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Abstract: Let L/Q be a Sextic extension, namely L = (@(\/&, () which is a rational quadratic over a pure cubic
subfield K = Q(/3) where d is a rational square free integer and 3 is a root of monic irreducible polynomial of
degree 3. We are interested in finding a commutative and associative ring denoted by Zq[\/&, [] using the integral
closure Oy, of sextic extension L. Furthermore, we study the elliptic curve over this ring. Consequently, we will
prove the following principal result:

E{ (o, 8) = F, & B

ao,bo”
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1 Introduction For each prime p and each non zero algebraic
integer n, v,(n) denotes the greatest nonnegative

The theory of elliptic curves is distinguished by its di- integer 1 such that p' divides .

versity of the methods that have been used in its study.
The idea to examine and make sense to elliptic curve
over a local commutative ring was started by Marie
Virat see [10], she has defined the elliptic curve over

Let P be any polynomial in A[X]. Sp denote the
set of all prime square divisors of discP (The discrim-

the ring F,[X]/(X?), where p is a prime number inant of P):

= 2 and 3. His work has been generalized in [1] for Sp = {p € specA | deivides discP }.

the ring I, [ X]/(X™) after successive works on rings

of characteristic 3 [4] and 2 [3]. Silverman, Joseph H. First, we recall the result that gives necessary
[5], treats the arithmetic approach in its modern for- and sufﬁc.ient conditions for an extension L/K to be
mulation, through the use of basic algebraic number monogenic.

theory and algebraic geometry. Theorem 1. Let A be a Dedekind ring, K its quotient

The purpose (,)f this paper is to highlight a complete field, L a finite separable extension of K, Oy, the inte-
study of elliptic curve over the integral closure Oy, of a gral closure of A in L, o € Op, a primitive element of
family of sextic number field, namely L = Q(_\/av B) L, and P(X) € A[X] the monic irreducible polyno-
which is a rational qgadratlg over a pure cubl.c field mial of o over A. For a fixed prime ideal p of A, let the
K = Q(B) where d is a rational square free integer decomposition of P into monic irreducible polynomi-

and 3 is a root of monic irreducible polynomial of de- als in A/p[X)] take the form
gree 3.

P(X)=]]2"(x) € A/p[X]. (1)
2 Computing an integral basis of O}, i=1

Fori =1,...,r, let P; € A[X] be a monic lift of P;,

Let A be a dedekind ring, the ideal J of A is a said to set
be square free in A if 1,(J) < 1 for a fixed prime G(X) = H Pi(X),
ideal p in A. An element a in A is said a square free 1<i<re:>2
element if the principal ideal a¢ A is a square free ideal . )
of R, which implies thata € A — A2, H(X) = H PS(X)/G(X),
i=1

E-ISSN: 2224-2880 415 Volume 18, 2019



WSEAS TRANSACTIONS on MATHEMATICS

where the empty product is to mean that G(X) = 1,
and let P(X) = G(X)H(X) + aT(X) for some
T(X) € A[X] and a € p \ p% Then, If disca(P)

is not square free, then the following are equivalent:

1. {1,a,a?} is a basis for Or, over A (we say that
o is a PBG).

2. For any prime ideal p € Sp, either (P is square
free in A/p[X]) or ( P is not square free in
A/p[X] and in this case T # 0modulop and
vy (Res(P,G)) = deg(G)).

Proof: See (Theorem 3.1. [7]).
Secondly, We give a sufficient condition for rela-
tive quadratic extension to have PBG.

Theorem 2. Let A be a Dedekind ring with quotient
field K. Let L = K(«) be a pure quadratic exten-
sion of K, where « is a root of a monic irreducible
polynomial P(X) = X% —d € A[X]. Suppose that
vp(d) = 1 for all prime divisors p such that p/2d.
Then ovis a PBG of L/ K.

Proof: Let p € Sp. As discy(P) = 4dA, then
p|4d yields vy (24) + vp(2dA) > 1. It is clear that
vp(2dA) > 1 otherwise, we must have v, (24) > 1
which contradicts the fact that p does not divides 2d A
and hence p|2d. Now with the supposition v, (d) = 1,
reducing P modulo p yields P(X) = X?2. Then, by
keeping the notation of Theorem 1, we have,

P(X)=GX)H(X)+d.T(X)
with G(X) = H(X) = X and T'(X) = 1. Moreover,
Resa(X? —d, X) = dA. Then

Vp(Resa(X? —d, X)) = yp(dA) = 1.

So «vis a PBG of Oy, over Og.
Finally, in the following result we provides an in-
trinsic characterization to construct an integral basis

of a sextic extension with a non-pure and monogenic
cubic subfield.

Theorem 3. For a given square free integral integer
d. Let o defined by

Vid if d=2,3mod 4,
Y=V 1vd e g G)
=5, if d=1mod 4.

Let K = Q(B) be a non-pure and monogenic cubic
field, where (3 is a root of a monic irreducible polyno-
mial

T(X)=X3—aX +becZ[X]

Let L = Q(«, B) be a pure quadratic extension of K,
where o is a root of a monic irreducible polynomial
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P(X) = X? —d € Ok. Suppose that the p-adic val-
uation vy, of b equals to 1 (v,(b) = 1), for all prime
integer p in 7. Then the sextic field L = Q(«, ) has
an integral basis given by

B = {17 «, /Ba 627 O‘/Ba QBQ}'
To prove this theorem, we first remind the lemma:

Lemma 4. (see [7, Lemma 3.2.]) Let A C B C C be
rings. If B is finitely generated as an A-module, and C
is finitely generated as a B-module, then C is finitely
generated as an A-module. Moreover if {aq, ..., o}
is a basis for B as an A-module, and {B1, ..., Bm} is
a basis for C as a B-module, then {a;f;1 < i <
n ;1 <3 < mform a basis of C as an A-module.

Proof: of Theorem 3. Indeed B = {1,3, 3%} is an
integral basis of K by [6, Theorem 5.1.], therefore we
use Lemma 4 and 2.

We are interested in finding a commutative and
associative ring denoted by Z,[v/d, 3] from the inte-
gral closure Oy, of sextic extension L. Furthermore,
we study the elliptic curve over this ring. Conse-
quently, we will prove the following principal result:

Egs(a,ﬂ) ~FloE!

ag,bo”

3 A new structure on the ring Oy,

In this section we introduce a new commutative struc-
ture on the algebraic closure Oy, = Z[«, ] unlike to
the non-commutative law introduced in [8]. In what
follows, Dy (a, d) stands for all communs primes divi-
sors of a and d.

Let X,Y € Oy, given by:

X =xg+ 11004+ 228 + w352 + z408 + x5a62,
Y =y +y1a+ y2B + y3B* + yaaB + ysa
“)

Where (xi)0§i§5 and (xi)0§i§5 are in Z
We define on the field L the following structure:
X +Y =50+ s10+ 828 + 5387 + saaf8 + sza 8,

X.Y =po+pia+paB+ psB* + psaf + psaf?
(5)
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where

forall i € {0,1,2,3,4,5},
Po = ToYo + axays + daxrsys + dx1yr + axzys

Si = xi + Yi,

+ dazays,
D1 = ax4y3 + ar3y4 + ToY1 + arsy2 + T1Yo + ar2ys,
p2 = dz1ys + dzays + Tayo + Toy2 + daxsys + axzys,
p3 = dwsyr + x3yo + dr1ys + drays + ToY3 + T2y2,
D4 = T2Y1 + T4Yo + ToYa + ax5y3 + ar3ys + T1Y2,

D5 = T4Y2 + ToYs + Ts5Yo + T2y + T1Y3 + T3Y1 -
(6)
The following construction was motivated by [8]
and [2]. Let ¢ € Dy(a,d), for X, Y as defined in the
beginning of this section, we define the binary relation
” g b)) by:

X 2 Ymodulo q if andonly if x; =y; modulo q.

(N
Remark 5. It’s clair that
1. 7 =2 7 is an equivalence relation. The equiva-
lence class of X under” = 7, denoted [X] is
defined as
(X]={Y € Z]o,, ] | X = Ymodulo ¢}
2. For X, Y in Z]a, ], we have:
(X]+ Y] =[X+Y],
(X].[Y] = [X.Y]

For a prime integer ¢, let us denote by Zg[c, 5]
the set:

Zq{aaﬁ] = 75]}

For simplicity of notation, we write X instead of [X].
We are now in a place to give a number of results con-
cerning the set Z,|[a, f3].

{IX]| X € Z[«

Theorem 6. (Z,[c, 5], +,.) is a commutative ring.

Proof: By [2, Theorem 2.], we know that
(Zg|ev, B], +) is a commutative group with unit ele-
ment 0, furthermore the product is commutative with
unit element 1. It remains to prove that (.) is associa-
tive and distributive. we put:

Z =29+ zni0+ 2 + 238% + 2406 + 2502,

then the coefficients of (X .Y").Z in a bass of Oy, are
given by formula:
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to = ZoYozo modg,

t1 = (zo(yoz1 + y120) + T1Yo020) mod q,

to = (z2y020 + To(y220 + Yoz2)) mod q,

ts = (w3Y020 + To(Y320 + Yo23 + y222)
+ z2(y220 + Yoz2)) mod g,

ta = (z2(yoz1 + y120) + To(Y221 + Yo24 + Y122
+ yaz0) + 21(y220 + Yo2z2) + Tayoz0) mod g,

ts = (w4(y220 + Yoz2) + 2(yY221 + Yoza
+ Y122 + Yazo0) + To(Yaz2 + Y224 + Yozs
+ys520 + Y123 + Y321) + Tsyozo + T1(ys20

+ Yoz3 + Y222) + 3(yoz1 + y120)) mod q.
With the same way we compute X . (Y. Z), we
find the same coefficients as in (X .Y). Z.
It remains to prove the distributivity on the left and on
the right is similar. Using a computing package, we
check that:

(Y +2).X = hg+ hia + haf + haf* + hyaf3
+ hsa 82 mod g
V.X+2Z.X =g+ gia+ g8+ g3* + gaa

+ gsa32 mod q.

()
with
ho = xo(yo + 2z0) mod q,

h1 = (y1 + z1)x0 + (Yo + 20)x1 Modq,

he = (z2(yo + 20) + Zo(y2 + 22)) mod g,
hs = (x3(yo + 20) + xo(ys + 23) + z2(y2 + 22)) mod g,
hy = (w2(21 +y1) + w0(24 + ya) + 21(y2 + 22)

+ x4(yo + 20)) mod g,

hs = (z4(y2 + 22) + x2(24 + ya) + xo(25 + ys5)

+ x5(yo + 20) + z1(y3 + 23) + z3(21 + y1)) mod q,
and,
go = Toyo + Tozo modq,

g1 = (w021 + 2120 + Toy1 + 21Y0) mod g,
g2 = (w2y0 + Toy2 + T220 + T022) Mod q,
g3 = (T3Y0 + Toys + T2y + w320 + T023
+ x929) mod q,
g1 = (z221 + Toz4 + T122 + 420 + T2Y1
+ Toya + T1Y2 + T430) Mod g,
g5 = (2422 + x224 + 2025 + T520 + X123
+ 2321 + T4Y2 + Tays + ToyYs + T5Yo + T1Y3

+ z3y1) mod q.

It’s clear that for all i in {0, ...,5}; h; = g;.
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Lemma 7. Let X € Z4[av, 5] given by: X = o +
zi0 + T8 + x308° + zaaf + w5’ Then X is
invertible in Zq|cv, B] if and only if xo # 0. Indeed,
the inverse

X7h=jo+ 1o+ jaf + 3% + jaaf + jsaf?,
where

Jo ::cal mod q,

2

J1=—xy 21 modgq,

: —2

Jo = — w2z " modgq,

. -2 2 -3

Jj3 = —x3xy° + 237, modq,

J4 :2561332:E63 — x49362 mod q,

75 :2m4x2x63 — x5xa2 — 3$1x%x64x3x63x1
+ .1/'23311763 modq.

(€))

Proof: In view of 6, it suffice to resolve the following
system modulo ¢, which give X !

(20jo =1,
zoj1 + z1jo = 0,
z2jo + xoj2 =0,
x3jo + xoJ3 + w2j2 = 0,
x2j1 + Tajo + Toja + x1j2 = 0,
T4j2 + ToJ5 + T5jo + T2J4 + T1j3 +23J1 = 0.

It is simple, but less natural to check directly
with the given formulas of unit element e = 1 that;
X. X! = X1 X = e. Using the product law, one
ﬁndf immediately that the inverse of X is equal to
X

We now need to introduce a map which will be
basic to Our work. We put 7721’ . the following canon-
ical projection: 7 : Zg(a,8) — T, sending
each element X = g+ z1a+ 225 + 2382 + 2405 +
z5a3% of Zg(c, B) onto 7 (X)) = 20 of .

We have the following basic results:

sy q . . .
Proposition 8. 1. m; ; is a ring homomorphism.

2. Theset T ={X — ] (X) | X € Zy(a, B)} isa
unique maximal ideal in Zq(cx, ).

Proof: Let

X =20+ 210 + 226 + 238% + 408 + 5052

Y =yo + yio + 28 + y36° + yaaB + ysa 2.
(10)

1. The first part our proposition comes immediately
from the definition of X + Y and X.Y.
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2. e IfX eZy(o,f)andY € J, then

XY = zoyra+zoy2f+(zoys+ray2) 57+
(z2y1 + Toya + T1Yy2) B + (Tay2 + T2ys +
Toys + T1y3 + x3y1)a S, and this proves
that J is an ideal.

e Let ¢ be in ideal in Z,(c, §) such that T C
t C Zy(a, B). As J content all non invert-
ible elements in Z,(a, 5)}, if € # J then
1 € ¢ which implies that ¢ = Z,(c, f).
This shows that J is a maximal ideal.

e Let [ be a maximal ideal in Z,(a, 5). Let
X € [, wehave 7(X) = 0,s0 X € J
hence J = [.

Corollary 9. The ring Zy(«, B) is a local ring with
maximal ideal J and the residual field F,.

Proof: We have ker(m) = J, then by the first isomor-
phism theorem Zy(cv, ) /7 is isomorphic to F,.

Consequence 10. Z,(«, 3) is a vector space over F,
of dimension 6.

4 Elliptic curve on Z,(«, 3)

In this section, we assume that the prime number ¢
is greater than or equal to 5. We putt = ag + a1 +
asB+asf%+asaB+asaB? and s = bg+bia+by S+
b33% + byaff + bsa5%. We denote A := 4t3 + 2752,
We show easily that A = Ay + Ay with A; € J and
Ay = 4a§ + 271%. As a consequence of Lemma 7 we
can check that A is invertible in Z,(«, 3) if and only
if Ag # 0inIF,.

Finally, We reply that an elliptic curve over F is de-
fined by Weierstrass equation:

(Efs)

whose invertible discriminant. In what follows, E9
stands for the set:

Y?Z = X?+tXZ*+52°, (t,s) € F,

E?:={E{ | t,s € Fy}.

Definition 11. We define an elliptic curve over
the ring Zq(a, 5) as a curve in projective space
P%(Zy(cv, B)), which is given by the homogeneous
equation of degree 3, Y?7Z = X3 +tX7Z? + s7Z3
where t and s in Zq(cv, B) such that the discriminant

A is invertible. In this case we write:
BL(0.8) =X ¥ 2] € P )|
Y2Z = X3 +tX 2% + 523},

We denote Eiﬂ the set of elliptic curve over Zg(c, 3):

ES 5 = A{El (. B) |t s € Zy(er, B)}
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Theorem 12. E/ («, B) is an elliptic curve over the
ring Zq(av, B) if and only ifEZ0 b I8 an elliptic curve
over the field F .

4.1 Elements of I/ (o, 3) - Classification

Proposition 13. Every element in EZ s(a, B) is of the
form

o [X :Y :1]; where X, Y € Zg[o, B],
o [X:1:Z]; whereX, Z €7.
and we write:

th,s(a76):{[XY1]‘Y2:X3+tX+S}
U{[X:1:2]|Z=X34+tXZ%+ 523,
and X, Z € J}.
(12)

Proof: Let [X :Y : Z] € E{ («,f3), where X, Y
and Z € Zgy[a, f].

1. If Z is invertible then [X : YV : Z] = [XZ7! :
YZ 11~ [X:Y :1]. S0, Y2 = X3 +tX%+
S.

2. If Z is non invertible, then Z € J, so, we need to
consider the following tow cases for Y;

(a) If Y is non invertible: we have Y and Z €
Jand since X? = Z(Y? —tXZ — sZ%) €
J,then X € J, we deduce that [X :Y : 7]
is not a projective point since (X, Y, Z) is
not a primitive triple [7, p. 104-105].

(b) If Y is invertible then [X : Y : Z] =
Xy-t:1:2v 1~ [X:1: 2.
In addition, we check that Z € 7J and
X3 =701 —tXZ—sZ?) € 3, which give
X € 7. Hence, the proposition is proved.

Corollary 14. Let [X : 1: Z] € E{ (a, B).

If X = z1a + 298 + 2362 + x4a8 + x5032, then
7 = 3z3x108°%.

Proof: Since [X :1: 7] € E{ (o, 8), X = m10 +
22+ 382 4+ zaaS + m508% and Z = 21+ 228 +
2332 + z4a3 + z5a 3% then, by using maple package
Z —aXZ? —bZ3 — X? = zia + 298 + 238% +
z4a 8 + (25 — 3w3x1 — 3b2321)aB? which equal to 0,
then 25 = 3z3x;.
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4.2 A group law over Ef (a, ()

After having given explicitly all elements of
E{ ((a, B), we define the group law over it. Now, We

consider the mapping WZ o

7"?,3 : Egs(oz,ﬁ) — EZOJ)O
(X:Y:Z] — [WES(X) : WZS(Y) : WZS(Z)].

Theorem 15. Letr P = [X : Y : Z]and Q = [ X' :
Y’ : Z'] two points in E{ (a, 3 ), and P+ Q = [ X" :
Y”: 7", ’

1 Ifnf (P) # i (Q) then,

o X' = Y2X'Z — ZXY"? — t(ZX' +
xXZ2Yzx' - XZ) + (@vy -
3s272)(ZX —XZ')

e Y' =YY (ZY - 2Y') —t(XYZ"?
Z22X'Y') + (—2t27 - 3XX)(X'Y —
XY')=3s22(Z'Y — ZY")

o 7' = (zY' + ZYV)ZY - zY') +
(BXX' +tz7)(2zX - XZ)

2. If nf (P) = n} (Q) then,

o X' = (YY - 6s2Z )XY + XY') +
(227" — axxX\Vzy + Z'v) —
3s(XYZ? + 722°X'Y') — t(YzX"? +
X2y' 7z

o V' = Y2 4 3X2X7? 4 (-1 —
952) 222" ?(zX + Xz')? —
22ZXZ X' +(9sXX —3tsZ27')(ZX' +
X7

o 7' = (YY +3s2Z)2Y + ZY) +
BXX + 2zZ)X'Y + XY') +
tXYZ? +22X'Y").

Proof: By using the explicit formulas in [1, p. 236—
238] we prove the theorem.

Lemma 16. 773 < IS a surjective group homomorphism.

Proof:

q

e By Lemma 8, we have 7;

is surjective.

e The proof is completed by showing that 77?7 gisa
group homomorphism. So, let P = [X : Y : Z]
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and Q = [X' : Y : Z']in E{ (a, ), we put
P+Q=[X":Y": 2] then

Tis(P+ Q) = [ (X7) : mf (Y7) s 7w (27)]
=i (P) + 7 (Q).

By 2, Theorem 15 and proposition 8

Lemma 17. Let P = [X :1: 3z3z106% and Q =
(X' :1: 3252 aB?] in EY (a, B), then we have:

P4+Q=[X+X":1:3(x; +2))(x2 + 25)*a3?.

Proof: As 7/ (P) = 7/,(Q), we have by Theorem
15, X" = X+ XYY" =1and Z" = 3(x1 +
2h) (22 + xh)%a 3%, which completes the proof.

In the next we consider the set:

G9 :={[z1a + 26 + 238% + 403 + 5057

13)
:1:323710B8% |z € Fy, i =1,..,5}.

Now we have the following fundamental theorem
which gives the structure of the set GY:

Theorem 18. The set (G?,+) is a p-subgroup of
E (a, B), isomorphic to (F5, +).

Proof: This result is particularly useful when we are
given a map, we define ¢ as follows,

¢9: (Fo,+) —
T = (21, %2, %3, 4, T5)

(G, +)
¢UT).

Where, ¢4(T) = [x1a+z2+238%+ 1408+ 2503°
1: 3z321062%).

The map ¢? is well defined since if we take another
(2, b, a, ), o) in F) we get the same image.

With the property that ¢?(z+y) = ¢?(x) +¢(y)
coming from Lemma 17 for all , y in ]FZ; for then we
can immediately deduce that ¢¢ is an homomorphism.

It follows from definition of G4 that ¢ is surjec-
tive.

Now, Given an arbitrary element x =
(z1, 22,23, 24,%5) € }FZ. So, if p4(x) = [0:1:0],
then z1a + 298 + 2342 + 2408 + x504% = 0, and
therefore z = 0, since B = {1, a, 3, 8% af, af?} is
a basis.

Finally observe that ¢%(px) = p¢i(x) = 0.
Therefore we conclude that GGY is a p-subgroup.

Thus, as a further consequence of the above theo-
rem, we get an injective homomorphism from ]Fg into
the set £ (a, ).
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Theorem 19. The sequence: 0 — Fg —>?¢’Vq
B (a,B) =7 EY

ag,bo

— 0 is exact, where
¢q(x1,x2,x3,a:4,x5) = ¢q($1,x27.1'3,$4,$5).
Proof:

e By Theorem 15, ;55 is injective.

e By Lemma 16, Wgs is surjective.

e We are now in a position to show kerwf’s =
Im;bvq. Consider [z1a + x93 + 238° + 1403 +
zsaf? ;1 3z2z108% € Img9, then
i ([ + 228 + 238% + 2408 + 25067 - 1
3z3r1aB?) = [0 : 1
Imgi. Conversely let [X :Y : Z] € kerr{
then [zo, yo, 20] = [0 : 1 : 0], so Y is invert-
ible, and from proposition 13 : X, Z € J so,
X :Y :Z] ~[X :1: Z]; and from Corol-
lary 14, [X : Y : Z] ~ [x1a + 228 + 236% +
r4af + x508? 1 1: 3x3x108%] € Img4, which
completes the proof.

: 0] and so, kern{, 2

Theorem 20. There is an isomorphism from
E{ (a, B) to the direct sum of EY , ~and ;.

To prove this theorem, we first prove the follow-
ing lemma.

Lemma 21. Let N =# E¢

ao,bo”

If p doesn’t divide
N, then the short exact sequence: 0 — Fg — 1
Ef (a,B) s B9

a0bo 0 is split.

Proof: It suffices to show; there is an homomorphism
map denoted by 7, such that the following diagram
be commutative

q
Fg — Eg,s(aa 5)

Let N9 € Z such that 1 — NNy = tp for somme
integer t. Let 7, v the homomorphism defined by:

Ty N Egs(a,ﬁ) —[NNo] G4
pP — (1 —tp).P.
—1
¢q’1 : G1 —%a Fg

(1—tp).P —  (x1,72,23,24,25).
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Let P = (z1,x2,x3,24,%5) € ]FZ, then

Tg,N © g;(P) :gbgl o [NNy| o @(ml, X9, X3, T4, T5)
=¢, " o [NNo([z10 + 28 + 23587
+ z4af + z508% 1 1: 3z32105%))
:¢;1((1 —tp).[x10 + 22 4 233
+ 240 + z503% 1 1: 32321087
=(1- tp).gzﬁ(;l[xla + 298 + w332
+ 2408 + z508% : 1 : 3x3x108%)

=(1 —tp)(w1, w2, T3, T4, T5)

:(xlu X2,T3,T4, 375) - tp<$17 XT2,X3,T4, x5>

=(r1, T2, T3, T4, T5).
(14)
This shows that the short exact sequence of
groups is left split and the proof is complete.
Proof: of Theorem 20. Since the groups are abelians,
the short sequence is split which show the theorem
and complete the proof.

4.3 Example

It is very difficult to construct an elliptic curve over
E{ ((a, B), hence the interest in using the isomorphic
Theorem 20. to give an example of elliptic curve over
[F, under the previews conditions.
Letq=7,d=7,a=14and b = 1.

a is a root of monic polynomial X2 — 7.

/3 a root of monic polynomial X3 — 14X + 1.

We put

t =14 3a+ 58 +36%+ af + 203,
s =14 3a+ 68+ 46% 4 2a8.
We have Ay = 4a8 + 27b3 = 3mod?T.
As a consequence of Lemma 7 we concludes that A is

invertible in Z4(av, 5). So, Ey s(a, ) is well defined

on Zg (e, B).
Now we have;

E{,={lz:y:1]/y’ =2 +2+1}U{[0:1:0]}

From the following table, we give all elements of £ 1

’x‘y‘yQ\xS—HL‘—i—l‘
0/]0] O 1
1(1]1 3
2121 4 4
313]2 3
4 14| 2 6
5/5]| 4 5
66| 1 6
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Hence,

E1771:{[():1:1],[0:6:1],[2:2:1],[2:5:1],[0:1:0}}

As a consequence
Ef (o, B) 2 F7 & Ef ;.

which content 84035 elements.

S Consequences and illustrations

We have the following results:
1. We get from Theorem 20; |E{ (e, 8)| = ¢°N.

2. The Discrete Logarithm on the elliptic curve

E{(a, B) is equivalent to the one on E , .

3. The elliptic curve on this ring can be used for
both cryptography and cryptoanalysis. So, if the
Discrete Logarithm on EY («, ) is trivial then
we can break it on the elliptic curve Egmbo with
trivial attacks.

4. This work can be generalited to an upper degree
for the extension L, knowing that the difficulty
of the problem becomes more difficult every time
the degree of the extension becomes bigger?

5. We can replace Theorem 3 by [[7], Theorem
3.1.], to produce similar but totally different re-
sults.
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