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Abstract: Finding the universal morphisms for a given category is considered as comprehensive study of the
principal properties that this category can achieved. In this work, we build a category of fuzzy topological spaces
with respect to Lowen’s definition of Fuzzy TOPological space [3], that we denoted LE-TOP. Firstly, we collected
universal morphisms of TOP category, listed by Sander Mac Lane [7]. Second, we studied universal morphisms of
LE-TOP. We found through this study that the properties of this category are a generalization to the TOP category
properties and TOP’s universal morphisms are projections of LE-TOP’s ones. This shows the power of Lowen’s

fuzziness effect on the ordinary topological space.
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1 Introduction

In the early 1940’s, Samuel Eilenberg and Saunders
Mac Lane invented Category theory [10], with the aim
of bridging what may appears to be two quite differ-
ent fields: Topology and Algebra. Later, it was propa-
gated by Alexander Grothendieck in the 1960°s. From
another side, L.A. Zadeh [1] introduced the fuzzy set
in 1965, since then many researchers used this tool to
generalize different concepts of Mathematics. Fuzzy
theory has many applications in mathematics and also
in other fields such as information [4] and control
[14].

Chang [4] was the first one who introduced the no-
tion of fuzzy topology as an application of fuzzy sets.
Later in 1976, Lowen [3] changed the definition of
Chang because some intuitive and well known results
in ordinary topology are not satisfied in the case of
Chang’s definition. For example, some constant func-
tions fail to be continuous from one Chang topolog-
ical space to another. After that, many researchers
have given new other definitions of fuzzy topological
space, as in [11,12].

Regarding the importance of fuzzy applications and
category theory, it seems more interesting to join both
together. This leads us to speak about the applications
of the universal morphisms of the fuzzy category.
The present work is organized as follows: in the
next section, we recall some of the basic definitions
(fuzzy set and operations on it, fuzzy topological
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space, fuzzy continuous application, universal mor-
phisms,...). Then, we collect the universal morphisms
of TOPological spaces category (TOP).

In the 3rd section, we study the universal morphisms
of fuzzy topological spaces category (LF-TOP). And
finally, we give a summary of the research and its re-
sults.

2 Preliminary Notions

Let X be a non empty set. A fuzzy set on X is a
function A from X to [0,1]. The image A(z) of the
element z € X is called a degree of membership of x
in A.

Definition 1 [4] Let A and B be fuzzy sets on X.
ThenVx e X

1. A= B <= A(z) = B(x).

2. Ac B+ A(z) < B(z).

3. C=AVB <= C(x) =mazx{A(z), B(x)}.
4. D=AAB <= D(z)=min{A(z),B(x)}.
5. A=B <+ A(z)=1-B(x).

More generally, for a family of fuzzy sets, A = {A;, i€
I}, the union, C = \/1 A;, and the intersection
D = A; A;, are defined by:

C(z) = supr{Ai(z)} forall x € X.
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D(z) =infr{Ai(z)}
The symbol @ will be used to denote an empty fuzzy
set (B(x) =0 forall v € X).

For X, we have by definition X (z) = 1, forall x € X.

forall r e X.

Definition 2 [3] A Lowen fuzzy topology, or simply
(F-TOP) is a family T of fuzzy sets on X which satis-
fies the following conditions:

1. 7 contains all constant fuzzy sets on X.
2. IfA, B er,then ANB €.
3. IfA;jeTfouralliel, then\/1 A; €T.

Definition 3  [4,8] Let f be a function from X to'Y,
B is a fuzzy set on Y. Then the inverse image of B,
written as [~1(B), is a fuzzy set on X defined by:

fY(B)(x) = B(f(x)) forall zeX.

Definition 4 [5,16] Let (X, 7) be a F-TOP. We de-
fine the topological space (X,.(7)) such that: For
AerT:

L(A) ={a(A), ae[0,1)}, a(A)={re X : A(z) >
And o(1) = {1(A), AeT}.

Definition 5 [4,13,15] (definition of continuity)

A function f froma F-TOP (X,T) toa F-TOP (Y,U)
is fuzzy continuous (F-continuous) iff the inverse of
each U-open fuzzy set is T-open.

Definition 6 [3](Lowen’s definition of continuity)
Let f be a function from an F-TOP (X, T) to an F-
TOP (Y, S). Then, f is Lowen fuzzy continuous, (in
short LF-continuous) iff f : (X, (1)) — (Y,¢(5))
is continuous.

Theorem 7 [3]
Let (X, 0) be an ordinary topological space. The fol-
lowing collection is an F-TOP:

w(A)={AeI*: a(A)ed, Vae[0,1[}
Definition 8 [2,8]

(a) Let 7 be a F-TOP. A subfamily T of T is a base
for T iff each member of T can be expressed as
the union of some members of T.

(b) A subfamily S of T is a subbase for T iff the fam-
ily of finite intersections of members of S forms
a base for .

'we use definition(5) instead this definition [see 9].
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(c) A subbase for the product fuzzy topology on
(X,T) = (ITies Xi, [Ties 73) is given by
S = {77;1(%; 0; € 7;, i € I} ( m; the projection
from X onto X; ) so that a base can be taken
to be B = {/\?zlﬂ'i_jlﬂij; Oi; € Tijy i€ 1,5 =
l..m, neN}.

Proposition 9 [7] (THE UNIVERSAL MORPHISMS
OF TOP)

TOP is the category of all topological spaces and con-
tinuous maps.

(a) The element of Co-product of (X,7x) and
(Y, 7y) in TOP is their disjoint union.

(b) The element of Co-equalizer of
f.9 (X,mx) —> (Y,7v) in TOP is the topo-
logical space (Y| ~,7y/.), where ~ is the least
equivalence relation which contains all pairs
< f(x),g9(x) >, forx e X.

The element of Push-out of f : (X,7x) —
(Y.1v), 9: (X,7x) — (Z,72) in TOP is the
disjoint union (Y W Z, Ty z) with the elements
f(x) and g(x) identified for each x € X.

(c)

(d) The element of Product of (X,7x), (Y,7y) in

TOP is their cartesian product.

(e) The element of Co-equalizer of
frg: (X,7x) — (Y,7y) in TOP is the topo-
logical space (D, Tp), where

D={zeX, f(z)=g(x)}.
The element of Pull-back of f : (X,7x) —
(Z,72),9: (Y,7v) — (Z,72) in TOP is the

topological space (C,1¢), where
C={(z,y) e X xY, f(z) =g(y)}.

0

3 Main results

The fuzzy topological spaces F-TOP and fuzzy con-
tinuous mappings (F-continuous) form a category
which we denote by LE-TOP. Now, we investigate
the morphism of this category.

3.1 Co-product

Definition 10 Letr (X1,71),(X2,72) be two
fuzzy topological spaces. The disjoint union of
(X1,71), (X2, m) is defined as:

(X1, 1) u(Xe,m2) = (X1 Xo, Tx,0x,)
where

Xy Xy ={Xyx{1}}u{Xox{2}}
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XX, = {0, 0 is afuzzy seton X1 Xa, p7'(0) €
71 and o3 (0) €T}

o1 (X1, 71) — (X1 9 X9, Tx,0x,)
r— @1(r) = (v,1)

and

21 (X, 1) — (X1 U X9, Tx,0x,)
T —> () = (,2)

Proposition 11 The disjoint union (X10X2, Tx,ux, )
is a fuzzy topological space.

Proof: Let C' ¢ [0,1]%1“X2 be any constant fuzzy
set, by definition(3), 71 (C) is a fuzzy set on X7 and
p1'(C)(x) = C(pi(x)) = C((x,1)) = C, but
(X1, 1) is a fuzzy topological space so 90%1(0) €T1.
And using the same method we find ¢, (C) € 7,
so C € Tx,ux,. Now, let 01,02 € Tx,ux,, then
01 A 05 is a fuzzy set on X7 U X5 and 4,0[1(91 Aby) =
@11 (01) A i (82) e

((,051(91 A (92) = @51(91) A @11(92) € 7). Hence
91 AN 92 €TX1uXy-

Finally, if 6; € 7x,ux,, Vi € I, then V0;
isafuzzy seton X; u Xo, and 7' (Vicr6;), and
1 (Viert;) = Viero1' (0;) € 1

( 03 (Vier0i) = Viergs'(0;) € T2), 50 Vier; €
TX1uXo-

Hence 7x,ux, 1s a topological space on X; U Xo.

Proposition 12 The applications @1, w3 are F-
continuous.

Proof: Clear (by definition of 7x,ux,)-

Theorem 13 Let h be a function from a fuzzy topo-
logical space (X1 v Xo,Tx,ux,) into a (C,7¢).
Then: (hoyi) and (hoysy) are F-continuous —>
h is F-continuous

Proof: let § ¢ 7¢. As ho i and h o (o
are F-continuous, then (h o ¢1)7}(f) € 7 and
(h o p3)™1(0) € T, then o' (h1(0)) € 7 and
S (h(8))) € 7o

So h71(0) € Tx,uX,- Hence h is F-continuous.

Corollary 14 The element of Co-product of
(X1,71),(X2,72) € LF-TOP is a topological
space (X1,71) v (X2, 72) (defined above).

Proof: By proposition (11), (X7 v X2, Tx,ux,) €
LE-TOP. Also by proposition (12) 1, @2 are F-
continuous.

Let f : (X1,1) — (C,71¢), g : (X2,12) —
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(C,7¢) be F-continuous applications, then there ex-
ists a unique F-continuous application h defined by:

(CvTC)
(z,k) — h(x,k)={

h:(X1vXo, Txux,) —

f(x)
9(z)

Itis clear that: f =ho i, g="ho ps.

By theorem (13), h is F-continuous .

Proof of the unicity of h:

Let A’ : (X1 9 X9, 7x,ux,) — (C,7¢) be another
F-continuous application, where f = h’ o o1 and

g =h' o ps. We have:

(h'op1)(z) = (p1(x)) = W (2,1) = f ().

and

(h' o @a)(z) = W (pa2(x)) = B (2,2) = g().

therefore A is unique.

3.2 Co-Equalizer

Definition 15 Ler (A,74) be a fuzzy topological
space, ~ is the equivalence relation on A and P :
A — A/ ~ is the natural projection map, we define

TA/N by.'
Ta). =10, 0 is a fuzzy seton Af ~, where P(0) eTa}.

Proposition 16 (A/ ~,7,4,.) is a fuzzy topological
space.

Proof: Let C' ¢ [0,1]4/~ be any constant fuzzy
set, by definition (3), P~1(C) is a fuzzy set on A and
PO (x) = C(P(x)) = C(Z) = C, but (A, T4)
is a fuzzy topological space, so P~1(C) € 74, then
Ce TA/~
Now, let 01, 65 € TAf~s then 61 A 0 is a fuzzy set on
A/ ~, and
P7L(01 A 03) = P7L(01) A P71(62) € T4. Hence,
91 AN 02 € TA/N .

Finally, if 6; € 74/.,Vi €
is a fuzzy seton A/ ~, and
P~ (Vierts) = VierP7(0;) € T, 50 Vier0i € Tay..,
and hence 7. is a topological space on Al ~.

I, then v;b;

Proposition 17 P is F-continuous.

Proof: evident (by definition of 74,..).

Theorem 18 Let (A,74),(B,78) € F-TOP, ~is
the equivalence relation of Aand P: A — A/ ~ is
the associated projection. If h : (A,74) — (B, 7B)
is the F-continuous application compatible with -~,

then there exists a unique F-continuous application
k', where h = h' o P. In addition:

. . /7 . .
h is F-continuous == h' is F-continuous.
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Proof: Let’s define i’ by :

h': (Al ~,7as.) — (B,7B)
Z+— h'(T) = h(x)

It is clear that /' is unique and h = h/ o P.

Let 6 € T, (h' o P) is F-continuous, then

(h' o P)71(0) € 74,50 P~Y(h'"1(0)) € T4. Therefore
h'~1(0) € 74, and h' is F-continuous.

Corollary 19 The element of Co-equalizer of f,g :
(B,78) — (A, T4) in LF-TOP is the topological
space (A] ~,T4,.), where ~ is the least equivalence
relation which contains all pairs < f(x), g(z) >, such
that x € B.

Proof: Let h : (A,74) — (C,7¢) be an F-
continuous application where h o f = h o g. For the
existence of a unique A’, by theorem (18) it is suffi-
cient to prove that h is compatible with ~:

Let 1,09 € A, x1 ~ 19 < Jbe B, x1 = f(b) A
x2 =g(b). And

h(z1) = h(f(b)) = (ho [)(b) = (hog)(b) =
h(g(b)) = h(z2), so h is compatible with ~.

3.3 Push-out

Definition 20 Let (A,74), (B,78) € F = TOP, ~
equivalence relation on Av B, note Xg = (AuB)/ ~,
we define Tx, by: Tx, = {0, 0 is a fuzzy set on Xy,
o1 (P7Y(0)) e Taand o3t (P71(0)) € T5}. where
P:AuB — X
(2,K) — P(2, k) = (. F)

v1:(A,74) — (AU B, TauB)
r— p1(x) = (2,1)

and
@2:(B,7B) — (Au B, TAuB)
T — pa(x) = (7,2)

Proposition 21 The space (Xo,7x,) is a fuzzy topo-
logical space.

Proof: The proof is based on the proofs of propo-
sition (11) and proposition (16).

Proposition 22 The following applications:

N: (A)TA) - (XO’TXO)
x+— N(z)=(z,1)

M:(B,TB) — (Xo,TXO)
v — M(z) = (z,2)

are F-continuous.
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Proof: First, let’s prove that N is F-continuous.
Letf € TXg: then 71 (P71(0)) € 74. So,
(Powi)™"(0) e Ta. But:

(Pop1)(x) = Plpr(x)) = P((x,1)) = (2,1) =
N(z), Ve A. Therefore N~1(0) € 74.

Using the same method, we prove that M
is F-continuous.

Theorem 23 Let (A,74), (B,7) and (C, 1) be F-
TOP and f : (C,17¢) — (A,7a), g: (C,70) —
(B,7B) be two F-continuous applications. The ele-
ment of Push-out of < f, g > is (Xo,Tx,), where

Xo = (Au B)/ ~and ~ is the least equivalence rela-
tion which contains all pairs

<(p1of)(e),(p209)(c) >, suchthat ceC.

Proof: By proposition (21), (Xo, 7x,) € F-TOP. Also,
by proposition (22), { N, M} are F-continuous.

Let (D,7p) € F-TOP, and U : (A,74) — (D, Tp),
V:(B,78) — (D, 1p) are two F-continuous appli-
cations, where Vog=U o f.

The proof of the existence of a unique F-continuous
application h : (Xo,7x,) — (D, Tp) where
U=hoN,V =ho M requires the following steps:

Co-product  of
(A,74), (B,78) is a disjoint union
(A v B,Taup), then for {N, M} there ex-
ists an F-continuous application

7 + (Av BTa) —
where N = 7o 1 and M = o ps.

(X()vTXo)’

Step 2: Let’s define the new application U u V' by:

UuwV:(AvB,TauB) — (D,7p)
(1’7]{}) — (UU V)(x,k:) = {

If U wV is compatible with ~, then there exists a
unique F-continuous application

h: (Xo,7x,) — (D, 7p), where

UuwV =homw (theorem (18)).

Let (z,k), (2',k") € Au B, then:

(z,k) ~ (2 k") = JceC,

(z,k) = (p109)(c) and (2’ k") = (20 f)(c).
UuV)(z,k)=(UuwV)(p1o f)(a) =
(UuV)(f(e),1)=U(f(c))=(Uo f)(c).
(UuV)(@' k) =(UuvV)(p209)(c) =
(UwV)(g(c),2) =V(g(c)) = (Vog)(c).

But Vog=Uof, then UuwV is compatible with

~

Step 3: Provethat U =ho N,V =ho M.

(hoN)(x) = (ho(mop1))(x) = (hom)(x,1) =
(UuwV)(x,1)=U(x),Vz e A.
(hoM)(x) = (ho(mops))(x) = (hom)(x,2) =
(UuV)(x,2)=V(x),Vx e B.
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3.4 Product

Definition 24 Let (A,74),(B,75) be two F-TOP.
We define Taxp by:

Taxp = {0, 0 isafuzzy seton A x B where 0 =
ViGIAiXBi s AiETA, BiETB, VZEI}

Proposition 25 It is clear that (A x B,Taxp) is a
fuzzy topological space.
Proposition 26 The projections are F-
continuous, where :

P17P2

Py:(AxB,7axp) — (A, 7a)
(I',y) '—)Pl(‘T)y) =z

P2 . (AXB,TAxg) — (B,TB)
(-f,y) '_)PZ(xay) =Yy

Proof: Let’s prove that P is F-continuous.
If 6 € 6y, for (z,y) € A x B, then
PrH(0)(x,y) =0(Pi(z,y)) =0(x)

=min{f(z), 1(y)}
=(0x1)(y)

This implies that Py(0) e

is F-continuous.

The same method, we prove that P; is F-continuous.

TAxB, SO P

Theorem 27 Let (C,7¢) be a F-TOP and
fl : (CvTC) - (A7TA)7 f2 : (B7TB) - (CvTC)
be two F-continuous applications. If f is a function

from C to A x B defined by f(x) = (f1(x), fa(x)),
then:

f1, fo are F-continuous = f is F-continuous

Proof: Let 0 € T4.p, then 0 = \/;e1 A; x B;, where
A; €74 and B; € TR,
as f71(0) = f1(Vier Ai x B;) = Vies f7H(Ai x By).
But: f~1(A; x By) is a fuzzy set on C, let x € C, then
S Aix Bi)(z) = (Aix Bi)(f(x))
= (Ai x Bi)(f1(z), f2(x)
=min{A;(fi(x), Bi(f2(x)}

= (S () A f31(Bi)) (2) e 7c.

So f7Y(A; x B;) € 7c and f1(0) € 7¢. Hence f is
F-continuous.

Corollary 28 Let (A,7a),(B,75) € LF-TOP. The
element of product of (A, 74), (B, TR) is the topolog-
ical space (A x B, Taxp) (defined above).

Proof:
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If fi : (Cire) — (A,7a), f2 : (C,7¢) —
(B, ) be two F-continuous applications, then there
exists a unique F-continuous application defined by:

f: (C,Tc) — (A X Bﬂ’AXB)
x—> h(z) = (fi(z), fa(x))

Clearly, fi=Pyo fand fo = Pyo f.

By theorem (27), f is F-continuous.
Proof of the unity of f. Let f” be another F-continuous
application where
f':(C,8) — (Ax B,maxp) and f; = Py o f,
fa=Pyof'.
We suppose that: f'(z) = (a,b).
a=Pi(a,b) = (Prof')(x) = fi(x), b= P(a,b) =
(Pro f)) () = f2(x).
Then f'(z) = (f1(z), f2(x)) = h(x), so f is unique.

3.5 Equalizer

Definition 29 Let f,g: (B,75) — (A, T4) be two
F-continuous applications. D is a subset of B de-
fined by D = {x € B, f(x)=g(x)}, we define tp by
™ =1{0,0 = F(D)A\Bisafuzzy seton D, B; €
75 and F(D)is a fuzzy set on B,where
F(D)(x) = xp(x)}

Proposition 30 It is clear that (D,1p) is a fuzzy
topological space.

Proposition 31 e is F-continuous, where:

e¢:(D,7p) — (B, 7B)
r—e(x)=x

Proof: Let 0 € 7, and let x € D,
e 1(0)(x) = 0(e(x)) = O(x), weput @ = 6 A F(D).
Hence e~(#) € 7p, then e is F-continuous.

Corollary 32 The element of Equalizer of f,g :
(B,78) — (A, T4) in LF-TOP is the topological
space (D, Tp) (defined above).

Proof: Let (C,7¢) € F-TOP, for h : (C,7¢) —
(B, 1) the F-continuous application, where

f oh = go h, then there exists a unique F-continuous
application i’ defined by:

h':(C,7¢) — (D, 7p)
x—> h'(x) = h(x)

R’ is F-continuous since h is F-continuous.
LetxeC: (eoh’)(x)=e(h'(x)) =e(h(x)) =h(z)
theneo b’ = h.

Proof of the unity of ', let b : (C,7¢) — (D, 7p)
be another F-continuous application, where eoh’ = h,
then

(e o K)(x) = (o W)(&) —> e(h"(x)) =
e(h'(z)) = h"(z) =h'(z), Yz e C.
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3.6 Pull-back

Definition 33 Let f (B,78) — (A, Ta),
g + (D,7p) — (A,7a) be two F-continuous
applications. C' is a subset of B x D defined by:
C={(z,y) e BxD, f(z) =g(y)} € BxD. We
define T¢ by:

70 =46, 0=F(C)n0is afuzzy set on C,

0’ € TBxp and F(C)is a fuzzy seton B x
D, where F(C)(:E?y) = XC(xay)}

Proposition 34 It is clear that (C,7¢) is a fuzzy
topological space.

Proposition 35 The projections p,q are F-
continuous, where

p:(Cy17¢) — (B,7B)
(z,y) — p(z,y) =2

q:(chC) - (D77—D)
(.T,y) — Q(ﬂf7y) =Y

Proof: We prove that p is F-continuous, let B; € 73,
and as p~1(B;) = B;.

We put p~'(B;) = (Bi x D)AF(C), then p
is F-continuous.

Using the same method, we prove that ¢
is F-continuous.

Theorem 36 Let [ : (B,78) — (A,74), g :
(D,mp) — (A, Ta) are two F-continuous applica-
tions and (E, Tg) a fuzzy topological space.

Ifh : (E7TE) - (B7TB)’ k : (E7TE) - (DaTD)
be two F-continuous applications where foh =gok
and r defined by:

r:(E,7g) — (C,7¢) (1
z — r(z)=(h(z),k(x)).
then: h, k are F-continuous = ris F-continuous.

Proof: Let 0 € 7, but:
r7(0) =" (F(C) A(Vier Bi x D)
=7 Y (F(C)) Ar™ (Vier Bi x Di)

=1 Y (F(C)) AVier (H(Bi) NE™H(Di)) € TR

As (h, k are F-continuous and 1 (F(C)) = E).

Corollary 37 Let f : (B,78) — (A,74), g
(D,mp) — (A, 74) in LF-TOP.

The element of Pull-Back of (f,g) is a topological
space (C, 7¢) (defined above).

Proof: First, by definition of C, it is clear that

fop=goq.
Second, by theorem (36), if h : (E,75) — (B, 15),

E-ISSN: 2224-2880

Abdelkrim Latreche, Farhan Ismail

k: (E,7Tg) — (D,7p) are two F-continuous ap-
plications where f o h = g o k, then there exists a F-
continuous application r defined by (1).
Itisclearthat k =gorand h=por.

Proof of the unicity of r: let ' be another F-
continuous application, where

r':(E,7g) — (C,7¢)and k =qor’ , h=por'.
We suppose that 7’(x) = (a, b), therefore

a=p(a,b) = (por')(z) = h(z) and
b=q(a,b)=(qor")(x)=k(z).Sor=r".

4 Conclusion

The main aim of the new Lowen’s definition of fuzzy
topological space, proposed in 1976, is the adding of
the properties that can not be verified by Chang’s def-
inition [4]. This research showed that:

1. All the theorems and propositions used in this
work, are a generalization of that used in finding
the universal morphisms in the TOP’s category,
as fundamental property of the topology product
and fundamental property of the topology quo-
tient .

2. TOP’s universal morphisms are projections of
LFE-TOP’s ones.

3. Lowen’s fuzziness of the ordinary topological
space is strong because it generalized the theo-
rems and the propositions of fuzzy topological
space. In addition, it is possible to extract from
each ordinary space a fuzzy topological space
[theorem 7].

4. If we consider the Lowen’s definition of conti-
nuity (definition (6)), the most fundamental the-
orems become wrong (ex. theorem (13)), be-
cause each a function f from a F-TOP (X,T)
to a F-TOP (Y, U) is F-continuous implied f is
LF-continuous and the inverse is wrong.
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