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Abstract: In this paper we refine the error term in the prime geodesic theorem for compact, even-dimensional
locally symmetric Riemannian manifolds with strictly negative sectional curvature. The ingredients for the starting
prime geodesic theorem come from our most recent research of the zeta functions of Selberg and Ruelle associated
with locally homogeneous bundles over compact locally symmetric spaces of rank one. In this paper, we shall
restrict our investigations to compact, even-dimensional, locally symmetric spaces. For this class of spaces, we
prove that there exists a set V of positive real numbers, which is relatively small in the sense that its logarithmic
measure is finite, such that the error term of the aforementioned prime geodesic theorem is improved outside V.
The derived prime geodesic theorem generalizes the corresponding prime number theorem, where it is proved that
the error term under Riemann hypothesis assumption can be further reduced except on a set of finite logarithmic

measure.
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1 Introduction and preliminaries

In this paper we consider a logarithmic prime
geodesic theorem over compact n-dimensional (n
even) locally symmetric Riemannian manifold Y of
strictly negative sectional curvature.

Our aim is to prove that the prime geodesic theo-
rem

Yo ()
n—1
=Y (=Pt Y ax
p=0 (T, Ve
25"
X > oy

A n4+p—1
sPTAE (2pn+2p—l ,Qp]

n+p—1
O (332p"+2p—1)

as x — oo, which is derived in [1, p. 317, (39)], can
be further improved.

More precisely, the prime geodesic theorem given
above does not depend on the choice of =, x — co.

In this paper we prove that its error term can be
further refined if x — oo is taken outside some ex-
plicitly known set of finite logarithmic measure ;1 *.

Note that 1) () is given in terms of singularities
sPTA of the Selberg zeta function Zg (s +p — A\, 7)
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(such zeta functions are described in detail in [2], and
satisfy the equation (4) in [1, p. 305]).

As itis usual, ¥; (), j = 0, 1, ... are introduced
recursively (see, [1, p. 312]).

Let

S(v) = Z c(v) e ivy

vEA

be an absolutely convergent exponential sum, where
the frequencies v run over arbitrary strictly increasing
sequence A of real numbers, and the coefficients ¢ (/)
are complex.

Let§ = £, with 0 < 6 < 1. Then (see, [4, p. 330,
Lemma 1]),

14 +o0 2

/ 1S ()] dv <4 /

v —00

t+6

5> ew)

dt. (1)

Here, according to Vinogradov’s notation, A <y B
means that |A| < C B, where C' > 0 is an unspecified
constant that depends on 0, i.e., C' = C (0).

In this paper, we shall apply (1) in the following

form
v

/ S e (v) v

Zy IveA

2
dv < 2)
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2 Main Result

Theorem 1. Let Y be a compact, n-dimensional (n
even) locally symmetric Riemannian manifold with

strictly negative sectional curvature.
set 'V of finite logarithmic measure, such that

PNy X

(T,\)€Elp

x 2

2
DT 4n“ —4n+4np+p ]
§ € <p2n2—2n+4np+p’2p

SPiTsA
Sp7T7)‘

4712 —4n+4np+p
O <xp 2n2 —2n+4np+p X

n—1

. n=1 _ on-1
X (log x)p2"2—2n+4np+p (log ]Og m)p2n2—2n+4np+p

Proof. Recall the equation (12) in [1], We have,

Yon ()
n—1

— p+1 Z Z p7 T, )\
p= 0 (T,\) €l zE APTSA

x > 1. Here, AP™ denotes the set of poles of

Z:g (s+p—A71) a5t
Zs(s+p—A\T1) 2 ’

k=0
and
Cz (pa T, >\)
Z’ Y s+2n
=Reso— | 7 ES j: ; >\7T§ o
S — A, T
slsTp I (s + k)
k=0
Letx > 1.

We may assume that = > 1 when necessary.

+e>

as x — + oo, x ¢ V, where € > 0 is arbitrarily small.

The residues c. (p, 7, \), z € AP7 are given by

the equations (13), (14), and (15) in [1].
Define the following sets:

I—Qn:{07_17 ,—271},
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Bp,T,)x :{ *j €l g, : C—j (p> T, )‘) =

4n2 —4n+4np+p
O p2n2 2n+4np+p }’

Bp77)\ =I_ Zn\B STy

ST =SPTANR,

SpT)\ Sp;r,\\SpTA

C;T’)\ = {sp’T’)‘ € Sﬂg’T’A S 1} ,
Cg,r)\ :{SP’T’)\ € SI‘E’T’/\ D —2n— 1< P <

4n2—4n+4np+p}
2n2 —2n+4np +p

3 S X P DT
CP,T,)\ —{S S SR :

—2n+p

4n? —dn +4np +p
2n? —2n+4np +p
4n? —4n+4np—|—,0}
2n2 —2n+4np+ p
Cora ={#7% € 557

—2n+p

Sp’T)\<

2
p4n —4n+4np+p < TN < Qp}.
2n? —2n+4np + p
Note that
4n? —4n—|—4np—|—p n+p—1
Pon 2_2n+4dnp+p — pn—l—2p—1

since the corresponding equivalent inequality n > 1 is
always valid.
Also, note that

PTA !
A - vaz)‘ U BP,T,)\U

4
(U CP ) U Spp—&-)\
k=1

Reasoning in the same way as in [1, p. 315], we
obtain that

Z c. (p,7,\) =0 (z71).
ZEC;’T)\
Furthermore,
DT\ z+2n
o T
P D D
zeCﬁ A

0o [ (44
k=0

4n2 —4n+4np+p
—O x 277,2 2n+4np+p ,
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. . 'I’L2— n n,
where 02" denotes the order of the singularity z of _0 (a-w@% y
Zs(s+p—AT).
Finally, by the very definition of the set B, -\, we x (logz)~ L ey %

have that ” n
x (loglogz) v R —— ;6)

p4n§74n+4np+p
E — 2 2n+4
Cz (p’ T, )\) - O " nAnpte : 1 4n2 —4n+4np+p
—0 (

ZEBP _— 22p2- 2n+4np+p X
n—1
Consequently, x (logz) M on? 2ntdnpte X
%1 ne

Yon (2) x (loglog ) " maniimers o )

n—1 p4n2—4n+4np+p
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p:O (T, \)EL B n—1

PZEL, -\ % (log x)02n272n+4np+p %
n—1
n—1
e

= E 1P+ E E 2 (0,7 A) + x (loglog x:)” 27 =2ntanps )

p=0 (TAED e 5P 7

ence,

St Yy Z ¢z (p, 7.0 +

p=0 TAEl, k=3 zeCk 9

T B2 AL, ()
4n274n+4np+p
pans O+p n—1
O T 2n®—2n+4dnp+p
’ NI S DI
= /
x> 1. p=0 (T, NElp ZGBp,‘r,A
As it is usual, we introduce the differential opera- h—n A Wz (D, T, A) +

tor

3
—

2n Z (=17 Z Z

) 2n . = D,T
At @) =3 1) (7)ot nm i T e
=0 x h™ 2”A2ncz (p, T, A)
for appropriately chosen h. ”—1
1)L
Let5>O.Puts,:"TTp6,6N=ﬁ6. Z Z Z 1x
We shall take p:O (TAelp k=3 zeCy |
2
1 4n274n+4np+p X h nAchZ (p7 T’ A) +
h =x? 2n?—2n-+4np+p X p4n —4n+4np+p
1 n=-1 O( 2n2— 2n+4dnp+p X
(log 1.) 2 2n2 _2n+4np+p X . o
1 n—1 £ 2n4—2n+4np+
x (loglog )2 22 =2ntingrn " 20 . x (log z) e

n—1
: x (loglog x)pmﬁ)’
Obviously, 1 < h < z.

For the sake of simplicity, we shall keep A in our

notation until further notice. x> 1.
Sincen — p > %, we deduce Note that the operator A;, may be defined by [1,
(22)], and satisfies [1, (23)] 1n the case when f is at

L2AY O pW least 2n times differentiable function.
n n+4np+p
n Reasoning in exactly the same way as in [1,
20 ( 4n24n+4np+,,> p. 316], we obtain that

xp 2n2 —2n+4np+p

ZEBp,‘r A

o(h o, ) > WAL (pA) = O (log ).
= n n np+p
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THA
Furthermore, if z € C_,, then "
X Z D, 7oA
S
+ .z+2n A ( 4n274n+4np+p ]
2’!’L'r shmie p2n2—2n+4np+p ,2P

A
h=2 A e (p, T, A) =h™ ol T

kl;lo (z+ k) Z (—1)PH! Z Z 1%

D,T,A p=0 (T, A)Elp 5p,m AP ;f‘)\

1
L

- p,’r)\zv 2
z x h™?" A coprn (p, T, A) +

where T, ;) . € [z, + 2nh]. Pan?2n+anptp x

4n? —4An+4np+p
O(s
‘We conclude,

n—1
4n2—4n+4np+p X (log x)p2n272n+4np+p X
WA ¢, (p,7,\) = O (2”27 2ntinots
n » p n—1 te
X (loglog x)" 2n*—2n+dnptp ),
Therefore,
x> 1.
Z h=2mA e, (p,7, ) For any = > 1, we may deﬁpe m = [logz].
weCt Now, |z] <z < |z| + 1 yields that
An“ —An+4np+ — < — .
0 (m W) m = |logz] <logx < [logz|] +1=m+1
Hence,
. . . R 7)\ 4
Similarly, if sP™* € Cpm/\’ then e < g < ML
pir Thus, taki 1 btain th
9 P DT us, taking any x > 1, we obtain that x €
h™ " AG Conrn (P, T, A) = .98177777)‘%21’*7»“ [em, em T,
Define,
where Z .- € [, + 2nh).
Consequently (see also, [9], [8]), —A4dn+4dnp +
quently ( (9], [8D) o =(n+p) PEp
) 2n® —2n+4np+p
Z h2AGes (P, N) 3 (n+ p) n—1
=y=(n .
z€C; . 5 7 P 2n2 —2n +4dnp+p
A
5" — M
_ Z S +0 ( h2p) Furthermore, let T' = €™, and
n2_dn-4dn m(4n+2p—2a) 1-28 1-2
Sp"r’)‘€<ﬂ‘;ln27;niinzztz 12 :| Y =e 2n+3 m 2n+3 (log m) 2n+’§ +e
DTy A
_ Z i + It is easily seen that Y < T
SPTA We shall write sP™* = — X 4 1P f sPTA
Spy.,-7)\e(p4n§74n+4np+p 2 ] P A p + + ’y
2% —2n+anptp’ € ST
4n274n+4nP+P ow,
O(xp2n2—2n+4np+p X
-2
log 2\ TT i mpTr 2 W ALcwes ()
n4—2n+4np+p
X (Og x) . X N SP’T’)‘GS&;::\)\
Pon2 2ntdnptp
X (log log x) 2n2 —2n+4np+p ), — Z h- 2nA2n Caprrn (p,T, )\) +
where sP7* is counted o A times in the correspond- hp,f A| v
ing sum. “
We shall use this practice in the sequel. h—2n Z A e (p, T, A) + )
Combining the obtained estimates, we end up PTACSPTA
Wlth Y < |yP:T ;P<T
YPTAL
h~ 2nA w2n( ) 9 +| |
- 3 WAL Y cara (07N
Sty b
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Recall the equation (34) in [1]. We deduce,

Z h 2nA2n Sp,T A (p, 7_, )\)
sP’T’XESI_”;_"_A/\
[P <y

-1
:O § ‘Spﬂ—’)“ x7p+)‘

sPTs AESP T, A

|'yp’7*’\|§p;/M
Y
~0 (x—/’“ / £ AN, - x (1) ®)
0
Y
=0 <x_p+)‘/tn_2dt =0 <:1:_”+>‘Y"_1)

L(4n+2p—20)
-0 (x—p+>\€%(”—1)

X m2n+3( 1) (log m) (2n+3

=2 e >(n71) )

4n+2p—2a« (nfl)

=0 (a:"x n+3 X

% (log 2) 5 D) (1og log z) (333 ) (=) )

p4n —4n+4np+p
:O (w 2n2—2n+4np+p X
n—1

X (log $)p2n2—2n+4np+p X

n—1
x (loglog x)"2n7=2ntansts e ) .

Here, N, 5 (t) = O (t™) denotes the number of sin-
gularities of Zg (s + p — A, 7) on the interval —p + A
+iz,0<x <t

Furthermore,

YT A eea (07N

SPTs A Py, A
€57010

Y <[y A <T

DyTHA
Osp,‘r,)\ A;—TL <$S +2n>

:h72n Z 2n

sPTACGPTA I (s + k)

a
Y<|,Yp,7 ATST k=0 (6)

N ) I S
2n
SPTACSPTA H (51077'7)\ + k)
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2n
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1=0
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Finally, T > e~ !z yields that

Z sp"')‘(paTa)\)

D, T, Py, A
s es? N

[P A>T

sPTA4on

xr
- Z 2n
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T
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Hence,
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(
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[P 7 A>T
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n—1

x (log log x)” 2n7—2n+ino+p

p4n2—4n+4np+p
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Combining (4), (5), (6) and (7), we obtain

> hTTAY e (7, N)
sPTAESPTA
1
Z 2n X
sPT e [T (sPmA + k)
Y< |,yp,7',/\ |ST k=0

X 2 (1)’ <21n> (@ + (2n — i) by " 20

p4n274n+4np+p
+ O(x 2n272n+4np+p X

:h72n

p n—1
X (log II:) 2n2—2n+4np+p X

__n=1
X (log log x>p2n2—2n+4np+p +e ) X

This equality and the equality (3), imply that

2" A, pon ()

n

=Y (-DPtt Y ax

(m,Nelp

x >
2
D, 7oA 4n“4—4n+4np+p :|
§ € (P 2n272n+4np+p ’2p

(_1)p+1 Z h72n Z 1%

I
—

i~
I
o

SPTHA

Spv‘r?)‘

i
L

0 - N
p (T, N)€elp sP T|)‘€S§’;+>\
Y<|ypmA|<T
3)
1

X —2n X

I (s k)

k=0

2n
(2 .
X Z (-1)" ( n) (z+ (2n—1i)h)*" *+2n
=0 !
p4n274n+4np+p
_|_ O(ﬂj 2n2—2n+4np+p X

n—1

X (log x)p2n2—2n+4np+p X
n—1
x (loglog :zz)p2rt2f2n+4m;+pJFE)7

x> 1.

Consider the sum on the right hand side of (8) that
corresponds to ¢ = 2n, i.e., the sum

i
L

(_1)p+1 Z h—2n Z 1%

=0 NET ST P,y
p (Tv )G P sP ES_’H_A
Y<|ypmA|<T
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% 1 l_sp”'*)‘+2n
2n ’
11 (7 + k)
k=0

As we already noted, z € [e™, e™T1).
Define

n—1
_ T A
ami=U U ani,
p=0 (7,\) €I,

where Aﬁfi)‘ is the set of all z € [e™, €™ ) such that

xsp”'*)‘+2n
Z 2n
sprrestmA [T (sPmA 4 k)
Y<‘,Yp,T,A‘ST k=0

>z (log z)” (loglog )7+ .

Thus, if 2 € AP™*, then

m,1l

‘,Esp*T'A—&—?n
1< Z - X
2n
stTv*eS’j’;fA [T (s»™* + k)
Y<‘,Yp,7‘,)\|ST k=0

1
22 (log z)*? (log log x)27+26, ‘

X

We estimate,

dx
X ADST,A
Iu A =
m,1 T
p,T,A
m,1

xsp’T”\JrQn 2
o [| ¥ &~
STHA )Ty
Afr;r,k SP’T‘AESI_;;+/\ H (SpT +k)
’ Y<|,yp,7',)\’ST k=0

" 1 dx
22 (log z)*? (loglog :L‘)Q“’”E/ z
em+1 . 2
x—p+)\+1 AP TA 4L 9n
o [| X = x
em Lpragsprd T (sPmA + k)
Y<’,Yp,‘r,>\‘§T k=0
1 dx
X

22 (log z)*? (loglog ZL’)Q’H—%/ z
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o e2(m+1)(=p+A+2n) Define ¢ (v) =0if v € A\ B, and
= 7
e2m()ém2ﬁ (].Og m)27+28 R ei ,Yp,T,)\(m_;'_%)
em+1 i’ypﬂ—’)\ 2d c (,.Yp,‘f': ) — o
x T
X Z e et [T (s»™* + k)
N 2n N €T k=0
em LarmaestiA T (sP7A + k) A
Y<|’YP’T’A|§T k=0 fOl‘ ’)/p7 e B
Now,
e2m(—p+)\+2n)
=0 o7 X 1% 2
2mag, 28 YT 2€ .
e m (log m) / Z C(V) e2mivel gy,
61’/14—1 . N 2
xl,ypm dx v veA
X Z 2n ? i . N 1
em sp’T’)‘ESg‘;j;\)\ H (Sp’T’)‘ + k‘) P oL (m+§)
Y<|yprA|<T k=0 - Z 2n X (10)
T = QP TN D, Ty
J2m(p+2m) L L et II (s +k)
0 / e 20
e2mam?26 (log m)QWHE 2
: JTHA
emtl prA 2 x 2Ty )
' dx
X Z 2n ? ’
om sp,f,xesg,;& [T (s»™ + k) Furthermore,
Y<|’yp’7—’>"§T k=0 2
+oo
: +2 ; w0 2 V
Putting x = eMT4TU we obtain 7 / _ Z c (1/) dt
< AP sin (76) 6 .
7 AW’Li —00 tSVSt‘f'V
eQm(p+2n) 1 2 +oo 2
=0 X 4
7 — cl\V dt
e2mam?2B (log m)?7 2 sin + Z ¥)
1/ o [t<v<ttl
1
2 imAyP ™A i 2muny P A 2 . .
« Z e e du Here, if t = Y — 2, for example, we obtain that
; L& N ' Y —2<v <Y — 1. Thus, for any v € A such that
0 lspmresrrA [T (sP7A + k) Y —-2<v<Y —1,wehavethatv € A\ B, i.e., we

y<pprA|<r F=0 have that ¢ (v) = 0.
Similarly, if t =Y — 1, thenY — 1 <v <Y.

Now, putting v = u — -, it follows that
OW, putling v = u — 7, 1L Tollows tha Hence, ¢ (v) =0if v € A.

MXA%T{\ However, if t =Y — 1 + e for some e > 0, then
7 ) Y — 1+ e <v <Y + e This means that ¢ (v) is not
e m(p+2n) . .
-0 X necessarily 0 if v € A.
e2may, 28 (log m)27+25 Similarly, if t = T, then T' < v < T' 4 1. There-
n fore, ¢ (v) is not necessarily 0 if v € A.
Vi iyP A (mt-3 ) We conclude
[ v 2 ’
B 9
X Z 2n X ( ) too 2
Sy Loiean 1 o) o V7 s
7, = _— — c(v
v<fyprA|<T sin (76) 0
2 —o0 t<v<t+&
% eQT(i'yT—’,T,)\’U dv) ) ) 5 —v 2
_ 4
) = (sin1> / Z c(v)| dt+
LetV =0= 4. 1) 5 |tsv<ti
Suppose that A is an arbitrary, strictly increasing . T 9
sequence of real numbers, such that B C A, where 1
2 / Z c(v)| dt
B = {,}/P,T,A LY < ‘,ypm/\ < T}. sin 7 L lievin
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. 2
‘SPJ,A|2”+1> dt) +

DTy DsTHA
s 657P+A

t<APTAL 4
—T<APTALY

t<yP At
Y <P ALT

T+1 2
1
=0 ——— | dt
2n+1
<Y— (SpT/\GSpTA ’sp’,r’)\‘ ! ) )
2
)

Ny (1) )th> .

=0 (t").

t<APT >‘<t+1

T+1 ,
:O< / t2(2n+1)<
v=-1

D

A = QP TS A
sPT ES_p_‘_)\
tgypvf)‘gt-i-l
T+1

Y -1

1

Np A (t)

As we already noted,
More precisely,

Npra(t) = Dit" + 0O (t"—l (log t)_l)

for some explicitly known constant D; (see, [3, p. 89,
Th. 9.1.]).

The estimate N . (t) = Dit" + O (¢"71),
however, will be sufficient for our needs.

We have,

0
() J |

—0o0

an

PN (mt3)
Z 2n X
sprrest A [T (sP7A 4+ k)
Y<’,Yp,7',)\‘ST k=0

2
1

627ri'y3”7”\*u
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Thus, by (9)
ST
AT

_0 e (p+2n—a) 1
28 (log m)27+25l y2nes

1
:O / " .
m (log m) 142" +(2n+3)e

Consequently,

-1
>3 e

p=0 (T,\)€l,
=0 ! 7 2K
m (IOg m)1+25 +(2n+3)e
) (U Am71>

1
=0 ( ; m (log m)1+25/+(2n+3)€” > ’

Therefore, MXA&:{\ < 00, ¥ Ap1 < 00, and
x <U Am,1> < 00.
m

Now, since z € [e™, ™), we can take z to be
an element of the set

[em m+1) \Am 1

Sl

p=0 (1,\) €I,

/*LX Am,l =0

m m+1 \APTA.

Consequently, the sum on the right hand side of
(8) that corresponds to ¢ = 2n, i.e., the sum

S SEDs
ANeTL Ty P,y
(Tv )GP sP» ES Zoka

y<|aprA|<T

—_

> (-1

=0

3

1x

S

1 P, T,A
% 8 +2n
2n

[T (7 + k)
k=0

becomes

O (h 2z (log )’ (10g10gx)7+5,>

p4n2 —4n+4np+p
:O (m 2n272n+4np+p X

p n—1
X (log x) 2n272n+4np+p X

n—1
x (loglog x)"2n7=2ntdnpts te ) .
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Now, z € [e™,e™ 1), and h < x yield that

m+1 m—+2

T+ h<2r<2e <e

In other words, x + h € [em, em+1) orx + he€
[eerl, em+2)'

Ifx+he [em, em+1), then, we may assume that
z € [em™, ™)\ Ay, is selected so that z + h €
[e™, e™ 1) \ Ay, 1. In this case, for the sum on the

right hand side of (8) that corresponds to i = 2n — 1,
we have that

n—1
SRISIS SIS SRS
p=0 (mA)Elp sPTAESETA
Y <[y A |<T
2 1 -
_< ln) on (& + h)" 72
I (7 +
k=0

x (loglog (z + h))""® >
=0 (h_%m"‘ (log x)ﬂ (log log l,)'ers )
an? _dntanptp
:O (mp2n2*2"+4np+p X
_ _n=1
x (log x)p2n2*2n+4np+p «
x (loglog m)pm% ) ‘

Ifz + h e [e™t!, em™2), we write

i
L

(_1)p+1 Z hon Z 1%

p=0 (r,N)ely SP’T’)\GSIi’;rA
y<|ypmA|<T
27’L 1 JTHA
X—(l)%(l'—i-h)sp +2n
[T (P72 + k)
k=0
n—1
=y (=Pt > e > 1%
p=0 (T A€l SP*T’AES’i’;r/\
Y<’,Yp,‘r,)\‘§em+1
2n 1 JTHA
()T
[T (P72 + k)
k=0
n—1
(_1)p+1 Z h—Qn Z 1X
p=0 (T A)elp sPTAESPTA

em<|,yp,7',)\|§em+l
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2n 1 DTN L9
<1>2n (x4 h)> T,
[ (sP7A + k)
k=0
Define
n—1
b 7>\
Apmti2 = U U AP o)
p=0 (T,\) €I,

where AP, is the set of all o € [¢™F1,¢™+2) such
that

ISP*T'A—&—Q’VL
Z 2n
sl’*fv*esf’;rA IT (s»™* + k)
eMm< |,Yp,‘r,)\ ‘ Sem+1 k=0

>a® (log z)” (loglog z)7+¢ .
Since
b 7A
MXAfn;
0 e2m(p+2n—a) 1
m?28 (log m)27+25/ yznts J?

if follows immediately that

X ADTHA
K Am+1,2

e2m(p+2n—a) 1
=0
m2B (IOg m)Z’y-‘rQé‘, em(2n+3)

1
=0 (em(2n+32p+2a) ) :

Consequently,

1
X —
7! Am+1,2 =0 (em(2n+32p+2a)>’

1
w (U Am“v?) =0 ( Z om(—2n+3—2p+2a) ) '

m

Note that

3
a>n+p>n+p—§.

Hence, — 2n 4+ 3 — 2p + 2a > 0.

Therefore, MXA%J—;’}Q < 00, W Amy12 < 00,

and p* <U Am+1,2> < 0.
m

Now for  + h € [e™*! e™2), we may as-
sume that z € [e™, ™) \ App is selected so
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that  + h € [e" 1 ™)\ Ay andz + h €
[em+1,em+2) \Am+1,2-
We obtain,

i
L

(_1)p+1 Z B2 Z 1%

p=0 CONIS S SP’T’AGSS’;J?A
Y<|yPmA|<T
STHA
X — <2n> v (z + h)*
1 2n
[T (s»™* + k)
k=0

—0 (h*Q" (z + h)* (log (z + h))? x
x (loglog (x + h))7+€, >+
o) (h_2” (z + h)® (log (z + h))? x

x (loglog (x + h))7* )

p4n2 —4dn+4np+p
:O (.T 2n272n+4nﬂ+p X

n—1

X (log x)p2n272n+4np+p X

n—1
x (loglog x)pm+€ ) .

Consider the sum on the right hand side of (8) that
corresponds to ¢ = 2n — 2.
Since z € [e™,e™T1), and h < 2 we have that

2+ 2h < 3z < 2™t = M3,

Thus, © + 2h € [e™, ™) or z + 2h €
[emF1, emF2) or x + 2h € [e™ T2 T3,

If x + 2h € [em, em+1), then, we may assume
that € [e™,e™ 1) \ A, 1 is selected so that 2 +
he [em e™t )\ Apqand z + 2h € [e™, ™)\
Ap,.1. Then,

i
L

(_1)p+1 Z h—2n

(Tv)‘) EIP

(2n> 1

X e —

2 2n

[T (s»7* + k)
k=0

:O(h_Q" (z + 2h)* (log (z + 2h))° x

Z 1x

Dy THA DTy A
s GSier)\

Y|y |<r

3
I
o

(z + 2h)*" 7 20

x (loglog (x + 2h))7+€ )

p4n274n+4np+p
:O (.:U 2n2—2n+4np+p X
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p n—1
X (log x) 2n272n+4np+p X

n—1
x (loglog x)” 27 =2ntnps i ) :

Ifx +2h € [em+1, em+2), then, we may assume
that z € [e™,e™ 1) \ A, 1 is selected so that 2 +
h o€ [em e™ )\ Apy (f z + h € [e™,e™T))
and z + 2h € [em+1,em+2) \ Apg11, ¢ + 2h €
[em+1, em+2) \Apyio fz+ h e [em‘H, em+2),
then, we may assume that z € [e™, ™) \ Ay,
is selected so that z + h € [e™ V! e™F2) \ Aypq 1,
x4+ h e [emt e™?) \ Apiig and z + 2h €
[ 1 e 2) \ Apyry, @+ 2k € [ em+2) \

Am—|—1,2-
In any case,

(_1)p+1 Z h72n

(Tv)‘) EIP

<2n> 1

>< e —

2 2n

[1 (s»7* + k)
k=0

— (_1)p+1 Z h—Zn

(m,N)elp

i
L

Z 1x

DTy DTy A
s ESier)\

Y<|yPrA|<T

i~
I
o

(z + 2h)" 7

Z 1x

DTy DTy A
s ES*/J+>\

Y< |,\/p,‘r,/\ ‘ Sem+1

2 1 ™,
" (2n>2n(x+2h>5” T
[T (sP7 + k)
k=0

(_1)p+1 Z h72n

(m,Nelp

<2n> 1

>< E—

2 2n

IT (7 + k)
k=0

i
L

E 1x
DTy A DTy A
s ES_p+/\

€m<|,yp,7',)\|§€m+l

i
o

(z + 2h)*" 7 20

4n2 —4An+4np+p
:O (mp 2n2 —2n+4np+p X

n—1

X (log x)p2n272n+4np+p X

n—1
x (log log x)"2n?=2nt st A ) :

Ifz+2h e [em+2, em+3), then, we write

g 1x
P, T,A PTs A
s ES_p+/\

Y<|ypmA|<T

i
L

(_1)p+1 Z h—2n

(T, N elp

i
o
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2 1 T
" ( 2n>2 (o 4+ 20) 40
[1 (7 + k)

k=0

— (_1)p+1 Z p2n Z 1%

=0 NeT T = QP THA
P (T A)Elp sbmresT I

Y< |,\/p,‘r,)\ ‘ Sem+2

2 1 ™,
" (2n>2n<x+2h>5” T
[T (s»7* + k)
k=0

(_1)p+1 Z h72n

(m,N)elp

i
L

E 1x
DTy A DTy A
s ES_p+/\

€m<|,yp,7',)\|§€m+2

i
=)

[T (572 + )
k=0

Define

n—1
_ p,T,A
Aoz = U U Ao s
p=0 (T,\) €I,

where Afr;lé,:} is the set of all z € [¢™ 12, ¢™T3) such
that

Z 2n
swprrestmA [T (sPTA k)
em< ’,Yp,'r,)\ ‘ §6m+2 k=0

‘ xsp”'*)‘+2n

>z (log z)” (loglog )7 .

Reasoning as before, we obtain that

X ADTHA
] Am+2,3

e2m(p+2nfa) 1
=0
m28 (log m)2’y+2a/ em(2n+3)

1
=0 (em(2n+32p+2a) ) ’

Hence, uXAp’lég < 00, 1 Appyag < 00, and

m

e <U Am+2,3> < oo, where
m

1
W <U Am”’?’) =0 ( Z em(—2n+3—2p+2a) > :

m

Now, for z + 2h € [em+2,em+3), we may as-
sume that x € [em, em+1) \ A1 is selected so that

E-ISSN: 2224-2880
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z+helem e )\ Ay (ifz+he e emt))
and z + 2h € [e™F2 ™)\ Apio1, T + 2k €
[em+2, em+3) \ Apgas. Ifz+h e [em‘H, em+2),
then, we may assume that = € [e™,e™ ) \ Ay,
is selected so that z + h € [e™ V! e™F2) \ Aypq 1,
x4+ h e [emth e™?) \ Apiig and z + 2h €
[em+27em+3) \ Am+2,1, x4+ 2h C [em+2,em+3) \
Apy23.

In any case,
n—1
(_1)p+1 Z h—?n Z 1 X
p=0 (T A)elp sPTAESPTA

—p+A
Y<|yPmA|<T

2 1 T
. < 2n>zn (& + 2h)*" 720
I1 (svm* + k)
k=0

p4n274n+4np+p
:O (x 2n<—2n+4np+p X

n—1

X (log x)p27L272n+4np+p X

n—1
x (log log x)"2n?=2n+4nsts A ) .

Summarizing what we already derived, we are in
position to conclude that x € [em, em+1) \ Ay, can
be chosen so that the sum on the right hand side of (8)
that corresponds to i, i € {2n —2,2n — 1,2n}, i.e.,
the sum

(_1)p+1 Z B2 Z 1%

=0 el T = QP THA
2 (rNEl  spmAestT

Y<[ypmA | <T

i
L

18

p4n274n+4np+p
+ O(x 2n2—2n+4np+p X

n—1
X (log x)p2n§—2n+4np+p X

n—1
x (log log x)"2n?=2nt4npts A ) :

Proceeding with the same reasoning as in the case
i, i € {2n —2,2n —1,2n}, we conclude that x €
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[e™, e™ 1) \ Ay, 1 can be chosen so that

Z 1x

i
L

(_1)p+1 Z h—2n

p=0 (T,\)€elp SP’T”\EST;;\)\
Y<|yPmA|<T
1
X I X
1 (7 + &)
k=0
2n /o N
S 1) () @ iy
1
=0

p4n274n+4np+p
:O (x 2n272n+4np+p X

n—1

X (log x)p2n272n+4np+p X

n—1
x (log log x)"2n7=2nt4npts e ) .

PutV = U Am71.

As we noted earlier, 1 (V) < oo.

Also, note that 1o (z) < h=2"AJ 1oy, ().

Taking into account these facts, and letting x —
oo in (8) along = ¢ V (where we assume that x ¢
V is selected in the way described above), we finally
obtain that

Yo ()
n—1
=3 (P Y x
p=0 CONIS S
sPTA
X Z P TS

2
D, 7oA 4n“4—4dn+4np+p }
s € (’0 2n272n+4np+p 72/)

an? —4An+4np+p
O (mp 2n2 —2n+4np+p X

p n—1
X (10g x) 2n272n+4np+p X

n—1
x (loglog x)"2n?=2nt4npts te )

asz — + 00,z ¢ V.
This completes the proof. O

3 Final remarks

As it is noted in the proof of Theorem 1,

n+p—1
n+2p—1

4n? —4dn +4np + p <
p2n2—2n+4np+p -

Therefore, Theorem 1 refines the corresponding
result (39) in [1, p. 317].
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For yet another proof of the result (39), see [6].

Note that the inequality (1) is applied in [5].
There, it is proved that the error term in prime num-
ber theorem (under Riemann hypothesis assumption),
can be reduced except on a set of finite logarithmic
measure.

Also, note that an analogue of Theorem 1 is de-
rived in [7], where the author considered the case of
compact Riemann surfaces.
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