p* —connected. Then (Y,c) is connected.
Proof. Suppose (Y,G) is not connected. Let

Y =AUB, where A and B
open subsets of (Y,O‘). Since f is B* —continuous,

X=f*(A)Uf*(B), where f*(A) and f™(B) are
disjoint non empty SB*—open subsets of X. This

are disjoint non empty

disproves the fact that (X, 7) is B* —connected. Hence
(Y,G) is connected.

Theorem 8.6. Suppose f:(X,z)—>(Y,o) is a

p* —irresolute and ( X, ‘C) is
p* —connected. Then Y is B* —connected.

Proof. Suppose that Y is not A*—connected. Let

surjection

Y =AUB, where A and B are disjoint non empty
p*—open setsin Y. Since f is B* —irresolute map

and onto, X = f’l(A)Uf’l(B), where f’l(A) and
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f(B)are disjoint non empty S*-open sets in
(X,7). This contradicts the fact that (X,z) is

p* —connected. Hence (Y, U) is f* —connected.
Theorem 8.7. If every f* —closed set in X is closed
in X and X is connected, then X is f* —connected.

Proof. Suppose that X is connected. Then X cannot
be expressed as a disjoint union of two nonempty proper
open subset of X. Let X be not f* —connected space.

Let A and B be any two non empty S* —open subsets
of X such that X = AUB, where Al B=¢. Since
every f*—closed set in X is closed in X. Therefore
every f*—open setin X is openin X. Hence A and
B are open subsets of X, which contradicts that X is
connected. Therefore X is f* —connected.

Theorem 8.8. Every S*—connected space (X,7) is
mildly f* —compact.

Proof. Since (X,7) is S* —connected then the only
(X,7) are X and ¢.

Therefore (X , 2') is mildly f* —compact.

pB* —clopen subsets of

Theorem 8.9. If two B*—open sets C and D form a
separation of X and if Y is S* —connected subspace of
X, then Y lies entirely within C or D.

Proof. By hypothesis C and D are both S*—open
setsin X. The sets CI Y and DI Y are f*—open in
Y, these two sets are disjoint and their union is Y. If
they were both non empty, they would constitute a
separation of Y. Therefore, one of them is empty. Hence

Y must lie entirely in C or D.
Theorem 8.10. Let A be a S* —connected subspace

of X. If AcBcp*-CI(A), then B is also
> —connected.
Proof.  Let A be  p*-—connected.

AcBc g*-CI(A). B=CUD
separation of B by f*—open sets. Thus by previous

Let
Suppose that is a

theorem A must lie entirely in C or D. Suppose that
AcC, then it implies that g*—CI(A)c g*-CI(C).
Since fS* —CI(C) and D are disjoint, B cannot

intersect D. This disproves the fact that D is non empty
subset of B. So D=¢ which impliesBis
p* —connected.

9 Conclusion
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We have used f* —open sets to introduce the new

concepts of notions in topological spaces namely
p* —compact space, countably S*—compact space,

p* —Lindelof
mildly f* —compact space and S* —connected space

space, almost f*—compact space,

and have investigated several and

characterizations of these new concepts.

properties
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