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Abstract: In many cases the smoothness of splines is important (for qualitative approximation, for the calculation
of a number of functionals, etc.). In the case of discontinuity of approximated functions it is difficult to use
ordinary splines. It is desirable to have splines with similar properties of the approximated function. The purpose
of this paper is to introduce the concept of general smoothness with the aid of linear functionals having a definite
location of supports. Splines are often used for processing numerical information flows; a lot of scientific papers
are devoted to these investigations. Sometimes spline treatment implies to the filtration of the mentioned flows or
to their wavelet decomposition. A discrete flow often appears as a result of analog signal sampling, representing
the values of a function, and in this case, the splines of the Lagrange type are used. In all cases, it is highly
desirable that the generalized smoothness of the resulting spline coincides with the generalized smoothness c
the original signal. Here we formulate the necessary and sufficient conditions for general smoothness of splines,
and also a toolkit is being developed to build mentioned splines. The proposed scheme allows us to considel
splines generated by functions from different spaces and to apply the obtained result to sources which can appes

in physics, chemistry, biology, etc.
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1 Introduction

The continuity of splines was considered from the mo-
ment of their appearance. Often the requirement of
a certain continuity (spline or its derivatives) was in-
cluded in the definition of a spline (see [1] — [6]).
Basically these considerations concern polynomial
splines, the last of which were defined as piecewise
polynomial functions. For non-polynomial splines
obtained from approximation relations (for the so-
called minimal splines), necessary and sufficient con-
tinuity conditions have been obtained relatively re-
cently (see [17]).

In many cases the continuity of splines is impor-
tant (for qualitative approximation, for calculation of
functional values, etc.), since the functions approxi-
mated by them are, as a rule, continuous. A study of
the continuity of splines and their derivatives is de-
voted to a lot of work (see also [7] —[18]).

Splines are often used for processing numerical
information flows; a lot of scientific papers are de-
voted to these investigations. Sometimes spline treat-
ment implies to the filtration of the mentioned flows or
to their wavelet decomposition. A discrete flow often

appears as a result of analog signal sampling, repre-

senting the values of a function, and in this case, the
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splines of the Lagrange type are used.

In all cases, it is highly desirable that the general-
ized smoothness of the resulting spline coincides with
the generalized smoothness of the original signal.

When a discontinuous function is approximated,
the behavior of the function in a neighborhood of the
discontinuity point is often known. Approximation of
that function by ordinary splines is difficult. It is de-
sirable to have splines with properties similar to prop-
erties of the approximated function.

Such properties can be formulated with the help
of linear functionals, in particular, the usual continuity
of the function can be considered as an equality of the
values of two linear functionals applied to this func-
tion: one functional is the left limit of the function at
this point, and the second is the right limit of it. The
purpose of this paper is to introduce the concept of
general smoothness with the aid of linear functionals
having a definite location of supports. In what follows
general smoothness are called pseudo-continuity.

Here we formulate the necessary and sufficient
conditions for the pseudo-continuity of splines, and
also a toolkit is being developed to build pseudo-
continuous splines. The proof use properties of com-
plete chains of vectors, local orthogonality mentioned
chains, as well as the vector identities.
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Thus,in this paper we propose a general scheme
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Corollary 1. For any complete chain there exists

that allows us to consider splines generated by func- a locally orthogonal complete chain that is uniquely

tions from space§, L,, W, and handle nonsmooth

data, and sources which can be generated in physics,

chemistry, biology, etc.

2 Preliminaries

An ordered sefA = {a;};cz of vectorsa; € R™*!
is calleda chain of vectors There are different enu-

determined up to a nonzero constant factor.
The proof follows from Lemma 2 and Lemma 4.
Lemmab5. LetA = {a;} be complete a chain.
Suppose a chaiB = {b;} is obtained by the formula

T _
by x = det(ag—m, ak—m+1,- - -, Ak—1,X)

Vx € R™HL

merations of the same chain; moreover, two enumer- and a chainC = {c,} is obtained by the relation

ations can differ by only a constant term and direc-
tion of enumeration, for example\ = {a; | j =
—Jj + jo, j € Z} (wherejj is an integer constant) is
another enumeration of the same chain.

ChainA = {a;};cz is calledlocally orthogonal
to a chainB = {b;};cz, if there exists an enumera-
tion such that

bla;_,=0 Vje€Z, (1)

p €Iy, I, ={1,2,...,m}.

The next assertion is obvious.

Lemma 1. If chain A is locally orthogonal to
chain B, then chainB is locally orthogonal to chain
A.

The local orthogonality is symmetric, and we can
say that chain& andB arelocally orthogonal.Chain
A is nondegeneratéf it does not contain zero ele-
ments and degenerate in the opposite case.

We denote by A; a matrix with columns
Aj—m, Aj—m41,.--,j—1,8; ie.,

Aj = (aj_m, Aj_m+1y---,A5-1, aj).

ChainA = {a;};cz is calledcompleteif det A; # 0
forall j € Z. Itis clear that a complete chain is non-

degenerate. The set of all complete chains is denoted

by A .

Lemma 2 Let A = {a;},cz and B
{b;}jcz be locally orthogonal and nondegenerate
chains. Then chaia is complete if and only if chain
B is complete.

Lemma 3. If chains A = {a;},cz and B =
{b;}cz are complete and (1) holds, then

b?aj 75 0, (2)

The proof of formula (2) follows by contradiction.

Lemma 4. For any complete chain of vectors a
nondegenerate locally orthogonal chain exists. The
directions of vectors of this chain are uniquely deter-
mined.
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cl

J X = det(ij, bj+2, v

()

) bj+m7 X)

Vx € R™FL,

Then the relatiorc; = \ja;
the constants\; are not zero.
Proof. According to Lemma 2 chailB is com-

plete. It is obvious thaby | ayx_,,, bx L ag_mmi1,

... br L ag_q1 Vk € Z; the last relations are equiv-
alent to the next ones; L b;i1,a; L by, ...,

a; L bj, Vj € Z. Taking into account that the
chainC = {c,} is obtained by formula (3), we see
that the relationsj 1 bj+1, Cj 1 bj+2, RN i 1
bjtm Vj € Z are fulfiled. Comparing the last
one with the relation obtained just before we get the
needed result.

Vj € Z holds, where

3 Some vector identities

Let up,uy,...,u,,—1 € R™! be vector columns.
Consider multivector production

(ugxuy x. . . Xuy,_1)Tx = det(ug,uy, ..., upn_1,X)
vx € R™TL
For shortness we denote it by symbol
m—1
H XW; =Uup XUup X ... X Unp-1,
i=0
so that
m—1
(H xui)szdet(uo,ul,...,um,l,x) (4)
i=0

vx € R™HL,

Lemma 6. The next assertions are right:
1) a transposition of neighbor factors changes the

sign of result,

2) two collinear factors result in zero,
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3) the multivector production has a distributive
property; in particular, ifi € {1,2,...,m — 2} then

ugxug X. .. X X (uhi+ul)xup X xuy, o =
:uoxulx...xu,—_l><u’i><u,~+1><...><um_1+
+ug X up X ... X W1 xu;'qul X oo X Wnp—1,

4) if a vectorb € R™*! is a factor in
multivector production[]™,* xu; then the relation

m—1 T Fp—
-0 xui) b = 0 is right.
The proof is followed by formula (4).
Theorem 1. Letvg,...,vo,_2,f € R™F! be
column vectors and let
m—1 2m—2
C= (H XViyeun, H XVi,f)
=0 i=m—1

be matrix with columif. Then the relation

m—2
detC = (—1)™ H det(vi, ..., Viem) - £XVm_1
i=0

(5)
is correct.
Proof. By definition put
m—1 T m T
Vj = (( H XV,L') Vi, (H XVZ‘) Vi, ...
=0 =1
2m—2 T
oo H xvi)ij,fij,) ,j=0,1,...,m.
i=m—1
Consider the production of matrixC” and
(vo, ..., vm). We have
CT(VQ, s ,Vm) = (VQ,Vl, e ,Vm).
Now we discuss the vectors
m-+j
W, = (0, 0,...,0,( H Xvi)Tvk,
——
k+1 =i+l
m—+j+1 T 2m—2 . T
( H Xvi) Vkv"'>( H XV@) vkvavk> )
i=j+2 i=m—1
k=0,1,...,m—1,
and vector

m—1 T
W, = (( H Xvi)Tvm,O,O,...,O,fTvm) ,
i=0
Taking into account formula (4) and point 4) of
Lemma 6, we obtain

Vj:Wj Vje{O,l,...,m};
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therefore we have

detCT(vo,...,vin) = det(Wo, Wy,..., W,,).

Calculating the right determinant by the "delet-
ing” of the first row and of the last column, we obtain
the determinant of the triangular matrix:

detCT - det(vo, ..., vm) =

m—1 m
= (—=1)"( H xvi) Vi - (H xvi)lvg-...
=0 i=1

2m—2
et ( H XVZ‘)TVm,Q . fTmel.

1=m—1

Using Lemma 6 and relation (4), we deduce

detCT - det(vg,...,vim) =

= (—=1)"det(vog,..., V) (—1)" det(vo,...
(=1)" det(vy,..

(=) det(vip—2, ..

Here we haven factors(—1)™. Because the relation

2

(=1)™ = (—=1)™ holds, we get the equality (5).
Corollary 2. Letvy,...,Vva,_1 € R™1 be col-
umn vectors. Then the relation

m—1
det( H XVi, ..
1=0

7Vm)'
. 7Vm+1) e

T
S Vom—2) £ v, 1.

2m—1

.y H XVZ‘>:
i=m

m—1
= H det(V,', ... 7Vi+m) (6)
=0

is fulfilled.
Proof. If we putf = [["~! xv; in relation (5)
then we get formula (6).

4  Classification of complete chains

Consider a complete chaih = {a;};cz of column
vectorsa; € R™ 1.

It is clear that the multiplication of vectors for
a complete chain by nonzero numbers gives a new
complete chain. The aforementioned multiplication
generates the relation of equivalency between chains.
Two nondegenerate chaids = {a;};cz andA’ =
{a’}jez are called equivalent chains, if there are
nonzero numbers; sucha’; = A;a;. The introduced
equivalency is denoted by; it divides the set4 on
classes of equivalent chains.

Consider a complete chait € A. Let A C Abe
the class of equivalent complete chains such that
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{A’| A’ ~ A}. The set of all classes is denoted by
K.

Let us return to the discussion of the local orthog-
onality of complete chains. LeA = {a;};cz be a
complete chain. By definition puB = {b,};cz,
where

= H Xaj_g Vi€ Z. (7)
s=1

We want to prove that chains andB are locally
orthogonal. For any € {1,2,...,m} we havej —
pe{j—1,7—2,...,7—m}, sothatthe vectas,_,
locates among the factors of multivector production
in formula (7). Let us verify the relation (1). Using
Lemma 6 (see its point 4), we get relation (1). This
completes the proof.

Suppose that chaiB € A, B = {b;};cz, is
local orthogonal to chailA € A, A = {a;}icz,
i.e. relation (1) is fulfiled. Consider classet =
{A’|A’~A}andB={B'|B’'~ A}.

DiscusschainsA’ € A, A’ = {a’}icz, and
B’ € B, B’ = {b/;}cz. According to the definition
of equivalence we have = \;a;, b’ = b, where
Ai, it are nonzero numbers. Multiplying relation (1)
by ;A j—p, we obtain a relation

(bj)"a

The last one is equivalence to the local orthogonality
of chainsA’ andB’.

Thus, a chain of classl is local orthogonal to
each chain of clasB, and otherwise, a chain of the
classB is local orthogonal to each chain of clags
In the discussed case the classeand B arecalled
local orthogonal classesApplying Lemma 5, we see
that each class has the unique local orthogonal class.

Using formula (5), it is possible to make Lemma
5 more precise: the next assertion is right.

Lemma 7. LetA = {a;} be complete chain.
Suppose chaiB = {by} is obtained by formula

»=0 Vi€Z, pe€lpy.

by =ag_,;m X ag_my1 X ... Xap_1, (8)
and chainC = {c;} is obtained by formula
C; = bj+l X bj+2 X ... X bj+m. (9)
Then the relation
m—2
c; = (=)™ ] det(@i—mjss-- - aipjp1)a;
1=0
(10)
is right.

Proof. By formula (9) we have

chx = det(bji, . ..

r bitmy,X) Vx € R™HL

E-ISSN: 2224-2880 307

Yuri K. Dem’yanovich,
Tatjana O. Evdokimova, Evelina V. Prozorova

Taking into account formula (8), we obtain

J

CJTX = det( H Xa;,

i=j+1—m

Jj+1 Jjt+m—1
H Xag, ... H xai,x).
1=j+2—m i=j

By substitution;” = i + m — j — 1 we have

m—1

T
cjx—det(H X&' —m+4j+1, H X/t jdtly - -
/ 0 / 1

2m—2

“ H Xai’—m+j+lax)-
i

'=m—1

USing (5) forv, = At j+1s f=x,Vx € Rm+1,
we deduce relation (10).

The passage from claséto the orthogonal class
B is denoted by* (star), so that for discussed classes
we haveB = A", A = B". lItis evident thatd =
(A%)*. Thus, the passage from clagisto the local
orthogonal class is involution in the g6t

5 Space of minimal splines of the La-
grange type

On a finite or infinite intervala, 3) ¢ R! we con-
sider a grid
X: .. <z 1<zg<z1<... (11)
herea = lim;_,_ z;, 8 = lim;_.  z;.
LetA = {a; }Jez be a complete chain of column
vectorsa; € R,
Introduce some notation

Sj = [z, Tjtm+1],
1Lk} VkjeZ

LetU = U(G) be a linear space of functions de-
fined on the sef7; the last one depends on grid (11).

Considerm + 1-component vector functiop(t)
with components in the spaé&G). Discuss the next
supposition

(L) The component of vector functigiit) are the
linear independent system on the &gt (¢, d) for any
interval (¢, d) C (a, ).

We define functionsv;(t), t € G, j € Z, by
approximate relations

E aj/w]

G = Ujez(7), Tj41),

Je={k—mk—m+1,....k

) =(t) VteQq, (12)
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wi(t’)y=0 Vt'e G\S;. (13)
Accordingto (12) — (13) we obtain
k
Z aywi(t) =p(t) Vte (zg,app) VhkeZ.
j'=k—m
(14)

By (14) we havesupp w; C 5, w; € U(G)
Vj € Z,and

det({ay} e || 70(0))
wj t) =
det ({aj/}jxejk)

Vt € (xg, Tpq1) VJ € Iy,

(15)

where symbol || " denotes that the determined of

the numerator is deduced from the denominator by the

replacement of the colurmay; with columne(t) (with

preservation of the previous order of columns). Thus,

the linear space

S ={ulu(t)=> cwj(t) VteG, Vc¢j € R'},
JEZ
(16)
is contained in the spadé(G).

By (12) — (16) we see that the set of elements of

the spaceS does not change if vectoes; are mul-
tiplied with the nonzero coefficients;. Let A bea

class of equivalent chains, which contains the chain

A ={a,}cz. Itis clear that spac8 does not depend
on the choice of a chain in clas§ but that it depends
on the choice of clasd. Therefore we will denote the
space (16) b)S( XAp)" This space is called trepace
of minimal splines of the Lagrange type

6 On representation of minimal
splines

Let {d;},;cz be complete chain. In formulas (12),
(15) - (16) we put

jt+m
a; = H de- (17)
s=j+1
Using (15) forj = k, we have
det(ay_ _ coap_ t
wk( ) _ € (ak’ ms dk—m+1, y Ak 1790( )) (18)
det(ak—mv Ak—mA4-1y -+ Ak—1, ak)
Vit € (Th, Th1)-
By (17) equality (18) can be rewritten:
N
E-ISSN: 2224-2880 308

Yuri K. Dem’yanovich,
Tatjana O. Evdokimova, Evelina V. Prozorova

where

k k+1

N=det( [ xd, ]]

s=k—m+1 s=k—m-+2

xdg, ...

k+m—1

o TT xdse®),

s=k

(19)

k k+1

D=det( J[ xdo, I

s=k—m-+1 s=k—m+2

xdg, . ..

k+m—1

H xds,

s=k

k+m
X ds>
s=k+1

(20)

Vt € (T, Thy1)-

Using Theorem 1 fov; = d;yx—m+1, £ = ¢(t)
we transform (19) — (20). As a result we obtain

N =
m—2
= (=)™ ] det(dish-ms1,- -, digrr1)@" (t)dp,
=0
m—1
D =[] det(ditr—ms1s-- - digrr1)-
=0

Thus, we have

dlo(t)

wi(t) = (=)™ - det(dyg, ... ,korm).

(21)

7 Pseudo-continuity of minimal
splines

We assume that for integérthere exists a pair of lin-
ear functionalsF}” and F}" in the adjoint spacé/*
with supports in segments;_1, zx] and [zk, k1]
accordingly. We assume that the action of a functional
on a vector function is understood as componentwise,
so that we obtain a constant vector.

A functionu € U is called pseudo-continuous in
zy, if Fi_u = F;/u. We denote b’y (zy,),

Cu(z) ={u|u€eU, F,u=Fu}.

It is obvious thatCy(zy) is a linear space and
Cy(zx) € U. The linear space of all (m + 1)-
dimensional vector-valued functions with components
in Cy (xy) is denoted byCy (xx).

We consider the conditions under whigh, j €
Z, belong toCy (z).

Volume 17, 2018



WSEAS TRANSACTIONS on MATHEMATICS

Lemma 8.Assume thafj, k € Z are such that
k —j € J,, and the functionaF' € U* has supportin
[k, Tk41]. ThenFw; = 0, if and only if

det ({aj/}jlejkvj/#j H ]FQD) =0.

The proof follows from (15).
Lemma9.Lety € Cy(zx) andA € A. If
Ftwg =0,

F};wk—m—l =0, (22)

then
F,;wj:F,jwj (23)

If a;_,,_1 anda; are not collinear, then (23) is a
sufficient condition for the validity of (22).

Proof. Necessity. Replacing with £ — 1 in (14),
we get

k—1
S awt)=e(t), te (zet,a), (24)
j=k—m—1
which implies
k—1
Y aiF wi=F (25)
j=k—m

in view of the first relation in (22).
Similarly, by (14) and the second relation in (22),

k—1

+ ot
Z aij w; = Fk ®. (26)

j=k—m
Since the vectorsy,_,,, a5 _my1,-..,25_1 are

linearly independent andl, ¢ = F,j<p by assump-
tion, from (25) and (26) we obtain (23). Necessity is
proved.

Sufficiency. Using (24), we find

k—1

> aFw =Fe, (27)
j=k—m-—1
and (14) implies
k
Z ajF,jwj = ]:_(p. (28)

j=k—m

Subtracting (28) from (27) and taking into ac-
count (23) and the conditiop € Cy(z), we find
ag_pm1 b, W1 = akFljwk. Sinceay._,,—1 and
a;, are linearly independent, we get (22).

Theorem 2. Lety € Cy(z) andA € A. Then
the functionsw;(t) (Vj € Z), in the pointz; are
pseudo-continuous if and only if (22) holds.
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Proof. Sufficiency. If (22) holds, then it is obvi-

ous that
F whem—1 = Ff Wit Ffwp = F wy,

since the right-hand sides of the last identities vanish
because of the location of supports of the function-
als. If k is such thatr, lies outside the support of
wj, thenF, w; = F;fw; since the right-hand and left-
hand sides of these identities vanish because the sup-
ports of functionals do not intersect the supports of
functions to which these functionals are applied. By
the relations (23), which are valid in view of Lemma
9, sufficiency is established. Necessity is obvious.

For the equal (by assumptioR) ¢ and ;' ¢ we
setdy: & = F = Fit .

Theorem 3. Lety € Cy(zk), k € Z, and let
A € A. Thenw(t) (Vj € Z) are pseudo-continuous
on the grid X if and only if

dj®; =0 VjeZ (29)

Proof. By (21) equalities (29) are equivalent to

relations

Ffw; =0,

p Vj e Z.

(30)
Consider a chaid; = [T/Z;_,, xa,. According
to Lemma 7, the chain is equivalent {d;}. There-
fore formula (29) can be written in equivalent form
det (aj_m, Aj_mtl, -, A5-1, (I)j) =0 Vj e Z.
Replacingj with 7 +m 4+ 1 in the last formula,
we find

det(aj+1,aj+2, . vaj+qu)j+m+1) =0 VjeZ,

which impliesF;,, w; = 0Vj € Z, in view of
(15). Replacingt = j + m + 1, we arrive at the
relation
Fywpm-1=0 VkeZ (31)
Thus, the identities (29) are equivalent to (30) and
(31). It remains to use Lemma 9.

8 Conclusion

This paper discusses continuity of a function as a co-
incidence of values of two linear functionals on the
function where mentioned functionals have their sup-
ports in adjacent segments. It gives the opportunity to
discuss different sorts of continuity.
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For example, for adjacent segmerits;,_1, zx)

and(zg, rx11) We put

where (1) is a weight function.

0
Fpu= lim [ ¢(§)u(zy + §)ds,

T——

/O ") uloy + €)de,

F,j u = lim
T—+0

In that case the

equality F;, u = F;"u is "mean weighted continuity”.

Consider another example:

Fou= limow(T)u'(xk +7),

Ftu= hIilOﬂJ(T)u/(:Ek + 7).

Now the equalityF, v = F,j u illustrates "weighted

con

tinuity of derivative”.
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